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Linear Power Flow Method for Radial Distribution
Systems Including Voltage Control Devices
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Abstract—In large distribution systems the solution of nonlinear
power flow (PF) equations requires high computational burden. To
reduce complexity, various approximate linear PF methods have
been proposed in literature. However, existing linear PF methods
require a revision to account for new smart controllable compo-
nents, introduced to increase the flexibility of distribution systems.
Recently, an accurate and efficient constrained Jacobian-based
method has been presented which incorporates the presence of
distributed energy resources. In this paper, this method is extended
to consider the presence in the network of voltage control devices
(VCDs). Firstly, a new model of the supplying system is proposed
to consider variations in the operating conditions of the higher
voltage network, and to incorporate the presence of a VCD in the
substation. Then, the most common types of direct and indirect
VCDs are included into the new generalized branch model of
the network. Finally, a new solving algorithm is presented which
accounts for the discrete variables that are present in some VCD
models, avoiding the use of any iterative procedure. The validity
of the proposed method is verified by performing PF analysis on
the IEEE 123-bus test feeder with VCDs and photovoltaic systems.
The accuracy and the computing time of the proposed approach
are analyzed by comparing them with both the exact PF and
the approximated LinDistFlow solutions, accounting for several
operating conditions of the network. The presented results give
evidence of the good performance of the proposed linear method,
that combines computational efficiency with adequate accuracy.

Index Terms—Distribution system modeling, linear methods,
voltage control devices, distributed energy resources.

I. INTRODUCTION

A. Background and Motivation

THE evolution of distribution systems toward smart grids
is essential to facilitate the widespread integration of

Manuscript received 29 July 2023; revised 29 September 2023 and 22 Novem-
ber 2023; accepted 27 December 2023. Date of publication 20 February 2024;
date of current version 21 May 2024. Paper 2023-PSEC-0876.R2, presented
at the 2022 IEEE International Conference on Environment and Electrical
Engineering and 2022 IEEE Industrial and Commercial Power Systems Eu-
rope, Prague, Czech Republic, Jun. 28–Jul. 01, and approved for publication
in IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS by the Power Systems
Engineering Committee of the IEEE Industry Applications Society [DOI:
10.1109/EEEIC/ICPSEurope54979.2022.9854552]. This work was supported
by Project ECS 0000024 Rome Technopole, - CUP H33C22000420001, NRP
Mission 4 Component 2 Investment 1.5, funded by the European Union -
NextGenerationEU. (Corresponding author: A. R. Di Fazio.)

A. R. Di Fazio, S. Perna, and M. Russo are with the Department of Electrical
and Information Engineering, University of Cassino and Southern Lazio, 03043
Cassino, Italy (e-mail: a.difazio@unicas.it).

M. De Santis is with the Department of Engineering of University of Campania
“Luigi Vanvitelli”, 81031 Aversa, Italy.

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TIA.2024.3368009.

Digital Object Identifier 10.1109/TIA.2024.3368009

distributed energy resources (DERs), that include distributed
generators (DGs) exploiting renewable energy sources, battery
storage systems, new smart loads, including charging systems
for electric vehicles.

One of the most significant issues in smart distribution grids
is voltage regulation. In traditional distribution systems, volt-
age regulation was mainly achieved by changing the ratio of
the substation transformers - either manually or by automatic
on-load tap changers (OLTCs) - as well as by step-voltage
regulators (SVRs) and capacitor banks (CBs) along the feeders.
Such voltage control devices (VCDs) are effective in regulating
only slow voltage variations, and their life cycle shortens with
frequent operation. In addition, the large penetration of DGs
makes them unable to keep voltage within the network con-
straints [1]. In smart distribution grids, advanced technologies
and automation must be employed for more efficient and fast
voltage regulation. This involves the deployment of new devices,
such as distribution static compensators (D-STATCOMs), static
VAR compensators (SVCs), and unified power flow controller
(UPFCs). Moreover, it is crucial to exploit the potential contri-
bution of DERs, which provide fast and cost-effective voltage
support as they are already installed in the distribution grid [2].
Recently, network reconfiguration has also been employed in
voltage regulation, among other possible applications [3], [4],
[5], [6].

In the near future, a large number of local VCDs will be
interconnected to various nodes and distributed along different
branches of a smart distribution grid. Each VCD locally regulates
an electrical variable (e.g., voltage amplitude, reactive power)
at a desired set-point that can be assigned either locally or
calculated by voltage optimization tools [1], [7], [8]. In this
latter case, not only the electrical variables are preserved within
their operational ranges, but also the optimal operation of the
whole distribution system can be ensured by solving a voltage
optimization problem (VOP) that accounts for all the VCDs and
their interactions. However, methods to control and optimize
the operation of distribution grids are usually complex or prob-
lematic, due to convergence issues and the need for demanding
computations that must be solved in near-real time [9]. Con-
sequently, the practical implementation of voltage control and
optimization in distribution systems requires an improvement in
the computability of power flow (PF) analysis and optimization.

One of the most commonly-adopted solutions by distribu-
tion systems operators (DSOs) is to replace the non-linear PF
equations with approximated linear equations, aiming to reduce
model complexity and computational burden [10]. However,
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a drawback of this approach is the inevitable introduction of
errors between the solution provided by the original model and
those obtained from the linear approximation. The quality of the
solution will depend on the accuracy of the linearization [11]. In
addition, the applicability of existing linear PF methods may be
compromised, due to the limited versatility in accommodating
models of the new components of the distribution system, such
as DERs and VCDs, which have a great impact on PF calculation
of the distribution grid [12].

A linear power flow method based on a constrained-Jacobian
approach designed for radially operated distribution systems
with DERs has previously been proposed by the authors [13].
This method incorporates the full π model for lines, the ZIP
model for uncontrollable loads and DERs with both active power
- reactive power (P-Q) and active power - voltage (P-V) control.
This approach is highly efficient in terms of computational time,
because it does not require iterations to find the PF solution;
moreover, it is characterized by high accuracy. Unfortunately,
it does not account for the presence of VCDs in the distribu-
tion grid. To the best of the authors’ knowledge, there is no
extension of the linear PF model to distribution network that
includes both mechanically-switched and power electronics-
based VCDs. An initial study addressing this issue was proposed
in [14]. The purpose of this paper is to extend and improve the
work in [14], thus developing a more versatile linear PF method
for distribution network with DERs and VCDs. This method is
designed to exhibit high accuracy and computational efficiency;
additionally, it can accommodate various configurations of the
network.

B. Related Literature

Methods for approximating PF equations can be classified on
the basis of their associated optimization formulations into two
categories, which differ in terms of accuracy and computational
efficiency: the second order convex relaxation and the constraint
linearization [15]. The former is generally more accurate but
it is tailored to a specific optimization problem. The latter
has been proposed for its computationally-efficient formulation;
moreover, linearization can be applied to a variety of problems,
including control strategies, state estimation, probabilistic PF,
contingency analysis, and reliability assessment [9].

A key issue in linearizing PF equations is the selection of the
independent variables [16]. Two types of models are commonly
employed: bus injection and branch flow [11]. A comprehensive
explorations of the characteristics of bus injection models is
detailed in [17]. In distribution systems, branch flow models
are usually preferred over bus injection models because they
better leverage the radial configuration of the grids. Moreover,
bus injection models may experience poor matrix conditioning
when dealing with networks that contain connected components
with a high R/X ratio.

The simplest linearized PF equations based on a branch
flow model is the LinDistFlow [18], that provides a lossless
representation of the distribution system. Numerous solutions
have been proposed in the literature to improve the accuracy
of the LinDistFlow without compromising its computational
efficiency. Among other approaches, a modified LinDistFlow

is introduced in [11], which reduces the approximations by
including the ratio between active (or reactive) power and the
nodal voltage amplitude among the variables. Similarly, [16]
demonstrates the effectiveness of using the squared amplitude
rather than just the amplitude to represent the bus voltages. A
linear method based on a constrained-Jacobian approach is pre-
sented in [13]. By leveraging the radial nature of the distribution
network and imposing boundary conditions, it calculates the sen-
sitivity matrices of the network in closed form. These matrices
establish the relationship between branch flows and bus voltages,
and the active and reactive power injections/absorptions of DERs
and loads. This approach enables accurate linearization of the PF
equations around an operating point. In [19], a loss approxima-
tion model is introduced for both single-phase and multi-phase
LinDistFlow. To improve the accuracy of estimating losses and
voltage profiles, the approximated expressions of higher-order
terms in the Taylor series expansion of PF equations are derived
in [20]. Further research on LinDistFlow aims to incorporate
uncertainties in network parameters. For this purpose, stochastic
approaches can be employed with both traditional or modified
linear models, as discussed in [21]. Alternatively, data-driven
techniques can be introduced, especially when a large number
of historical measurements are available [10].

Linear methods require the calculation of sensitivity matrices,
which are often used in control and VOPs. Given this, it becomes
crucial to contain errors associated with the evaluation of sensi-
tivity coefficients, even though they are challenging to predict.
Moreover, the action of the VCDs themselves can introduce ad-
ditional errors in the calculation of sensitivity coefficients [22].
Consequently, a key issue is how to account for the presence of
VCDs in the linearization of PF equations.

In the literature, special attention has been dedicated to the
linearization of OLTCs and CBs, considering their discrete step
variations. In [23], [24], an exact linearized OLTC model is
incorporated into the second-order convex relaxation of the
optimal power flow (OPF) problem using a binary expansion
scheme. In [25], an OPF with convex relaxation is enhanced by
mixed-integer programming to account for the discrete variables
associated with the OLTC positions and CBs. Since OLTCs,
CBs as well as SVRs are typically slow-acting devices, VOPs
are often divided into two stages; in this way, integer variables
are separately optimized using mixed-integer linear program-
ming [1], [2]. Indeed, other types of VCDs are currently be-
ing introduced into distribution networks to mitigate voltage
issues arising from the widespread integration of renewable
generation. Incorporating the presence of these VCDs into the
general-purpose linear PF model of distribution networks is still
an open issue, that requires to model and include all the VCDs
with their specific characteristics (e.g., step or continuous action)
and control laws. In [26] a linear PF model is enriched with a
VCDs model, but the investigation is confined to the shunt VCDs
with droop control laws.

C. Contributions

To overcome the shortcomings of the existing linear PF meth-
ods for distribution systems characterized by low versatility and
calculation accuracy, this paper proposes a linearized model
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Fig. 1. Radial distribution system.

for the steady-state analysis of radial distribution grids. The
proposed model incorporates various VCDs with their respective
control laws as well as different types of DERs. Additionally, the
discrete action of some VCDs is handled in the computational
algorithm, avoiding the need of iterative procedures. This paper
significantly extends our early work presented in [14]; the key
contributions are outlined below.
� A more detailed modeling of the supplying system is

developed to account for: i) the effects of the changes on the
operating conditions of the higher voltage network to which
the distribution grid is connected; and ii) the operation of
the tap-changer mechanism in the substation, which can
be assigned by an external signal provided by the DSO or
through automatic regulation.

� The linear equations of distribution networks are extended
by developing a new generalized branch model that in-
corporates, in addition to DERs equipped with P-Q or
P-V control, VCDs located along the feeders or connected
to the nodes of the grid. The VCDs are categorized into
two groups. The first group acts by directly enforcing a
controlled voltage source along the feeder (i.e., SVRs and
UPFCs); the second group acts by injecting controlled
powers into the node which indirectly alter the voltage
profile (i.e., CBs, D-STATCOMs, and SVCs).

� A new algorithm capable of handling the discrete variables
of some VCD models (such as OLTC and SVR with volt-
age regulators) is proposed; this algorithm maintains the
simplicity and computational efficiency of the proposed
linear method and, at the same time, avoids the use of any
iterative procedures.

� In comparison to the previous work, the validity of the
proposed method is tested using a more complex network,
consisting of a modified 123-node network that includes
OLTCs, SVRs, and photovoltaic (PV) systems; moreover,
the results are compared with both the exact PF and the
approximated LinDistFlow solutions, in terms of both ac-
curacy and computing time, and accounting for different
operating conditions of the network.

II. DISTRIBUTION SYSTEM LINEAR MODELING

Fig. 1 shows a radial distribution systems with DERs and
VCDs. Models of the supplying system and the distribution
network are initially presented and, then, integrated into the
distribution system model. The equations are linearized and their
variational expressions, defined with respect to a given initial

operating condition of the distribution system, are presented in
the following. The generic quantity A referred to this initial
condition is represented as (A)0.

A. Supplying System

The model of the supplying system is reported in Fig. 2(a).
It includes the upper level voltage power system (HV or MV)
and the substation (HV/MV or MV/LV) equipped with a VCD
(i.e., OLTC in a primary substation and no-load tap changer
in a secondary substation). The upstream network is repre-
sented by a no-load voltage source Vuv in series with the
short-circuit impedance Xcc. The substation is divided into
the branch containing the series parameters of the transformer
(Rtr and Xtr) and the branch only containing the VCD. The
VCD is represented by a tap changer of the transformer ratio
1 : Ntr [23]. Such a ratio can be set automatically (as in the
case of primary substations) or manually (as in the case of
secondary substations), depending on whether the tap changer is
or is not equipped with a control system. In the first case, the tap
position is determined so as to fix the voltage amplitudeVlv at the
substation busbar or at a virtual load center by introducing a line
drop compensation (LDC). The LDC settings consist of rc and
xc (expressed in V ), corresponding to the equivalent impedance
between the VCD and the load center. The resulting control law
is

Vlv = Vref + rcIlv,a + xcIlv,r (1)

where Vref is the desired voltage reference value; Ilv,a and
Ilv,r are, respectively, the active and reactive components of
the output current of the transformer. If the VCD output (i.e.,
the substation busbar) is the load center, then it is rc = 0 and
xc = 0 [27].

The circuit equations are derived from the Distflow equa-
tions [18]. While reference can be made to [13] for both the
upstream network and the substation, the equations of the tap
changer are provided below.
� Tap changer without regulator

Plv = P ¯̄uv

Qlv = Q ¯̄uv

V 2
lv = N 2

trV
2
¯̄uv with Ntr = N̄tr ∈ N (2)

� Tap changer with regulator (see (1))

Plv = P ¯̄uv

Qlv = Q ¯̄uv

V 2
lv = Vref

√
V 2
lv + rcPlv + xcQlv with

V 2
lv = N 2

trV
2
¯̄uv ∧ Ntr ∈ N (3)

where P ¯̄uv , Q ¯̄uv and V 2
¯̄uv are, respectively, the outflowing active

and reactive powers, and the squared nodal voltage amplitude at
the fictius node ¯̄uv of the upstream network; Plv , Qlv and V 2

lv

are the corresponding electrical quantities at the output node lv
(i.e., at the substation busbar). In the absence of regulator, the
transformer ratio is set to a constant value N̄tr regardless of the
load level; this value is established by solving an optimization
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Fig. 2. Equivalent circuits: (a) Supplying system; (b) Generalized LNC.

problem or based on the DSO’s experience; it is selected from
a discrete set N by usually adjusting the tap position in regular
steps (e.g., 16 raise taps and 16 lower taps). In the presence of
regulator, the transformer ratio is automatically selected by the
regulator that adjusts the tap position such that the load center
voltage becomes the same as the reference voltage Vref [28]. The
discretization of the steps is discussed in Section III.

The linear equations of the supplying system are obtained by
coupling the linear model of the upstream network, substation
and VCD. The linear model of the first two components are
developed in [13]. Concerning VCD, equations are derived by
linearizing around an initial operating point (·)0 the electrical
variables at the lv node in (2)–(3) with respect to the change of
the same quantities at the ¯̄uv node and to the change of the VCD
parameters, so that:
� Tap changer without regulator

Δxlv = Jtp1Δx ¯̄uv + Jtp2
(
0, 0, ΔN 2

tr

)T
(4)

� Tap changer with regulator

Δxlv = Jtp3Δx ¯̄uv + Jtp4 (0, 0, ΔVref)
T (5)

where: Δx ¯̄uv = (ΔP ¯̄uv,ΔQ ¯̄uv,ΔV 2
¯̄uv)

T is the vector of the
variations of the electrical variables at the ¯̄uv busbar; Δxlv =
(ΔPlv,ΔQlv,ΔV 2

lv)
T is the same vector at the lv busbar; and

Jtp1 , Jtp2 , Jtp3 and Jtp4 are the Jacobian matrices, defined in
Table XI in Appendix. Finally, following the approach described
in [13], the linearized model of the supplying system is ob-
tained; it linearly relates the variation of the variables of the
upper voltage power system Δxuv = (ΔPuv,ΔQuv,ΔV 2

uv)
T

to the variations Δxlv and to the variation of the VCD control
parameters Δxvcd,ss, according to
� Tap changer without regulator

Δxuv = Jss1Δxlv − Jss2Δxvcd,ss (6)

where

Jss1 = Jss(Jtp1)−1, Jss2 = Jss1Jtp2 , Δxvcd,ss

= (0, 0, ΔN 2
tr)

T (7)

� Tap changer with regulator

Δxlv = Jtp3(Jss)−1Δxuv + Jtp4Δxvcd,ss (8)

where

Δxvcd,ss = (0, 0, ΔVref)
T (9)

Matrix Jss is defined in Table XI in Appendix where Xeq =
Xcc +Xtr and Z2

eq = R2
tr +X2

eq .

B. Distribution Network

The model of the distribution network is obtained by coupling
the F feeder models at the lv busbar (Fig. 1). Each feeder f is
modeled by combining main (l = 0) and laterals (l = 1, . . . , Lf )
that, in turns, are represented by a series of Nfl generalized
line-node components (LNCs). The equivalent circuit of the nth
LNC is reported in Fig. 2(b). It includes the line (between node
n− 1 andnline), the direct VCD (between nodenline andnvcd),
and the node n. The line is represented by the π equivalent
circuit with series (Rn, Xn) and shunt (Gn, Bn) parameters.
Direct VCDs can be SVRs or UPFCs. A SVR is an autotrans-
former equipped with an automatic tap-changing mechanism,
that usually provides ± 10 % voltage regulation in 32 steps [27].
UPFCs are most commonly electromagnetic/power electronic
devices, injecting a compensation voltage into the line through
a series coupling transformer [29], [30], [31]. Both SVR and
UPFC can be modeled by an equivalent impedance (similarly
to a transformer with series parameters Rtr

n and Xtr
n ) and by

an ideal lossless device, as shown in Fig. 2(b). In the case of
SVR, the device is modelled by an ideal transformer with ratio
1 : Ntr,n, which is changed by steps through a tap changer [8].
Similarly to the OLTC, the tap position is set to an assigned
value (typically chosen by an optimization tool of the DSO) or
it varies according to the following control law

V vcd,d
n = Vref,n + rcnI

vcd,d
a + xcnI

vcd,d
r (10)

where Vref,n is the desired reference value and rcn, xcn are
the LDC parameters. In the case of UPFC the ideal device
is modelled by a voltage generator that varies in a continu-
ous way to impose the control law (10). Eventually, the node
is modeled by a busbar with uncontrollable loads (absorbing
P load
n and Qload

n ), DERs (injecting P der
n and Qder

n ), indirect
VCDs (injecting Qvcd,i

n , typically without active power injec-
tion (i.e., P vcd,i

n = 0)), and laterals (deriving P lat
n and Qlat

n ).
Indirect VCDs can be CBs, D-STATCOMs and SVCs. Both
D-STATCOMs and SVCs can provide reactive power either
according to a Q(V ) droop control law or regulating the nodal
voltage amplitude Vn to a reference value Vref,n.

The circuit equations for the line of the LNC are the same
as those reported in [13]. Concerning direct VCDs, they can be
modeled as follows.
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� Direct VCD: equivalent impedance

P tr
n = P line

n −Rtr
n

P line
n

2
+Qline

n
2

V line
n

2

Qtr
n = Qline

n −Xtr
n

P line
n

2
+Qline

n
2

V line
n

2

V tr
n

2
= V line

n

2 − 2(Rtr
n P line

n +Xtr
n Qline

n )

+ (Rtr
n

2
+Xtr

n
2
)
P line
n

2
+Qline

n
2

V line
n

2 (11)

� Direct VCD: ideal device

P vcd
n = P tr

n

Qvcd
n = Qtr

n (12)

–SVR with assigned tap position

V vcd,d
n

2
= N 2

tr,nV
tr
n

2
(13)

–SVR subject to the control law (10)

V vcd,d
n

2
= Vref,n

√
V vcd,d
n

2
+ rcnP

vcd,d
n + xcnQ

vcd,d
n

with V vcd,d
n

2
= N 2

tr,nV
tr
n

2 ∧ Ntr,n ∈ Ntr,n (14)

–UPFC subject to the control law (10)

V vcd,d
n

2
= Vref,n

√
V vcd,d
n

2
+ rcnP

vcd,d
n + xcnQ

vcd,d
n

(15)

Concerning the node, it is modeled by the active and reactive
power balance equations. The models of uncontrollable loads
(represented by the ZIP model), DERs (operating in a P-Q or
a P-V control mode), and laterals are described in [13]. Con-
cerning indirect VCDs, the CB is modeled by a discrete-varying
susceptance (being ωCvcd,i

n the size of a single discrete varia-
tion), whereas D-STATCOM and SVC are modeled according
to their control law, so that
� Indirect VCD: CB

Qvcd,i
n = βn ωCvcd,i

n V 2
n with βn ∈ Ncb,n (16)

� Indirect VCD: D-STATCOM and SVC

–with Q(V) droop control

Qvcd,i
n = kdroopn

(
Vref,n −

√
V 2
n

)
(17)

–with nodal voltage regulation

Qvcd,i
n : V 2

n = V 2
ref,n (18)

The discrete variations are discussed in Section III.
The linear equations of the LNC component in Fig. 2(b) are

obtained by coupling the linear model of the line, direct VCD
and node. The linear model of the line, provided in [13], is equal
to

Δxline
n = Jline

n Δxn−1 (19)

where: Δxline
n = (ΔP line

n , ΔQline
n , ΔV line

n
2
)T is the vector

of the variations of the electrical variables at the nline busbar;

Δxn−1 = (ΔPn−1, ΔQn−1, ΔV 2
n−1)

T is the same vector at the
n− 1 busbar; and Jline

n is the Jacobian matrix derived from the
line circuit equations. Concerning direct VCD, equations are
derived by linearizing (11), (12), and the appropriate equations
among (13)–(15), yielding

Δxvcd,d
n = Jvcd,d1

n Δxline
n − Jvcd,d2

n Δxinj,vcd
n (20)

where Δxvcd,d
n = (ΔP vcd,d

n , ΔQvcd,d
n , ΔV vcd,d

n
2
)T is the vec-

tor of the electrical variables at the nvcd busbar; and Jvcd,d1
n ,

Jvcd,d2
n , and Δxinj,vcd

n are defined below according to the type
of VCD.
� Direct VCD: SVR with assigned tap position

Jvcd,d1
n = (Jid,vcd1

n )−1Jrx,vcd
n Jvcd,d2

n

= (Jid,vcd1
n )−1Jid,vcd2

n

Δxinj,vcd
n = (0, 0,ΔN 2

tr,n)
T (21)

� Direct VCD: SVR or UPFC subject to the control law (10)

Jvcd,d1
n = (Jid,vcd3

n )−1Jrx,vcd
n Jvcd,d2

n

= (Jid,vcd3
n )−1Jid,vcd4

n

Δxinj,vcd
n = (0, 0,ΔVref,n)

T (22)

The Jacobian matrices in (21) and (22) are reported in Ta-
ble XII in Appendix. The linear equations of the node for
uncontrolled loads, DERs and laterals are provided in [13].
Concerning indirect VCDs, simple considerations are reported
below.
� Indirect VCD: CB

CBs are represented by the same linear equations as un-
controllable loads, considering only the impedance term
in the ZIP model (see (16)).

� Indirect VCD: D-STATCOM and SVC

–with Q(V) droop control
It is represented by two contributions: the same linear
equations as DER with PQ-control that injects only an
assigned reactive power equal to kdroopn Vref,n (see the
first term in (17)); and the same linear equations as
uncontrollable loads, considering only the current term
in the ZIP model, that is equal to kdroopn (see the second
term in (17)).

–with nodal voltage regulation
It is represented by the same linear equations as DER
with PV-control, being null the active power (see (18)).

Then, the generalized LNC model is obtained exactly as
in [13], provided that the line model described in the previous
work is replaced by the following line and direct VCD model,
that is evaluated by substituting Δxline

n from (19) into (20)
according to

Δxvcd,d
n = Jline,vcd

n Δxn−1 − Jvcd2
n Δxinj,vcd

n (23)

with Jline,vcd
n = Jvcd1

n Jline
n . Finally, by imposing the boundary

conditions as in [13], the linear equations for feeders and laterals
are obtained in closed form.
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C. Distribution System

The model of the distribution system is obtained by imposing
the power balance at the lv busbar between the models of the
supplying system, see (6) or (8), and the distribution network.

The linear equations are derived according to [13], yielding

xf,�,n = (xf,�,n)0 +
F∑
i=1

Li∑
j=0

Nij∑
k=1

Tf,�,n(i, j, k)Δx̄inj
i,j,k

+ λf,�,nΔV 2
uv + βf,�,nΔxvcd,ss (24)

In (24) the elements of the generic 3 × 3 matrix Tf,�,n(i, j, k)
are the sensitivity coefficients of the variables xf,�,n of branch
n (in the lateral � of the feeder f ) to the variations of injections
Δx̄inj

i,j,k of branch k (in the lateral j of the feeder i) (i.e., the
variations of loads, DER injections and VCD actions). The
sensitivity matrices have the same formal expressions available
in [13]. Concerning the others elements, λf,�,n represents the
vector of sensitivity coefficients of the variables xf,�,n with
respect to the variations of the slack bus voltage ΔV 2

uv; whereas
βf,�,n represents the matrix of sensitivity coefficients of the
variables xf,�,n with respect to the action of the VCD of the
supplying system Δxvcd,ss, see (7) and (9). The expressions of
λf,�,n and βf,�,n are provided in Table XIII in Appendix and
differ according to whether the VCD of the supplying system is
or is not equipped with a voltage regulator.

Looking at (24), it is evident that the sets of sensitivity matri-
cesTf,�,n(i, j, k) andβf,�,n, and of sensitivity vectors λf,�,n are
evaluated for an assigned network configuration and for a given
network operating condition. Actually, different sets of matrices
can be evaluated assuming some typical operating conditions
(e.g., low/medium/high load level and low/rated/high voltage
amplitude at the slack bus). Moreover, different sets of matrices
can be evaluated for different configurations of the grid topology,
if network reconfiguration is possible during operation.

The sets of sensitivity matrices are evaluated off-line. The
real-time variations of the operating conditions of the distribu-
tion system Δxf,�,n = xf,�,n − (xf,�,n)0 caused by the vari-
ations of loads, DER injections and VCD actions Δx̄inj

i,j,k as
well as by the variations of the slack bus voltage ΔV 2

uv and
by the action of the VCD of the supplying system Δxvcd,ss

can be calculated by (24). In the real time operation of the
distribution system a basic tool is the PF algorithm, which can
use the model (24), as described in the next Section III.

III. LINEAR POWER FLOW ALGORITHM

From the linear PF equations (24) a simple algorithm can be
derived. Once the various sets of coefficient matrices and vectors
(Tf,�,n(i, j, k), λf,�,n and βf,�,n) are off-line calculated and
stored, the on-line linear PF algorithm evaluates the effects of
variations of loads, of slack bus voltage, of DER injections and
of VCD actions by the straight-forward application of (24) with
the appropriate sensitivity matrices.

Attention must be paid when some discrete variables are
present in the VCD models, as it is the case of OLTC and SVRs.
Indeed, when OLTC and SVRs are not equipped with a voltage

regulator, the step discretization is simply accounted for in the
tap position assignment, that is, ΔN 2

tr in (7) for the OLTC and
ΔN 2

tr,n in (21) for the SVRs.
On the contrary, when the OLTC and SVRs are subject to

the control laws (1) and (10), respectively, a more complex
algorithm must be implemented. In literature [22], VCD control
laws with discrete steps have been accounted for by iterative
algorithms. At each step of the iteration the PF equations are
solved; then, the errors on the control law equations are evaluated
and, on the basis of such errors, the VCD actions are corrected
and used in the PF solution at the next step of the iteration. This
iterative algorithm works also if the solution of the non-linear
PF equations is substituted by a LinDistFlow algorithm.

Using the linear models presented in the previous Section II,
a new non-iterative algorithm for linear PF solution is proposed
hereafter. First of all, during the off-line phase, each set of
sensitivity matrices is calculated twice (superscript notation
is used to distinguish the two calculated sets): firstly the sets
(TN

f,�,n(i, j, k), λN
f,�,n and βN

f,�,n) are calculated assuming that
the OLTC and SVRs are not subject to the control law but work
with an assigned value of the tap position; secondly, the sets
(Tcontr

f,�,n (i, j, k), λcontr
f,�,n andβcontr

f,�,n ) are calculated assuming that
the OLTC and SVRs are subject to their control laws but their
actions are continuous rather than discrete. Then, the on-line
linear PF algorithm performs the following sequential steps:

1) with reference only to the supplying system and to the
branches with SVRs, the electric variables in Fig. 2 are
evaluated using the linear PF equations (24) using the sets
Tcontr

f,�,n (i, j, k), λcontr
f,�,n and βcontr

f,�,n and considering all the

injections Δx̄inj
i,j,k in the system;

2) using the results of the previous step, the transformer
ratios for OLTC and SVR are evaluated, which are the
ratios that satisfy the control laws in the absence of step
discretization;

3) discretization is applied by choosing, for the OLTC and
each SVR, the discrete tap position corresponding to the
transformer ratio which is the nearest to the ratio evaluated
in the previous step;

4) the linear PF equations (24) with the sets TN
f,�,n(i, j, k),

λN
f,�,n and βN

f,�,n are applied to all the distribution system,
assuming all the variations of injections and using the
transformer ratios evaluated in the previous step.

The above procedure presents the significant advantage that
it keeps the linear modeling (except for the discretization func-
tions) and does not use any iterative procedure, thus keeping the
computational burden low and avoiding any uncertainty in the
computing times.

IV. CASE STUDY

Reference is made to the IEEE 123 node test feeder described
in [32], which is converted into a three-phase balanced system
in view of the application of the proposed linear method (LM).
Concerning the configuration of the IEEE 123 node test feeder,
the normally closed switches are replaced with short-circuit
connections, and the number of MV nodes is reduced from
123 to 119; the MV nodes are also renamed according to a
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TABLE I
POSITION AND VOLTAGE REGULATOR SETTINGS OF OLTC AND SVRS

TABLE II
NETWORK OPERATING CONDITIONS

sequential numeration from 1 (substation MV busbar) to 119.
The MV distribution network is fed by a 115/4.16 kV substation
equipped with an OLTC. The HV distribution system is modeled
by a no-load voltage generator Vuv = 1.0 p.u. (slack-bus) and a
short-circuit power of 104 MVA. The HV/MV substation trans-
former is modelled with the series parameters Rtr = 1% and
Xtr = 8%, assuming a base power equal to 5 MVA. The OLTC
is equipped with a regulator whose parameters are reported in
Table I (i.e., connection nodes in [32], connection nodes in the
new numeration, and Vref, rc, and xc in (1)). Moreover, the case
in which the OLTC operates at a specific tap position without a
voltage regulator is also considered. The lines are represented by
the full π model and the load absorptions are independent of the
nodal voltage amplitudes; both lines and loads parameters are
reported in [32]; the rated load of the feeder is equal to 3.49 MW
and 1.17 MVAr. According to [32] along the distribution feeder
there are 3 SVRs equipped with LDC and 4 CBs, one of 200 kVAr
and three of 50 kVAr. CBs are at the IEEE nodes 83, 88, 90 and
92 and they can be entirely connected or disconnected. SVRs
are equipped with regulators whose parameters are reported in
Table I. Additionally, also the case where the SVRs operate at
specified tap positions without the use of voltage regulators is
considered. With respect to the test feeder described in [32],
which refers to a passive network, 15 PV systems (PVSs) of 200
kWp each are connected to the IEEE nodes 6, 9, 16, 18, 25, 40,
51, 52, 59, 56, 57, 59, 63, 77, 105, 112, and are equipped with
P-Q control.

The scope of the case study is to compare the results obtained
by applying the proposed LM with those obtained using the exact
PF algorithm and the classical LinDistFlow (LDF) algorithm.
The comparison results are reported for eight cases, each repre-
senting a different operating condition of the distribution system
in terms of loads, PVSs and VCDs. Specifically, Table II details
the operating conditions of the distribution system in each case.
The comparison is conducted in terms of the tap position of the
VCDs and nodal voltage profiles, with the PF results serving as

TABLE III
MAXIMUM AND AVERAGE ABSOLUTE ERRORS OF NODAL VOLTAGES FOR LM

AND LDF WITH RESPECT TO PF: CASES 1, 2

the benchmark. Additionally, the computing times of the three
algorithms are also considered.

The presentation of the results is organized into the following
three subsections by grouping the cases from Table II. The
first subsection (Cases 1–2) analyzes the impact of assigned
off-nominal tap positions of the OLTC and of the SVRs (without
voltage regulators) on the load flow solutions within the passive
distribution network (without PVSs). The second subsection
(Cases 3–5) analyzes the results obtained by the three load flow
algorithms when the OLTC and the SVRs are equipped with
voltage regulators (see Section III), still considering the passive
distribution network. Eventually, in the third subsection (Cases
6–8) the hypothesis of passive network is removed by adding
the PVSs, while retaining the presence of voltage regulators on
the OLTC and SVRs.

Algorithms have been implemented in Matlab environment
and the solutions have been obtained by a laptop equipped with
Intel Core i7, 2.5 GHz CPU with 16 GB of RAM.

A. OLTC and SVRs With Assigned Tap Positions

The results of the first two cases are analyzed considering the
effects of different load levels and various assigned tap positions
for OLTC and SVRs. The aim is to analyze the distribution
system operating in extreme voltage conditions, and to compare
the modelling accuracy of the LM with the one of LDF when
the algorithms do not require any iteration (i.e., in absence of
voltage regulators - see Section III). In detail, in Case 1 loads
are set equal to their rated values, the OLTC tap position is set
to 4L, and the tap positions of the SVRs are set to 1H, so that
the distribution system operates under low voltage conditions
(refer to [33] for the conventional meaning of the tap positions).
Conversely, in Case 2 loads are set equal to 40% of their rated
values, the OLTC tap position is set to 8H and the tap positions
of the SVRs are equal to 3H, so that the distribution system
operates under high voltage conditions.

Referring to the proposed LM (24), a single set of sensitiv-
ity matrices and sensitivity vectors (Tf,�,n(i, j, k), λN

f,�,n and
βN
f,�,n) are evaluated and used in both the considered cases;

they refers to the given configuration of the test feeder and to
an initial operating condition characterized by loads absorbing
the 80% of their rated powers, slack bus voltage set to 1 p.u.,
absence of PVSs and of VCDs.

The comparison is carried out in terms of voltage profiles,
accuracy of results, and computing times. In both cases, the
subsequent results are shown:
� Table III reports the maximum and average values of

voltage absolute errors for LM and LDF in comparison
to the exact PF solution;
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Fig. 3. Case 1: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

Fig. 4. Case 2: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

TABLE IV
AVERAGE COMPUTING TIMES (S) OF PF, LM AND LDF: CASES 1, 2

� Figs. 3 and 4 report the voltage profiles obtained by PF,
LM and LDF for Cases 1 and 2, respectively;

� Table IV reports the average computing times of PF, LM
and LDF.

Case 1 – From Fig. 3 it is apparent that, under low voltage op-
erating conditions, the voltage profile obtained by the proposed
LM is highly accurate and closely follows the profile obtained by
the PF. In contrast, the LDF overestimates the voltages along the
feeders. The lower accuracy of the LDF with respect to the LM
is quantified in Table III by the different order of magnitude of
the maximum values and of the average values of the voltage
absolute errors, evaluated with respect to the nodal voltages
provided by the PF. Finally, from Table IV it is apparent that
the computing times of the proposed LM are similar to the ones
of the LDF and of an order of magnitude smaller than the ones
of the PF algorithm, which requires the iterative solution of non
linear equations.

Case 2 – From Fig. 4 it is apparent that, even under high
voltage operating conditions, the voltage profile obtained by the

TABLE V
COMPARISON AMONG PF, LM, LDF: TAP SETTINGS OF THE VCDS

IN CASES 3, 4, 5

TABLE VI
MAXIMUM AND AVERAGE ABSOLUTE ERRORS OF NODAL VOLTAGES FOR LM

AND LDF WITH RESPECT TO PF:
CASES 3, 4, 5

proposed LM is accurate and align the profile obtained by the
PF, unlike the LDF, which underestimates the voltages along the
feeders. Similarly to the previous case, Table III gives evidence
of the lower accuracy of the LDF with respect to the LM, showing
voltage absolute errors larger of an order of magnitude. Similar
considerations to those reported for Case 1 can be applied to the
computing times in Table IV as well.

B. OLTC and SVRs Equipped With Voltage Regulators

In this section, the results of three cases (Cases 3–5) are
analyzed considering the effects of the voltage regulators in
different loading conditions of the network. Equipping the OLTC
and the SVRs with voltage regulators requires more complex
solving algorithms as discussed in Section III.

To apply the LM algorithm, two sets of sensitivity matrices are
evaluated for the adopted configuration of the test feeder and for
an initial operating condition characterized by loads absorbing
the 80% of their rated powers, slack bus voltage set to 1 p.u.,
and absence of PVSs. Concerning VCDs, both the sets of sensi-
tivity matrices and vectors in (24), respectively (TN

f,�,n(i, j, k),

λN
f,�,n and βN

f,�,n) and (Tcontr
f,�,n (i, j, k), λcontr

f,�,n and βcontr
f,�,n ), are

evaluated assuming an initial neutral tap position for the OLTC
and the SVRs.

Concerning the LDF and the PF algorithms, an iterative
procedure is applied to impose, by the discrete tap positions,
the voltage control laws (1) and (10), respectively for the OLTC
and the SVRs.

The comparison is carried out in terms of accuracy of results
(i.e. tap settings of OLTC ans SVRs and nodal voltage profiles)
with respect to the PF benchmark solutions, and of computing
times. For all the cases, the following results are shown:
� Table V reports the VCD tap settings evaluated by PF, LM

and LDF;
� Table VI reports the maximum and average values of the

voltage absolute errors for LM and LDF, with respect to
the exact PF solution;
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Fig. 5. Case 3: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

TABLE VII
AVERAGE COMPUTING TIMES (S) OF PF, LM AND LDF: CASES 3–5

� Figs. 5–7 report the voltage profiles obtained by PF, LM
and LDF for Cases 3, 4 and 5, respectively;

� Table VII reports the average computing times of PF, LM
and LDF.

Case 3 – The voltage profile obtained by LM is very close
to the one obtained by PF (Fig. 5), except for nodes 27, 28 and
29, due to the error of LM on the tap setting of SVR2 (2L rather
than 3L), see Table V. The voltage profile obtained by LDF is
more distant from the one obtained by PF than LM (Fig. 5).
This is related also to the errors on tap settings of OLTC (8H
rather than 10H) and SVR1 (4H rather than 7H), see Table V.
The higher accuracy of LM with respect to that of LDF is also
evident by the lower average value of the voltage absolute errors
(0.76 · 10−3 vs. 4.47 · 10−3, see Table VI). For LM the large
difference between the maximum value and the average value
of the voltage absolute errors is due to the specific error on the
tap setting of SVR2; on the contrary, for LDF the maximum
value and the average value of the voltage absolute errors are of
the same order of magnitude. Finally, concerning the computing
times of the three algorithms reported in Table VII, PF algorithm
requires a computing time one order of magnitude larger than
the other two algorihms, because the nonlinear PF equations
must be iteratively solved. Both LM and LDF are linear methods
and therefore present smaller computing times. Comparing the
results in Table VII with the ones in Table IV it is evident that the
computing time for LM algorithm in Case 3 is similar to the ones
of the same LM algorithm in Cases 1 and 2; the reason is that the
algorithm also in Case 3 does not adopt any iterative procedure,
see Section III. On the contrary, the LDF algorithm performs
some iterations in Case 3 to impose the voltage control laws of
the VCDs and consequently the computing time results to be
approximately four times larger than the ones of the same LDF
algorithm in Cases 1 and 2 and than the one of LM algorithm
in Case 3. For the same reason, that is the iterative procedure to

Fig. 6. Case 4: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

Fig. 7. Case 5: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

account for the voltage control laws, also the computing time of
PF algorithm in Case 3 is three times larger than the ones for
the same PF algorithm in Cases 1 and 2.

Case 4 – Concerning the voltage profiles the one obtained by
LM is generally closer to that of PF than the one obtained by LDF
(Fig. 6); this is confirmed by the maximum and average values of
the voltage absolute errors which are lower for LM with respect
to LDF (Table VI). Concerning the tap settings (Table V), the
values obtained by LM are the same as those obtained by PF
whereas LDF presents erroneous tap settings for all the three
SVRs. Concerning the computing times of the three algorithms
reported in Table VII, they are quite similar to the ones in Case
3 and similar considerations can be made.

Case 5 – Concerning the voltage profiles the one obtained by
LM is always closer to that of PF than the one obtained by LDF
(Fig. 7); this is confirmed by the maximum and average values of
the voltage absolute errors which are lower for LM with respect
to LDF (Table VI). Concerning the tap settings, no difference is
present among the three algorithms (Table V). Concerning the
computing times in Table VII, they are quite similar to the ones
in Case 3 and similar considerations can be made.
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TABLE VIII
COMPARISON AMONG PF, LM, LDF: TAP SETTINGS OF THE VCDS

IN CASES 6, 7, 8

TABLE IX
MAXIMUM AND AVERAGE ABSOLUTE ERRORS OF NODAL VOLTAGES FOR LM

AND LDF WITH RESPECT TO PF: CASES 6, 7, 8

TABLE X
AVERAGE COMPUTING TIMES (S) OF PF, LM AND LDF: CASES 6, 7, 8

C. OLTC and SVRs Equipped With Voltage Regulators in
Presence of PVSs

In the third group of cases (Cases 6, 7 and 8), the loads are set
equal to their rated values, the VCDs are equipped with voltage
regulators and PVSs are connected, considering different levels
of active and reactive power injections, according to Table II.

To apply the LM algorithm two sets of sensitivity matrices are
evaluated for the adopted configuration of the test feeder and for
an initial operating condition characterized by loads absorbing
the 100% of their rated powers, slack bus voltage set to 1 p.u.,
and absence of PVSs. Concerning VCDs, both the sets of sensi-
tivity matrices and vectors in (24), respectively (TN

f,�,n(i, j, k),

λN
f,�,n and βN

f,�,n) and (Tcontr
f,�,n (i, j, k), λcontr

f,�,n and βcontr
f,�,n ), are

evaluated assuming an initial neutral tap position for the OLTC
and the SVRs.

Concerning the LDF and the PF algorithms, an iterative
procedure is applied to impose, by the discrete tap positions,
the voltage control laws (1) and (10), respectively for the OLTC
and the SVRs.

For all the cases, the following results are shown:
� Table VIII reports the VCD tap settings evaluated by PF,

LM and LDF;
� Table IX reports the maximum and average values of

voltage absolute errors for LM and LDF, with respect to
the exact PF solution;

� Figs. 8–10 report the voltage profiles obtained by PF, LM
and LDF for Cases 6, 7 and 8, respectively;

� Table X reports the average computing times of PF, LM
and LDF.

Concerning the computing times reported in Table X, they
are quite similar for each algorithm and for all the Cases 6–8 to
the ones reported in Table VII in the Cases 3–5. Then similar

Fig. 8. Case 6: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

Fig. 9. Case 7: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

considerations to the ones reported for Case 3 can be made also
for Cases 6–8.

Case 6 – The voltage profile of LM is always closer to the one
of PF than that of LDF (Fig. 8). The higher accuracy of LM with
respect to that of LDF is confirmed by its lower values of both the
average and maximum voltage absolute errors (Table IX). LM
makes one error on the tap setting of SVR2 (Table VIII), which
is visible in its voltage profile at nodes 27, 28 and 29 (Fig. 8).
On the contrary, LDF algorithm is mistaken the tap setting of
two steps for SVR1 and one step for OLTC and SVR2.

Case 7 – In Fig. 9, the differences of the voltage profiles of
LM and LDF with respect to that of PF are comparable. In the
laterals downstream SVR1 (where voltages are higher than 1.03
p.u. because Vref for SVR1 is 124 V on a base voltage of 120 V,
see Table I), LDF performs slightly better than LM; whereas
in the remaining nodes LM is closer to PF. This behavior is
confirmed by the similar maximum and average values of the
voltage absolute errors for LM and LDF (Table IX). Concerning
the tap settings in Table VIII, LM misses one step for both SVR1

and SVR3 and this is the reason for the larger errors in the voltage
profile downstream SVR1. LDF algorithm is mistaken the tap
settings of two steps for SVR1 and one step for SVR3.

Case 8 – In Fig. 10, the differences of the voltage profiles
of LM and LDF with respect to that of PF are comparable. In
the laterals downstream SVR1, LM performs better than LDF



FAZIO et al.: LINEAR POWER FLOW METHOD FOR RADIAL DISTRIBUTION SYSTEMS INCLUDING VOLTAGE CONTROL DEVICES 4759

Fig. 10. Case 8: voltage profiles for PF (blue solid line), LM (red dashed line)
and LDF (black dash-dotted line).

whereas in the remaining nodes LDF is slightly closer to PF.
However, analyzing the results obtained for the voltage absolute
errors in Table IX, the better performance of LM with respect of
LDF is evident especially for the maximum value of the voltage
absolute errors. Concerning the tap settings (Table VIII), LM
presents only one error of one step on the tap setting of OLTC,
but this mistake has limited effect on the voltage at the MV
busbar (node 1, Fig. 10). The reason is related to the peculiar
condition of Case 8, where a large amount of reactive power,
generated by PVSs, flows upstream from the MV busbar to the
HV system; this operating condition is very far from the initial
operating condition assumed for the LM method, in which a
large amount of reactive power flows downstream from HV
system to the MV loads. Consequently, the LM method makes
an error on the reactive power flowing upstream and on the
negative voltage drop along the HV/MV transformer. This error
is compensated with a different tap position yielding, however,
the same voltage of about 1 p.u. on the MV busbar. Concerning
LDF, it presents only one error on the tap setting of SVR1, which
causes the overestimation on the voltages downstream SVR1, see
the voltages higher than 1.03 p.u. in Fig. 10.

As a general remark, it can be concluded that the proposed
LM consistently outperforms LDF in terms of accuracy when
considering VCDs with assigned tap positions (first group of
Cases 1 and 2). When the OLTC and SVRs are equipped
with voltage regulators, the proposed non-iterative PF algorithm
determines the tap settings of VCDs with higher accuracy than
the LDF. This behaviour is observed both in the second group
of cases (Cases 3–5 where there are variations of the active
and reactive powers absorbed by loads) and in the third group
of cases (Cases 6–8 where there are variations of the active
and reactive powers injected by the PVSs). Additionally, it is
noteworthy that the maximum absolute errors in the values of
nodal voltages, obtained through the LM, are directly related to
the errors in the tap settings of the VCDs located upstream of
the observation nodes. This direct relationship is less evident
in the case of LDF. Consequently, the results given by the LM
are more reliable and more accurate, as also evidenced by the
average absolute errors on the nodal voltage values which are
comparable but in most cases lower than the ones of LDF.

Concerning the computing times, the proposed LM algorithm
presents computing times which are quite stable whichever
the considered cases. With respect to the LDF algorithm, the
computing times of the proposed LM are comparable in the first
group of cases and significantly smaller in the second and third
groups of cases. With respect to the PF algorithm, the computing
times of the proposed LM are always smaller of an order of
magnitude.

V. CONCLUSION

Power flow (PF) analysis is essential in the operation of
smart distribution grids and considerable attention has been
paid in literature to linear PF methods that assure an acceptable
compromise between computational burden and accuracy of the
solutions. However, existing linear PF methods require to be
revised to account for the new smart controllable components,
introduced to enhance the flexibility of distribution systems.

In this paper, a previously proposed accurate and efficient con-
strained Jacobian-based method, that accounts for the presence
of distributed energy resources (DERs), has been extended to
incorporate the models of VCDs while preserving its advantages.
The method extension encompassed introducing a new model
for the distribution system, specifically addressing the models
of both supplying systems and branches to accommodate the
presence of VCDs. Additionally, a novel algorithm was proposed
for solving linear equations in load flow, taking into account the
presence of discrete variables that model some specific VCDs.
The validity of the proposed approach has been verified by per-
forming PF analysis on the IEEE 123-bus test feeder including
VCDs and photovoltaic systems. Results are compared with the
ones obtained by both the exact non-linear PF solution and the
approximated LinDistFlow solutions. As general conclusions,
the following remarks can be stated.
� The proposed method is quite versatile because it is based

on the use of sensititivy matrices and vectors that can be
evaluated off-line in some given operating conditions of
the distribution system, in terms of load level and network
configuration; then, in the online PF analysis, the effects of
DERs and of VCD actions can be evaluated by the straight-
forward application of the linear model.

� The novel algorithm that has been proposed adopting
the proposed linear method to obtain the PF solution in
presence of VCDs equipped with voltage regulators and
discretized control action, such as OLTC and SVRs, is very
effective; the main feature of the algorithm is that it does not
need any iterative procedure and assures well defined and
very limited computing times, differently from the exact
non-linear PF and the LinDistFlow algorithms.

� The proposed linear method consistently outperforms the
LinDistFlow in terms of accuracy, particularly when an-
alyzing VCDs with assigned tap positions. When volt-
age regulators are integrated into OLTC and SVRs, the
proposed non-iterative linear algorithm exhibits superior
precision in determining the tap settings of VCDs com-
pared to the LinDistFlow. This feature is observed in all
the considered cases involving variations in active and
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TABLE XI
JACOBIAN MATRICES OF THE SUPPLYING SYSTEM MODEL

TABLE XII
JACOBIAN MATRICES OF THE DIRECT VCD MODEL

TABLE XIII
VECTORS AND MATRICES OF SENSITIVITY COEFFICIENTS FOR THE DISTRIBUTION SYSTEM MODEL (24)

reactive powers absorbed by loads and injected by PV
systems.

� The maximum absolute errors of the nodal voltage am-
plitudes obtained by the proposed linear method exhibit a
direct correlation with the errors in the tap settings of the
VCDs situated upstream of the observation nodes. This
direct association is less evident for the LinDistFlow; as a
result, the proposed linear method proves more reliable and
accurate, as confirmed by average absolute errors in nodal
voltage values that, though comparable, predominantly
remain lower than those associated with the LinDistFlow.

Future research will investigate the extension of the proposed
method to unbalanced three-phase systems.

APPENDIX

The Jacobian matrices of Section II are reported in Table XI
for the supplying system and in Table XII for the direct VCD.
The sensitivity vectors of (24) are reported in Table XIII; refer
to [13] for the definition of uf,�,n.
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