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Sheared-Flow-Stabilized Z-Pinch Modeling
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Abstract— The Kadomtsev pinch, namely, the Z-pinch profile
marginally stable to interchange modes, is revisited in light of
observations from axisymmetric magnetohydrodynamics (MHD)
modeling of the fusion Z-pinch experiment (FuZE) sheared-
flow-stabilized Z-pinch experiment. We show that Kadomtsev’s
stability criterion, cleanly derived by the minimum energy
principle but of opaque physical significance, has an intu-
itive interpretation in the specific entropy analogous to the
Schwarzschild–Ledoux criterion for convective stability of adi-
abatic pressure distributions in the fields of astrophysics,
meteorology, and oceanography. By analogy, the Kadomtsev
profile may be described as magnetoadiabatic in the sense
that plasma pressure is polytropically related to area-averaged
current density from the ideal MHD stability condition on the
specific entropy. Furthermore, the nonideal stability condition
of the entropy modes is shown to relate the specific entropy
gradient to the ideal interchange stability function. Hence,
the combined activity of the ideal interchange and nonideal
entropy modes drives both the specific entropy and specific
magnetic flux gradients to zero in the marginally stable state. The
physical properties of Kadomtsev’s pinch are reviewed in detail
and following from this the localization of pinch confinement,
i.e., pinch size and inductance, is quantified by the ratio of
extensive magnetic and thermal energies. In addition, results and
analysis of axisymmetric MHD modeling of the FuZE Z-pinch
experiment are presented where pinch structure is found to
consist of a near-marginal flowing core surrounded by a super-
magnetoadiabatic low-beta sheared flow.

Index Terms— Accelerators, current distribution, entropy,
fusion reactors, magnetohydrodynamics (MHD), plasma pinch,
plasma stability.

I. INTRODUCTION

THE self-field plasma confinement equilibrium, popularly
known as the Z-pinch, magnetically confines plasma
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pressure without external magnetic coils. Studies during the
early days of plasma physics identified magnetohydrodynamic
(MHD) instabilities in pinches of axisymmetric and kink types,
and the axisymmetric modes later fell under the broader
category of interchange-type modes, including, for example,
the tokamak ballooning modes. In fact, Kadomtsev’s seminal
article “Hydrodynamic stability of a plasma” [1] demon-
strated the existence of a Z-pinch equilibrium marginally
stable to the interchange modes using the method of virtual
displacement and the energy principle. For this reason, this
equilibrium will be referred to here as “Kadomtsev’s pinch.”
Kadomtsev’s article noted that the interchange modes are
analogous to buoyancy-driven modes in stratified fluids (e.g.,
Rayleigh–Taylor type) and expressed the stability condition
in terms of the logarithmic pressure gradient as a rational
function of plasma β and adiabatic index γ . On the other
hand, the same analysis concluded that the kink modes of
azimuthal mode number m = 1 were unstable for these
interchange-stabilized distributions (or any other static distri-
bution, for that matter).

In the years since Kadomtsev’s original work, the com-
munity’s understanding of stratified buoyant fluids and
magnetohydrodynamic interchange modes has considerably
deepened. This deepening has centered around two somewhat
complex elements, Namely, the role of entropy gradients and
sheared flows. In revisiting Kadomtsev’s pinch, this work is
intended to fill out the analogy between stable stratification
and interchange stability, to clarify the role of specific entropy
in defining the marginally stable state, and to shed light
on the effect of sheared flow on interchange stability with
evidence from axisymmetric resistive MHD simulations of
zap energy’s FuZE device. The intention is to reinterpret
Kadomtsev’s stability criterion from the somewhat nebulous,
“that the pressure does not fall off too rapidly with radius,”
expressed by the logarithmic pressure gradient as a function
of local plasma β with an opaque physical significance, to
an intuitive formulation in terms of the specific entropy and
specific magnetic flux gradients.

This article is organized as follows. Section II reviews
buoyant convection in fluid dynamics, the influence of sheared
flows on interchange stability, and the Kadomtsev profile
in the literature. A theoretical exposition on Kadomtsev’s
pinch follows in Section III, which first reviews the closely
related phenomena of the adiabatic atmosphere and isentropic
flows. Kadomtsev’s pinch is studied in a physically motivated
approach where the stability condition is expressed as a
zero gradient of what some authors have termed magnetic
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entropy [2]. The condition admits a first integral of the force
balance which rearranges to Kadomtsev’s implicit pressure
profile, noted as analogous to meteorology’s adiabatic pressure
profile. Analytic properties are studied for the adiabatic indices
γ = 2, γ = 5/3, and γ → 1. The analysis is applied
to the unity average beta concept in Section III-G and used
to quantify pinch radius as a function of the ratio of total
magnetic-to-thermal energies. Finally, Section IV considers
idealized theory for the flow velocity of a Z-pinch downstream
from a coaxial accelerator and presents 2-D axisymmetric sim-
ulations of the FuZE experiment demonstrating self-organized
flow pinch states where Kadomtsev’s pinch profile plays a key
role.

II. INTERCHANGE MODES IN THE LITERATURE

The hydrodynamic stability of stratified fluids is an impor-
tant topic in all the fluid dynamic disciplines with convective
motions, including terrestrial and astrophysical meterology [3],
oceanography [4], stellar astrophysics [5], [6], and plasma
physics where convective instabilities arise as a category of
ideal MHD instability known as interchange modes [7]. In the
original summary of ideal MHD stability analysis through
the energy method, Kadomtsev [1] briefly observed that the
physics of the interchange mode were analogous to that of
general buoyant stratification. In Section III, this analogy is
recapitulated and the detailed mathematics worked out.

On the other hand, the situation can first be summarized
as follows. Like many fluid dynamical topics, convective
instability is known as a complex phenomenon with a vari-
ety of control factors such as chemical composition [8],
sheared flow [9], [10], radiation [11], magnetization [12],
external heating (Rayleigh–Bénard), discontinuous profiles
(Rayleigh–Taylor), and impulsive forcing by shock waves
(Richtmyer–Meshkov). The situation with flows is far from
simple, since while the interchange is stabilized by sheared
flow, the second derivative of transverse velocity is destabi-
lizing (Kelvin–Helmholtz), and the question of stability under
shear is rather complex due to the prevalance of nonmodal
solutions in the initial-value problem [13], the related topic of
stabilization of pseudomodes in the pseudospectrum [14], and
3-D perturbations [15]. Sheared flows, however, are generally
understood to be stabilizing and to allow the persistance
of superadiabatic profiles across the fluid dynamic disci-
plines [16]. Section IV presents some simulation results and
commentary on the role of sheared flows on the Kadomtsev
Z-pinch profile.

Regardless of the various complexities discussed above,
fortunately the stability of a continuously stratified medium
subject only to pressure and buoyancy is simple. The
marginally stable profile in atmospheric meterology and astro-
physics, known as the adiabatic atmosphere, is characterized
by a vanishing gradient of the specific entropy s such that
∇s ·∇ p = 0, a result known as Schwarzschild’s criterion [17].
This condition is widely used in astrophysics [18], metere-
ology [19], and plasma physics [20], [21]. The fundamental
reason for the specific entropy to characterize the marginal
state is that the displacement frequency due to buoyancy,

known as the Brunt–Väisälä frequency, is a function only
of the invariants of motion along the displacement [22].
As the conserved quantity in an adiabatic displacement is
the specific entropy, the local buoyancy frequency is a direct
measure of the specific entropy gradient. In Section III-B,
we will see how Kadomtsev’s pressure profile is precisely
the analogous “adiabatic” profile for the interchange-stable
pinch, which is characterized by the invariance of a quantity
which Pastukhov [2] and Kesner [7] refer to as magnetic
entropy. It seems to the authors of this article that this entropy
terminology does not correspond with that of Minardi [23],
which is properly developed from an information-theoretic
perspective on the distribution of electric current. Therefore
this article avoids the terminology of magnetic entropy for
the defining invariant of Kadomtsev’s pinch, which is instead
referred to as the quantity sz .

The Kadomtsev-stable profiles make a frequent appearance
in the Z-pinch literature. Kadomtsev profiles are observed as
attractors in 2-D MHD simulations [24] and are used as initial
conditions in simulations of sheared-flow stabilization [25],
[26]. Although the Kadomtsev-stable profile is strictly unstable
to the m = 1 kink mode, under certain conditions it is observed
experimentally. Chiefly, these are the hardcore Z-pinch and
levitated dipole experiments which fix the magnetic axis with
a conductor [27]. Furthermore, Kadomtsev’s pinch has been
invoked to explain data in compressional Z-pinch experi-
ments [28], [29] and supporting theory [30]. Finally, it is worth
noting that also in astrophysics, meterology, and oceanog-
raphy, adiabatic profiles are often invoked alongside other
organizing principles, and sometimes do not explain obser-
vations at all, due to the myriad of complications discussed
above. For this reason, the understanding of pressure, density,
and temperature profiles in these disciplines remains an active
research topic, as it certainly does in the field of magnetic
plasma confinement. On the topic of self-organization in
magnetic confinement with flows, the reader is pointed to
work on double Beltrami fields and multiple-region relaxed
magnetohydrodynamics [31], [32], [33], [34].

III. PROPERTIES OF KADOMTSEV’S PINCH

A. Analogy to Stable Stratification in the Adiabatic
Atmosphere

Kadomtsev showed that the marginally stable pinch profile
was implicitly a function of the local value of β = p/pB with
p the thermal pressure and pB the magnetic pressure

p0

p
=

(
1 +

γ − 1
γ

2
β

)γ /(γ−1)

. (1)

Note that β is often defined in some integral manner, as dis-
cussed further in Section III-G, yet this quantity is the local
plasma β. Now, to make the analogy to stable stratification
in the atmosphere clear, consider the static equilibrium of a
stratified gas of mass density ρ in a gravitational potential 8g

−∇ p − ρ∇8g = 0. (2)

Recall that the specific entropy s of a perfect gas is given
by s = cv ln(p/ργ ) with cv the specific heat at con-
stant volume and γ the adiabatic index. Now noting that
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(p/p0) = (ρ/ρ0)
γ es/cv with (p0, ρ0) reference constants

making the logarithmic argument dimensionless, the pressure
gradient is

∇ p = c2
s ∇ρ + p∇s/cv (3)

with c2
s = γ p/ρ the local speed of sound squared. Substituting

into (2) gives another form of equilibrium

c2
s ∇ρ = −ρ∇8g − (γ − 1)ρT ∇s. (4)

Using the Schwarzschild condition ∇s = 0 means that the
marginal state satisfies the equation

c2
s

dρ
dz

= −ρ
d8g

dz
. (5)

The solution to (5) is called the adiabatic atmosphere. Note
that in the isentropic solution the sound speed c2

s = c2
s (r)

is variable unless one takes the isothermal limit of γ → 1.
Expressed solely as a function of density for a particular
adiabat, the sound speed is given by

c2
s = c2

s0

(
ρ

ρ0

)γ−1

(6)

where c2
s0 = γ RT0. We note that specifying ρ0 and T0 is

sufficient to specify the constant es0/cv defining the adiabat of
the atmosphere, since any constant specific entropy s0 satisfies
the stability constraint. Defining ρ̃ = ρ/ρ0, we obtain the
separable differential equation

ρ̃γ−2 dρ̃
dz

= −c−2
s0

d8g

dz
(7)

which with the initial condition ρ(0) = ρ0 integrates into

ρ

ρ0
=

(
1 −

γ − 1
γ

m8g

kB T0

)1/(γ−1)

(8)

with the corresponding pressure solution p = p0(ρ/ρ0)
γ . It is

clear that Kadomtsev’s pinch profile given by (1) is closely
related to this pressure profile. Considering the isothermal limit
γ → 1 provides us with the physical meaning of this solution

ρ = ρ0 exp
(

−
m8g

kB T0

)
(9)

as a Boltzmann distribution. For realistic values of γ , the
isentropic solution is not isothermal, yet the marginal state is
still nearly Boltzmann-distributed, albeit in the distribution’s
less familiar limiting form of ex

= limn→∞(1 + x/n)n .
Therefore, in this work, we refer to the form of (8) as the
frozen Boltzmann distribution. In the physical and mathemat-
ical literature, distributions in the form of (8) are referred to
as κ- or q-Gaussian distributions and maximize a Tsallis-type
entropy functional for the number density distribution [35].

Finally, observe that (8), the adiabatic atmosphere, is a
first integral of the momentum equation, and thus expresses
constancy of specific enthalpy

cpT +8g = cpT0 (10)

in the same way as the pressure–Mach number relationship
for compressible isentropic (∇s = 0) flow

p0

p
=

(
1 +

γ − 1
γ

mv2/2
kB T0

)γ /(γ−1)

(11)

is a rearranged form of a constant specific enthalpy

cpT +
1
2
v2

= cpT0 (12)

which similarly limits as γ → 1 to a Boltzmann distribution in
the kinetic energy. In these particular cases, the adiabatic equi-
librium as a frozen Boltzmann distribution can be understood
to consist of both constant energy and entropy per particle,
completely determining the distribution provided that there are
only two forms of energy. Yet the ideal MHD picture is more
complex as there are three forms of energy.

B. Pinch Marginal Stability in Thermodynamic Variables

In this section, the marginal stability condition of the cylin-
drical plasma pinch to axisymmetric interchange modes is cast
as a condition on the specific entropy and the specific magnetic
flux gradients. This reformulation results in a particularly
simple form of the stability criterion and the marginally stable
state, in particular in light of the activity of the entropy modes
discussed in Section III-C. The classical method to determine
magnetohydrodynamic stability is accomplished analytically
from the minimum energy principle provided that the force
operator of a virtual displacement is self-adjoint [36]. Accord-
ing to this intuition, the reader is reminded of the equivalence
in thermodynamics between the principle of minimum energy
and the principle of maximum entropy [37]. Now, it is well-
known that given such a virtual displacement of the static
MHD plasma in equilibrium, the force operator is self-adjoint.
By this property, Kadomtsev showed that the energy of a
virtual displacement of mode m = 0 was bounded in time
provided that the plasma pressure gradient satisfied

−
d ln p
d ln r

≤
4γ

2 + γβ
(13)

and that this is both necessary and sufficient for stability of
the static Z-pinch [1]. The condition may be recast in thermo-
dynamic variables by considering the radial force balance

dp
dr

= −
Bθ
µ0r

d
dr
(r Bθ ) = −

1
r2

d
dr
(r2 pB). (14)

Next consider the thermodynamic identity dh = vdp + T ds,
with v specific volume, written in the form

dh
dr

=
1
ρ

dp
dr

+ T
ds
dr

(15)

where h = (γ /(γ − 1))(p/ρ) is the specific enthalpy and
s = cv ln(p/ργ ) is the specific entropy with specific heat at
constant volume cv = R/(γ−1). Note that in all what follows,
T signifies the total plasma temperature T = Ti +Te, since the
distinction between the two temperatures is beyond the scope
of ideal MHD. Equation (15) is an algebraic identity between
the change in enthalpy, the pdv work, and the reversible non-
pdv work expressed as T ∇s. In this sense as an identity,
an analogous identity holds for the magnetic body force

d
dr

(
2

pB

ρ

)
=

1
ρr2

d
dr
(r2 pB)+

pB

ρ

d
dr

ln
(

pB

ρ2r2

)
. (16)

We recognize the specific magnetic enthalpy as 2pB/ρ and the
specific Laplace body force as ( j⃗ × B⃗)r/ρ, leading us to label
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the quantities Tm ≡ pB/(ρR) as a “magnetic temperature” and
sm ≡ R ln(pB/(ρ

2r2)) as a “magnetic entropy.” In fact, sm is
the specific magnetic flux (or frozen-in flux) of Alfven’s law
applied to the axisymmetric pinch

d
dt

(
Bθ
ρr

)
= 0. (17)

It is distinct from both Pastukhov’s notion of magnetic entropy
in [2] and Minardi’s magnetic entropy concept based in
information theory [38]. However, it is clear that in mag-
netohydrodynamics, the specific flux B/ρ plays the role of
an entropic coordinate in the sense of (16). Furthermore,
summation of (15) and (16) gives the thermodynamic law for
the magnetofluid

d
dr

(
cpT + 2RTm

)
−

1
ρ

d
dr
(p + pB)

= T
ds
dr

+ Tm
d
dr

(
R ln

(
pB

ρ2

))
(18)

as if “γm = 2,” a useful mnemonic. It seems appropriate to
point out here that the specific flux B/ρ plays a double role as
an entropic thermodynamic coordinate in the sense of (18) and
as a vorticity in 3-D flow dynamics through the generalized
(or canonical) vorticity [39].

Now with the variables s and sm , we eliminate pressure
from (14) in favor of the variables (ρ, s, sm)

p = ργ es/cv (19)

pB = ρ2r2esm/R (20)

and after some algebra obtain a differential equation for ρ

c2 dρ
dr

= −4
pB

r
−

1
cv

p
ds
dr

− pB
dsm

dr
(21)

where c2
= c2

s + c2
a is the local magnetosonic speed.

Equation (21) is analogous to (4) with the difference that
the body force ∇8g is due to the geometric term 4pB/r of
field line curvature and there are two thermodynamic variables
(s, sm). Then dividing by magnetic pressure and replacing the
density gradient by the gradient of pressure, we obtain a form
of the static equilibrium as (with cp = γ cv)

K (r) ≡
d ln p
d ln r

+
4γ

2 + γβ
=

2
2 + γβ

d
d ln r

(
s
cp

−
sm

2R

)
. (22)

We recognize the left-hand side as Kadomtsev’s stability
function K (r). Thus, the right-hand side is equivalent in
equilibrium. Furthermore, the logarithms combine to define
sz as

sz

R
≡

s
cp

−
sm

2R
= ln

(
p

pγ /2B

rγ
)

(23)

so we write the marginal condition K = 0 as

dsz

dr
= 0. (24)

In this way, the Z-pinch is stably stratified to axisymmetric
modes through (24) in a similar way as the stably stratified
atmosphere, and the development of weak instability acts to

bring the plasma toward this marginal state, as in the quasilin-
ear theory of [40]. For example, for the axisymmetric-stable
Bennett pinch of γ = 2, the invariant sz defines the Z-pinch
adiabat through βr2

= esz0 , and in the incompressible,
isothermal limit γ = 1, one has β Ienc = esz0 where Ienc
is the axial current enclosed at radius r . In general, though,
this relationship can be expressed as the statement that p ∼

(Bθ/r)γ ∼ (Ienc/πr2)γ , with equality given some constants
which absorb into the adiabatic constant esz0 . The quantity
Ienc/πr2

≡ ⟨ jz⟩ is in fact the area-averaged current density, so
the marginal state reflecting a vanishing gradient of sz has

p
p0

=

(
⟨ jz⟩

j0

)γ
(25)

which is evocative of the usual adiabatic condition p = ργ ,
although the condition is nonlocal as the local value of
pressure depends on the distribution of current within the
plasma column up to that radius for p = p(r). In analogy
to meteorology, we refer to a pinch whose pressure exceeds
the polytropic relationship of (25) as super-magnetoadiabatic,
in which case it is convectively unstable to magnetic flux
interchange, and the opposite case as sub-magnetoadiabatic.
In this terminology, Kadomtsev’s pinch is the magnetoadia-
batic pinch. Just as in metereology, this terminology is simple
but potentially misleading as the adiabatic atmosphere is not
“adiabatic,” but rather isentropic, and the magnetoadiabatic
pinch is also not “adiabatic,” but rather the specific magnetic
flux sm is tied to the specific entropy s such that ∇sz = 0.

In other words, (23) is a single equation in the two variables
s and sm , and thus any entropy profile s = s(r) such that
∇sm = 2(γ − 1)/γ∇s represents a Kadomtsev pinch. This
freedom is what is usually understood to be the freedom in the
choice of temperature and density profiles for the equilibrium
pinch. Two situations of note are the adiabatic pinch, where
∇s = 0, and the isothermal pinch where p/ρ = const. In
the former situation, the adiabatic pinch has both ∇s = 0,
and thus, ∇sm = 0, so that density varies radially as ρ ∼

⟨ jz⟩. In the isothermal pinch, on the other hand, one finds that
ρ ∼ ⟨ jz⟩γ . Both the cases are magnetoadiabatic and therefore
marginally stable to interchange.

In the context of the fusion deuterium-tritium (DT) neutron
yield, for temperatures up to approximately 5 keV, Ẏ ∼

n2T 4
∼ p2T 2, such that for relatively low T more concen-

trated temperatures are advantageous for the same pressure or
supplied current, in which case the adiabatic pinch temperature
profile appears to be advantageous. On the other hand, around
50 keV the reaction rate becomes independent of temperature,
making more concentrated density necessary for high-yield
fusion conditions. Indeed, high densities are required for
Q > 1 conditions in a sheared-flow-stabilized Z-pinch [41], in
which case the isothermal profile is more desirable. However,
nonideal instabilities known as entropy modes grow to relax
∇s → 0, making such instabilities important to model Q > 1
Z-pinches.

C. Entropy Modes

Section III-B found that the axisymmetric interchange insta-
bility drives the pinch toward a marginal state where the
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specific flux gradient ∇sm is tied to the specific entropy gra-
dient ∇s through the interchange marginal stability condition.
That the specific entropy is unconstrained, and consequently
also the concentration of temperature suggests that some
critical physics may be missing from this picture of convective
relaxation. Kadomtsev in fact also determined this condition,
building on work by a collaborator Y.A. Tserkovnikov, to be
a type of drift instability caused by the oppositely directed
diamagnetic heat fluxes of electrons and ions in the inhomo-
geneous plasma pinch [42].

Furthermore, Kadomtsev’s article anticipated that such drift
modes, which leave thermal pressure unperturbed to first order
with varying temperature and density, were in fact entropy
fluctuations working to relax the temperature gradient, and
hence are termed entropy modes. Unfortunately, the depen-
dence on γ was suppressed in Kadomtsev’s article in favor of
the numerical factor of 5/3. The important article on numerical
entropy mode modeling by Angus et al. [43] restored the γ -
dependence and gives the entropy mode stability condition

d ln T
d ln r

≤ 1 +

(
2γ − 1

2γ
+
β

4

)
d ln p
d ln r

. (26)

Noting that the specific entropy increment is given in terms
of logarithmic temperature and pressure increments by

1
R

ds =
γ

γ − 1
d ln T − d ln p (27)

after some simple algebra one can show that (26) combined
with (13) simplifies to the condition

1
cp

ds
d ln r

≤
2 + γβ

4γ
K (r) H⇒

1
cv

∇s ≤
1
2
∇sz . (28)

When relaxed to the marginally stable state, the right-hand side
is identically zero from (22), giving ∇s = 0 for the specific
entropy gradient. In summary, the Z-pinch entropy modes can
be understood to relax the gradient of specific entropy, which
combined with the interchange mode activity yields simple
estimates for the fully relaxed profile as ∇s = ∇sm = 0.

D. Z-Pinch Buoyancy Frequency

As pointed out in [42] and [43], the radial displacement
frequency of a Z-pinch plasma parcel is found by linear
analysis assuming purely radial displacement to be

ω2
=

2c2
s

r2 K (r) (29)

with K (r) the Kadomtsev stability function. It would then
appear that the thermal sound speed is principally responsible
for the growth of perturbations. However, using (22) for ∇sz ,
the sonic speed c2

s = γ p/ρ, Alfven speed c2
a = 2pB/ρ, and

magnetosonic speed c2
= c2

s + c2
a gives a form more akin to

the usual Brunt–Väisälä frequency in cylindrical coordinates

ω2
=

2
r

c2
ac2

s

c2

d
dr

( sz

R

)
. (30)

Thus, the speed appears as a combination of both the charac-
teristic velocities. To bring out the character of this quantity
a bit, we can consider the case of an isothermal Bennett

pinch with γ = 2, where c2
a = 2(r/rp)

2(kT/m) and c2
=

γ (kT/m)(1 + (2/γβ))

ω2
B ≈

r/rp

1 + (r/rp)2
c2

s
d
dr

( sz

R

)
(31)

such that the frequency of interchange is potentially greatest
at the pinch radius r = rp. Note that (30) is not singular
as c2

a always grows at least quadratically for center-peaked
currents.

E. Marginal Pressure Distribution

Substituting the invariant sz into the pressure balance and
integrating produces an energy relationship

γ

γ − 1

(
p
p0

)(γ−1)/γ

+ 2
(

E I

P0

)1/2

=
γ

γ − 1
(32)

with E I = (µ0/8π)I 2
enc and P0 = p0πr2

p. Each term represents
fluid or magnetic-specific enthalpy under adiabatic or flux-
conserving conditions. That is, let the enthalpy of a plasma
parcel isentropically brought to its reference pressure p0 be
the potential enthalpy h0

f ≡ cpT (p0/p)(γ−1)/γ , and let the
potential magnetic enthalpy h0

m ≡ 2RTm(P0/E I )
1/2 be the

magnetic enthalpy when brought to the reference magnetic
pressure under constant specific flux. Then (32) is

h f

h0
f

+
hm

h0
m

=
cp

R
. (33)

Equation (33) has the significance that specific enthalpy is
radially uniform for the adiabatic (∇s = 0) pinch, and
otherwise varies according to the particular entropy gradient
of the profile.

Now using the marginal stability condition as a differential
equation between β and r , we observe that βE1/2

I = (1 +

2(γ − 1)/γβ)−1, so that (32) rearranges to

p0

p
=

(
1 +

γ − 1
γ

2
β

)γ /(γ−1)

. (34)

To reveal the physical character of the distribution, consider
the limit γ → 1 where the pressure varies as p = p0e−2/β , or

p = p0 exp
(

−
mv2

a

kB T

)
(35)

where va is the Alfven speed and T is the total temperature.
In other words, the pressure is a frozen Boltzmann distribution
in terms of relative magnetic-to-thermal energy analogous
to the isentropic relationship for compressible flow. Then
substituting (34) into the invariant sz , one obtains(

r
rp

)2

= β−1
(

1 +
γ − 1
γ

2
β

)(2−γ )/(γ−1)

. (36)

This relationship is an implicit relationship for β = β(r)
to calculate the pressure, magnetic field, and current density
profiles of the Kadomtsev-stable pinch.
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F. Special Cases of the Marginal Distribution

A few interesting cases present themselves for (34) and (36).
The radius–β relationship is explicitly invertible for three
cases of interest. Of course, the case γ = 2 obtains the
Bennett profile where (rp/r)2 = β. There is also the limit
γ → 1 where (rp/r)2 = βe−2/β which inverts using the
Lambert W function. In the particular case of γ = 5/3, (36)
is of the depressed cubic form

β3
−

(rp

r

)4
β −

4
5

(rp

r

)4
= 0 (37)

and thus possesses reasonably explicable roots for β = β(r).
A compact, explicit form particularly suitable for use in codes
comes from Viète’s form of the cubic root

β =

(rp

r

)2 2
√

3
cos

(
1
3

arccos

(
6
√

3
5

(
r
rp

)2
))

(38)

considered as a complex-valued function returning a real-
valued solution, which excludes the other complex-valued
and negative-valued cubic roots. From these considerations,
evidently local β at the pinch edge radius depends on γ . For
γ = 1 at the pinch radius rp, the solution to 2/β = e−1/β is
β(rp) = 2/W (2) ≈ 2.34 where W (r) is Lambert’s W func-
tion. If the pinch radius was rescaled by

√
2 (as suggested by

the relationship r2
p = λ2

D/4(c/ve) for the Bennett pinch [44]),
then the pinch-edge beta satisfies β(rp/

√
2)/2 = �−1

≈

1.763 where � is the Omega constant of the Lambert W
function. Transcendentals aside, evidently there is a tendency
toward greater β as γ → 1, and this is accomplished at the
expense of a larger specific heat for compression. Fig. 1 shows
the variation in pinch-edge radius β with adiabatic index γ .

In the infinite degree-of-freedom limit γ → 1, the pressure
has a simple explicit form in terms of the Lambert W function.
With 2/β = W (2(r/rp)

2), the Kadomtsev-stable pressure is

p(r) = p0 exp
(
−W (2(r/rp)

2)
)

(39)

and the profile for other values of γ ∈ (1, 2] can be understood
to limit between this form and the Bennett pinch whose
explicit pressure profile is p(r) = p0/(1 + (r/rp)

2)2. From
this, we note that the pinch-edge pressure is p = p0/4 for
the Bennett pinch and p = W (2)/2p0 ≈ 0.426p0 for the
γ → 1 limit. When pinch radius is rescaled by

√
2, then

at r = rp/
√

2, the pressure p = �p0 and the magnetic
pressure pB = �2 p0. We also note another application of the
invariant (32) as an implicit relationship for p = p(r) valid
for all γ as

γ

γ − 1

(
p
p0

)(γ−1)/γ

+ 2
(

r
rp

)2( p
p0

)1/γ

=
γ

γ − 1
. (40)

G. Pinch Radius for Marginally Stable Profiles

In this section, we demonstrate how the β = β(r) relation-
ship expressing the distribution of the magnetic energy per
thermal energy is closely connected to the general result for
the inductance of a current-carrying pinch, and in this way we
determine how the pinch’s radius is related to its total thermal
and magnetic energies. To begin, recall that Z-pinches confine

Fig. 1. Local plasma β = p/pB at the characteristic radius rp (i.e., the
pinch-edge beta) of the Kadomtsev-stable pinch increases as the adiabatic
index γ → 1. For the Bennett pinch, β = 1 at the pinch radius, and for
γ ∈ (1, 2] the pinch-edge β takes an intermediate value.

plasma with unity average β [45]. Precisely, the Bennett
relationship for self-magnetic confinement relates the self-
magnetic energy of axial current (µ0/8π)I 2

enc to the excess
thermal pressure contained within an area of cross-sectional
radius r

µ0

8π
I 2
enc(r) = πr2(⟨p⟩ − p(r)) (41)

where ⟨p⟩ ≡ (πr2)−1
∫ r

0 p(r ′)2πr ′dr ′ is the area-averaged
thermal pressure. Out to a radius where p → 0 (41) gives

⟨p⟩

pB(r)
= 1 (42)

with pB(r) the magnetic pressure at that radius. In this sense,
the average Z-pinch β is unity, and indeed nonzero axial
magnetic field results in a value less than unity. Essentially,
(41) has the significance that purely axial current ideally
confines an excess of thermal energy in an amount equal to
the current’s self-magnetic energy [46].

Of course, in addition to the self-magnetic energy of the
internal current, the total magnetic energy is fixed by the radius
of the return current as in a coaxial cable. In the context of the
internal conductor as a Z-pinch, with fixed outer radius and
variable inner radius, this is related to the spatial localization
of the confined thermal energy (i.e., the internal conductor
radius). By combining the physics for the inductance of a
coaxial conduit with the Bennett relationship, we find that the
Z-pinch radius is a function of a quantity for which both the
numerator and the denominator of (42) are averaged.

To demonstrate, we analyze the sharp pinch for simplicity
and then state results for some special cases of the Kadomtsev-
stable profiles. Consider a sharp pinch of radius rp contained
in a perfectly conducting wall of radius rw returning all the
current passed by the sharp pinch. In this situation, the profiles
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of thermal and magnetic pressures are given by

p =


p0, r < rp

0, rp < r < rw
0 r > rw

, pB =


0, r < rp

p0

(rp

r

)2
rp < r < rw

0 r > rw.
(43)

Now calculating the total thermal and magnetic energies
per unit length by integrating over all radii, we find a
thermal energy per unit length in the amount of PT =

p0πr2
p and likewise magnetic energy per unit length of PB =

p0πr2
p ln((rw/rp)

2). Now defining the ratio of linear pressure
to magnetic pressure as βm ≡ PT /PB (i.e., (42) with both the
numerator and denominator area-averaged), one has(

rp

rw

)2

= e−1/βm . (44)

Indeed, it is interesting to observe that the isothermal sharp
pinch size is Boltzmann distributed as exp(−((PB/N )/kB T ))
with N the linear density. The quantity βm measures the
spatial concentration of pinch energy according to the usual
physics of a coaxial conductor combined with the Bennett
relationship. Consequently, to localize the plasma in a small
radius, the parameter βm ≪ 1. For a fixed linear density
N = n0πr2

p with n0 the volumetric particle density, high
density requires a small pinch radius rp, and high density pinch
discharges are required for Q > 1 conditions [41]. Therefore,
the total magnetic energy of a Q > 1 Z-pinch discharge must
be large compared with the confined thermal energy. However,
we emphasize that this result occurs precisely because the
Z-pinch has unity average-β. That is, the local β at the pinch
edge is approximately unity, and most of the magnetic energy
occuring in such a low-βm Z-pinch discharge is localized as
either vacuum field or in a low-β edge plasma. Indeed, for
precisely this reason magnetically confined plasmas with axial
magnetic fields such that β is low everywhere consequently
require even greater quantities of magnetic energy for thermal
confinement.

The result r2
p ∼ e−1/βm holds asymptotically for the

Kadomtsev-stable Z-pinch profiles. Lacking a return current,
the total magnetic energy is divergent for all the values of γ .
However, the magnetic energy is small enough for r ≫ rp

that we may cut off the integral at the wall for a sufficient
approximation. In the case of the Bennett pinch, an exact
solution can be found, but since the cutoff is not valid for
rp ≈ rw, we approximate rp ≪ rw for(

rp

rw

)2

≈ e−1e−1/βm (45)

such that the diffuse Bennett pinch has a smaller radius than
a sharp pinch of equivalent thermal and magnetic energies,
being one e-folding factor smaller for the same value of
βm . A similar calculation of the Kadomtsev pinch for γ =

5/3 demonstrates the equivalent asymptotic behavior as a
function of βm with an additional benefit of approximately
one more e-folding factor, as shown in Fig. 2. The physical
reason for the asymptotic variation as e−1/βm is the inductive
coupling of the current contained within r ≤ rp and the return

Fig. 2. Z-pinch size asymptotically varies exponentially with the ratio
of total confined thermal to magnetic pressures. Here, PB is the magnetic
energy per unit length and PT the pressure energy per unit length. For the
Kadomtsev-stable profiles, smaller values of γ give an increasing benefit
over sharp pinches in terms of confinement, but at the expense of a lower
temperature for the same confined pressure as the specific heat increases.

Fig. 3. Functional dependence on adiabatic index for marginally
Kadomtsev-stable pinch radius according to (rp/rw)2 = α(γ )e−1/βm calcu-
lated numerically. The stable pinch radius collapses as γ → 1 for the same
magnetic and pressure energies PB , PT , or equivalently at fixed βm .

current at r = rw, such that the inductance for rp ≪ rw
is well-approximated by the usual coax factor ln(rw/rp) for
βm ≲ 1.

For Kadomtsev’s pinch, radius depends on adiabatic index
γ and the parameter βm through (rp/rw)2 = α(γ )e−1/βm (valid
for rp ≪ rw), where α(γ ) is plotted in Fig. 3. Indeed, the total
pressure energy per unit length of the Kadomtsev profile may
be calculated as PT = p0πr2

p(γ /(2(γ − 1)))2. From this, one
can see that given fixed quantities of pressure energy PT and
magnetic energy PB , as γ → 1 the pinch radius rp → 0 and
the on-axis pressure p0 → ∞ such that p(r) → PT δ(r).

H. Inductance, Enthalpy, and Flux of Kadomtsev’s Pinches

Section III-G introduced the energy measure βm ≡ PT /PB

and its relationship to the characteristic pinch radius. Here, the
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relationship to inductance is made precise, and along the way
a remarkable fact is noted that total pinch enthalpy H = I∞ψ ′

where ψ ′ is the flux per unit length and I∞ the total enclosed
current.

We begin by calculating the magnetic flux per unit length
ψ ′

=
∫ r

0 Bθdr (or magnetic vector potential Az = −ψ ′) as

ψ ′

ψ ′

0
=

γ

2
√

2(γ − 1)2

(
log(1 +3)+

γ − 2
1 +3−1

)
(46)

from ψ ′
=
∫

∞

β
Bθ (β ′)(dr/dβ ′)dβ ′, where 3 ≡ 2(γ −1)/(γβ)

and ψ ′

0 = B0rp with B0 =
√
µ0 p0 the characteristic flux

density. Then computing the total enthalpy obtains (with P0 =

p0πr2
p)

H =
γ

γ − 1
PT + 2PB =

√
2

γ

γ − 1
P0
ψ ′

ψ ′

0
. (47)

From µ0 I 2
∞
/8π = (γ /(2(γ − 1)))2 P0, we have H = I∞ψ ′.

Here, H and ψ ′ are integrated up to a cutoff while I∞ is the
total current. Notably, under uniform axial flow vz , enthalpy
flux is precisely circuit power Hvz = ϕ I∞ where voltage ϕ =

vzψ
′. Finally, as ψ ′

= L ′ I with L ′ inductance per unit length,
dividing (47) and applying the Bennett relationship gives

L ′
=
µ0

4π
γ

2(γ − 1)

(
1 +

2(γ − 1)
γ

β−1
m

)
3

1 +3
. (48)

Equation (48) is well-approximated by 3/(1+3) ≈ 1 for cut-
off β ≪ 1. For example, the γ = 2 Bennett pinch inductance
is L ′

≈ (µ0/4π)(1 + β−1
m ). Notable is the limγ→1 L ′

=

(µ0/4π)β−1.

IV. MARGINAL PROFILE AND SHEARED AXIAL FLOWS

This section begins with some theoretical remarks on
sheared axial flows under completely ideal conditions in
Z-pinch experiments, and then presents some observations
from resistive MHD modeling of the FuZE experiment [45],
[47]. In the sheared-flow-stabilized Z-pinch concept, a flow
Z-pinch is formed downstream from a coaxial plasma gun.
As a starting point, we draw some basic conclusions about
steady flow using MHD theory in a similar manner to the
analysis done by Morozov and Solov’ev [48] and Morozov
[49]. To begin, recall that in compressible ideal MHD there
are three axisymmetric streamline invariants, namely, specific
enthalpy, specific entropy, and specific magnetic flux

ht ≡
γ

γ − 1
p
ρ

+ 2
pB

ρ
+
v2

2
(49)

s ≡
R

γ − 1
ln
(

p
ργ

)
(50)

sm ≡R ln
(

pB

ρ2r2

)
. (51)

By expressing the convective derivative (v⃗ · ∇)v⃗ in terms of
its potential and vortex parts, we may also formulate Crocco’s
theorem in steady state [50]

v⃗ × ω⃗ = ∇ht − T ∇s − Tm∇sm (52)

where ω⃗ = ∇ × v⃗. If we consider purely axial downstream
flow such that flow forces are zero, the force balance is

dh
dr

= T
ds
dr

+ Tm
dsm

dr
(53)

where the specific MHD enthalpy h = ht − v2/2 does not
include the kinetic energy. If the flow is self-organized into a
near-Kadomtsev-stable profile with ∇sz = 0, then

dh
dr

= 2
ds
dr

(54)

where 2 = T (p0/p)(γ−1)/γ is the potential temperature
(which is only constant radially for the adiabatic pinch with
∇s = 0). Equation (54) follows by factoring T ∇s from (53)
and eliminating β = T/Tm using (34). Expressing the specific
entropy as s = cp ln2 shows that (54) integrates into the
Kadomtsev pinch’s specific enthalpy profile [which should be
distinguished from the invariant of (33)]

h = cp2 = cpT
(

1 +
γ − 1
γ

2
β

)
. (55)

As the specific enthalpy is conserved along streamlines, a first
approximation is an isoenergetic condition transverse to the
flow, i.e., (dht/dr) = 0, supposing that flow originates
from one “reservoir.” In the isoenergetic case, the energy
relationship is

cp2+
v2

2
= const. (56)

Equation (56) means that the axial flow profile vz = vz(r) of a
pinch self-organized into a Kadomtsev-stable state downstream
from its source is ideally a function only of the specific entropy
profile s = s(r) through 2(r) = 20es(r)/cp . Because the
pressure profile p = p(r) is fixed by marginal stability, this is
equivalent to thinking of the flow shear ∂rvz as a function of
the temperature profile T = T (r) in the first approximation.
Furthermore, (56) predicts that when ∇s = 0 the axial flow is
radially uniform. Because entropy modes drive ∇s → 0, this
suggests that flow shear of a pinch marginally stable to both
interchange and entropy modes must be controlled through
engineering the gradient of specific enthalpy exiting the coax-
ial plasma accelerator, for example, through an oblique shock
wave attached to the tip of the central electrode.

Considering isothermal pinch profiles, for a given uniform
specific enthalpy ht , say of the reservoir, (56) has no solu-
tion past some radius. For example, the Bennett pinch has
β = (rp/r)2, such that the energy relationship reads like
c1v

2
+ c2r2

= c3 for positive constants c1, c2, and c3, defining
an elliptical velocity profile, decreasing from a maximum
on axis. This result occurs because isothermal pinches have
specific enthalpy h → ∞ as r → ∞, which is problematic
in experiment. Under the isoenergetic assumption, we can
determine the conditions for axial velocity to be an increasing
function of radius by writing (56) as

v2
= 2ht0

(
1 −

cp20

ht0
es/cp

)
(57)

with ht0 the given constant specific enthalpy. Equation (57)
suggests that for velocity to increase with radius, entropy
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Fig. 4. Thermal and magnetic pressures of the Kadomtsev pinch profile are
depicted alongside the adiabatic temperature profile (where specific entropy
s is relaxed to ∇s = 0), with pressures normalized to p0 and the temperature
normalized to T0. The adiabatic temperature profile is marginally stable to
the nonideal entropy modes for the pressure profile of Kadomtsev’s pinch.
Temperature profiles which decrease more slowly than the depicted, or even
increase with radius, are superadiabatic (∇s > 0) and unstable to the nonideal
entropy modes similar to the Schwarzschild criterion for convective stability.

should decrease with ∇s ≤ 0, which is also the entropy mode
stability condition given marginal interchange stability. The
temperature profiles with ∇s < 0 are called subadiabatic.
Such profiles are axially peaked and decrease at least as
fast as the adiabatic profile T (β) = T0(1 + 2(γ − 1)/γβ)−1

depicted in Fig. 4. These considerations suggest that adiabatic
temperature profiles are to be expected rather than isothermal
ones. On the other hand, velocity may freely increase with
radius for arbitrary profiles of specific enthalpy.

It must be cautioned here that our discussion is not
self-consistent because the flow shear predicted by (56) for
the marginally stable state also modifies the stability condition
in a nontrivial manner, allowing for super-magnetoadiabatic
pressure profiles [27] (and most importantly, kink stability
and 3-D self-organized states). There is also the issue of
weak collisionality; the axisymmetric minimum energy state is
Kadomtsev distributed only under the ideal fluid closure. The
kinetic equilibrium of a weakly collisional Z-pinch induces
non-Maxwellian distribution functions in the presence of,
e.g., axially sheared flow or temperature gradients, as the
ion distribution function is distributed over the canonical
momentum Pz = mvz + q Az where Az is the magnetic vector
potential [51]. This introduces intriguing phenomena such
as a tendency for velocity to trend with the magnetic flux
function [52], [53] which are beyond the scope of the fluid
model. That is to say, simulation of the appropriate model is
necessary to self-consistently model flow pinch behavior in
the weakly collisional regime of the FuZE experiment.

A. Results From MHD Modeling of the FuZE Experiment

Here observations are presented of whole device 2-D
axisymmetric resistive magnetohydrodynamic modeling of the
FuZE experiment, a diagram of which is shown in Fig. 5,
using the WARPXM discontinuous Galerkin finite element
code [54]. The modeling approach uses an unstructured mesh
of the whole device (including the accelerator) to solve the

Fig. 5. Diagram of the FuZE sheared-flow-stabilized Z-pinch device, showing
the coaxial plasma accelerator of 100-cm length coupled to the 50-cm-long
pinch assembly region [45]. The phrase “terminus of the inner electrode”
refers to the tip of the central conductor marking the end of the coaxial
accelerator and the beginning of the pinch assembly region.

resistive MHD model with von Neumann–Richtmyer artificial
viscosity coupled to a circuit model for the capacitor bank
discharge. The simulations are initialized with plasma in the
accelerator and the capacitor bank connected across the inner
and outer electrodes. Simulations show plasma leaving the
“acceleration region” (between the inner and outer electrodes)
and forming a Z-pinch plasma in the “assembly region”
(downstream from the terminus of the inner electrode). Related
publications [47], [55] include the whole device simulations
used for the comparisons here. Refer to [55] for all details of
simulation methodology.

We investigate the role of marginal profiles in the data
obtained by modeling. The results of this section are not meant
to robustly model all the aspects of the sheared-flow-stabilized
Z-pinch and its stability, in which 3-D, two-fluid [56], and
kinetic physics play key roles, but rather to demonstrate
the robustness of attraction to organized states under rapid
changes in the discharge, and to suggest the structure of the
flow pinch to consist of a central, close-to-marginal flowing
core surrounded by a low-β sheared flow. We consider the
profiles in two representative stages pre- and postcompression
to examine the profiles at peak performance.

Regarding the used model, resistive MHD simulation cer-
tainly captures the drive toward marginal interchange stability.
However, only two-fluid modeling further captures the drive
toward the adiabatic pinch temperature profile through activity
of the entropy modes. Furthermore, as the pinches of the FuZE
experiment are approaching the large Larmor radius regime,
future research will consider the role of kinetic equilibrium
and associated phenomena in the fluid description of weakly
collisional flow Z-pinches.

1) Diffuse Flow Pinch Prior to Compression, or “Zipper-
ing”: Fig. 6 shows the current and voltage traces produced
by experiment and simulation of a typical high-performance
FuZE discharge. Considering the flow pinch properties suffi-
ciently far downstream from the terminus of the inner electrode
of the coaxial accelerator such that the flow is primarily axial
(specifically, 20-cm downstream from the terminus), Fig. 7
shows the radial plasma profiles prior to pinch “zippering”
(also referred to as pinch assembly, as depicted in [57, Fig. 3]).
In this terminology, flow pinch zippering is similar to the
classical zippering of gas puff pinch experiments [58]. The
Kadomtsev pressure profile of Fig. 7 is calculated by (34) and
the local β = p/pB with γ = 5/3.
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Fig. 6. Voltage (a) and current (b) traces of a 25-kV FuZE discharge com-
pared with the same traces from 2-D resistive MHD modeling. Specifically,
this voltage is measured at the gap between the inner and outer electrodes. The
simulation voltage is thought to overpredict conditions around t = 8 µs due
to a blow-by instability observed in simulation within the coaxial accelerator,
which may not occur in this way under these experimental conditions, instead
being modified by 3-D filamentation and the Hall effect. On the other hand,
the peak voltage around t = 14 µs is captured well.

It is thought that the flow pinch observed in Fig. 7 is only
partially representative of experimental conditions due to the
limitations of our model, but it is nevertheless interesting
to observe the dynamics in the context of stability theory.
To interpret the results, recall that linear flow shear (in ideal
MHD, of either shear orientation) is stabilizing to the convec-
tive modes. The pinch is well described by a Kadomtsev-stable
profile from the axis up to approximately the pinch radius,
and axial velocity decreases with radius. In this situation, the
pinch core is primarily in a marginally stable equilibrium in
which flow shear has not significantly altered the pressure
distribution p = p(β) away from Kadomtsev’s pinch profile,
and for which the flow shear is thought to influence stability
of the kink modes (or to encourage the existence of a 3-D
relaxed state). The specific enthalpy is not radially uniform
so that (56) does not directly apply, and the temperature and
kinetic energy are observed to trend with one another. That
∇ht ̸= 0 is thought to occur due an oblique shock upstream
at the terminus of the central electrode which breaks the ideal
streamline invariants including total specific enthalpy ht . The
thermal pressure profile tracks closely with the magnetoadi-
abatic expectation p ∼ ⟨ jz⟩γ once corrected by an estimate
for the excess background pressure which plays no role in the
pinch equilibrium.

Fig. 7. Simulated pinch radial profiles prior to “zippering,” at t = 8 µs
in the discharge, measured 20 cm downstream from the terminus of the
coaxial discharge channel showing (a) radial profiles of current density, axial
velocity, temperature, and pressure and (b) the corrected pressure | p̃| and
area-averaged current density ⟨ jz⟩ raised to the power of γ as p ∼ ⟨ jz⟩γ , i.e.,
the magnetoadiabatic profile. Corrected pressure is defined as p̃ ≡ p − pexcess
where pexcess is the excess pressure taken to be pexcess/p0 = 0.38 and must
be used for magnetoadiabatic comparison because a uniform excess pressure
is unknown to the MHD force balance. Here, rw is the conducting wall of
10-cm radius. The Mach number at r = 0 is M ≈ 1.8. The dashed black
line depicts the pressure profile if it were Kadomtsev-distributed with the
local β, taking γ = 5/3. The diffuse flow pinch approximately follows
Kadomtsev’s profile until a radius with significant shear where the distribution
is super-magnetoadiabatic. Profile agreement ceases where the low-density
edge plasma carries return current (where jz < 0). The flow pinch is observed
to be stable for many Alfven transit times, hence the super-magnetoadiabatic
profile around r = 0.3rw could be attributed to linear flow shear.

2) Profiles of the Post-“Zippering” Compressed Flow
Pinch: Following “zippering” of the pinch discharge, the
diffuse flow pinch of Fig. 7 is near-adiabatically compressed
when magnetic energy increases significantly, and the pinch
core shrinks to a small radius in line with Section III-G. Fig. 8
shows such a simulated post-zippering flow pinch and a com-
parison of its pressure to area-averaged current density. The
profile within the compressed pinch radius is close to marginal
in the sense that expected m = 0 growth times consist of many
magnetosonic transit times, as described below, and the profile
is surrounded by a low-β edge plasma with sheared axial flow
deviating from the marginal state. A layer of edge plasma
around r = 0.5rw, out of view of the figure, carries some
return current. A super-magnetoadiabatic profile is observed
in the low-β plasma layer in-between the pinch edge and
the return current-carrying edge. Namely, an “isothermal-like”
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Fig. 8. Conditions at time t = 13 µs into the discharge, prior to the loss
of flow power and just after “zippering” into small radius and maximum
performance (as measured by a posteriori neutron yield rate calculation), with
(a) plot of Fig. 7(a) zoomed radially up to r = 0.4rw and (b) comparison of
corrected pressure | p̃| to averaged current density ⟨ jz⟩ for the data of (a),
where pexcess = 0.03 p0 (see Fig. 7 for definition of corrected pressure).
In (b), the solid curve plots p̃ = p̃(⟨ jz⟩) while the dashed lines are for
reference. The profile is moderately sheared outside of the core region as
the peak magnetosonic Mach number Mmax = 0.2. A super-magnetoadiabatic
profile, i.e., with better-than-Kadomtsev confinement, is observed at all radii.
Outside the pinch radius rp ≈ 0.05 rw , the profile is observed to follow
the super-magnetoadiabatic scaling | p̃| ∼ ⟨ jz⟩. This state is observed to
last until the end of plasma voltage around t = 14 µs in Fig. 6, at which
point the flow-sustaining electromagnetic power is extinguished. In the 2-D
axisymmetric simulation, the pinch then fully relaxes into a static Kadomtsev
profile, yet in 3-D would quickly undergo static kink instability.

profile p ∼ ⟨ jz⟩ (better than Kadomtsev) is observed in this
layer rather than the magnetoadiabatic profile p ∼ ⟨ jz⟩γ .
A clear interpretation of this observation is difficult, but we
do note that every polytropic relation p ∼ ⟨ jz⟩a corresponds
with some polytropic MHD equilibrium.

To clarify the phrase “close to marginal” used above,
consider that if the profile were strongly unstable we could
estimate from the displacement frequency of (29) a growth-
time τ ≈ rp/c where c measures the magnetosonic speed (with
K ≈ 1 at the pinch edge for a strongly unstable profile). Using
rp ≈ 0.5 cm and c ≈ 6.5 × 105 m/s, we find a growth-time of
τ ≈ 10 ns, which is not observed. However, using the observed
scaling p ∼ ⟨ jz⟩, we estimate τ−2

≈ 2(γ−1)(c2/rp)(−∇ ln p)
from (30) and obtain τ ≈ 3.5 µs, which is comparable to the
steady flow-through and dynamical timescales.

In addition to the single simulation examined here, we have
considered simulations conducted under a variety of alterna-
tive realizations of discharge voltage, current, and capacitor
bank configuration. Conditions similar to the results discussed
previously are observed in each realization. Namely, pinch
pressure and current are, prior to “zippering,” Kadomtsev-
distributed (i.e., following the polytropic relationship p ∼

⟨ jz⟩γ ) with βm ≲ 1. The pressure distribution breaks from
marginal stability following compression, yet is often observed
to remain polytropic with an exponent less than γ . We leave
a thorough investigation of this phenomenon to future work.

To summarize, we observe that axisymmetric compression
of the marginal profile remains near-marginal and benefits
from enhanced stability. As the compressed profile is close
to the static marginal profile, it is likely undergoing slow
m = 0 relaxation on the order of 1 − 10 µs (with an indeter-
minable role played by flow shear), but voltage decreases on
a faster time-scale. We point the reader to [55] for an in-depth
discussion of the simulation’s macroevolution.

3) Observed Temperature Profiles: The core plasma tem-
perature and low-β edge plasma temperature are observed
to be super-adiabatic, meaning that temperatures drop off
more slowly than if specific entropy were radially constant.
We expect that with higher fidelity physics entropy mode
activity would relax temperature to the adiabatic profile. While
two-fluid and 3-D physics are expected to change the nature
of the marginal state attained in modeling, it seems likely that
this conceptual picture of a core plasma with relaxed gradients
surrounded by low-β sheared flow will continue to hold under
appropriate conditions, in line with the stepped relaxation
region approach used with success in MHD modeling [59].
We expect three-dimensionality to complicate this picture
in suprising ways, for example, the saturated state attained
by weakly unstable kink modes in a sheared-flow-stabilized
Z-pinch with conducting wall boundary.

V. CONCLUSION

This work revisited the Kadomtsev profile describing
axisymmetric marginal stability of the Z-pinch and inves-
tigated its thermodynamic properties, filling a gap in the
literature for the static profile. Self-organization based on ther-
modynamic principles in the magnetic confinement and plasma
turbulence communities is a fruitful topic of research [38],
[59], [60], [61], so it is hoped that this article contributes
to further research in this field by elucidating the properties
of self-organization in one of its simplest solvable manifes-
tations other than the force-free Taylor states, namely, the
axisymetrically constrained Z-pinch. In this simple model,
we combine the well-known result from the minimum energy
principle together with the thermodynamics of a perfect gas
to demonstrate that the state marginal to both the interchange
and drift-entropy modes is one where the gradients of both
specific entropy and magnetic flux are zero. This result is
happily in accordance with the equivalence between minimum
energy and maximum entropy principles and establishes a clear
analogy to the Schwarzschild–Ledoux stability criterion used
in other branches of hydrodynamics. However, we emphasize
that the core result, namely, Kadomtsev’s stability function,
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is most easily determined by Kadomtsev’s minimum energy
method. We do point out, however, that an interesting avenue
for future research is to deduce equilibrium stability as a
condition on sz using an entropy functional method.

In addition, the analogy between Kadomtsev’s pinch and
the adiabatic profile used in meteorology and oceanography
was used to draw out parallels to sheared-flow stabilization
of the respective interchange modes in these fields, and
how these marginal states are closely related to statistically
probable distributions, here referred to as frozen Boltzmann
distributions. Indeed, Kadomtsev’s pinch is precisely this sort
of frozen Boltzmann distribution in the magnetic energy. This
was then extended to a demonstration in Section III-G that the
pinch radius itself also follows an exponential relationship in
the ratio of magnetic to thermal energies. It was also observed
in Section III-H that the extensive total enthalpy H of the
Kadomtsev pinch scales with magnetic flux per unit length ψ ′

as H = I∞ψ ′ for all the values of γ , with the significance that
unstable profiles like the sharp pinch can be said to contain
an excess “unmixed” thermal enthalpy.

Furthermore, theory is presented here suggesting that non-
isothermal temperature profiles are more likely than isothermal
ones in the collisional fluid regime according to the activity
of the entropy modes. This conclusion is further supported by
the results of Section IV where it was shown that the specific
enthalpy of an isothermal Kadomtsev-stable pinch diverges
as β → 0 in the edge plasma, but the specific enthalpy is
constant for adiabatic (i.e., constant specific entropy) profiles.
Indeed, the simulation results of the FuZE experiment shown
in Section IV-A demonstrate nonisothermal profiles even
without two-fluid physics. These simulation results indicate
attraction to the marginal state in the flow pinch formed down-
stream from a coaxial accelerator, and the sustainment of a
near-marginal state following pinch “zippering”/compression.

ACKNOWLEDGMENT

The authors would like to thank the entire team at Zap Energy
for their efforts in producing and analyzing data from the FuZE
and FuZE-Q experiments. They would also like to thank the
Theory and Modeling group, including Jonny Dadras, Noah
Reddell, Steve Richardson, Christine Roark, Peter Stoltz, and
Whitney Thomas, for their efforts in whole device modeling of
the sheared-flow-stabilized Z-pinch experiments. They would
especially like to thank Anton Stepanov and Derek Sutherland
for thought-provoking discussions at the 2023 International
Dense Z-Pinch conference, and in particular Anton Stepanov
for discussions regarding Section III-G.

REFERENCES

[1] B. B. Kadomtsev, “Hydromagnetic stability of a plasma,” Rev. Plasma
Phys., vol. 2, pp. 153–199, Jan. 1966.

[2] V. P. Pastukhov, “Adiabatic separation of motions and reduced MHD
equations,” Plasma Phys. Rep., vol. 26, no. 6, pp. 529–538, Jun. 2000.

[3] R. J. Defouw, “Thermal-convective instability,” Astrophys. J., vol. 160,
p. 659, May 1970.

[4] J. J. Riley and M.-P. Lelong, “Fluid motions in the presence of
strong stable stratification,” Annu. Rev. Fluid Mech., vol. 32, no. 1,
pp. 613–657, Jan. 2000.

[5] R. F. Stein and J. Leibacher, “Waves in the solar atmosphere,” Annu.
Rev. Astron. Astrophys., vol. 12, no. 1, pp. 407–435, 1974.

[6] E. H. Anders et al., “Schwarzschild and ledoux are equivalent on
evolutionary timescales,” Astrophys. J. Lett., vol. 928, no. 1, p. L10,
Mar. 2022.

[7] J. Kesner, “Convective cell formation in a Z pinch,” Phys. Plasmas,
vol. 10, no. 3, pp. 908–911, Mar. 2003.

[8] P. Ledoux, “On stellar models with convection and discontinuity of the
mean molecular weight,” Astronomical J., vol. 52, p. 155, Mar. 1947.

[9] K. M. Case, “Stability of an idealized atmosphere. I. Discussion of
results,” Phys. Fluids, vol. 3, no. 2, pp. 149–154, Mar. 1960.

[10] H. L. Kuo, “Perturbations of plane Couette flow in stratified fluid
and origin of cloud streets,” Phys. Fluids, vol. 6, no. 2, pp. 195–211,
Feb. 1963.

[11] A. Loeb and A. Ulmer, “Optical appearance of the debris of a star
disrupted by a massive black hole,” Astrophys. J., vol. 489, no. 2,
pp. 573–578, Nov. 1997.

[12] D. O. Gough and R. J. Tayler, “The influence of a magnetic field
on Schwarzschild’s criterion for convective instability in an ideally
conducting fluid,” Monthly Notices Roy. Astronomical Soc., vol. 133,
no. 1, pp. 85–98, Jul. 1966.

[13] K. M. Case, “Stability of inviscid plane Couette flow,” Phys. Fluids,
vol. 3, no. 2, pp. 143–148, Mar. 1960.

[14] L. N. Trefethen, A. E. Trefethen, S. C. Reddy, and T. A. Driscoll,
“Hydrodynamic stability without eigenvalues,” Science, vol. 261,
no. 5121, pp. 578–584, Jul. 1993.

[15] K. M. Butler and B. F. Farrell, “Three-dimensional optimal perturbations
in viscous shear flow,” Phys. Fluids A, Fluid Dyn., vol. 4, no. 8,
pp. 1637–1650, Aug. 1992.

[16] P. W. Terry, “Suppression of turbulence and transport by sheared flow,”
Rev. Mod. Phys., vol. 72, no. 1, pp. 109–165, Jan. 2000.

[17] M. Schwarzschild, Structure and Evolution of Stars. Princeton, NJ, USA:
Princeton Univ. Press, 1958.

[18] K. S. Thorne, “Validity in general relativity of the schwarzschild
criterion for convection,” Astrophys. J., vol. 144, p. 201, Apr. 1966.

[19] J. F. McKENZIE, “Chandrasekhar: The all rounder,” Pramana, vol. 77,
no. 3, pp. 509–517, Sep. 2011.

[20] C. Wahlberg and A. Bondeson, “Stabilization of the internal kink mode
in a tokamak by toroidal plasma rotation,” Phys. Plasmas, vol. 7, no. 3,
pp. 923–930, Mar. 2000.

[21] S. A. Balbus, “Convective and rotational stability of a dilute plasma,”
Astrophys. J., vol. 562, no. 2, pp. 909–917, Dec. 2001.

[22] J. W. Haverkort, “Magnetohydrodynamic waves and instabilities in
rotating tokamak plasmas,” Ph.D. dissertation, Dept. Math. Comput.
Sci., Centrum voor Wiskunde en Informatica, Technische Universiteit
Eindhoven, Eindhoven, The Netherlands, 2013.

[23] E. Minardi, “The magnetic entropy concept,” J. Plasma Phys., vol. 71,
no. 1, pp. 53–80, Feb. 2005.

[24] V. Makhin et al., “Self-organization observed in numerical simulations
of a hard-core diffuse Z pinch,” Phys. Plasmas, vol. 12, no. 4, Apr. 2005,
Art. no. 042312.

[25] U. Shumlak and C. W. Hartman, “Sheared flow stabilization of the
m = 1 kink mode in Z pinches,” Phys. Rev. Lett., vol. 75, no. 18,
p. 3285, 1995.

[26] T. D. Arber and D. F. Howell, “The effect of sheared axial flow
on the linear stability of the Z -pinch,” Phys. Plasmas, vol. 3, no. 2,
pp. 554–560, Feb. 1996.

[27] A. Kouznetsov, J. P. Freidberg, and J. Kesner, “The effect of sheared
axial flow on the interchange mode in a hard-core Z pinch,” Phys.
Plasmas, vol. 14, no. 1, Jan. 2007, Art. no. 012503.

[28] P. Choi, M. Coppins, A. E. Dangor, and M. B. Favre, “Experimental and
theoretical investigation of the gas embedded Z -pinch,” Nucl. Fusion,
vol. 28, no. 10, pp. 1771–1779, Oct. 1988.

[29] M. Coppins, “A review of the stability of the Z -pinch,” in Proc. AIP
Conf., vol. 409, 1997, pp. 533–548.

[30] M. Coppins, “Ideal magnetohydrodynamic linear instabilities in the
Z -pinch,” Plasma Phys. Controlled Fusion, vol. 30, no. 3, pp. 201–216,
Mar. 1988.

[31] S. M. Mahajan and Z. Yoshida, “Double curl Beltrami flow: Diamagnetic
structures,” Phys. Rev. Lett., vol. 81, no. 22, pp. 4863–4866, Nov. 1998.

[32] Z. Yoshida and S. M. Mahajan, “Simultaneous Beltrami conditions
in coupled vortex dynamics,” J. Math. Phys., vol. 40, no. 10,
pp. 5080–5091, Oct. 1999.

[33] Z. Yoshida et al., “Beltrami fields in plasmas: High-confinement mode
boundary layers and high beta equilibria,” Phys. Plasmas, vol. 8, no. 5,
pp. 2125–2131, 2001, doi: 10.1063/1.1354149.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

http://dx.doi.org/10.1063/1.1354149


CREWS et al.: KADOMTSEV PINCH REVISITED FOR SHEARED-FLOW-STABILIZED Z-PINCH MODELING 13

[34] R. L. Dewar, Z. Yoshida, A. Bhattacharjee, and S. R. Hudson,
“Variational formulation of relaxed and multi-region relaxed mag-
netohydrodynamics,” J. Plasma Phys., vol. 81, no. 6, Dec. 2015,
Art. no. 515810604.

[35] V. Zhdankin, “Dimensional measures of generalized entropy,” J. Phys. A,
Math. Theor., vol. 56, no. 38, Aug. 2023, Art. no. 385002, doi:
10.1088/1751-8121/acf175.

[36] J. P. Freidberg, Ideal MHD. Cambridge, U.K.: Cambridge Univ. Press,
2014.

[37] H. B. Callen, Thermodynamics and an Introduction to Thermostatistics,
2nd ed. Hoboken, NJ, USA: Wiley, 1985.

[38] E. Minardi and H. Weisen, “Stationary magnetic entropy in ohmic
tokamak plasmas: Experimental evidence from the TCV device,” Nucl.
Fusion, vol. 41, no. 1, pp. 113–130, Jan. 2001.

[39] A. S. Richardson, J. R. Angus, S. B. Swanekamp, I. M. Rittersdorf,
P. F. Ottinger, and J. W. Schumer, “The effect of electron inertia in Hall-
driven magnetic field penetration in electron-magnetohydrodynamics,”
Phys. Plasmas, vol. 23, no. 5, May 2016, Art. no. 052110.

[40] A. Kouznetsov, J. P. Freidberg, and J. Kesner, “Quasilinear theory of
interchange modes in a closed field line configuration,” Phys. Plasmas,
vol. 14, no. 10, Oct. 2007, Art. no. 102501.

[41] U. Shumlak, E. T. Meier, and B. J. Levitt, “Fusion gain and triple product
for the sheared-flow-stabilized Z pinch,” Fusion Sci. Technol., vol. 80,
no. 1, pp. 1–16, Jan. 2024.

[42] B. B. Kadomtsev, “Convective pinch instability,” Sov. Phys. JETP,
vol. 10, p. 780, Jan. 1960.

[43] J. R. Angus, M. Dorf, and V. I. Geyko, “Drift-ideal magnetohydrody-
namic simulations of m = 0 modes in Z -pinch plasmas,” Phys. Plasmas,
vol. 26, no. 7, Jul. 2019, Art. no. 072505.

[44] M. G. Haines, “A review of the dense Z -pinch,” Plasma Phys. Controlled
Fusion, vol. 53, no. 9, 2011, Art. no. 093001.

[45] U. Shumlak, “Z -pinch fusion,” J. Appl. Phys., vol. 127, no. 20, 2020,
Art. no. 200901.

[46] A. Shadowitz, The Electromagnetic Field. New York, NY, USA: Dover,
2012.

[47] B. Levitt et al., “The zap energy approach to commercial fusion,”
Phys. Plasmas, vol. 30, no. 9, Sep. 2023, Art. no. 090603, doi:
10.1063/5.0163361.

[48] A. I. Morozov and L. S. Solov’ev, “Steady-state plasma flow in a
magnetic field,” Rev. Plasma Phys., vol. 8, pp. 1–103, Jan. 1980.

[49] A. I. Morozov, Introduction to Plasma Dynamics. Boca Raton, FL, USA:
CRC Press, 2012.

[50] H. W. Liepmann and A. Roshko, Elements of Gasdynamics. Mineola,
NY, USA: Dover Publications, 2001.

[51] S. M. Mahajan, “Exact and almost exact solutions to the
Vlasov–Maxwell system,” Phys. Fluids B, Plasma Phys., vol. 1, no. 1,
pp. 43–54, Jan. 1989, doi: 10.1063/1.859103.

[52] S. M. Mahajan and R. D. Hazeltine, “Sheared-flow generalization of the
Harris sheet,” Phys. Plasmas, vol. 7, no. 4, pp. 1287–1293, Apr. 2000,
doi: 10.1063/1.873939.

[53] O. Allanson, T. Neukirch, S. Troscheit, and F. Wilson, “From one-
dimensional fields to vlasov equilibria: Theory and application of
Hermite polynomials,” J. Plasma Phys., vol. 82, no. 3, Jun. 2016,
Art. no. 905820306.

[54] U. Shumlak, R. Lilly, N. Reddell, E. Sousa, and B. Srinivasan,
“Advanced physics calculations using a multi-fluid plasma model,”
Comput. Phys. Commun., vol. 182, no. 9, pp. 1767–1770, Sep. 2011.

[55] I. A. M. Datta, E. T. Meier, and U. Shumlak, “Whole device modeling
of the FuZE sheared-flow-stabilized Z pinch,” 2024, arXiv:2401.10366.

[56] E. T. Meier and U. Shumlak, “Development of five-moment two-fluid
modeling for Z -pinch physics,” Phys. Plasmas, vol. 28, no. 9, Sep. 2021,
Art. no. 092512.

[57] U. Shumlak et al., “Increasing plasma parameters using sheared flow
stabilization of a Z -pinch,” Phys. Plasmas, vol. 24, no. 5, May 2017,
Art. no. 055702, doi: 10.1063/1.4977468.

[58] T. W. Hussey, M. K. Matzen, and N. F. Roderick, “Large-scale-length
nonuniformities in gas puff implosions,” J. Appl. Phys., vol. 59, no. 8,
pp. 2677–2684, Apr. 1986.

[59] R. Dewar, M. Hole, M. McGann, R. Mills, and S. Hudson, “Relaxed
plasma equilibria and entropy-related plasma self-organization princi-
ples,” Entropy, vol. 10, no. 4, pp. 621–634, Nov. 2008.

[60] A. Hasegawa, “Self-organization processes in continuous media,” Adv.
Phys., vol. 34, no. 1, pp. 1–42, Jan. 1985.

[61] A. Hasegawa, “Fusion device as an open system: A new con-
cept,” in Proc. 12th Asia–Pacific Phys. Conf., Mar. 2014, doi:
10.7566/JPSCP.1.015001.

Daniel W. Crews (Member, IEEE) hails from
Olympia, WA, USA. He received the M.S. degree in
aeronautical and astronautical engineering, the M.S.
degree in applied mathematics, and the Ph.D. degree
in aeronautical and astronautical engineering from
the University of Washington (UW), Seattle, WA,
USA, in 2018, 2021, and 2022, respectively.

He began research in plasma physics in 2015 by
observing canonical helicity experiments at UW and
by working on electric propulsion development at
Aerojet Rocketdyne, Redmond, WA, USA. He stud-

ied ion-acoustic shocks at the Air Force Research Laboratory, Edwards AFB,
CA, USA, before his graduate studies. As a graduate student, he made
contributions to quasilinear theory and numerical methods for the Vlasov
equation. His current research interests lie in the thermodynamics and kinetics
of flow pinches.

Dr. Crews has been a member of the American Physical Society since 2017.
His graduate work was Best Student Paper at the 2022 IEEE International
Conference on Plasma Science (ICOPS).

Iman A. M. Datta received the B.A.Sc. degree
in mechanical engineering from the University of
Toronto, Toronto, ON, Canada, in 2010, and the
M.S. degree in aeronautics and astronautics and the
Ph.D. degree in computational plasma physics from
the University of Washington, Seattle, WA, USA, in
2015 and 2021, respectively.

Prior to graduate school, he was with Foster
Wheeler, Houston, TX, USA, as an Engineer per-
forming noise and structural analysis in oil refineries
and at the NASA Ames Research Center, Mountain

View, CA, USA, helping develop attitude determination and control systems
for cubesats. He has been a Research Scientist at Zap Energy, Inc., Seattle,
since 2021, where he has been developing simulations to understand shear-
flow-stabilized Z-pinches.

Dr. Datta became a member of the American Physical Society in 2016.

Eric T. Meier received the B.Sc. degree in mechan-
ical engineering from The University of Utah, Salt
Lake City, UT, USA, in 2000, and the Ph.D. degree
in computational plasma physics from the University
of Washington, Seattle, WA, USA, in 2011.

Before graduate school, he spent five years as
an Aerospace Engineer, developing chemical and
plasma propulsion technologies as an Aerojet Engi-
neer, and then developing rockets with Space
Transport Technologies, Forks, WA, USA, a com-
pany he co-founded in 2002. He was a Post-Doctoral

Scholar with the Lawrence Livermore National Laboratory, Livermore, CA,
USA, doing research focused on understanding and mitigating tokamak
plasma exhaust. He was a Scientist at the University of Washington and the
College of William and Mary, Williamsburg, VA, USA. He joined Zap Energy,
Inc., Seattle, in 2020, where is currently the Head of the Theory and Modeling
Division.

Dr. Meier was an ITER Scientist Fellow from 2019 to 2020. He has been
a member of the Tau Beta Pi National Engineering Honors Society since
1999 and the American Physical Society since 2006. He received the Achieve-
ment Rewards for College Scientists (ARCS) Fellowship from 2005 to 2007.

Uri Shumlak (Fellow, IEEE) received the Ph.D.
degree in nuclear engineering from the University of
California at Berkeley, Berkeley, CA, USA, in 1992.

He was a National Research Council Post-Doctoral
Fellow at the Air Force Phillips Laboratory, Albu-
querque, NM, USA, where he has authored MACH3,
a 3-D, time-dependent magnetofluid code for non-
ideal plasmas in complex geometries. He is currently
a Professor of aeronautics and astronautics in the
Aerospace and Energetics Research Program at the
University of Washington, Seattle, WA, USA, where

he is also the Head of the ZaP Flow Z-Pinch Laboratory and the Com-
putational Plasma Dynamics Group, which leads the development of the
WARPX/WARPXM plasma simulation framework. He is also the Co-Founder
and the Chief Scientist at Zap Energy, Inc., Seattle, a spin-out company from
the University of Washington that is developing commercial nuclear fusion.

Dr. Shumlak is a fellow of the APS and an Associate Fellow of American
Institute of Aeronautics and Astronautics (AIAA).

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

http://dx.doi.org/10.1088/1751-8121/acf175
http://dx.doi.org/10.1063/5.0163361
http://dx.doi.org/10.1063/1.859103
http://dx.doi.org/10.1063/1.873939
http://dx.doi.org/10.1063/1.4977468
http://dx.doi.org/10.7566/JPSCP.1.015001

