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Abstract— Filter bank multi-carrier (FBMC) entitles many
advantages over orthogonal frequency division multiplex-
ing (OFDM) and is considered to be a more competitive waveform
in the future generation cellular communications. In current
FBMC, the prototype filter is deliberately designed to meet
the perfect reconstruction (PR) constraint to establish subband
orthogonality in real domain, which may not be optimal from
communication perspective. In this paper, we challenge the
necessity of PR constraint by proposing a new FBMC framework,
which directly accepts non-orthogonal transmission. The result-
ing imperfect reconstruction FBMC (iPR-FBMC) has several
advantages over its PR FBMC counterpart: 1) the constraint on
the prototype filter is relaxed; 2) more importantly, the prototype
filter can now be optimized with new goal of improving the
detection performance rather than having to meet the PR
condition; and 3) it allows for more flexible subband management
in multi-user scenario. We will show how those advantages can be
exploited. Simulations show that with moderate increase in com-
putational complexity, the proposed iPR-FBMC with optimized
prototype filter has superior bit error rate (BER) performance to
existing FBMC with PR constraint and even outperforms OFDM,
especially in highly frequency selective channels. The findings
may shed light into potential research on non-orthogonal FBMC
without PR constraint.

Index Terms— FBMC, OFDM, non-orthogonal transmission,
prototype filter design, new waveforms.

I. INTRODUCTION

ORTHOGONAL frequency division multiplex-
ing (OFDM) is a successful waveform adopted in 4G

network for its distinct advantages derived from its orthogo-
nality of subcarriers. However, such orthogonality is achieved
through sinc-shaped frequency response of subcarriers
and requires stringent time and frequency synchroniza-
tion. In addition, the usage of cyclic prefix (CP) also decreases
its spectral efficiency. Therefore, new waveforms have been
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proposed to better cater the needs of future generation
cellular communication systems, which include diverse
communication scenarios that may require asynchronized
transmission, low out-of-band radiation, and high spectral
efficiency, where OFDM may not be the best choice. Among
many candidates, filter bank multi-carrier (FBMC) is a
promising one and can be viewed as a basis for many other
new waveforms [1]–[3]. Different from OFDM, FBMC adopts
a bank of frequency-well-localized filters, including synthesis
filter bank (SFB) at the transmitter side and the analysis filter
bank (AFB) at the receiver side, such that its non-adjacent
subbands can be separated almost perfectly in frequency
domain. Due to this property, FBMC is more robust to carrier
frequency offset than OFDM. It also has lower out-of-band
radiation and allows for totally asynchronized transmission.
In addition, CP is not required in FBMC, which leads to
higher spectral efficiency for long data packets [4].

Although FBMC entitles many inherent advantages over
OFDM, it still shares a similar property as OFDM: it relies
on subband orthogonality but in real-domain, i.e., in ideal
channel, the real domain signal of a subband is orthogonal
to that of other subbands. This orthogonality is established
by carefully designing a real-valued low-pass prototype fil-
ter from which the synthesis and analysis filters of FBMC
are derived. The condition of orthogonality is also widely
referred to as perfect reconstruction (PR) or nearly perfect
reconstruction (NPR) condition in literature,1 depending on
whether the orthogonality is perfectly or nearly perfectly met.
Such a design strategy is originally proposed in audio and
image signal processing rather than in the communication area.
Although orthogonality is a good property as it allows for
simple symbol detection especially in additive white Gaussian
noise (AWGN) channel, it is not perfect from communication
perspective. In practice, non-ideal factors such as channel
distortion always destroy the orthogonality and complicated
equalization techniques are needed to restore it. In addition,
PR condition can be rather difficult to meet in some cir-
cumstances where non-uniform or even time-varying spec-
trum splitting is required. More importantly, the real domain
orthogonality means the power on the imaginary part of the
received signal may not be well utilized for symbol detec-
tion, otherwise deliberate receiver design must be involved.
On the other hand, literature has proved that orthogonality

1For simplicity and without confusion we will just use PR to refer to both
PR and NPR throughout this paper.
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in complex domain is impossible for critically sampled plain
FBMC [5]. For those facts, one may ask, whether the orthog-
onality, either in real or complex domain, is really necessary
for FBMC?

In this paper, we show the answer is no. A new
framework of FBMC is proposed which simply drops the
orthogonality constraint. Our paper basically proves that
using non-orthogonal transmission in FBMC is indeed fea-
sible and the signal is recoverable through simple signal
processing algorithms with moderate complexity. We refer
to this new framework of FBMC as imperfect reconstruc-
tion FBMC (iPR-FBMC) in the following. We will show
that, the symbol detection is not only feasible but also
has superior performance than current FBMC with PR con-
straint (PR-FBMC) and even outperforms OFDM, which is
rarely found in literature. In addition, the new iPR-FBMC
is capable of supporting more flexible subband allocation
than PR-FBMC in multi-user communication, which shows
potential gains by applying advanced resource management.
Another new feature of iPR-FBMC is that its prototype filter
can now be redesigned with the goal of improving the detec-
tion performance rather than having to meet the PR constraint,
which leads to significant performance gains. In addition,
new prototype filter design method for a smaller number of
subbands is proposed to remedy the error floors incurred in
previous design, which shows substantial improvement on the
bit error rate (BER) performance.

Currently, only limited work is dedicated to this topic.
In a recent review on FBMC, the authors questioned the
optimality of using PR design in FBMC but leaves it as
an open problem [6]. In fact, the feasibility of dropping PR
condition has been shown in some works that adopt CP to
the original FBMC. For example, [7] proposed to combine
OFDM with FBMC, which does drop the orthogonality, but the
symbol rate is halved as only half of the subbands are active
for each data block, which essentially restores orthogonality
in time domain. Recently an alternative CP based FBMC
system has been proposed which achieves good performance
with low complexity [8], [9]. However, CP is also used there
which hinders the advantage of FBMC in spectral efficiency.
In this paper, we take a further step and propose rigourously
iPR-FBMC without CP at all. Other related issues include
the rate analysis with utilized intrinsic interference [10] and
the way of utilizing the intrinsic interference [11]–[13] in the
framework of PR-FBMC. Those works revealed the potential
gains of FBMC by exploiting the non-orthogonal part of the
received signal, which further implies the potential of more
general iPR-FBMC scheme.

This paper is organized as follows. Section II reviews exist-
ing PR-FBMC systems and proposes iPR-FBMC with detailed
transceiver design. Section III gives performance analysis
and comparison on the achievable rates, received signal-to-
noise ratio (SNR) and computational complexities of different
systems. Section IV introduces two different approaches for
the optimization of the prototype filter. Multiple access issue
is addressed in section V. Various simulations are given in
section VI. Finally, section VII draws conclusions and sheds
some light on future research.

Notation: Bold symbol X denotes a matrix. Bold and italic
symbol X denotes a vector. Superscripts (·)∗, (·)T , and (·)H

denote complex conjugate, transpose and Hermitian trans-
pose, respectively. �{·} and �{·} denote taking the real and
imaginary parts of a complex number, respectively. Normal
symbol ∗ denotes linear convolution. CN (μ,�) denotes a
circular Gaussian random vector with mean μ and covariance
matrix �. Q[x] denotes the hard decision of a modulated
symbol. � denotes definition. Function δ[n] equals to 1 for
n = 0 and 0 otherwise. ‖X‖ denotes the �2-norm of a
vector X . det(X) denotes the determinant of matrix X. Pr{A}
is the probability of even A.

II. SYSTEM MODEL

A. Existing PR-FBMC

In this subsection we provide a brief review of exist-
ing FBMC systems with PR constraint. The most popular
system is typically referred to as OFDM/OQAM (OFDM
with offset-QAM) [14]. Its basic idea is to convert the
modulated (complex) QAM symbols to real PAM ones by
taking, staggered in time, their real and imaginary parts. Those
staggered pure real symbols are phase rotated and fed to the
complex SFB with 2x oversampling, i.e., the upsampling factor
P of the filter bank is only half of its total number of subbands,
denoted by M . Since only real samples are processed by
2x oversampled filter banks, OFDM/OQAM is essentially
critically sampled. Another critically sampled PR-FBMC sys-
tem is exponentially modulated filter bank (EMFB) which
directly maps the source bits to real PAM symbols before send-
ing them to 2x oversampled SFB [15]. In [16], it has elaborated
the relationship between EMFB and OFDM/OQAM. It is
found that they share similar principles but EMFB has more
efficient implementation and simpler mathematical tractability
as it avoids the phase rotations in OFDM/OQAM. In this
paper, we pick EMFB as a representative of PR-FBMC and a
benchmark for comparison, whose system diagram is shown
in Fig. 1. Therein, all the synthesis and analysis filters fm(l)
and hm(l) are derived from a common lowpass prototype filter

{h p(l)}N f−1
l=0 of length N f through frequency shifting [17]:

⎧
⎨

⎩

fm(l) = h p(l) exp

(

j
2π

M

(

m − 1

2

) (

l + M/2+1

2

))

,

hm(l) = f ∗m(N f − 1− l),
(1)

for subband indices m = 1, . . . , M , and filter tap indices
l = 0, 1, . . . , N f − 1. {h p(l)}N f−1

l=0 should be deliberately
designed to meet the PR constraint. In this paper, we use the
method in [18] to design {h p(l)}N f −1

l=0 which gives fairly good
performance. The filter response for M = 16 and N f = 64
is illustrated in Fig. 2, which shows that the subband filters
are well-localized and separated in frequency for nonadjacent
ones. Without channel and noise, the PR constraint implies
that in Fig. 1,

�{ym(n)} = xm(n − D), ∀m, (2)

where {xm(n)}∞n=0 are the real input PAM symbols to the m-th
subband of SFB and D is some integer denoting time delay and
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Fig. 1. Transceiver diagrams of existing PR-FBMC (EMFB) and proposed iPR-FBMC systems. For EMFB, xm (n) is PAM modulated and P = M/2; for
iPR-FBMC, xm (n) is QAM modulated and P = M.

Fig. 2. Magnitude response of the prototype filter and synthesis subband
filters for M = 16 and N f =64.

is dependent on M and N f . Eq. (2) indicates the orthogonality
between different subbands in real domain (as the opposite
side, �{ym(n)} is independent of {xm(n)}∞n=0 but is nonzero
and relates to {xm−1(n)}∞n=0 and {xm+1(n)}∞n=0). A similar
relationship also exists for OFDM/OQAM.

In frequency selective channels, the PR condition is
destroyed and equalization is required to restore the orthogo-
nality. A variety of equalization techniques, including single-
and multi-tap equalization with and without cross-subband
processing, have been investigated and compared with the
performance of OFDM [19]. However, the BER performance
is still not quite satisfactory and is generally lower bounded
by that of OFDM.

B. System Model of iPR-FBMC

1) Transmitter Side: In this paper we propose a new frame-
work of FBMC which does not rely on any subband orthogo-
nality, neither in real nor complex domain. As Fig. 1 shows,
our proposed iPR-FBMC system is derived from existing
PR-FBMC but the input modulated symbols {xm(n)}∞n=0, ∀m,
are selected to be standard complex QAM symbols without
any fancy preprocessing. The complex symbols are directly
processed by a SFB. The output of the SFB is transmitted
through a multipath channel {c(l)}Lc−1

l=0 of length Lc and
corrupted by AWGN η(l) that is distributed according to
CN (0, N0).

Here, the upsampling factor P in the SFB could be smaller
than or equal to M . When P = M , the complex valued filter
bank is critically sampled, which will be used in this paper
for illustration purpose. However, the idea could be extended
to the case of oversampled system, i.e., when P < M . All the
synthesis filters can be exactly the same as that in PR-FBMC.
However, since the input symbols are now complex ones,
the real orthogonality between subbands does not hold any
more even using the same filters. Therefore, theoretically,
the prototype filter can now be chosen arbitrarily, as long as its
frequency response is confined within a predefined spectrum
mask, which greatly simplifies the design task of FBMC,
especially in non-uniform or time-varying spectrum splitting
scenarios. In fact, a more exciting advantage for the relaxed
condition is that one can redesign the filters to directly improve
the system performance without being bothered by the PR
constraint. We will show how this new design freedom of the
subband filters could be exploited in Section IV.

2) Receiver Side: At the receiver, an AFB is first employed
to decompose the full band signal {y(l)}∞l=0 into M subband
signals {ym(n)}∞n=0, for m = 1, 2, . . . , M . The analysis filters
of the AFB are chosen based on the synthesis ones according
to (1). The downsampling factor of the AFB is also chosen
as P = M . Reference [5] has proved that such a straight-
forward filter bank structure can never meet the PR property,
i.e., orthogonality in complex domain with critically sampling
for such a filter bank structure is theoretically infeasible.
Nonetheless, successful data decoding is still possible for this
non-orthogonal iPR-FBMC with the aids of signal processing
algorithms. This job is done by the symbol detector module
after the AFB processing in Fig. 1.

Now we investigate the symbol detection algorithm that
generates the symbol estimates {{x̃m(n)}∞n=0}Mm=1 based on the
observations of {{ym(n)}∞n=0}Mm=1. In this paper, we assume
the channel state information (CSI) is perfectly known at
the receiver side. In general, there exists many candidate
solutions for this problem. As a preliminary work, in this
paper we propose to use per-subband linear minimum mean
square error (MMSE) equalization with iterative interference
cancellation, which is a natural choice since the decomposed
signal of each subband is contaminated by limited interference
that comes mainly from the adjacent subbands due to the
fast attenuation of subband filters. The signal model can be
established based on polyphase identity [20, Sec. 4.2], which
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states that a cascade of interpolation (of factor M), linear
filtering and decimation (of factor M) is equivalent to another
linear filtering using the first polyphase component of the
original filter. Therefore, the signal of subband-m after AFB
can be written as

ym(n) = gm,m(n) ∗ xm(n)+ Im(n)+ ηm(n), (3)

Im(n) ≈ gm,m−1(n) ∗ xm−1(n)+ gm,m+1(n) ∗ xm+1(n), (4)

where Im(n) denotes the interference imposed on the interested
signal of subband-m. Note that due to fast attenuation of
the frequency response of subband filters, the interference
perceived by subband-m comes mainly from its two neighbors,
i.e., subbands (m − 1) and (m + 1). The filter {gm, j (n)}Ng−1

n=0
of length Ng is defined as the first polyphase component of
the cascaded filter

vm, j (l) � f j (l) ∗ c(l) ∗ hm(l), (5)

i.e.,

gm, j (n) � vm, j (nM). (6)

Note that {gm, j (n)}Ng−1
n=0 has much shorter length compared to

that of vm, j (l). Finally, ηm(n) is the filtered and downsampled
noise. By normalizing the power of each analysis filter to unity,
it is easy to show that ηm(n) ∼ CN (0, N0), ∀m, n.

The basic idea of symbol detection is to generate a specific
linear MMSE equalizer of finite length for each subband.
During the generation of an equalizer, the residual interference
from mainly the adjacent subbands is not accounted for, which
means we can use a same equalizer for all iterations. Although
this is not optimal for signal estimation, it does not require the
exact knowledge of the distribution of residual interference at
each iteration and thus greatly simplifies the equalizer design.
Simulations will show its effectiveness. At each iteration,
the interference will be estimated and subtracted first before
equalization. After several number of iterations, the perfor-
mance will converge to a certain level and hard decision could
be made. The procedure is stated in Algorithm 1.

Note that the similar idea has been investigated in [21]
for PR-FBMC, but therein the equalizer is designed based
on multi-subbands, which is more complex and needs to be
regenerated at every iteration. Our proposed symbol detection
algorithm is much simpler. As will be shown in VI, it is
quite effective and the BER performance even outperforms
that of OFDM.

III. PERFORMANCE ANALYSIS

A. Achievable Rate

In this subsection, we compute and compare the achievable
rate of iPR-FBMC with that of PR-FBMC and OFDM. Based
on Fig. 1, we will compute the achievable rate by observing the
aggregate signal {y(l)}∞l=0 before AFB rather than observing
the subband signals {{ym(n)}∞n=1}Mm=1. The reason is explained
as follows. The AFB module is nothing but a part of a
receiver without any known optimality. From information
theory, the mutual information between the source symbols
{{xm(n)}∞n=0}Mm=1 and processed symbols {{ym(n)}∞n=0}Mm=1 is

Algorithm 1 Symbol Detection Algorithm for iPR-FBMC

Input: {gm, j (n)}Ng−1
n=0 , m, j = 1, 2, . . . , M , N0 and T ,

the total number of iterations.
Initialization:

i) Generate a set of M linear MMSE equalizers, denoted
by {wm(n)}Lw−1

n=0 for each m = 1, 2, . . . , M , respectively;
ii) Set hard decisions x̃m(n) = 0, ∀ m, n;
iii) Set t ← 1.

Iterative processing:
While t ≤ T do

For every m, m = 1, 2, . . . , M , do
1) Interference estimation:

Ĩm(n) = gm,m−1(n) ∗ x̃m−1(n)+ gm,m+1(n) ∗ x̃m+1(n);
2) Interference cancellation:

y̌m(n) = ym(n)− Ĩm(n);
3) Equalization:

x̂m(n) = wm(n) ∗ y̌m(n);
4) Hard decision:

x̃m(n) = Q[x̂m(n)].
end for
t ← t + 1.

end while
Output: {x̃m(n)}, ∀ m, n.

no larger than that of between {{xm(n)}∞n=0}Mm=1 and immediate
received symbols {y(l)}∞l=0. Therefore, choosing {y(l)}∞l=0 to
compute the achievable rate will expose the greatest potential
of iPR-FBMC. In other words, although AFB is utilized so far
in literature and in this paper, we cannot rule out the possible
receiver structure that does not use AFB processing at all.
Interestingly, observing {y(l)}∞l=0 is equivalent to observing
{{ym(n)}∞n=0}Mm=1 if the analysis filters hm(l) are chosen as
delay chains of length M:

hm(l) = δ[l − m + 1], l = 0, 1, . . . , M − 1, ∀m. (7)

Therefore, without confusion, we will still use
{{ym(n)}∞n=0}Mm=1 in this section for rate analysis but
the corresponding analysis filters are redefined by (7).

1) AWGN Channel: Firstly, we consider transmission
in AWGN channel. Now, using polyphase identity again,
the received signal is given by

ym(n) =
M∑

j=1

gm, j (n) ∗ x j (n)+ zm(n), (8)

where zm(n) is the m-th polyphase component of the original
noise η(l). Different from (3), ym(n) in (8) is of full band
and contains M nonnegligible signal components. In addition,
the noise zm(n) is now unfiltered and i.i.d Gaussian with
zero mean and variance N0. Analogous to the technique used
in [22, Sec. 5.3.3] for calculating the capacity of a frequency
selective channel, we assume Nd independent subcarriers
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are utilized to transmit Nd modulated symbols per subband,
by adding a cyclic prefix of length Ng −1. And this operation
is repeated over blocks of data symbols. Then, for each data
block, the frequency domain received signal on subband-m is
given by

Ym(q) =
M∑

j=1

Gm, j (q)X j (q)+ Zm(q), (9)

where {Ym(q)}Nd−1
q=0 ,

{
X j (q)

}Nd−1
q=0 , {Zm(q)}Nd−1

q=0 and
{
Gm, j (q)

}Nd−1
q=0 are the Nd -point DFT of {ym(n)}Nd−1

n=0 ,
{
x j (n)

}Nd−1
n=0 , {zm(n)}Nd−1

n=0 and
{

gm, j (n)
}Ng−1

n=0 , respectively.
Collecting all the subband signals for a same q , one gets

Y (q) = G(q)X(q)+ Z(q), q = 0, 1, . . . , Nd − 1, (10)

where Y (q) = [Y1(q), Y2(q), . . . , YM (q)]T , X(q) = [X1(q),
X2(q), . . . , X M (q)]T , Z(q) = [Z1(q), Z2(q), . . . , Z M (q)]T
and the (m, j)-th entry of the M×M matrix G(q) is given by
Gm, j (q). Collecting all Y (q) in a column, we get the matrix
form

Y = GX + Z, (11)

where Y = [Y (0), Y (1), . . . , Y (Nd − 1)]T , X = [X(0),
X(1), . . . , X(Nd − 1)]T , Z = [Z(0), Z(1), . . . , Z(Nd − 1)]T ,
and G is a block diagonal matrix whose diagonal elements
are G(q), q = 0, 1, . . . , Nd − 1. Eq. (11) is a multiple
input multiple output (MIMO) model whose maximum rate
is achieved by transmitting on the eigenchannels of G with
proper powers [22, Sec. 7.1.1]. Denote the singular value
decomposition (SVD) of G by

G = USVH , (12)

where S is a diagonal matrix whose diagonal elements
are the singular values μ(k) in descending order, k = 0,
1, . . . , M Nd − 1, and U, V are unitary matrices. Assuming
there are Mp positive singular values and the power allocated
to the k-th eigenchannel of G is P(k), the optimal transmission
is given by

Y = GVX̃ + Z, (13)

where the power of X̃(k) is given by P(k) for k < Mp

and 0 otherwise. The maximum achievable rate is obtained
by solving problem (P1):

max{P(k)} R = 1

M Nd

Mp−1
∑

q=0

log2

(

1+ P(k)μ2(k)

N0

)

s.t.

⎧
⎪⎪⎨

⎪⎪⎩

1

M Nd

Mp−1
∑

k=0

P(k)μ2(k) = Px

P(k) ≥ 0, ∀k
(P1)

where Px is the average transmitted power. Note that the first
constraint is different from that in the conventional MIMO
model. It essentially says that the average power of the

transmitted signal GVX̃ in (11) rather than VX̃ is Px . It can
be easily shown that the optimal solution of (P1) is given by

Popt (k) = M Nd Px

Mpμ2(k)
, k = 0, 1, . . . , Mp − 1, (14)

and the maximal achievable rate is given by

R = Mp

M Nd
log2

(

1+ M Nd

Mp

Px

N0

)

. (15)

From (15), we find that the rate is closely related to Mp ,
the number of nonzero singular values of G, which is deter-
mined by the prototype filter. This implies the potential of
designing optimal prototype filter to maximize the achievable
rate.

2) Frequency Selective Channel: For frequency selective
channel, we assume the CSI is perfectly known at the receiver
but the transmitter does not know it. With this assumption,
the transmitter has to process the signal as if in AWGN chan-
nel, i.e., allocate powers and transmit on the eigenchannels
of G with positive eigenvalues. The achievable rate R(c) given
a specific channel c = {c(l)}Lc−1

l=0 could be readily calculated
by [22, Sec. 8.2.1]:

R(c) = 1

M Nd
log2 det

(

I + 1

N0
GcV�VH GH

c

)

, (16)

in which � denotes a diagonal matrix whose k-th main
diagonal entry is Popt (k) that are obtained in AWGN channel
(c.f. (14)), Gc is defined similarly to G in (11) by replacing
f j (l) with f j (l) ∗ c(l), i.e., the instantaneous channel is taken
into consideration, and V is defined in (12) in AWGN channel.
Then, the average rate over many realizations of channels is
given by

R = E {R(c)} , (17)

where the expectation E{·} is taken with respect to the
stationary distribution of the channel state.

3) Comparison With PR-FBMC and OFDM: For
PR-FBMC, similar approach could be employed to compute
its rate. The key differences include: i) the factor of
upsampling and downsampling changes to M/2; ii) the input
symbols are real. For OFDM, equal power allocation among
subcarriers is optimal for AWGN channel. In frequency
selective channel, when the transmitter does not have CSI,
equal power should be still used and the average rate is
calculated by finding the mean value of rates over many
OFDM symbols with random channel realizations.

Fig. 3 shows the achievable rates of single user iPR-FBMC,
OFDM and PR-FBMC with different number of subbands/
subcarriers M . The rates are also compared with that of chan-
nel capacity in both AWGN and frequency selective channels.
For the latter, the channel is modeled as a Lc-tap complex
random Gaussian channel with equal power gains among the
taps and the total power is normalized to unity. Here Lc = 16.
It can be seen that in AWGN channel, all schemes are capacity
achieving regardless of M . However, in frequency selective
channel, only iPR-FBMC and PR-FBMC are capacity achiev-
ing and OFDM is not for small M . This is not surprising. The
channel capacity is obtained by using the same approach as
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Fig. 3. Achievable rate comparison of OFDM, iPR-FBMC, PR-FBMC and
channel capacity.

OFDM but with infinite number of subcarriers such that every
point of frequency response is considered for transmitting data.
On the other hand, OFDM with small M only captures part
of the channel state information through limited number of
isolated frequency points, leading to loss of information of
the channel. For iPR-FBMC and PR-FBMC, they can cover
all channel response through overlapped subband filtering and
the transmission does not only rely on M specific frequency
points. Therefore, through power allocation and proper signal
rotation (by V, c.f. (16)), they can achieve the capacity for
any M .

Finally, we note that in Fig. 3 and all the figures in the rest
of this paper, the power/spectral efficiency penalty caused by
the overhead of CP in OFDM and the tailing in FBMC are
not accounted for in calculations.

B. Received SNR Analysis

In this subsection, we compare the received SNR of
iPR-FBMC and OFDM in frequency selective channel and
show that iPR-FBMC is more robust to channel deep fading.
Consider the first subcarrier/subband. For OFDM, the received
SNR of this subcarrier is given by

Jo = Px |H (e jω)|2ω=0

N0
= |H (e jω)|2ω=0SNR, (18)

where SNR � Px/N0 is defined as the transmitted SNR
and H (e jω) is the frequency response of channel c = [c(0),
c(1), . . . , c(Lc − 1)]H . It can be easily shown that

Jo = SNR
Lc−1∑

l1=0

Lc−1∑

l2=0

c(l1)c
∗(l2) = cH Toc, (19)

where To is an Lc × Lc matrix whose entries are all 1.
As c(l) are circular Gaussian, Jo is a generalized chi-squared
distributed random variable.

For iPR-FBMC, the original signal is transmitted through
the synthesis and analysis filters whose frequency responses
are confined within the range [− π

M , 3π
M ], as illustrated by

Fig. 2. In AWGN channel, the received power is given by

Px
∑Ng−1

n=0 |g1,1(n)|2. In practice, the filters are normalized

such that
∑Ng−1

n=0 |gm,m(n)|2 = 1 to avoid any amplitude
amplification in AWGN channel. In frequency selective chan-
nel, due to the spectrum confinement of subband filters,
the transmitted subband signal, whose power spectral density
is flat, is only affected by the channel response in the same
frequency range [− π

M , 3π
M ] when passing through the channel.

Since linear convolution with channel in time domain can be
interpreted as product in frequency domain, the received SNR
can be written as

JF = SNR · M

4π

∫ 3π
M

− π
M

|H (e jω)|2dω

= SNR · M

4π

∫ 3π
M

− π
M

∣
∣
∣
∣
∣

Lc−1∑

l=0

c(l)e− j lω

∣
∣
∣
∣
∣

2

dω

= SNR · cH TF c, (20)

where TF is a Hermitian matrix of size Lc × Lc whose ele-
ments are given by TF (l1, l2) = sinc

[ 2
M (l1 − l2)

]
e j π

M (l1−l2).
Therefore, JF is also a generalized chi-squared random vari-
able. Note that here JF does not consider the interference
of the neighbouring subbands but exposes the fundamental
behaviour of iPR-FBMC. Now we have the following obser-
vations:

1) E{Jo} = E{JF } = SNR;
2) JF = Jo when any of the following conditions is met:

i) M → ∞; ii) H (e jω) is a constant over the bandwidth of
the corresponding subband filter;

3) Without the conditions of i) and ii), Pr{JF < δ} <
Pr{Jo < δ}, where δ is a small positive number.

The proofs of observations 1) and 2) are straightforward.
The proof of observation 3) is listed in the Appendix. Obser-
vations 1) and 2) show the similarities of the two random
received SNRs: they are equal in the average sense and
becomes identical whenever the channel response within the
subband becomes flat. Observation 3) unveils their difference:
compared to OFDM, iPR-FBMC is less likely to incur a
deep fading event, which can be defined as that the received
SNR drops below a very small threshold. The intuition is
that iPR-FBMC collects all the power of channel within the
subband bandwidth such that the received power is more
stable even there are frequency response variations. Therefore,
iPR-FBMC is expected to have improved detection perfor-
mance especially in highly frequency selective channels.

C. Detection Complexity

In this section we analyze the complexity of the proposed
iPR-FBMC using order notation. The SFB and AFB parts
have very efficient implementations using polyphase network
and pipelined structure and the complexity could be com-
parable with that of OFDM [23], [24]. Here we focus on
the complexity of the proposed symbol detection algorithm.
Its computation burden consists of three parts: generation of
MMSE equalizers, interference estimation and equalization.

1) Generation of Equalizers: This involves a matrix inver-
sion operation, whose complexity is in the order of O(L3

w),
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where Lw is the length of equalizer wm(n). For simplicity,
we assume Lw = αNg . Therefore, the total complexity is in
the order of O(Mα3 N3

g ) for all subbands. In general, α ≥ 1,

however, for FBMC, {gm,m(n)}Ng−1
n=0 contains many zeros at

the start and end of it, i.e., the effective length of {gm,m(n)}
is much smaller than Ng . When M is getting larger, α is
getting smaller. In addition, the complexity is independent of
the amount of input symbols and the number of iterations T .

2) Interference Estimation: This involves convolution of
signal with gm,m±1(n), which has complexity of O(M Nd Ng T )
in total, where Nd is the number of input symbols per subband.

3) Equalization: This involves convolution of signal with
wm(n), which has complexity of O(M NdαNg T ) in total.

In summary, the decoding complexity per QAM symbol
is in the order of O(α3 N3

g /Nd ) for equalizer generation and
O(Ng T ) for signal estimation and equalization. The former
diminishes for large Nd and the latter remains constant and
is a bottleneck. This is more computation demanding com-
pared to OFDM equalization of complexity O(1). Fortunately,
efficient algorithms for linear convolution have been inves-
tigated which performed computation in transform domain
using fast implementation methods. For example, FFT and
discrete cosine transform have been studied to reduce the
complexity of convolution [25], [26]. The complexity could
be reduced to O(T log2 Nt ) per symbol for iPR-FBMC signal
estimation and equalization using FFT based algorithm, where
Nt is the FFT size after sequence truncation. By selecting
Nt < 2Ng , the complexity could be reduced. In fact, FFT
based fast convolution is also used to implement the SFB and
AFB [27], which results in even lower complexity than that of
the polyphase network implementation. Note that in practice,
OFDM also needs additional complicated processing for time
and frequency synchronization while FBMC may not need.

IV. PROTOTYPE FILTER OPTIMIZATION

So far, we have established the iPR-FBMC system based
on current PR-FBMC with the same subband filters. As afore-
mentioned, the PR constraint is not required any more and
now we have new design freedom on the subband filters: we
can adjust the filter coefficients to improve performance rather
than to meet the PR constraint. In this section, we investigate
efficient filter optimization methods to enhance the detection
performance.

Firstly, we propose a universally feasible method for
iPR-FBMC with different M . The idea is based on the
observation that existing PR-FBMC decoding relies on the
first polyphase component, i.e., gm,m(n) = vm,m (nM), for
each subband and the remaining (M − 1) polyphase com-
ponents (denoted by g(i)

m,m(n) = vm,m(nM + i − 1) for i =
2, . . . , M) are discarded. Although the remaining polyphase
components are highly correlated with the first one and never
meet the PR constraint (thus PR-FBMC only uses the first
component), their average powers are not constant and even
larger than the first one, which can now be exploited in the
iPR-FBMC framework. Fig. 4 shows the power profiles of the
polyphase components of a specific subband for M = 16 and
N f = 64 in both AWGN channel and a random realization

Fig. 4. Sample view of the power profiles of the polyphase components in
AWGN and frequency selective channels.

of a 6-tap multipath channel (equal average power per tap).
As it shows, in AWGN channel, the first polyphase compo-
nents indeed has the largest power. However, in frequency
selective channel, this result does not hold and other polyphase
components may entitle larger power, e.g., the power of the
tenth polyphase component is almost twice that of the first one.

Therefore, we will select the polyphase component with
largest received power to enhance the detection performance.
This is equivalent to adjust hm(l) in (1) by inserting some
additional zeros at the beginning of it, which is a subband-
specific redesign of the analysis filters. The effectiveness of
this selection method will be verified by simulations.

Secondly, through simulations, we find that for small M ,
both PR-FBMC and iPR-FBMC incur error floors in highly
frequency selective channels. To address this challenge,
we also developed a new prototype filter design method for
iPR-FBMC with small M . The basic idea is as follows:
the main reason for an error floor event is that the first
round iteration does not give fairly accurate estimations due
to the relatively heavier overlapping of adjacent subbands
with small M . Therefore, if one can improve the signal-
to-interference-plus-noise ratio (SINR) at the first iteration,
improved detection performance is expected after further iter-
ations. Thus, analogous to [18], we adjust the cutoff frequency
of h p(l) with a new goal of obtaining a better SINR rather
than meeting the PR constraint. However, SINR will be overly
maximized if the filter response is very narrow such that
there is no overlapping between adjacent subbands. As the
bandwidth is very limited in such a case, the performance
is rather poor. To avoid this trivial design, we choose an
approximation of the rate of a subband as the objective
function, which combines the SINR and bandwidth:

rm = Bm log2(1+ γm), (21)

where Bm is the 3-dB bandwidth of the response of
{gm,m(n)}Ng−1

n=0 , γm is the SINR of the received subband signal
ym(n) and is defined by

γm = Px‖gm,m‖2
Px‖gm,m−1‖2 + Px‖gm,m+1‖2 + N0‖hm‖2 , (22)
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Fig. 5. Illustration of different subband allocation schemes for multiuser
iPR-FBMC with 3 users and 12 subbands: (a) localized; (b) interleaved;
(c) random.

where gm,k is the vector form of {gm,k(n)}Ng−1
n=0 and hm is the

vector form of {hm(l)}N f−1
l=0 . Note that gm,k (k = m − 1, m,

m+ 1) is obtained in AWGN channel, i.e., the transmitter has
no access to CSI, therefore, we only need to maximize rm for
a randomly chosen m to find the optimal h p(l). Simulations
will show that the new design based on (22) gives substantial
performance improvement.

V. MULTIPLE ACCESS USING iPR-FBMC

In multi-user communications, every subband of FBMC is
exclusively allocated to a specific user for access. Analogous
to orthogonal frequency division multiple access (OFDMA),
there may exist three typical subband allocation schemes,
i.e., localized, interleaved and random allocation, as shown
in Fig. 5. In downlink, since each user sees a single channel
from base station, the received signal model is essentially the
same as the single-user case and all the three subband allo-
cation schemes could be employed. However, there remains a
major difference between PR-FBMC and iPR-FBMC in uplink
transmission.

For PR-FBMC, suppose subband-k and its adjacent
subband-(k+ 1) is allocated to user-1 and user-2 respectively.
Unless user-1 and user-2 transmit in a same channel, at the
base station, equalization of subband-k’s signal will not be
perfect: the orthogonality could not be perfectly restored due
to the overlapping of subband-(k+1)’s signal with a different
channel response. Thus it is required that different users should
be perfectly separated in frequency, which could be realized
by inserting a null subband between users for isolation. As a
consequence, only localized subband allocation scheme is
practical for PR-FBMC in uplink. Interleaved and random
subband allocation schemes are not suitable since they require
excessive number (more than the number of users) of null
subbands for isolation. This inevitably decreases the flexibility
of system design.

For our proposed iPR-FBMC system, multiple access in
uplink could be well-supported: the interference between sub-
bands is artificially allowed and there is no need to use null
subbands for isolation any more. Therefore, besides localized
subband allocation, interleaved and random subband allocation
schemes could also be used for multi-user iPR-FBMC in
uplink without any null subbands. As a result, compared to
PR-FBMC, not only the spectral efficiency could be improved
by eliminating null subbands, but also the flexibility of the
resource management could be improved. As will be seen

TABLE I

SIMULATION PARAMETERS OF PR-FBMC, iPR-FBMC AND OFDM

Fig. 6. BER comparison between OFDM, PR-FBMC and iPR-FBMC in both
AWGN channel and frequency selective channel for M = 128 and Lc = 12.

in Section VI, by using interleaved subband allocation scheme,
the frequency diversity collection capability could be improved
compared to localized subband allocation.

VI. SIMULATIONS

In this section, we evaluate the BER performance of our
proposed iPR-FBMC system and compare it with other bench-
marks including PR-FBMC (EMFB) and OFDM. To make
the comparison fair and clear, some key system parame-
ters are defined in Table I. Other related configurations are
defined here. The multipath channel is realized for 1000 times.
To equalize, both PR-FBMC and OFDM employ typical
single-tap subband/subcarrier MMSE equalizers. Channel cod-
ing is not involved in simulations. The power and spectral
efficiency penalty caused by CP in OFDM and tailing of
filters in FBMC is not accounted for in simulations. Finally,
the legend ‘iPR-FBMC’ means proposed iPR-FBMC system
using the same filters as PR-FBMC. The abbreviation ‘PCS’
in the legend for iPR-FBMC refers to optimized filter design
using polyphase component selection. The abbreviation ‘RM’
in the legend for iPR-FBMC refers to optimized filter design
using rate maximization based on (22).

A. BER of Point-to-Point Communication

First we simulate the BER in single user case. Fig. 6 shows
the performance for M = 128. Both AWGN and frequency
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Fig. 7. BER comparison between OFDM, PR-FBMC and iPR-FBMC in
frequency selective channel with channel estimation errors for M = 128
and Lc = 3.

selective channel of Lc = 12 are tested. In AWGN channel,
the performance of PR-FBMC is the same as OFDM. The
performance of iPR-FBMC (with or without PCS) is slightly
worse. This is caused by potential error propagation in the
procedure of iterative interference estimation and cancellation.
Therefore, this effect is more pronounced in lower SNR
range, as shown by Fig. 6. In frequency selective channels,
the proposed iPR-FBMC outperforms conventional PR-FBMC
whose BER incurs relatively high level error floor. In addition,
iPR-FBMC even outperforms OFDM, especially in high SNR
range. This is due to the fact that iPR-FBMC is able to collect
all the power of a subband to combat the channel distortion
but OFDM only depends on the center frequency point of
a subcarrier. Therefore, compared to OFDM, iPR-FBMC is
more robust to deep fading, which is the main impairment
of a frequency selective channel. This is in accordance with
the SNR analysis in Section III-B. Another observation from
Fig. 6 is that for iPR-FBMC, selecting optimal polyphase
component clearly enhances the detection performance. This
verifies that in iPR-FBMC the filters could be redesigned
to improve receiver performance rather than to just meet
PR condition.

Fig. 7 shows effect of imperfect CSI on the BER per-
formance in multipath channel with Lc = 3. For imperfect
channel estimation, we employ the channel estimation model
in [28] where the l-th estimated channel tap can be modeled
by ĉ(l) = 1

ρ c(l) − √
1− ρ2v, where v is a standard circu-

lar Gaussian random variable and ρ is related to SNR by
ρ = 1 − SNR

2 . In our simulation, we choose the relation-
ship between MSE and SNR in dB scales as (MSE)dB =
−(SNR)dB − 15. With this configuration, we obtain Fig. 7.
It can be seen that with imperfect channel estimation, the BER
performance is getting worse for all systems. However, due to
the potential error propagation in the iterative processing of
iPR-FBMC receiver, it tends to be more sensitive to channel
estimation error compared to OFDM, as can be seen clearly in
low SNR range. Nonetheless, the performance gap is limited
and at high SNR range, iPR-FBMC still outperforms both
OFDM and PR-FBMC with imperfect CSI.

Fig. 8. BER comparison between OFDM, PR-FBMC and iPR-FBMC in
frequency selective channels with Lc = 12 and M = 8.

Fig. 9. SER of iPR-FBMC using localized and interleaved subband allocation
schemes with M = 128 subbands in total.

Fig. 8 depicts the BER performance of different approaches
with a small subband/subcarrier number M = 8 in a 12-tap fre-
quency selective channel model. It can be seen that PR-FBMC
and the original iPR-FBMC incur high error floors. Optimized
iPR-FBMC with polyphase component selection improves the
performance a lot but still suffers from error floor at high
SNR regime. On the other hand, by using the prototype
filter optimized through rate maximization, the BER could
be improved significantly without error floor. Combined with
polyphase component selection, the performance could be
even better. This simulation result clearly shows the poten-
tial gain of using proposed iPR-FBMC with optimized filter
design. Note that rate maximization method in its current
formulation is only effective for small number of subbands.
For large number of subbands, the residual interference is
not dominating after sufficient number of iterations, therefore,
maximizing the SINR of the first iteration does not necessarily
lead to better performance after convergence.

B. Multiuser Communication With Different Subband
Allocation Schemes

In this section, we compare two subband allocation schemes
for multiuser iPR-FBMC with polyphase component selection:
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one is localized allocation as previous simulations, and the
other is interleaved allocation. To compare the frequency
diversity collecting capability, the modulated symbols are
repeated twice and spread to different subcarriers. We assume
there are K = 16 and 64 users in total and simulate the symbol
error rate (SER) performance in frequency selective channels
with different length of channels. Fig. 9 shows the SER
performance. It can be seen that by using interleaved subband
allocation, the performance could be improved compared to
localized subband allocation scheme, especially when the
channel frequency selectivity is not quite severe. This clearly
shows that interleaved subband allocation scheme is more
capable of collecting multipath diversity gain than localized
allocation, which is inline with intuition. This is a new feature
that PR-FBMC does not entitle.

VII. CONCLUSIONS

This paper proposed an iPR-FBMC framework which drops
the PR constraint in current FBMC systems. It allows for direct
filtering of complex symbols and is more flexible in utilizing
the subbands in multiuser scenario. Through advanced sig-
nal processing and filter optimization, its BER performance
is superior to both OFDM and PR-FBMC systems. As a
preliminary work, there remains many research challenges
to complete this framework, such as rate analysis in multi-
user communication (which will ultimately show the non-
orthogonality nature of iPR-FBMC), more powerful signal
processing using turbo receiver, universally optimal prototype
filter design, combination with MIMO (which is expected to be
easier compared to PR-FBMC), as well as channel estimation
and resource allocation, which will be left for future study.

APPENDIX

Proof of observation 3): Denote fo(x) and fF (x) as the
probability density functions (PDF) of Jo and JF , respectively.
They have definitions only for x ≥ 0. To prove Pr{JF < δ} <
Pr{Jo < δ} for a small number δ, δ > 0, it is sufficient to
show fF (x) < fo(x) for x < δ. Next, we investigate the
relationship between fF (x) and fo(x) for small x . We perform
eigen-decomposition of TF as

TF = PH
F �F PF , (23)

where �F is a diagonal matrix whose entries on the main
diagonal are the eigenvalues of TF . Since TF is Hermitian,
PF is unitary and the eigenvalues of TF is real. In addition,
as JF ≥ 0 for any complex channel vector c, TF is positive
semi-definite and its eigenvalues are all non-negative. Denote
the positive eigenvalues of TF as λF (i), i = 1, 2, . . . , rF ,
where rF is the rank of TF . We have

JF = SNR ·
rF∑

i=1

λF (i)|c̃(i)|2, (24)

where c̃(i) is the i -th element of vector c̃ = PF c. As PF is
unitary, c̃ has the same distribution as c. Denoting λF,min =
min{λF (1), λF (2), . . . , λF (rF )} and

JF,min = SNR · λF,min

rF∑

i=1

|c̃(i)|2, (25)

we have

Pr{JF < δ} ≤ Pr{JF,min < δ}. (26)

Next, we show Pr{JF,min < δ} < Pr{Jo < δ} for
small δ. JF,min is a chi-squared distributed random variable
with 2rF degrees of freedom. The PDF of JF,min is given
by [29, Eq. (2.1-110)]

fF,min(x) = 1

(rF − 1)!ρrF
min

xrF−1e
− x

ρmin , (27)

where ρmin = SNR · λF,min
Lc

. It is straightforward that rF > 1,
thus

lim
x→0

fF,min(x) = 0. (28)

A similar processing could be performed on Jo and it can
be shown that Jo is a chi-squared distributed random variable
with 2 degrees of freedom (the rank of To is 1 and it has a
single positive eigenvalue that equals to Lc). It can be shown
that the PDF of Jo is given by

fo(x) = 1

ρo
e−

x
ρo , (29)

where ρo = SNR. We have

lim
x→0

fo(x) = 1

ρo
> 0. (30)

Having (28) and (30) and noticing that fF,min(x) and fo(x)
are continuous functions, we have

Pr{JF,min < δ} < Pr{Jo < δ}, for small δ. (31)

Combining (26), we finally proved

Pr{JF < δ} < Pr{Jo < δ}, for small δ. (32)
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