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Optimal 4-Ary Imbalanced-Phase-Amplitude
Modulation in Uncorrelated and Correlated Receive

Diversity PLC Systems Under Nakagami-m
Noise Environment
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Abstract—A receive diversity power line communication (PLC)
system subject to correlated multipath channel fading and cor-
rupted by additive Nakagami-m background noise is consid-
ered. The optimal receiver employing a 4-ary imbalanced-phase-
amplitude modulation (I-PAM) scheme for data transmission is
obtained, using which closed form expressions for the symbol error
probability (SEP) in the union bound sense and the SEP in the
asymptotic sense at high signal-to-noise ratio (SNR) are derived.
The diversity order of the system is found to be independent of the
shape parameter of the additive noise. Furthermore, the optimal
4-ary I-PAM constellation minimizing the SEP at lower SNR values
is computed numerically. The optimal 4-ary I-PAM constellation is
found to be elliptical in shape as opposed to the traditional circular
QPSK constellation generally employed in wireless communication
systems. The effects of the correlation among the multipath channel
gains and the shape parameter of the noise on the optimality of the
considered constellation are also presented via numerical studies.

Index Terms—4-ary imbalanced-phase-amplitude modulation,
coherent detection, optimal constellation, power line
communication (PLC), quadrature phase-shift keying (QPSK),
receive diversity, symbol error probability (SEP).

I. INTRODUCTION

POWER line communication (PLC), relying on the transfer
of communication data over a pre-existing network of

power cables, has attracted the attention of researchers over
the past few decades owing to the extensive utilization of the
technology towards applications such as control and automation
of smart and micro-grid systems, development of communica-
tion protocols for smart metering systems, and various other
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automotive and multimedia applications [1]–[5]. Although PLC
technology has such pervasive application areas, reliable data
transmission via power line cables still remains as one of the
challenging aspects in these scenarios owing to the unconven-
tional nature of the power line channels and noise corrupting the
channel. This provides the motivation to researchers to come up
with novel transceiver design schemes to mitigate the effect of
the unreliable channel characteristics in PLC systems [6], [7].

The PLC channel, as studied in numerous literature, is mostly
affected by multiplicative and additive noises. Similar to the
wireless communications scenario, multiplicative noise in PLC
channels arises due to the multipath effect on the transmitting
data due to the presence of multiple reflections of the data
symbols from the nodes in the power line network leading to
impedance mismatch in the circuit [1]. There have been various
attempts to characterize this multipath phenomenon statistically
by researchers and it has been found that the statistical nature
of the multipath channel gain in PLC is highly site-specific. In
many of the studies around the statistical characteristics for PLC
channels, it has been found that the envelope of the channel
gain follows a Rayleigh distribution in the studies of a) the
peak and notch channel transfer function widths in the range
of 30 kHz - 100 MHz [8]; b) all the arrival paths of a PLC
channel utilizing the NAYY50SE house cable connections for
power transfer [9], [10]; and (c) power lines used in the mass
transmit systems for trains [11] and other automobile networks.
Thus, various researchers consider this channel model for the
study and development of novel technologies revolving around
PLC [12]–[14].

In addition to the multipath phenomenon, additive noise in
PLC systems also leads to unreliable data transmission over the
power line channels. The most common type of noise adversely
affecting the PLC channels is the additive background noise
which arises due to the multiple reflections from the connecting
nodes and terminals of the network of the thermal noise emitting
by low power consuming loads in the power grid. Statistically
this noise has been modeled by a complex Nakagami-m random
variable via experimental studies for the range of m < 1, and
thus this noise model has been extensively used in the literature
for various performance studies of PLC systems [13], [15], [16].

There have been numerous studies in the literature to im-
prove the reliability of data transmission in PLC technologies.
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Similar to wireless communications, diversity schemes have also
been employed in PLC to obtain a better error performance
of the system. The authors in [17] and [18] have considered
multiple physical wireline channels to improve the reliability
of data transmission considering the channels to be statistically
correlated. Such kind of correlation among the PLC channels
have also been experimentally studied for the case of inductive
coupling among wirelines and in houses of North America
in [19] and [20], respectively. Furthermore, the authors in [21]
and [22] have considered an optimal and a suboptimal receiver,
respectively, to obtain closed form expressions of the symbol
error probability (SEP) for a receive diversity PLC system
corrupted by additive Nakagami-m background noise by em-
ploying binary phase-shift keying (BPSK) modulation for data
transmission. In addition, the authors in [23] obtain expressions
for the outage probability and the bit error probability for a PLC
system under correlated background noise, while the authors
in [24], and [25] obtain expressions of the SEP for BPSK and
quadrature phase-shift keying (QPSK) signaling schemes for
suboptimal receivers, respectively, all for single channel PLC
systems. There have been attempts by researchers to employ
higher modulation schemes and to optimize them for improved
reliability in the performance of PLC systems. Some of those
studies are carried out by the authors in [26] who have considered
the performance of a receive diversity PLC system employing
a sub-optimal maximal-ratio combining (MRC) receiver with
M -ary phase-shift keying (M -PSK) signaling scheme for data
transmission. Moreover, the authors in [27] have obtained the
optimal QPSK constellation minimizing the SEP of a receive
diversity PLC system under Nakagami-m noise environment.

The work in this paper is quite different from [27] in that
we consider a receive diversity PLC system with the multiple
channel gains to be correlated with each other. The major con-
tributions of the paper can be summarized as follows:
� Considering the receive diversity channel gains to be sta-

tistically following correlated Rayleigh distributions and
the noise in the multiple channels to be following the
Nakagami-m distributions, we obtain the optimal maxi-
mum likelihood (ML) receiver for the system.

� Using this receiver, we obtain a closed form expression of
the union bound on SEP of the system employing the 4-ary
imbalanced-phase-amplitude modulation (I-PAM) for data
transmission.

� An optimization problem is formulated to obtain the op-
timal 4-ary I-PAM constellation minimizing the obtained
SEP and is solved for numerically.

� The optimization leads to the result that the optimal 4-ary
I-PAM constellation which leads to the minimum value of
the SEP possible for the considered PLC system is elliptical
in nature at lower signal-to-noise ratio (SNR) values as
opposed to the traditional circular QPSK constellation
scheme.

� Furthermore, the dependency of the elliptical nature of the
optimal constellation with the number of diversity branches
and the correlation coefficient are studied via numerical
results.

Thus, the elliptical optimal 4-ary I-PAM constellation out-
performs the traditional QPSK constellation, specifically at
lower values of SNR in PLC systems employing lower diversity
branches for data transmission. Such kind of novel modulation
schemes improve the reliability of the PLC systems which
need to follow the electromagnetic compatibility by limiting the
electromagnetic interference effects, which, in turn, is ensured
by the use of lower signal power of the data transmitted through
a lower number of power line channels [28]. Furthermore, the
optimal constellation obtained can be used with Turbo and low
density parity check codes to outperform the uncoded modula-
tion schemes even at lower SNR values [29].

The rest of the paper is organized as follows. Section II
describes the system model of the considered PLC system and
obtains the expression of the optimal ML receiver. Closed form
expressions for the SEP in the union bound sense and the SEP in
the asymptotic sense at high SNR for various types of correlation
of PLC channel gains are derived in Section III. Section IV
formulates and solves the problem of obtaining the optimal 4-ary
I-PAM constellation points numerically to minimize the SEP
of the system. Numerical results corroborating the analysis are
presented in Section V followed by the conclusions of the paper
in Section VI.

II. SYSTEM MODEL

A single-input multiple-output PLC system with N diversity
branches along with QPSK modulated data transmission and
symbol-by-symbol detection at the receiver is considered. Prac-
tical implementation of the multiple receive diversity branches
is realized by utilizing the live, neutral, and ground power
cables simultaneously for data transmission, thus simplifying
the receiver and the transmitter structure [21]. Furthermore, we
consider that the topology of the powerline network such that
the coherence bandwidth of the channel is higher as compared
to the maximum bandwidth of the transmitted signal, which
implies that the channel in each of the diversity branches can
be modeled by a complex channel gain multiplier. Denoting the
transmitted symbol by s, theN × 1 complex channel gain vector
and the complex additive noise vector by h, and n, respectively,
the complex baseband received symbol vector is expressed as

r = h s+ n . (1a)

Let

r̃=

[
�{r}
�{r}

]
=

[
rx
ry

]
, H=

[
�{h} −�{h}
�{h} �{h}

]
=

[
hx −hy

hy hx

]
,

ñ =

[
�{n}
�{n}

]
=

[
nx

ny

]
, s =

[
�{s}
�{s}

]
=

[
sx

sy

]
,

where �{·} and �{·} denote the real and the imaginary part
operators, respectively. Thus, the received symbol vector in (1a)
can be rewritten in a vector-matrix notation as

r̃ = H s + ñ . (1b)
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The multiple PLC channels in consideration are subject to
Rayleigh fading, implying that the channel gain coefficients are
zero mean complex circular Gaussian random variables with
h ∼ CN (0N ,Kh), where Kh = E[hhH ] is the positive definite
covariance matrix of h, 0N is the N × 1 vector of zeros, and
(·)H and E[·] denote the conjugate transpose (Hermitian) and
expectation operators, respectively.

The channel covariance matrix Kh under study is considered
under these three categories:

1) The case of independent and identically distributed (i.i.d.)
channels corresponds to the case in which sufficient sep-
aration is maintained between the physical channels to
ensure that there is no correlation between any of the
channels during data transmission. Such kind of topology
can also be realized by employing sufficient insulation
between the multiple power cables which would lead to
minimal electromagnetic interference during data trans-
mission [29]. In this case, Kh is a diagonal matrix with
equal diagonal elements. Thus, its element in the ith row
and jth column is given by

(Kh)ij =

{
σ2
h, if i = j ,

0, if i �= j , i, j = 1, . . . , N ;
(2)

2) The case of uniformly correlated channels corresponds
to the case in which the inductive coupling phenomenon,
leading to correlation amongst the channels, has an equal
effect for any two given physical PLC channels [19].
Such correlation model also occurs when the insulation
between the multiple wires is not sufficient to prevent
the electromagnetic interference effects and the spacing
between the power cables is uniform. In this case, Kh is
an uniformly correlated matrix and its element in the ith
row and jth column is given by

(Kh)ij =

{
σ2
h, if i = j ,

σ2
hε, if i �= j , i, j = 1, . . . , N ,

(3a)

where

− 1
N − 1

< ε < 1 , ε �= 0 ; (3b)

3) The case of exponentially correlated channels also corre-
sponds to the case when the inductive coupling between
the power cables is prominent, the insulation between the
multiple power cables is insufficient, or the spacing be-
tween the power lines is not uniform [18]. Such modeling
of the correlation between the PLC channels has also been
experimentally found in certain in-home channels of North
American houses and reported in [20]. In this case, Kh

follows an exponential correlation matrix and its element
in the ith row and jth column is given by

(Kh)ij =

{
σ2
h, if i = j ,

σ2
hε

|i−j|, if i �= j , i, j = 1, . . . , N ,
(4a)

where

−1 < ε < 1 , ε �= 0 . (4b)

In all of these cases,σ2
h = tr(Kh)denotes the average variance

of the complex channel gains of h. Further, denoting λ1, . . . , λN

to be the N eigenvalues of the normalized covariance matrix
Kh/σ

2
h, we can note that

1) for the case of i.i.d. channels, all the eigenvalues of the
normalized covariance matrix bear the value one, i.e., λ1 =
. . . = λN = 1,

2) for the case of uniformly correlated channels the eigenval-
ues of the normalized covariance matrix are 1 − ε and 1 +
(N − 1)ε, with multiplicities ofN − 1 and 1, respectively,
i.e., λ1 = . . . = λN−1 = 1 − ε and λN = 1 + (N − 1)ε,

3) for the case of exponentially correlated channels, all the
eigenvalues of the normalized covariance matrix are dis-
tinct.

Thus, the eigendecomposition of Kh results in

Kh = σ2
hUΛUH , (5)

where U is a unitary matrix with orthonormal columns which
are the eigenvectors of Kh and Λ = diag(λ1, . . . , λN ) with each
of the λk , k = 1, . . . , N being an eigenvalue of Kh. For the case
of i.i.d. channel gains, we have U = IN . Owing to the statistics
of h, we have

hx ∼ N (0,Khx
) ; Khx

= E
[
hxhT

x

]
=

σ2
h

2
UΛUH ,

hy ∼ N (
0,Khy

)
; Khy

= E
[
hyhT

y

]
=

σ2
h

2
UΛUH , (6)

and E[hxhT
y ] = E[hyhT

x ] = 0N×N , where (·)T denotes the
transpose operator.

The additive background noise in the PLC channels, arising
due to multiple low power-consuming devices in the power net-
work, is statistically modeled by a complex Nakagami-m noise.
Thus, assuming the noise in the multiple channels to be i.i.d. with
the noise variance in each of the channels as σ2

n, the envelope
of each of the elements in n follows a Nakagami-m distribution
withm ≤ 1. Owing to the statistical properties of such a random
distribution, the noise components at each of the receivers can
be approximated by the Nakagami-q or Hoyt distribution for the
range of values of m ∈ [1/2, 1). This implies nx and ny follow
independent Gaussian distributions, i.e., E[nxnT

y ] = 0N×N and

nx ∼ N (
0N , σ2

x IN
)
, ny ∼ N (

0N , σ2
y IN

)
,

where IN denotes the N ×N identity matrix,

σ2
x =

σ2
n (1 + b)

2
, σ2

y =
σ2
n (1 − b)

2
, (7a)

and

b =

√
1
m

− 1,
1
2
≤ m < 1 . (7b)

Furthermore, the transmitted symbol s in (1a) belongs to the
set of equiprobable 4-ary I-PAM symbols, denoted by S and
expressed as

S = {±Ax,±jAy} , Ax, Ay > 0 , (8)

where j =
√−1. Thus, the SNR Γx of the symbols ±Ax, the

SNR Γy of the symbols ±jAy , and the average SNR per symbol
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per branch Γav are given by

Γx =
A2

xσ
2
h

σ2
n

, Γy =
A2

yσ
2
h

σ2
n

, Γav =
Γx + Γy

2
. (9)

From the statistics of n, the noise vector ñ in (1b) follows a
zero mean Gaussian distribution, i.e., ñ ∼ N (02 N ,Σ), where

Σ =

[
σ2
xIN 0N×N

0N×N σ2
yIN

]
.

Therefore, applying the maximum likelihood (ML) rule, the
optimal coherent receiver is obtained as

ŝ = argmin
s∈S

(r̃ − H s)T Σ−1 (r̃ − H s)

= argmax
s∈S

sT v − 1
2

sT
[
Bxx Bxy

Bxy Byy

]
s , (10a)

where

v = HTΣ−1r̃ =

[
vx

vy

]
(10b)

and[
Bxx Bxy

Bxy Byy

]
= HTΣ−1H

=

[
σ−2
x ‖hx‖2 + σ−2

y ‖hy‖2
(
σ2
y − σ2

x

)
hT
x hy(

σ2
y − σ2

x

)
hT
x hy σ−2

x ‖hy‖2 + σ−2
y ‖hx‖2

]
,

(10c)

with ‖ · ‖ denoting the Euclidean norm.

III. PAIRWISE ERROR PROBABILITIES AND UNION BOUND

ON SEP

For the transmission of the ith symbol, the decision variable
Dsi(v) can be expressed from (10a) as

Dsi (v) = sTi v − 1
2

sT
[
Bxx Bxy

Bxy Byy

]
si , (11)

which can be simplified for the four QPSK constellation points

s1 =

[
Ax

0

]
, s2 =

[
0

Ay

]
, s3 =

[
−Ax

0

]
, s4 =

[
0

−Ay

]
,

using (11) as

Ds1 (v) = Axvx − 1
2
A2

xBxx ,

Ds2 (v) = Ayvy − 1
2
A2

yByy ,

Ds3 (v) = −Axvx − 1
2
A2

xBxx ,

Ds4 (v) = −Ayvy − 1
2
A2

yByy . (12)

Furthermore, from the statistics of the additive background
noise, we have

v|h,s ∼ N
([

Bxx Bxy

Bxy Byy

][
sx

sy

]
,

[
Bxx Bxy

Bxy Byy

])
,

which further implies that

Axvx ±Ayvy|h,s ∼ N
⎛
⎝(AxBxx ±AyBxy) sx
+(AxBxy ±AyByy) sy ,
A2

xBxx +A2
yByy ± 2AxAyBxy

⎞
⎠.

(13)

Let us denote the pairwise error probability (PEP) between
the ith and the jth symbol by Pi→j , which is given, using (10a),
as

Pi→j = Pr
(
Dsj (v) > Dsi (v)

∣∣ si is transmitted
)
. (14)

Thus, a closed form expression of the union bound on the SEP
is obtained from the PEP expressions, as derived in Appendix
A, as

PeUB
=

1
4

4∑
i=1

4∑
j=1,j �=i

Pi→j

≈ 2N
(
1 − b2

)N/2
(2Γav − b (Γx − Γy))

−N/2√
N∏
k=1

[
λk +

4(1−b2+4Γ2
avλ2

k)
2Γav−b(Γx−Γy)

+
4(16Γ2

av+ΓxΓy)λk

(2Γav−b(Γx−Γy))
2

]

+

(
1 − b2

)N/2

4

√
N∏
k=1

(Γxλk + 1 + b) (Γxλk + 1 − b)

+

(
1 − b2

)N/2

4

√
N∏
k=1

(Γyλk + 1 + b) (Γyλk + 1 − b)

. (15)

For the case of high SNR, the asymptotic expression for the
SEP is derived from (15) and is given as

Pe|Γav�1 ≈
(
1 − b2

)N/2

4
N∏
k=1

λk

(
1

2N−2ΓN
av

+
1
ΓN
x

+
1
ΓN
y

)
. (16)

The expressions in (15) and (16) are used for the results for the
case of exponentially correlated channels. We will discuss the
corresponding results for the other cases of channel correlation
under consideration in the following subsections.

A. Case of i.i.d. channels

For the case of the channels being i.i.d., all the eigenvalues
bear equal values of unity. Thus, the expressions for the union
bound on SEP and the corresponding high SNR approximation
are obtained from (15) and (16) by substituting λk = 1 , k =
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1, . . . , N as

PeUB ,i.i.d. ≈
2N

(
1 − b2

)N/2
(2Γav − b (Γx − Γy))

−N/2[
1 +

4(16Γ2
av+ΓxΓy)

(2Γav−b(Γx−Γy))
2 +

4(1−b2+4Γ2
av)

2Γav−b(Γx−Γy)

]N/2

+

(
1 − b2

)N/2

4 (Γ2
x + 2Γx + 1 − b2)N/2

+

(
1 − b2

)N/2

4
(
Γ2
y + 2Γy + 1 − b2

)N/2
, (17a)

Pe,i.i.d.|Γav�1 ≈
(
1 − b2

)N/2

4

(
1

2N−2ΓN
av

+
1
ΓN
x

+
1
ΓN
y

)
.

(17b)

B. Case of uniformly correlated channels

For the case of the channels being uniformly correlated, the
eigenvalue 1 − ε has a multiplicity of N − 1 and the eigenvalue
1 + (N − 1)ε has a multiplicity of one. Thus, the expressions
for the union bound on SEP and the corresponding high SNR
approximation are obtained from (15) and (16) as in (18a), shown
at the bottom of this page, and (18b)

Pe,uni|Γav�1 ≈
(
1 − b2

)N/2

4 (1 − ε)N−1 (1 + (N − 1) ε)

×
(

1
2N−2ΓN

av

+
1
ΓN
x

+
1
ΓN
y

)
. (18b)

IV. OPTIMAL 4-ARY I-PAM CONSTELLATION PARAMETERS

The optimal values of the 4-ary I-PAM parameters Γx and Γy

are derived to obtain the minimum SEP for the PLC system under
the constraint of constant average transmit power. Equivalently,
using (15), the optimization problem at hand can be formulated

as

min
Γx,Γy

Γx+Γy= 2Γav

PeUB
. (19)

Although the optimization problem proposed in (19) is not
being proven to be convex herein, it can be observed that for
the asymptotic expression of the SEP given in (16) that the
formulated optimization is convex in nature. Thus, to utilize the
Lagrangian multiplier technique for solving the optimization
problem, the modified objective function is given by

G (Γx,Γy, λ) = PeUB
+ λ (Γx + Γy − 2Γav) . (20)

The optimal values of the 4-ary I-PAM constellation parameters,
denoted by Γx,opt and Γy,opt are obtained by solving the set of
equations expressed as

∂G (Γx,Γy, λ)

∂Γx
= 0,

∂G (Γx,Γy, λ)

∂Γy
= 0,

∂G (Γx,Γy, λ)

∂λ
=0,

(21)
which can be further simplified by some algebra as

N∑
j=1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λj (1 + Γyλj)
(
1 − b2 + 2Γxλj + Γ2

xλ2
j

)−3/2

2

√√√√√√
N∏
k=1

k �=j

(
1 − b2 + 2Γxλk + Γ2

xλ2
k

)

−λj (1 + Γyλj)
(
1 − b2 + 2Γyλj + Γ2

yλ
2
j

)−3/2

2

√√√√√√
N∏
k=1

k �=j

(
1 − b2 + 2Γyλk + Γ2

yλ
2
k

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

PeUB ,uni. ≈
2N

(
1 − b2

)N/2
(2Γav − b (Γx − Γy))

−N/2√[
(1 − ε) +

4(1−b2+4Γ2
av(1−ε)2)

2Γav−b(Γx−Γy)
+

4(16Γ2
av+ΓxΓy)(1−ε)

(2Γav−b(Γx−Γy))
2

]N−1

× 1√[
(1 + (N − 1)ε) +

4(1−b2+4Γ2
av(1+(N−1)ε)2)

2Γav−b(Γx−Γy)
+

4(16Γ2
av+ΓxΓy)(1+(N−1)ε)

(2Γav−b(Γx−Γy))
2

]

+

(
1 − b2

)N/2 (
(1 − ε) Γ2

x + 2 (1 − ε) Γx + 1 − b2
)−(N−1)/2

4
√

(1 + (N − 1) ε) Γ2
x + 2 (1 + (N − 1) ε) Γx + 1 − b2

+

(
1 − b2

)N/2 (
(1 − ε) Γ2

y + 2 (1 − ε) Γy + 1 − b2
)−(N−1)/2

4
√

(1 + (N − 1) ε) Γ2
y + 2 (1 + (N − 1) ε) Γy + 1 − b2

(18a)
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=
N∑
j=1

2N+1

[
bλj +

2(Γx−Γy)λj

2Γav−b(Γx−Γy)
− 4b(16Γ2

av+ΓxΓy)λj

(2Γav−b(Γx−Γy))
2

]
√[

λj +
4(1−b2+4Γ2

avλ2
j)

2Γav−b(Γx−Γy)
+

4(16Γ2
av+ΓxΓy)λj

(2Γav−b(Γx−Γy))
2

]3

× (2Γav − b (Γx − Γy))
−(N+2)/2√√√√√√

N∏
k=1

k �=j

[
λk +

4(1−b2+4Γ2
avλ2

k)
2Γav−b(Γx−Γy)

+
4(16Γ2

av+ΓxΓy)λk

(2Γav−b(Γx−Γy))
2

] ,

(22a)

and

Γx + Γy = 2Γav . (22b)

By solving the set of expressions in (22a) and (22b) numerically,
we obtain the optimal solutions for the parameters of the 4-
ary I-PAM constellation used for symbol transmission. In the
following subsection, we discuss analytical results for Γx,opt

and Γy,opt for the asymptotic case of high SNR.

A. Asymptotic Results

For the case of high SNR, the optimization problem, equiva-
lent to (19), can be formulated as

min
Γx,Γy

Γx+Γy= 2Γav

Pe|Γav�1 , (23)

and the corresponding modified objective function using the
Lagrangian multiplier technique is obtained as

H (Γx,Γy, λ) = Pe|Γav�1 + λ (Γx + Γy − 2Γav) . (24)

Thus, the optimal values of the 4-ary I-PAM constellation pa-
rameters, Γx,opt and Γy,opt, are obtained by solving the set of
equations expressed as

∂H (Γx,Γy, λ)

∂Γx
= 0,

∂H (Γx,Γy, λ)

∂Γy
= 0,

∂H (Γx,Γy, λ)

∂λ
=0,

(25)
From the symmetry of the asymptotic expression of the SEP in
(16) and using some algebra in (25), it can be observed that the
optimal 4-ary I-PAM constellation parameters for the case of
high SNR are obtained as

Γx,opt = Γy,opt = Γav . (26)

Therefore, the optimal asymptotic expression for the SEP at high
SNR, denoted by Pe,opt|Γav�1, is obtained as

Pe,opt|Γav�1 =

(
2N−1 + 1

) (
1 − b2

)N/2

2NΓN
av

N∏
k=1

λk

, (27)

which can be further simplified for the specific cases of channel
correlations as

Pe,i.i.d.,opt|Γav�1 =

(
2N−1 + 1

) (
1 − b2

)N/2

2NΓN
av

, (28a)

Fig. 1. SEP versus the average SNR per symbol per branch with traditional
QPSK and optimal 4-ary I-PAM constellations for i.i.d. channel gains, N =
1, 3, 6, and m = 0.6.

and

Pe,uni,opt|Γav�1 =

(
2N−1 + 1

) (
1 − b2

)N/2

2N (1 − ε)N−1 (1 + (N − 1) ε) ΓN
av

.

(28b)
It is to be noted from (16) and (27) that the PLC system under
consideration achieves full diversity. Thus, the optimal values
of the constellation parameters do not improve the diversity of
the system, however, they improve the error performance of the
system. It is also to be noted that the diversity order of the PLC
system is independent of the shape parameter m of the noise.

V. NUMERICAL RESULTS

This section presents the numerical study of the performance
metric of the system under consideration with the variations in
the system parameters. For all the plots presented, the notation
“Trad-QPSK” refers to the traditional circular QPSK constel-
lation used in communication systems and “Optimal-QPSK”
refers to the optimal 4-ary I-PAM constellation minimizing the
SEP for the PLC system in study. The SEP versus the average
SNR per symbol per branch for the PLC system with i.i.d.
channel gains and for varying values of number of diversity
branches N with traditional QPSK and optimal 4-ary I-PAM
constellations is presented in Fig. 1. It is observed that the
difference between the performance of the two constellations
becomes less prominent with the increase in the number of
receive diversity branches and with increase in the values of
SNR. This implies that the optimal QPSK constellation obtained
has practical utility to reduce the system error probability for
the PLC system at lower SNR values. It is also observed that the
performance of the optimal receiver employing optimal QPSK
constellation for data transmission outperforms the performance
of the suboptimal receiver’s performance as given in [26]. Fig. 2
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Fig. 2. SEP versus the average SNR per symbol per branch with traditional
QPSK and optimal 4-ary I-PAM constellations for uniformly and exponentially
correlated channel gains, ε = 0.3, N = 1, 3, 6, and m = 0.6.

Fig. 3. SEP versus correlation coefficient with traditional QPSK and optimal
4-ary I-PAM constellations for uniformly correlated channel gains, N = 3, 9,
Γav = −2, 10 dB, and m = 0.6.

presents the comparative study of the SEP of the PLC system
versus the average SNR per symbol per branch with the channels
being uniformly and exponentially correlated and for the QPSK
constellation taking the traditional and the optimal values. It is
observed that for a given value of the correlation coefficient ε and
the shape parameter m of the noise, the difference between the
superior performance of exponential correlation over uniform
correlation is more prominent with increase in the number of
diversity branches. Further, as in the earlier case, it is observed
that the effect of optimality of the QPSK constellation is related

Fig. 4. SEP versus correlation coefficient with traditional QPSK and optimal 4-
ary I-PAM constellations for exponentially correlated channel gains, N = 3, 9,
Γav = −2, 10 dB, and m = 0.6.

Fig. 5. SEP versus the shape parameter of noise with traditional QPSK and
optimal 4-ary I-PAM constellations for i.i.d., uniformly, and exponentially
correlated channel gains, ε = 0.3, 0.7, N = 3, 6, and Γav = −2 dB.

at lower SNR values and for lower diversity branches. The plots
of the variation of the SEP of the system with respect to the
correlation coefficient ε for a given value ofmwith varying SNR
values, number of diversity branches N , and for the traditional
and optimal 4-ary I-PAM constellations are presented in Fig. 3
and Fig. 4 for the channel gains being uniformly correlated and
exponentially correlated, respectively. It is observed that the
optimal QPSK constellation outperforms the traditional QPSK
constellation and the difference in the performance is prominent
at lower values of the correlation coefficient ε and for the case
of exponentially correlated channel gains as compared to the
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Fig. 6. Optimal constellation plot for 4-ary I-PAM scheme for i.i.d., uni-
formly, and exponentially correlated channel gains, ε = 0.3, 0.7, N = 3, m =
0.5, 0.75, 1, and Γav = −2 dB.

Fig. 7. Optimal constellation plot for 4-ary I-PAM scheme for i.i.d., uni-
formly, and exponentially correlated channel gains, ε = 0.3, 0.7, N = 6, m =
0.5, 0.75, 1, and Γav = −2 dB.

uniformly correlated channel gains. Fig. 5 presents the variation
of the SEP performance of the system versus the shape parameter
m of the noise for other varying system parameters. Along with
the similar trends obtained earlier, it is also observed that the
effect of m on the performance of the system is more prominent
at higher values of m and for the PLC systems employing
higher receive diversity branches. Thus, the correlation among
the diversity branches has negligible effect on the performance of
the system provided the shape parameter of the noise is smaller
in value. It is also observed that the performance of the optimal

Fig. 8. Optimal constellation plot for 4-ary I-PAM scheme for i.i.d., uni-
formly, and exponentially correlated channel gains, ε = 0.3, 0.7, N = 3, m =
0.5, 0.75, 1, and Γav = 2 dB.

Fig. 9. Optimal constellation plot for 4-ary I-PAM scheme for i.i.d., uni-
formly, and exponentially correlated channel gains, ε = 0.3, 0.7, N = 6, m =
0.5, 0.75, 1, and Γav = 2 dB.

and the traditional QPSK is almost independent of the shape
parameter m of the noise. However, the variation of the optimal
constellation itself with respect to the shape parameter is not very
clear and is therefore, studied next. The optimal 4-ary I-PAM
constellation plots for the average SNR per symbol per branch,
Γav = −2 dB with the number of receive diversity branches as
N = 3 for varying values of m and ε and for i.i.d. and correlated
channel gains are presented in Fig. 6. It is observed that the
optimal 4-ary I-PAM constellation becomes elliptical in shape
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with the increase in the correlation among the channel gains. Fur-
thermore, the optimal 4-ary I-PAM constellation is significantly
elliptical for uniformly correlated channel gains as compared
to exponentially correlated gains and i.i.d. channel gains. It is
also observed that the elliptical nature of the constellation is
prominent for lower values of the noise shape parameter m and
is identical to the traditional QPSK constellation for m = 1, for
which the Nakagami-m random noise becomes equivalent to the
additive white Gaussian noise. Similar variations of the optimal
4-ary I-PAM constellations for various values of the average
SNR per symbol per branch and number of receive diversity
branches with the correlation of the channel gains and values
of the shape parameter of the noise are studied in Figs. 7, 8,
and 9. In addition to the similar trend as in the previous case,
it is observed that the distinction between the optimal and the
traditional QPSK constellations becomes negligible with the
increase in SNR values and in the number of diversity branches,
which is in line of the previous numerical and computational
observations.

VI. CONCLUSION

We consider an N -branch receive diversity PLC system with
the multiple branches being exponentially correlated, uniformly
correlated, and uncorrelated, and the additive Nakagami-m
background noise affecting the reliability of data transmission
over the PLC medium. The optimal receiver is derived, using
which the union bound expression and the asymptotic expression
for the SEP are obtained for the PLC system employing QPSK
modulation for data signaling. The optimization problem to
minimize the obtained SEP under the constraint of total average
energy is formulated and solved numerically to arrive at the
optimal 4-ary I-PAM constellation. It is observed that the optimal
4-ary I-PAM constellation thus obtained follows an elliptical
diagram when compared to the circular QPSK constellation
utilized in traditional wireless communication systems. It is
further observed that the ellipticity of the constellation tends
to the circular constellation with increase in the average SNR
per symbol per branch, the number of diversity branches, and
the correlation coefficient among the diversity branches and with
the value of the shape parameter of the additive complex noise.
This provides us practical design parameters to choose from, for
various choices of the system parameters at hand.

APPENDIX

DERIVATION OF THE EXPRESSION OF PEP (15)

Owing to the statistics of n, and from (12), (13), and (14), the
conditional PEP, conditioned on the channel vector h, between
s1 and s2 can be expressed as

P1→2|h = Pr

(
Ayvy −Axvx >

1
2

(
A2

yByy −A2
xBxx

)∣∣∣∣ s1

)

= Q

(
1
2

√
A2

xBxx +A2
yByy − 2AxAyBxy

)
, (29)

where Q(·) denotes the Gaussian-Q function. Using the approx-
imationQ(x) ≈ exp{−x2/2}/2 and utilizing (10c) followed by

some algebra, the expression in (29) can be rewritten as

P1→2|h

=
1
2
exp

⎧⎨
⎩−A2

xσ
−2
x +A2

yσ
−2
y

8

∥∥∥∥∥hx − AxAy

(
σ−2
y − σ−2

x

)
A2

xσ
−2
x +A2

yσ
−2
y

hy

∥∥∥∥∥
2
⎫⎬
⎭

× exp

{
−
(
A2

x +A2
y

)
σ−2
x σ−2

y ‖hy‖2

8
(
A2

xσ
−2
x +A2

yσ
−2
y

)
}

. (30)

From the statistics of h in (6), we have

u 
= hx − AxAy(σ−2

y −σ−2
x )

A2
xσ

−2
x +A2

yσ
−2
y

hy

∣∣∣∣
hy

∼ N
(
−AxAy(σ−2

y −σ−2
x )

A2
xσ

−2
x +A2

yσ
−2
y

hy,
Kh

2

)
,

which further implies that the conditional characteristic function
(c.f.) of u, conditioned on hy , is given as

Ψ u|hy(jω)=
exp

{
jωA2

xA
2
y(σ−2

y −σ−2
x )

2

(A2
xσ

−2
x +A2

yσ
−2
y )

2

N∑
k=1

μ̃2
k

1−jωσ2
hλk

}
√

N∏
k=1

(
1 − jωσ2

hλk

) , (31)

where µ̃ = UT hy , and U and Λ are given by (5). Utilizing
(31) in (30) followed by some algebra leads to the conditional
expression of the PEP conditioned on hy , which is given by

P1→2|hy
=

2
3 N

2 −1 exp
{
−µ̃T Λ̃µ̃

}
√

N∏
k=1

[
8 +

(
A2

xσ
−2
x +A2

yσ
−2
y

)
σ2
hλk

] , (32a)

where Λ̃ = diag(λ̃1, . . . , λ̃N ) and

λ̃k =

(
A2

x +A2
y

)2
σ−2
x σ−2

y +
8A2

xA
2
y(σ−2

y −σ−2
x )

2

8+(A2
xσ

−2
x +A2

yσ
−2
y )σ2

hλk

8
(
A2

xσ
−2
x +A2

yσ
−2
y

)
k = 1, . . . , N. (32b)

From the statistics of hy given in (6), it is observed that µ̃ ∼
N (0N , (σ2

h/2)Λ), and thus the c.f. of µ̃T Λ̃µ̃ is obtained as

Ψµ̃T Λ̃µ̃ (jω) =
1

N∏
k=1

(
1 − jωλ̃kλk

) . (33)

Furthermore, using (33) and (9) in (32a) to un-condition on hy

leads to the expression of the PEP between s1 and s2, which is
given as

P1→2≈
2N−1

(
1 − b2

)N/2
(2Γav − b (Γx − Γy))

−N/2√
N∏
k=1

[
λk +

4(1−b2+4Γ2
avλ2

k)
2Γav−b(Γx−Γy)

+
4(16Γ2

av+ΓxΓy)λk

(2Γav−b(Γx−Γy))
2

] .

(34)

Similarly, owing to the statistics of n, and from (12), (13), and
(14), the conditional PEP, conditioned on the channel vector h,
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between s1 and s3 can be expressed as

P1→3|h = Pr (vx < 0| s1)

= Q
(√

A2
xBxx

)
. (35)

Furthermore, from the statistics of hx and hy in (6), the c.f.s of
‖hx‖2 and ‖hy‖2 are obtained as

Ψ‖hx‖2 (jω) = Ψ‖hy‖2 (jω) =
1√

N∏
k=1

(
1 − jωσ2

hλk

) . (36)

Using the approximation Q(x) ≈ exp{−x2/2}/2 and utilizing
(10c), (36), and (9) along with the statistical independence of
hx and hy followed by some algebra, the PEP expression in (35)
can be obtained as

P1→3 ≈ 1
2
E‖hx‖2

[
exp

{
−A2

xσ
−2
x ‖hx‖2

2

}]

× E‖hy‖2

[
exp

{
−A2

xσ
−2
y ‖hy‖2

2

}]

=

(
1 − b2

)N/2

2

√
N∏
k=1

(Γxλk + 1 + b) (Γxλk + 1 − b)

. (37)

Furthermore, from the statistics of n, and from (12), (13), and
(14), the conditional PEP, conditioned on the channel vector h,
between s1 and s4 can be expressed as

P1→4|h=Pr

(
−Axvx −Ayvy >

1
2

(
A2

yByy −A2
xBxx

)∣∣∣∣ s1

)

= Q

(
1
2

√
A2

xBxx +A2
yByy + 2AxAyBxy

)
. (38a)

It is observed that the expression in (38a) is similar to the
expression of the conditional PEP in (29) withAy being replaced
with −Ay . Thus, using similar steps as that from (29) to (34),
we have

P1→4 = P1→2 . (38b)

Along similar lines, the PEP between s2 and s1 is given by

P2→1 = Pr

(
Axvx −Ayvy >

1
2

(
A2

xBxx −A2
yByy

)∣∣∣∣ s2

)

= Eh

[
Q

(
1
2

√
A2

xBxx +A2
yByy − 2AxAyBxy

)]

= P1→2 , (39)

the PEP between s2 and s3 is given by

P2→3 = Pr

(
−Axvx −Ayvy >

1
2

(
A2

xBxx −A2
yByy

)∣∣∣∣ s2

)

= Eh

[
Q

(
1
2

√
A2

xBxx +A2
yByy + 2AxAyBxy

)]

= P1→4 , (40)

and the PEP between s2 and s4 is obtained as

P2→4 = Pr (vy < 0| s2)

= Eh

[
Q
(√

A2
yByy

)]

≈ 1
2
E‖hx‖2

[
exp

{
−A2

yσ
−2
y ‖hx‖2

2

}]

× E‖hy‖2

[
exp

{
−A2

yσ
−2
x ‖hy‖2

2

}]

=

(
1 − b2

)N/2

2

√
N∏
k=1

(Γyλk + 1 + b) (Γyλk + 1 − b)

, (41)

where (41) is obtained by utilizing the approximation Q(x) ≈
exp{−x2/2}/2 along with (10c), (36), and (9), and the statistical
independence of hx and hy followed by some algebra.

Furthermore, the PEP between s3 and s1 is given by

P3→1 = Pr (vx > 0| s3)

= Eh

[
Q
(√

A2
xBxx

)]
= P1→3 , (42)

the PEP between s3 and s2 is given by

P3→2 = Pr

(
Axvx +Ayvy >

1
2

(
A2

yByy −A2
xBxx

)∣∣∣∣ s3

)

= Eh

[
Q

(
1
2

√
A2

xBxx +A2
yByy + 2AxAyBxy

)]

= P1→2 , (43)

the PEP between s3 and s4 is given by

P3→4 = Pr

(
Axvx −Ayvy >

1
2

(
A2

yByy −A2
xBxx

)∣∣∣∣ s3

)

= Eh

[
Q

(
1
2

√
A2

xBxx +A2
yByy − 2AxAyBxy

)]

= P1→2 , (44)

the PEP between s4 and s1 is given by

P4→1 = Pr

(
Axvx +Ayvy >

1
2

(
A2

xBxx −A2
yByy

)∣∣∣∣ s4

)

= Eh

[
Q

(
1
2

√
A2

xBxx +A2
yByy + 2AxAyBxy

)]

= P1→2 , (45)

the PEP between s4 and s2 is given by

P4→2 = Pr (vy > 0| s4)

= Eh

[
Q
(√

A2
yByy

)]
= P2→4 , (46)
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and the PEP between s4 and s3 is given by

P4→3 = Pr

(
Ayvy −Axvx >

1
2

(
A2

xBxx −A2
yByy

)∣∣∣∣ s4

)

= Eh

[
Q

(
1
2

√
A2

xBxx +A2
yByy − 2AxAyBxy

)]

= P1→2 , (47)

The expressions of the PEPs derived herein are utilized to obtain
the expression of an upper bound on the SEP as given in (15).
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