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Abstract—In this paper, a novel relax-and-retract algorithm is proposed
to tackle the nonconvex unit-modulus constraint in the joint intelligent
reflecting surface (IRS) and multiuser multiple-input multiple-output (MU-
MIMO) transceiver design. The conventional method to tackle the unit-
modulus constraint is semidefinite relaxation (SDR), and its computational
complexity is large. By using the symbol detection mean square error (MSE)
as the quality of service (QoS), the proposed relax-and-retract approach
enables us to get convex quadratically constrained quadratic programming
(QCQP) subproblems, which have a much lower computational complexity
than the conventional SDR approach. Simulation results show that the
proposed relax-and-retract approach has excellent performance in terms of
computational complexity, while the transmit power and the unit-modulus
hardware implementation are the same as those of the SDR approach.

Index Terms—Constant-modulus constraint, convex QCQP, intelligent
reflecting surface, MU-MIMO transceiver design, relax-and-retract
algorithm, SDR, unit-modulus constraint.

1. INTRODUCTION

Intelligent reflecting surface (IRS) has a large number of low-cost
passive reflecting elements with adjustable phase shifts and tuneable
modulus, thus collaboratively changing the reflected signal propagation
and significantly enhancing the performance of wireless communica-
tions [1]. Compared to the relay system, IRS is passive with full-duplex
mode, and has no self-interference and noise amplification [2]. The mas-
sive multiple-input multiple-output (MIMO) relay system is involved
with costly radio frequency (RF) chains, and its active antennas’ power
consumption is very high, while the IRS does not need any RF chains
and its power consumption is negligible [1].

The IRS has been applied in many wireless communication systems,
e.g., the IRS was proposed in the single user communication system [3],
[4], the multiuser multiantenna system [5], the orthogonal frequency
division multiplexing system [6], the wireless power transfer system [7]
and the secure wireless communication system [8]—[10]. In order to sim-
plify the IRS implementation, with signal-to-interference-plus-noise-
ratio (SINR) as the quality of service (QoS), the modulus of the IRS is
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Fig. 1. IRS-aided MU-MIMO communication system.

usually fixed as one [1], [6] and only the phase of the IRS system can
be changed. Therefore, the major challenge of the IRS design lies in the
nonconvex unit-modulus constraint, and the leading approach to solve
the unit-modulus problem is semidefinite relaxation (SDR) [1], [6],
[8]-[10]. However, the computational complexity of the SDR approach
is high, and the simple method only exists for special cases, e.g., the
single user situation [1], [6]. To tackle the SDR complexity issue,
by using linear approximations, the majorization-minimization (MM)
algorithm, complex circle manifold (CCM) method, and successive
convex approximation (SCA) method were proposed [7], [11]. Owing
to their linear convergence rate, the iteration number is generally large.
With sum-rate as the objective function, the penalty dual decomposition
(PDD) method was proposed in [12]. Although the subproblem of the
PDD method is simple, the inner and outer loops and the non-monotonic
convergence behavior make the iteration number large.

In this work, instead of the SDR approach, a novel relax-and-retract
algorithm is proposed to tackle the nonconvex unit-modulus constraint
in the joint IRS and MU-MIMO transceiver design. By using the
symbol detection mean square error (MSE) as the QoS criterion [13],
the proposed relax-and-retract approach ensures that its subproblems
are convex quadratically constrained quadratic programming (QCQP)
subproblems, which have a much lower computational complexity than
the SDR approach. Since the convex MSE function does not have
a linear upper bound, the MM algorithm, the CCM method, and the
SCA method cannot be applied to the proposed problem. Simulation
results show that the proposed relax-and-retract approach has excellent
performance in terms of computational complexity, while the transmit
power and the unit-modulus hardware implementation are the same as
those of the SDR approach.

Notation: In this paper, E(-), (-)T, and (-)¥ denote statistical ex-
pectation, transposition and Hermitian, respectively. The || - ||» denotes
the norm of a vector, Tr(-) and || - || ¢ stand for the trace and Frobenius
norm of a matrix, respectively. The vec(+) stands for the vectorization,
diag(A) is a vector with its elements being from the diagonal elements
of the square matrix A, and Diag(a) is a diagonal matrix with its
diagonal elements being from the elements of the vector a. For a vector
0, 6(n) is the n-th element of 6. The I is a K x K identity matrix.

The operator ®?_ | A; = [%1 :7} is adopted.

II. SYSTEM MODEL

The IRS-aided MU-MIMO transceiver design in the downlink com-
munication system is illustrated in Fig. 1. The base station (BS) has N
transmit antennas, the IRS has Ny reflecting elements, and K active
users with the k-th user equipped with M} antennas. The Ng x N
channel from the BS to the IRS is denoted as H, the M}, x N channel
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from the IRS to the k-th user is represented as H,. ;,, the M}, x N chan-
nel Hy j, is from the BS directly to the k-th user. The L; independent
data streams are transmitted to the k-th user and Zi{:l Ly =L.To
guarantee data recovery, it is required that L, < My and L < N.

Let G bethe N x L precoding matrix at BS, F;, be the L;, x Mj, re-
ceiver of the k-th user, and ® = Diag(6) be the Ng x Ng processing
matrix at the IRS. At the k-th mobile user, the received signal is

yr = (H, x Diag(0) H + H, »)GX + ng, (D
——

e

where x is the transmitted symbol with E{xx*} = I, and the noise
ny, is circularly-symmetric complex Gaussian i.e., ny~ CN(0,Xy).
The noise covariance matrix 3, > 0 has to be bounded with Tr(X,,) <
ck, Where ¢ is a positive finite constant. Owing to the complexity
limitation of hardware implementation in IRS design, the constraint on
0 is,

0(n)| = 1,Vn € [1, Ng], 2)

where the unit-modulus constraint only involves phase rotation.

At the k-th mobile user’s receiver, an L;, x M, receiver F, is used
to filter the received signal y . Then the recovered L;, x 1 data stream
is

)A(k = Fk(an@H-f—Hd,k)GX-‘rFkIlk. (3)

Since the transmitted data x are independent of the noise {ny }%_,, the
symbol detection MSE of the k-th user is

MSE}, = Ex n, [Tr{(Drx — %x)(Drx — %x) 7}, 4)

where the L, x Lmatrix Dy, = [0 I,

L’“XZZ: Li " OLkXZ:{:k+1Li]
is the k-th user’s data selection matrix. Note that 5 I, =1I;.

III. JOINT IRS AND MU-MIMO TRANSCEIVER DESIGN

The joint optimization of the IRS processing matrix ® and the MU-
MIMO transceiver (G, {Fy}5_,) is presented as follows. The joint
design is to minimize the transmit power at the BS, subject to K users’
MSE requirements and the constraint on 0, i.e.,

min

G 2
oK IGl=

st |[Fe(H,. . ®H + H, )G — Dy ||% + Tr(F. 32, FH)
< €k, Vke[l,K],
|0(n)] =1, Vn € [1, Ng], 6)

where ¢ is the k-th user’s MSE target. Since the relationship between
MSE and SINR is MSE = 1/(1 4+ SINR) [13], the MSE requirements
also guarantee the SINR performances of all users.

In order to determine whether problem (6) is feasible, the following
definition is presented,

H, ©H+H,,
H, = = @)

H, x©H + H,

Subsequently, we have following conclusions.

Proposition 1: If there is a {6]{|6(n)|=1}"E} such that
rank(Hy) > L and {rank(H, ;©®H + H, ;) > L; }X_,, then prob-
lem (6) is feasible.
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Proof: Let us fix the equalizers as,

Fl = ﬁvm vk € [1, K], ®)

where V, is the L, normalized left singular vectors of H, ,©H +

H, ;. associated with its L, largest singular values and ¢, > c/ey.

Therefore, it is easy to prove that {Tr(Fy3,FH) <&, }5 . Fur-

thermore, since {rank(H, ; ©H + H, ) > L}, none of the row
vectors of F, lie in the left null space of H,. , ©H + H ;..
By using the equalizers in (8), we have an L x N matrix,

F,(H,,©H+H,,)
=@/ F, - Hy =H,. )
Fr(H. x®OH+ H, k)

Since the row vectors in equalizers (8) are orthogonal vectors, the
block diagonal structure in ©F_, F, makes its L row vectors are also
orthogonal vectors. Furthermore, it can be extended from the upper
paragraph that none of the row vectors of ©F_,F}, lies in the null
space of H{'. Together with the condition rank(H,) > L, the L row
vectors of ©F_, Fy, - Hy are linearly independent, i.e., rank(H,) = L.
Therefore, letting G = HI (H;H) !, we have

FI(HM@H +Hd,1)G
: =H/G=I,=e 1., (10

Fr(H, x®OH+H, k)G

which makes {||Fy(H, 1®H + H,; ;)G — D||% = 0} ,. There-
fore, there exists a joint design (G, 6, {Fj }_,) to make problem (6)
feasible. |

By using the simple singular value decomposition (SVD), the prob-
lem (6) is infeasible if the rank conditions in Proposition 1 are not
satisfied. In this case, the optimization effort for problem (6) is saved.
Since ® = Diag(0) is a full rank diagonal matrix for any |@(n)| = 1,
the impact of ® on the rank of Hj is small. The rank of H, depends
heavily on the correlations in and between H, {H,. ., } X, {Hq 1},
Therefore, ® = I, is a good choice to check Proposition 1, and an
example is illustrated in the simulation section.

Remark 1: The channel H,; ;, can be estimated by switching off
the IRS and using the conventional channel estimation method. With
low-power receive RF chain in IRS [14], the channels H and H, ;
can be estimated at IRS by using the conventional channel estimation
method and the channel reciprocity property in the time-division du-
plexing (TDD) system. To consider the channel estimation errors, the
robust QoS constrained beamforming problem is quite different from
the conventional robust designs with Gaussian perturbation [15]-[17].
Since the distribution of the product of the errors in H and H,. ;, is
difficult to obtain, the robust QoS constrained IRS design is a challenge
task [12].

IV. ITERATIVE IRS AND TRANSCEIVER DESIGN

Although problem (6) is a difficult nonconvex problem on
(G,0.{F;}£ ), the block coordinate descent methodology is used
to find G, 0, {F } | sequentially.

With fixed IRS processing matrix © and receivers {Fy } |, the
optimal transmitter G is obtained through

min Tr(GGH)
G
st |Fp(H,,@H + H, )G — Dy ||% + Tr(F, 2, FH)
<ep, Yk € [1,K], (11)

which is a convex QCQP problem.
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With fixed IRS processing matrix ® and transmitter G, the optimal
receiver F';, is obtained through minimizing the guaranteed MSE,

min [|Fy(H, ,©H + Hg )G — Dy |7 + Tr(Fp 2 F), (12)
.

which is a convex problem, its optimal solution occurs at the unique
stationary point F, = DyHE ; (Hg sHE ;, + i)' with Hg x =
(H,r®H + H,)G.

With fixed transmitter G and receivers {F, }X_,, the optimization
problem to get the optimal IRS is obtained by minimizing the total MSE
of all K users under individual MSE constraints,

K

min Z [F5(
k=1

s.t. |Fy(H, xDiag(0)H + Hy )G — Dy |% + Tr(F. 3, FH)
<ey, Vk €1, K],

|0(n)] =1, Vn € [1, Ng],

H, ;Diag(0)H + Hy 1)G — Dy |7

(13)

which is a difficult nonconvex problem owing to the unit-modulus
constraints. Note that the constant term Tr(Fy, EkaH ) is eliminated
from the cost function of (13).

A. IRS Design Based on SDR

In order to tackle the nonconvex constraint |@(n)| = 1, the conven-
tional SDR approach needs the following reformulations. Denoting the
i-th column vector of H as H:, 7], we have the algebraic transforma-
tions for the objective function of problem (13),

H
RPN .
= HFkHr,k [Dlag(HG[7 1])07 ) Diag(HG[:7 L])a]
+ FiHyxG — Dy [|7 1s)

= H [FkHr,kDiag(Hg[:, 1])0,
+F.H; .G — DkH%?

< FkHr,kDiag(HG [:7 L])O]
(16)

= HVeC ( [FkHr,kDiag(HG[:7 1])97 ) FkH'r',kDiag(HG [:v LDO]

+FkHd,kGka)\|§ (17)

F.H, leag(HG[ 1))
I o+ vectmiraG -y a9
F,H, leag(HG[ L))

by
A
= ||AkO + by[5 = [|[Ax, b] [07, 11" |3 (19)
W—/
e
= Tr([Ax, bx]?[Ar, b |06™) (20)

After letting Qg 2 00", problem (13) is equivalent to

K
g{ifo ZTr([Akabk]H[Akabk]Qé)
07" k=1
s.t. Tr([Ag, br] 7 [Ak, br]Qs) + T(FkEka)gak,sze[l,K]

2]
diag(Qg) = 1,rank(Qg) = (1)

1997

which is a nonconvex problem owing to the rank-one constraint. By
dropping the rank-one constraint, the problem (21) becomes the convex
semidefinite programming (SDP) problem

K
min Z Tr([Ag, br]7[AL, br]Qp)
Q=0 o

s.t. Tr([Ag, br] 7 [Ak, br]Qe) + Tr(Fp 2 Ff) <ep, Ve[, K]
diag(Qp) = 1. (22)

If the rank of the optimal solution in the convex problem (22) is
one, the optimal solution of the nonconvex problem (21) is also ob-
tained. Although the SDR approach in (22) is not guaranteed to get
a rank-one solution, the well-known Gaussian randomization method
in [18] provides suboptimal solution for (13) and (21). First, the
random realizations {r; } /2| are generated from CA/(0, I, +1). Under
eigendecomposition Qs =V, 32, VH for the optimal solution Qg in

(22),{V, E r;
didates {Q} = 0 9 } |, where ; is the elements in vector VqZJq r;
divided by their modulus Third, the feasible Qi with minimal objective
value in problem (22) is selected, and the correspondlng 6, is denoted as

0" Fmally, the solution for (13) is obtained as 6" (1 Ng)/0" (1 + Ng),
where 8" (1: Ng) is the first Ny elements of 6.

1 are constructed. Second, we can construct the can—

B. IRS Design Based on Relax-and-Retract

For the difficult nonconvex constraint [@(n)| = 1 in IRS design
problem (13), instead of the conventional SDR approach, we propose to
relax the constraint into a convex constraint |@(n)| < 1 and then retract
the solution to the unit circle.

1) Relax: After relaxing the nonconvex constraint |6(n)| = 1 into
the convex constraint |@(n)| < 1, the IRS design problem (13) is
relaxed as,

K
min ; |Fy(H

s.t. ||Fy(H, xDiag(6)H + H, )G —Dy |5+ Tr(F S, FF)
< €k, VkG[I,K]
|6(n)] <1, Vn € [1, Ng],

+xDiag(0)H + Hy )G — D%

(23)

which is a convex QCQP problem. Denote the optimal solution of
problem (23) as 6;.

2) Retract: Since the optimal solution 8; in (23) may not occurs
at the unit circle, direct projection to the unit circle is a way to satisfy
the unit-modulus constraint, i.e.,

= [91(1)/\91‘(1)\» .. ~:0i(NR)/|0i(NR)|]T'

However, the projection solution 87 may not satisfy the MSE constraint.
From the projection point 67, we can construct tangent planes on the
unit circles |@(n)[> = 1 as,

(24)

Re (07(n)0" (n)) = 1, Vn € [1, Ng]. (25)

Next, in order to cover both @; and its projection 87, we can shift the
tangent planes (25) and construct half-spaces

Re (67(n)0" (n)) > 1 — A(n), A(n) >0, Vn € [I,Ng], (26)
where the shift terms { A (n)}2 %, represent the distances between the
tangent planes (25) and their corresponding boundaries of the half-
spaces (26). By pushing the boundaries of half-spaces (26) to the tangent
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Fig. 2. Tllustration of the retract operation. The region above the solid red line
and below the solid blue curve contains the subset of the feasible set in problem
(27). Then, any feasible solution in this region has larger modulus than 6, i.e.,
16:+1113 > [16:]3-

Algorithm 1: IRS Retract Operation.

1: initialization: Let 8, be the optimal solution of problem (23).

2: repeat

3: Find the projected solution 67, solve the convex QCQP
problem (27), denote the optimal solution as 6, ;. Update
1=14+ 1.

4 until [|0;]3 — |05 < €

planes (25), we can find better feasible solution with larger modulus,
i.e.,

. A 2
min [All;

st ||Fy(H, xDiag()H + Hy )G — Dy || %+ Tr(F . 2, FH)
<eg, Vk € [1,K}
|0(n)] < 1, ¥n € [1, Ng],

Re (87 (n)0" (n)) > 1 — A(n), A(n) >0, Vn € [1, Ng],
27

Since ; is a feasible solution of problem (27),! it is always feasible.
Denote the optimal solution of problem (27) as 6,;, owing to the
design criterion of problem (27), we have

10:13 < 10i113- (28)

Besides the optimization criterion in problem (27), the conclusion (28)
can also be illustrated geometrically in Fig. 2. Based on the optimal
solution ;¢ |, we can construct the projected solution %, | and similar
half-spaces in (26), and find larger modulus solution again. Therefore,
the IRS retract operation is proposed in Algorithm 1.

Since the optimal solution 6, 1, of problem (27) satisfies |8;41(n)| <
1, Vn € [1, Ng],wehave||0;4]|3 < Ng.Together with the monotonic
increasing property in (28), the Algorithm 1 is guaranteed to converge.

C. Iterative Algorithm and Complexity Analysis

The algorithm to solve the joint IRS and MU-MIMO transceiver de-
sign problem (6) is described in Algorithm 2. With a feasible transmitter
from problem (11), the i-th transmit power is ||G;||3, the sequential

! Although the constraints {A(n) > O}Sjl are necessary for the geometric
illustration, they are redundant for the optimization. Therefore, the positive
constraints on the shift terms can be removed from the optimization (27).

Algorithm 2: Joint IRS and MU-MIMO Transceiver De-
sign.

1: initialization: initialize 0y = 1, {Fy o}, is initialized as
(8) and set 7 = 0.
2: repeat
3: With @ = 0,, {F), = F,;} |, solve the convex problem
(11), denote the optimal solution as G ;.
4: With 8 = 6;, G = G, solve the convex problem (12)
for all k € [1, K7, denote the optimal solutions as
{Friti b
5: Let G = Gi+|,{Fk = Fk7i+1}£(:l.Forthe SDR
approach, solve the problem (22). For the relax-and-retract
approach, solve the convex QCQP problem (23). Denote
the solution as 0,1, and set i = 7 + 1.

until HGZ*IH%‘ — HGZHZF < € ori > imax

7:  For the relax-and-retract approach, use Algorithm 1.

a

optimal MSE minimization in (12) makes its objective value smaller
than the MSE target ¢, the total MSE minimization in (13) makes
the resulting MSEs smaller than the MSE targets {e5}7_,. The MSE
minimizations in (12) and (13) make the successive transmitter design
have more space to reduce the transmission power, i.e., |Gy |3 <
|G.;]|3. Since the transmit power is monotonically nonincreasing and
the transmit power is bounded below from zero, the iterative algorithm
in Algorithm 2 converges.

Note that the IRS retract operation in Algorithm 1 is only added at
the end of Algorithm 2, instead of adding Algorithm 1 in every loop
of Algorithm 2. This is due to the fact that the IRS retract operation
increases the modulus and satisfies the MSE requirements, while does
not change the transceiver and its transmit power. Since the IRS retract
operation does not change the transmit power and the feasible set of
relaxed subproblem (23) is larger than that of problem (21), the transmit
power of the relax-and-retract approach is less than or equal to that of
the SDR approach.

The computational complexities of the relax-and-retract approach
with problems (23) and (27) and the SDR approach with problem
(22) are analyzed as follows. By using the interior point method,
the computational complexities of the convex QCQP problems (23)
and (27) are O((K + Ng)* (K + 2Ng)N%) [19, p.145]. Therefore,
the computational complexity of the relax-and-retract algorithm is
O((1 4141 /i2)N%>), where 4; is the iteration number of Algorithm
1 and %, is the iteration number of relax operation in Algorithm
2. Since the computational complexity of the SDR problem (22) is
O((Ng + 1)%3) [20], the computational complexity of the relax-and-
retract approach is much lower than that of the SDR approach.

V. SIMULATION RESULTS AND DISCUSSIONS

In the simulations, the number of transmit antennas is N = 4, the
number of users is K = 2, the number of antennas is M, = 2 for
all users, the number of data streams is L; = 1 for all users, and
the number of reflecting element is Nz = 40 unless noted otherwise.
The MSE requirements are fixed as {e = 0.1}, and the noise
covariance matrices are {33, = 0.011 M, }le. The elements in chan-
nels H, {H,. ., Hy ;. } XX, are generated from CA/(0, 1) divided by the
square root of their element numbers. Since the objective of this paper
is to show the computational advantage of the proposed method, and the
computational complexity is independent of the pathloss model, it is not
considered in the simulations. All the simulation results are averaged
over 100 random channel realizations. The Gaussian randomization
number is R = 10>. The termination threshold for Algorithm 1 is
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Fig. 4.  Check the unit-modulus constraints of the relax-and-retract method.

€; = 107°, while for Algorithm 2 is €, = 0 and i, = 15, which is
designed to make a clear distinction between the relax region and the
retract region at the 15-th iteration. The optimization problems are
solved on a laptop PC with 3.6 GHz CPU and 16 GB RAM, using
the parser CVX and solver SDPT3 [21].

From the simulation setting, all users’ channels {H, ,OH +
H,;,} | are 2 x 4 random matrices, therefore {Pr(H, ©OH +
Hg =0) =0}, and the probability of {rank(H, ,OH +
H,, ) > 1}, is one. Furthermore, for the uncorrelated random 4 x 4
matrix Hy, the probability of rank(Hy) > 2 is also almost one. There-
fore, according to Proposition 1, all the simulations in this setting are
feasible. 5
The transmit powers (1010g10%) of the relax-and-retract ap-
proach and the SDR approach are compared in Fig. 3. It can be seen
from Fig. 3 that the transmit powers of the relax-and-retract approach
are almost the same as that of the SDR approach, which validates the
transmit power analysis in Section IV-C.

The unit-modulus constraint of the relax-and-retract approach is
checked in Fig. 4. In the retract region of Fig. 4, min{|6(n)[}\%, >
1 — 10°. Together with the relaxed constraints {|6(n)| < 1}, , we
draw the conclusion that all IRS’s modulus of the relax-and-retract
approach are one, up to a numeric error 107°.

1999
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| | —%— Relax-and-Retract: subproblems (23) & (27)

Average computation time (secs)

0 . . . . .
10 20 30 40 50 60 70 80

Number of reflecting elements NR

Fig. 5. Computational times of SDR and relax-and-retract methods.

The computational times of the relax-and-retract approach and the
SDR approach are compared in Fig. 5. Since the retract operation
in Algorithm 1 is implemented at the end of Algorithm 2, the com-
putational time of the relax-and-retract method is the sum of the
computational time of the relax operation in subproblem (23) and
that of the retract operation in Algorithm 1 divided by the iteration
number in the relax region. It can be seen that the computational time
of the relax-and-retract approach is much smaller than that of the SDR
approach, which validates the complexity analysis in Section IV-C.
Therefore, Figs. 3 to 5 reveal that, compared to the conventional SDR
approach, the proposed relax-and-retract approach achieves the same
transmit power and the same unit-modulus implementation but with a
much lower computational complexity.

VI. CONCLUSION

In this study, we have proposed a novel relax-and-retract approach
to tackle the difficult nonconvex unit-modulus constraint in IRS design.
The proposed relax-and-retract approach enables us to get convex
QCQP subproblems, which has a much lower computational complex-
ity than the SDR approach. Simulation results have shown that the
proposed relax-and-retract approach has excellent performance in terms
of computational time, while the transmit power and the unit-modulus
hardware implementation are the same as those of the conventional
SDR approach.
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