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Abstract—This paper presents performance analysis of an adap-
tive peak cancellation (PC) method to reduce the high peak-to-
average power ratio (PAPR) for OFDM systems, while keeping the
out-of-band (OoB) power leakage as well as an in-band distortion
power below the pre-determined level. In this work, the increase of
adjacent leakage power ratio (ACLR) and error vector magnitude
(EVM) are estimated recursively using the detected peak ampli-
tude. We present analytical framework for OFDM-based systems
with theoretical bit error rate (BER) representations and detection
of optimum peak threshold based on predefined EVM and ACLR
requirements. Moreover, the optimum peak detection threshold is
selected based on theoretical design to maintain the pre-defined
distortion level. Thus, their degradations are restricted below the
pre-defined levels which correspond to target OoB radiation. We
also discuss the practical design of peak-cancellation signal with
target OoB radiation and in-band distortion through optimizing
the windowing size of the PC signal. Numerical results show the
improvements with respect to both achievable BER and PAPR
with the PC method in eigen-beam space division multiplexing
(E-SDM) systems under restriction of OoB power radiation. It can
also be seen that the theoretical BER shows good agreements with
simulation results.

Index Terms—PAPR, ACLR, EVM, OoB radiation, OFDM.

I. INTRODUCTION

FUTURE wireless communication systems require robust
communication over a frequency-selective fading chan-

nel [1], such as orthogonal frequency division multiplexing
(OFDM) with multi-input multi-output (MIMO) technologies.
One of the technical issues in MIMO-OFDM is the reduction of
peak-to-average power ratio (PAPR).
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Existing PAPR reduction techniques can be categorized into
probabilistic-based approach [3]–[13], coding-based [14]–[16],
and limiter (deliberate clipping) [17]–[32]. Contemporary com-
munication systems rely on a simple PAPR reduction technique
without any additional processing at the receiver end. Delib-
erate clipping and filtering (C&F) [17]–[24] is an attractive
technique from the viewpoint of its simple implementation,
but it introduces nonlinear degradations. In C&F, filtering is
used to remove OoB radiation, but it causes the re-growth of
signal amplitude after filtering. Other related approaches such
as peak windowing, peak cancellation (PC), and companding
(e.g., [25]–[32]) have also been investigated. In principle, C&F
and its simplified versions produce nonlinear distortion that may
be measured by using error vector magnitude (EVM) and adja-
cent channel leakage power ratio (ACLR). To cope with them,
initial studies of peak cancellation under out-of-band radiation
has been presented in [30], [31]. However, in these works, the
peak detection threshold level is empirically determined and
also the optimum peak detection threshold and bit error rate
(BER) analysis are not theoretically given. From the practical
system design point of view, they should be kept below a
pre-defined optimum threshold. An analytical evaluation of their
impacts on transmission system design is an important study
item. This is even more important since the BER performance
of the pre-coded OFDM system is highly sensitive to nonlinear
degradations. Main contributions are as follows.
� We present an adaptive peak cancellation method to keep

EVM and ACLR below permissible level for multi-input
multi-output (MIMO)-OFDM system. In this method, an
amplitude that exceeds a given threshold is suppressed re-
peatedly by efficient design of PC signal, while optimizing
the system performance for pre-defined ACLR and EVM.
The proposed method is an efficient distortion estimator
for linearly pre-coded MIMO-OFDM, where the increases
of ACLR and EVM are estimated recursively using the
detected peak amplitude, respectively.

� Unlike the peak cancellation in [31], we present an analyti-
cal framework for OFDM-based systems with detection of
optimum peak threshold (i.e., theoretically achieved PAPR
lower bound) based on EVM and ACLR. In this framework,
the optimum peak detection threshold is selected based on
the analytical results to achieve the pre-defined distortion
level.

� We develop an analytical framework for single antenna and
multi-antenna systems, respectively. Our analysis confirms
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that signal distortion due to the peak cancellation is a ran-
dom variable which follows Gaussian distribution whose
variance and average power is determined based on the
optimum peak detection threshold.

� We discuss about practical design of peak cancellation
signal, where achievable OoB radiation and in-band dis-
tortion can be adjusted by optimizing the windowing size
of the PC signal. We evaluate the achievable performance
of our proposed method in terms of BER, complementary
cumulative distribution function (CCDF) of PAPR as well
as computational complexity in pre-coded MIMO-OFDM
systems using eigenbeam space division multiplexing (E-
SDM). The proposed method is able to restrict ACLR and
EVM below their permissible levels without empirically
determining the parameters such as the number of PC
signal additions. The results show that the proposed method
achieves lower peak power and computational complexity
compared to the case of repeated C&F under the restriction
of OoB power radiation.

II. RELATED WORKS

Limiter based PAPR reduction techniques have been investi-
gated for OFDM systems in the literature. In particular, various
C&F based approaches are presented such as in [20]–[32].
In [20], an adaptive selection method of peak detection thresh-
old is proposed to achieve fast convergence in repeated C&F.
This method is effective in reducing the required number of
iterations in C&F. However, in-band distortion due to clipping
is not restricted below a pre-defined level. In [21], an optimized
filtering method is proposed for repeated C&F in which filter
characteristic is optimized to minimize in-band distortion (i.e.,
EVM) under PAPR constraint while limiting the OoB radiation.
Using this method, the required number of repetitions is reduced
compared with traditional repeated C&F. In [22], a modified
repeated C&F method is presented, where the clipped signal is
optimized by minimizing the increase of in-band distortion at
each clipping iteration under PAPR constraint. This method is
also effective in reducing the required number of iterations in
repeated C&F. However, the above methods still require repeated
filtering operations to limit OoB radiation which results in
increased computational complexity. In [23], a simplified C&F
technique using a neural network is proposed. In this method,
band-limited clipped signal is approximately generated with a
learning-based approach without actual filtering process. Thus,
the required complexity to reduce PAPR is reduced. However,
the bit error rate is degraded due to inaccurate approxima-
tion as modulation order increases. Thus, more complicated
learning method may be needed for signals with higher-order
modulation. In [24], a repeated C&F method that adaptively
determines the clipping threshold is proposed. Although this
method does not require a pre-defined threshold, in-band distor-
tion is not restricted below a pre-defined level. In [32], a new
limiter based companding function was proposed to suppress
peak amplitude effectively. However, companding transforma-
tion causes OoB radiation due to nonlinearity of companding
function.

Fig. 1. System block diagram.

Unlike the above approaches, in this paper, we designed
an effective peak cancellation method that restricts EVM and
ACLR below the optimum pre-defined level, while reducing the
peak amplitude below the threshold level with lower complexity
than the conventional repeated C&F.

III. MATHEMATICAL SIGNAL REPRESENTATION

A. System Model

Fig. 1 illustrates an E-SDM OFDM system model, where
M , N , and K denote the number of transmit antennas, re-
ceive antennas, and data streams, respectively. W l

t and W l
r

denote precoding and post-coding matrices on the l-th sub-
carrier, respectively, where l = 1, . . . , L, and L denotes the
number of subcarriers. Here, the transmit data vector of the
l-th subcarrier xl = [xl

1, . . ., x
l
k, . . ., x

l
K ]T is multiplexed by the

precoding matrix W l
t = [wl

t1, . . .,w
l
tk, . . .w

l
tK ], where wl

tk =
[wl

tk1, . . ., w
l
tkm, . . . , wl

tkM ]T is the l-th column vector of W l
t

for the k-th data stream and superscript T stands for transposed
matrix. In E-SDM, left singular vector and right singular vector
of the channel matrix are used as precoding and post-coding
matrices, respectively. H l stands for N ×M matrix of the l-th
subcarrier defined as

H l =

⎛
⎜⎜⎝

hl
11 . . . hl

1 M

... hl
nm

...

hl
N1 . . . hl

NM

⎞
⎟⎟⎠ , (1)

where hl
nm denotes impulse response of the path, Here, the m

and n denote the transmit antenna index and the receive antenna
index, respectively. Using with singular value decomposition
(SVD), H l can be decomposed into

H l = U lΣlV
H
l , (2)

where U l and V H
l are left and right singular vector of

H l, and (·)H means complex conjugate operation. Σl =

diag(
√

λl
1,
√

λl
2, . . .,

√
λl
M ) is a diagonal matrix and

√
λl
m is

the singular value of m-th stream. Transmit and receive spatial
filter are defined as W l

t = V l and W l
r = UH

l . The pre-coded
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QAM data stream is modulated with inverse fast Fourier trans-
form (IFFT) and then PAPR reduction technique is applied at
each transmits antenna. The guard interval (GI) is added to every
symbol to remove inter-symbol interference. Perfect channel
estimation is assumed.

After removing GI and carrying out FFT process-
ing, the received signal is multiplied by the post cod-
ing matrix Wr

l = [wr1
l, . . .,wrk

l, . . .wrK
l]T , where wl

rn =
[wl

rn1, . . ., w
l
rnk, . . ., w

l
rnK ]T denotes the n-th post-coding vec-

tor of the l-th subcarrier. The received signal vector after passing
through the received filter is yl = [yl1, . . .y

l
k, . . .y

l
K ]T given as

yl = W l
r(H

lW l
tx

l + nl)

= UH
l (H lV lx

l + nl)

= UH
l (U lΣlV

H
l V lx

l + nl)

= Σlx
l +UH

l nl, (3)

where U l and V l are unitary matrices and nl =
[n1, . . .nn, . . ., nN ]T is an additive white Gaussian noise
(AWGN) vector at each receive antenna.

B. Definitions of ACLR and EVM

In this paper, we evaluate the amount of OoB radiations as
ACLR which is defined as

ACLR =

∫
fU, fL

S(ω)

St
dω. (4)

Here, St =
1
2E[|xl

k|2] denotes the average power of the transmit
signal and S(ω) is the power spectral density of the transmitted
signal.

Let fU and fL denote the measured ACLR at an upper and
lower band, respectively. The permissible maximum ACLR is
set to −50 dB for transmitting signals at every antennas.

We also evaluate in-band distortion by measuring EVM which
is defined as:

EVM =

L/2∑
l=−L/2+1

|Xl − X̃l|2/
L/2∑

l=−L/2+1

St[l], (5)

where St[l] is the average power of the l-th subcarrier signal. Xl

and X̃l denote the complex signals at the l-th subcarrier (after
FFT operation) without and with PAPR reduction, respectively.
In E-SDM case, Xl and X̃l are defined as complex signals and
replicated at the l-th subcarrier of each eigen-channel by Eq. (3).

IV. ADAPTIVE PEAK-CANCELLATION TECHNIQUE

Fig. 2(a) shows the block diagram of our designed peak
cancellation which consists of five steps, i.e., PC signal gen-
eration, selection of the peak detection threshold, peak detector,
distortion estimation, and PC signal scaling, where x(m,i)(t)
denotes input signal at m-th antenna at i-th repetition.

The first two blocks (“PC signal generation” and “selection
of the peak detection threshold”) are carried out beforehand.
In each transmission frame, whenever the maximum amplitude
x
(m,i)
max exceeding the threshold Ath is detected at the peak

Fig. 2. The concept of the proposed method. (a) Block diagram of the proposed
method, where x(m)(t, i) denotes the transmit signal at m-th antenna after
adding i-th PC signal. (b) Peak cancellation process at m-th antenna.

detector, the distortion estimation is carried out using a recursive
method, and it decides whether both the maximum ACLR and
an average EVM over all antennas are kept below their given
values or not (i.e., binary decision; “Y” or “N”).

If the estimated values are below the pre-defined values, the
amplitude of the PC signal is scaled to A

(m,i)
p = |x(m,i)

max | −Ath.

Then, the scaled PC signal is added to reduce |x(m,i)
max | to Ath.

Otherwise, the peak cancellation procedure stops. The details of
each step are explained below.

Step 1: Peak Cancellation Signal Generation: Whenever the
maximum signal amplitude exceeds a given threshold level Ath,
the maximum peak is suppressed by adding a PC signal. Here,
the PC signal is a scaled OFDM symbol whose subcarriers are
added up to be in-phase at a given symbol time instant. The PC
signal is generated by scaling the following basic function g(t)
as

g(t) =
1
L

L/2∑
l=−L/2+1

pl(t)e
jωlt, (6)

where pl(t) is the transmit pulse at the l-th subcarrier. In this
paper, we assume that pl(t) is the same rectangular pulse on all
subcarriers whose amplitude is unity. The time-domain wave-
form of g(t) is truncated by a windowing function w(t); the
truncated version of g(t) is given as

g′(t) = w(t)g(t). (7)
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Fig. 3. An example of peak cancellation (PC) signal. (a) Time-domain wave-
form. (b) Frequency-domain spectrum.

Fig. 4. Illustration of the peak cancellation effect.

We use the following windowing function to truncate the peak
cancellation signal waveform:

w(t) =

⎧⎪⎨
⎪⎩

0 (T2 < |t|)
1
2 + 1

2 cos
π(|t|−T1)
T2−T1

(T1 < |t| ≤ T2)

1 (|t| ≤ T1),

(8)

where 0 < T1 ≤ T2. Here, T1 is a design parameter to optimize
distortions appeared after peak cancellation. T2 denotes win-
dow size of w(t). The truncated PC signal waveform and its
frequency spectrum of g′(t) are illustrated in Fig. 3(a) and (b),
respectively. Here, parameters of windowing function are given
as (T1, T2) = (T/8, T/4), whereT is a symbol duration. The PC
signal explicitly exhibits high peak amplitude which is utilized
to reduce the PAPR of OFDM.

Step 2: Selection of Peak Detection Threshold: In the pro-
posed method, the optimum peak detection threshold should be
selected so that the signal amplitude is suppressed below the
threshold level, while EVM and ACLR are kept below the pre-
defined values. This subsection describes the optimum threshold
selection. Fig. 4 illustrates an example of an OFDM signal
waveform. In this figure, red and blue lines show the signal with
and without the proposed peak cancellation, respectively. The

Fig. 5. Modeling of signal distortion due to PC signal addition.

green-shaded area corresponds to signal amplitude exceeding
the peak detection threshold Ath. As illustrated in Fig. 4, adding
the PC signal distorts the OFDM signal and increases both EVM
and ACLR.

Fig. 5 illustrates the relation between the scaling factor of the
PC signal and the peak detection threshold, where ζ and Ath

denote the maximum amplitude of the OFDM signal and the
peak detection threshold, respectively. As illustrated in Fig. 5,
when the maximum amplitude ζ exceeds the threshold level
Ath, OFDM signal amplitude is reduced to the threshold level
by adding the PC signal whose amplitude is scaled to ζ −Ath.
Since the scaled PC signal is given as (ζ −Ath)g

′(t), the energy
of the scaled PC signal is calculated as

E(ζ −Ath) =

∫ T2

−T2

(ζ −Ath)
2 g′2(t)dt

= (ζ −Ath)
2
∫ ∞

−∞
G′2(ω)dω

= (ζ −Ath)
2

(∫
fin

G′2(ω)dω +

∫
fout

G′2(ω)dω
)

≡ (ζ −Ath)
2(Ei + Eo), (9)

where fin and fout denote bandwidths to measure EVM and
ACLR, respectively. Here, G′(ω) =

∫∞
−∞ g′(t)e−jωtdt. Ei and

Eo denote in-band power and out-of-band power of PC signal,
respectively. Statistical distribution of instantaneous power of
the OFDM signal follows exponential distribution as

r(ζ) =
1
σ2

exp

(
− ζ2

σ2

)
, (10)

where ζ2 and St = σ2 denotes instantaneous power and average
power of OFDM signal, respectively. Thus, the average signal
distortion due to peak cancellation is calculated as

Sd =

∫ ∞

Ath

E(ζ −Ath)r(ζ)dζ

= (Ei + Eo)

∫ ∞

Ath

(ζ −Ath)
2r(ζ)dζ. (11)
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The in-band distortion power is given as

Sin = Ei

∫ ∞

Ath

(ζ −Ath)
2r(ζ)dζ. (12)

Assuming Ei � Eo, the normalized signal distortion is
restricted as

Sd

St
≈ Sin

σ2
≤ er

σ2
, (13)

where the average power of the signal is St = σ2 and er
σ2 denotes

the pre-determined value of the maximum acceptable EVM.
Hence, the minimum (optimum) peak detection threshold Ao

th

that meets the EVM requirement is given as

∫ ∞

Ao
th

(ζ −Ao
th)

2r(ζ)dζ =
er
Ei

. (14)

Here, (Ao
th)

2 corresponds to the peak power of the OFDM signal
after peak cancellation. Using Eq.(14), the optimum threshold
Ao

th to achieve pre-determined EVM value can be theoretically
obtained.

Step 3: Peak Detection and the Remaining Processing: As
in Fig. 2(a), the remaining three steps (i.e., “peak detection,”
“distortion estimation,” and “PC signal scaling”) are repeated
until the peak amplitude is below the threshold value unless
the estimated distortion (i.e., ACLR or EVM) exceeds their pre-
defined values. More concretely, as illustrated in 2(b), at the first
iteration (i=1), if the peak amplitude of OFDM signal at m-th
antenna exceeds the selected peak detection threshold at time
instance t = t

(m,i)
0 , the difference between the detected peak

amplitude and the detection threshold, A(m,i)
p , is calculated by

adding the PC signal. Similarly, at the 2nd iteration (i= 2), if the
peak amplitude exceeds the threshold, PC signal is added again
to cancel this peak amplitude. The increase of ACLR and EVM
is estimated using the detected valueA(m,i)

p . Details of distortion
estimation and peak cancellation are explained in Steps 4 and 5.

Step 4: Distortion Estimation: In multi-stream transmission
in MIMO-OFDM, the peak cancellation is carried out to sup-
press the peak amplitude below the peak detection threshold
under constraints of EVM and ACLR, where EVM and ACLR
requirements are defined as an average value and the maximum
value over all antennas, respectively.

Since the truncated signal g′[s] = g′(sΔt) has out-of-band
spectrum, it is clear that out-of-band radiation and in-band
distortion appears by adding g′[s]to the transmit signal, where
Δt denotes sampling interval. Here,

G′[l] = F [g′[s]] = W [l]∗G[l],

where F and ∗ denote discrete Fourier transform and convolu-
tion operator, respectively.G[l] andW [l] are frequency spectrum
of the PC signal g[s] and the window functionw[s], respectively.

Let Δpo and Δpin denote OoB signal power and in-band
signal power of g′(t). Note that Δpo and Δpin are known values
(calculated beforehand). Hence, whenG′[l] is added to the signal

to cancel the peak, the in-band distortion and OoB radiation are
increased by
{
Δpin =

∑L/2
l=−L/2+1 |G′[l]|2,

Δpo =
∑3 L/2+1

l=L/2+2 |G′[l]|2 +∑−(L+2)/2
l=−3 L/2 |G′[l]|2. (15)

Let the total transmission power St be constant, i.e., St =∑M
m=1 S

(m), whereS(m) is the average signal power at them-th

transmit antenna. Let |A(m,i)
p | denote the difference between the

threshold value and the i-th peak amplitude x
(i)
max at the m-th

antenna. EVM increase is expressed as 1
St
|A(m,i)

p |2Δpin when

the PC signal is added to suppress the i-th peak amplitude x(i)
max.

We calculate an average EVM value overall antennas as

Δε(i)e =

M∑
m=1

1
St

|A(m,i)
p |2Δpin =

Δpin
St

M∑
m=1

|A(m,i)
p |2, (16)

where Δpin denotes the pre-determined constant. The averaged
EVM value ε

(i)
e is recursively calculated as

ε(i)e = ε(i−1)
e +Δε(i−1)

e . (17)

In order to restrict OoB radiation below the permissible value,
we propose to estimate the instantaneous ACLR at each antenna
as follows: The estimated ACLR at the i-th iteration can be
estimated as the following recursive equation.

Δε(m,i)
a =

Δpo
St/M

|A(m,i)
p |2, (18)

where St/M denotes the transmit signal power per antenna.
The second term of the right-hand side means how much ACLR
is increased at the i-th PC signal addition. The worst (i.e.,
maximum) ACLR among all antennas is calculated as

ε(i)a max = f(ε(m,i)
a )max:m, (19)

where f(·)max:m is a function that selects the maximum value
from possible ones with respect to antenna index m. The pro-
posed method cancels the peak amplitude unless the estimated
worst ACLR among all antennas exceeds the permissible level.
In other words, in the proposed method, the worst ACLR can be
restricted below the permissible one.

The PC signal scaling and peak cancellation procedure in next
step is done if both the average EVM ε

(i)
e in Eq. (17) and the

maximum ACLR ε
(i)
a max in Eq. (19) are less than the pre-defined

levels.
Step 5: PC Signal Scaling and Peak Cancellation: The PC

signal is added so that the peak signal amplitude is reduced
to Ath while ε

(i)
a max and ε

(i)
e satisfy the permissible values.

When the OFDM signal amplitude x(m,i)(t
(m,i)
0 ) exceeds the

threshold, the scaled PC signal is expressed as

lp(m,i)
r

(
t− t

(m,i)
0

)
= −A(m,i)

p ejθ
(m,i)
0 g′

(
t− t

(m,i)
0

)
, (20)

where A
(m,i)
p = |x(m,i)(t

(m,i)
0 )| −Ath, θ(m,i)

0 is phase of the

signal x(t(m,i)
0 ), i.e., x(t(m,i)

0 ) = |x(t(m,i)
0 )|ejθ(m,i)

0 . Since the

PC signal has an opposite phase of OFDM signal at t = t
(m,i)
0 ,
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it is guaranteed that the peak amplitude can be reduced to the
threshold level. Although the signal amplitude may fluctuate
by adding PC signals, all peak amplitudes can be suppressed
below the threshold level by repeating the above process (i.e.
adding PC signals iteratively). Then, As illustrated in Fig. 2(b),
the amplitude of OFDM signal at t = t

(m,i)
0 is reduced to the

threshold value as shown below:

x(m,i)(t) = x(m,i−1)(t) + p(m,i)
r (t− t

(m,i)
0 ), (21)

where x(m,i)(t) is the transmit signal after canceling the i-th
peak amplitude by adding the PC signal, p(m,i)

r (t− t
(m,i)
0 ). The

above repitition are continued until all peak amplitudes that
exceed the threshold Ath are suppressed or the estimated ACLR
or EVM reach a given pre-defined value. In other words, the
proposed method guarantees that both EVM and ACLR meet
their requirements without empirically determining the number
of PC signal additions.

V. BER ANALYSIS OF OFDM WITH THE DESIGNED

PEAK CANCELLATION

In this section, we analyze theoretical BERs of single antenna
OFDM and linearly pre-coded (E-SDM) MIMO-OFDM with
our designed peak cancellation, respectively.

A. Single Antenna OFDM

In this section, first, we consider QPSK-OFDM signal whose
subcarrier’s I and Q-phases take either A or −A. Let xe denote
a random variable which expresses signal distortion due to peak
cancellation. Thus, the signal after peak cancellation is given as
±A+ xe. We assume that xe follows Gaussian distribution with
variance σ2

e and average value x̄e;

pe(xe) =
1√

2πσ2
e

exp

(
− (xe − x̄e)

2

2σ2
e

)
, (22)

where σ2
e and x̄e are variance and average amplitude of xe.

Since the average power of the signal is decreased after peak
cancellation, it can be intuitively seen that x̄e decreases as
Ath decreases, while σe increase as Ath decreases. Hence, the
average value of xe can be expressed with Sin as

x̄e ≈ −α
√
Sin/L, (23)

where L denotes the number of subcarriers. α is a constant
depending on PC signal waveform g′(t) given as

α =

∫∞
−∞ fc(Re[g

′(t)])dt∫∞
−∞ |Re[g′(t)]|dt

. (24)

where fc(x) denotes a clipping function defined as

fc(x) =

{
x x > 0

0 otherwise.
(25)

The numerator and the denominator in Eq.(24) show integral of
positive side PC signal amplitude and that of its absolute value,
respectively. The variance of xe is given as

σ2
e = 〈(A+ xe − μA)2〉 = μ2(Sin/L),

where μ = 1 − x̄e/A. Here, 〈x〉 denotes expected value of the
variable x.

Let xn denote additive white Gaussian noise (AWGN) with
average level A and variance σ2

n, i.e., PDF of xn is given as

pn(xn, σn) =
1√

2πσ2
n

exp

(
− x2

n

2σ2
n

)
, (26)

xe and xn are Independent and identically distributed (i.i.d.)
random variables and therefore PDF of mixed variablex = xe +
xn is given as convolution of px(x) and pn(x):

p(x, σn, σe, β) =

∫ ∞

−∞
pe(x− y, σe, β)pn(y, σn)dy

=
1√

2π((σ2
e/β) + σ2

n)
exp

(
− (x− (x̄e/

√
β))2

2((σ2
e/β) + σ2

n)

)
,

where β denotes channel gain. BER for QPSK-OFDM signal
after peak cancellation in AWGN condition with channel gain
is expressed as

Pb (A, σn, σe, β) =

∫ 0

−∞
p(x−A, σn, σe, β)dx

=

∫ ∞

0

1√
2π((σ2

e/β) + σ2
n)

exp

(
− (x− (x̄e/

√
β))2

2((σ2
e/β) + σ2

n)

)
dx,

(27)

where A denotes I and Q phase signal amplitudes.
The above discussion can be extended to multi-level QAM

such as 16QAM and 64QAM. The same manner as QPSK case
can be used for deriving BER expressions in QAM case except
that variance of in-band noise is different, e.g., for 16QAM
and 64QAM cases, their variances σ16QAM

e and σ64QAM
e are

respectively given as

σ16QAM
e = σe/2, (28)

σ64QAM
e = σe/4, (29)

where σe denotes variance in QPSK case. More generally,
variance for 2Q QAM is given as σe/Q

Fig. 6 shows I-phase or Q-phase signal distribution of 16QAM
at a certain subcarrier in the case with and without peak cancel-
lation. Error probability of higher order bit PeH is given as a
probability that signal s1 and s2 exceed threshold TH ;

PeH =
1
2

1√
2πσn

{∫ ∞

0
exp

(
− (x+ δ)2

2σ2
n

)
dx

+

∫ ∞

0
exp

(
− (x+ 3δ)2

2σ2
n

)
dx

}
. (30)

Error probability of lower order bit of 16QAM is given as a
probability that signal s1 and s2 exceed threshold TL;

PeL =
1
2

1√
2πσn

{∫ 2δ

−2δ
exp

(
− (x+ 3δ)2

2σ2
n

)
dx

+

∫ −2δ

−∞
exp

(
− (x+ δ)2

2σ2
n

)
dx

+

∫ ∞

2δ
exp

(
− (x+ δ)2

2σ2
n

)
dx

}
. (31)
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Fig. 6. 16QAM signal distribution (I-phase or Q-phase). (a) w/o peak cancel-
lation (in the presence of AWGN). (b) w/ peak cancellation (in the presence of
AWGN and signal distribution).

On the other hand, as illustrated in Fig. 6(b), the average power of
the signal and its distribution are reduced by peak cancellation.

Since it is clear that the optimum decision threshold for higher
order bit is T o

H = 0, error probability of higher order bit is
given as

P̂eH(T o
H = 0) =

1
2

1√
2π(σ2

n + (σ2
e/β))

·

×
{∫ ∞

T o
H=0

exp

(
− (x+ μδ/

√
β)2

2(σ2
n + (σ2

e/β))

)
dx

+

∫ ∞

T o
H=0

exp

(
− (x+ 3μδ/

√
β)2

2(σ2
n + (σ2

e/β))

)
dx

}
.

(32)

Error probability of lower order bit of Gray-coded 16QAM using
the optimum decision threshold T o

L in AWGN condition in the
case with peak cancellation is

P̂eL(T
o
L) =

1
2

1√
2π(σ2

n + (σ2
e/β))

·

×
{∫ T o

L

−T o
L

exp

(
− (x+ 3μδ/

√
β)2

2(σ2
n + (σ2

e/β))

)
dx

+

∫ −T o
L

−∞
exp

(
− (x+ μδ/

√
β)2

2(σ2
n + (σ2

e/β))

)
dx

+

∫ ∞

T o
L

exp

(
− (x+ μδ/

√
β)2

2(σ2
n + (σ2

e/β))

)
dx

}
. (33)

The optimum decision threshold T o
L = −2μδ/

√
β to minimize

BER can be derived by ∂PeL(T o
L)

∂T o
L

= 0. Details of the derivation
are given in the Appendix. Average BER is given by averaging
Eq.(32) and Eq.(33).

B. E-SDM MIMO-OFDM

In this subsection, we consider an Eigen-beam space divi-
sion multiplexing (E-SDM) OFDM in M ×N MIMO systems,
where M and N denotes number of transmit antenna and the
number of receive antennas, respectively. Hereafter, we assume
M = 4 and N = 2 as an example. PDFs of eigen values with
order for random M ×N MIMO channel matrix are given
as [11]:

f1(λ) = Φ1(λ) exp(−λ) + Φ2(λ) exp(−2λ), (34)

f2(λ) = −Φ1(λ) exp(−2λ), (35)

where

Φ1(λ) = λ2

(
1
6
λ2 − λ + 2

)
,

Φ2(λ) = λ2

(
1
6
λ2 + λ + 2

)
.

Thus, BER expression of signal transmission over the i-th eigen
channels in M ×N MIMO channel can be derived as

P
(i)
b =

∫ ∞

0
fi(λ)

(∫ ∞

0
p(λ, x)dx

)
dλ, (36)

where M and N denote the number of transmit and receive an-
tennas. p(λ, x) denotes PDF of the signal after peak cancellation
in presence of AWGN. Similarly single antenna case, for QPSK
transmission over i-th eigen channel,

p(λ, x) =
1√

2π(σ2
n/λ + σ2

e A2λ)
exp

×
(
− (x− x̄eA

√
λ −A)2

2(σ2
e A2λ + σ2

n/λ)

)
.

Average BER over the first and second eigen channel is given as

P̄b =
P

(1)
b + P

(2)
b

2
, (37)

where the same power is allocated to the first and the second
eigen channels.

VI. PERFORMANCE RESULTS AND DISCUSSIONS

To clarify the validity of the proposed framework, we evaluate
the performance of MIMO-OFDM system by computer simula-
tion. The system block diagram is shown in the same as in Fig. 1.
We assume QPSK, 16QAM, or 64QAM data modulation. The
number of FFT points is 512 and the number of subcarriers is
64. In MIMO cases, Eigen-mode precoding is adopted at each
sub-carrier (i.e., E-SDM MIMO), where the transmitter and the
receiver equip N and M antennas, respectively. The number
of streams is denoted as K. Here, we assume K = N . Chan-
nel model is independent attenuated 6-path Rayleigh fading.
The requirement of ACLR is set to −50 dB, while those of
EVM are set to −20, −25, and −30 dB for QPSK, 16QAM,
and 64QAM cases, respectively. In this paper, we assume that
channel estimation is perfectly done at the receiver and channel
state information is ideally shared with the transmitter.
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Fig. 7. Block diagram of repeated C&F, where Nit denotes the number of
iterations.

One of the conventional approaches is repeated
C&F [18], [19]. The block diagram is shown in Fig. 7,
where x(t) and xo(t) are the OFDM signals before clipping
and after filtering. To reduce the computational complexity,
only the clipped signal (i. e., the peak amplitude exceeds a
peak detection threshold) is band-limited by filtering operation.
Unlike the proposed peak cancellation, this method needs to
empirically optimize the filter parameters so as to keep EVM
and ACLR values below these pre-defined thresholds.

We also evaluate prior limiter based techniques in [24], [32].
In [24], the peak detection threshold at n-th iteration A

(n)
th in

repeated C&F is adaptively determined as

A
(n)
th =

√
Nf

Np
A

(n−1)
th , A

(0)
th =

1
Nf

Nf−1∑
s=0

|x(sΔt)|, (38)

where x(sΔt) denotes the transmit signal before C&F operation
and Δt denotes sampling interval. Nf and Np are the number
of FFT points and the number of OFDM samples exceeding
A

(n−1)
th , respectively. In [32], the following nonlinear function

is used to limit peak amplitude:

y(sΔt) = Ath
x(sΔt)

|x(sΔt)|

(
1 +

(
v

|x(sΔt)|
)(1/a)

)−a

, (39)

where x(sΔt) and y(sΔt) are input and output complex
time-domain signals of the companding function, respectively.
|x(sΔt)| denotes the absolute value of x(sΔt). Ath is the max-
imum amplitude of |y(sΔt)|. v and a are non-linear parameters
of the nonlinear function, respectively.

A. PAPR

Fig. 8(a) and (b) illustrate the statistical distribution of the
normalized instantaneous signal power of transmitting signals in
single-antenna OFDM and 4 × 2 MIMO-OFDM, respectively.
Here, we use CCDF to evaluate the statistical distribution and
the instantaneous is normalized by average power of the signal1.
For comparison, CCDFs of cases of repeated C&F in [18], [19]
and other limiter based approaches in [24], [32] are also shown.
In repeated C&F [18], [19], we note here that both ACLR and

1Proposed peak cancellation is applicable to MIMO systems with arbitrary
number of antennas such as massive MIMO [35]–[38]. Performance analysis
of massive MIMO-OFDM with peak cancellation was presented in part in [33].

Fig. 8. CCDF of normalized instantaneous transmit power, whereNit denotes
the number of iterations in repeated C&F. (a) M =N = 1. (b) M = 4, N = 2,
K = 2.

EVM satisfy the required values. In [32], v = 7, a = 0.05 and
Ath = 1 are used. In [24], [32], roll-off filter with roll-off factor
= 0 is used. Fig. 8(a) shows that the instantaneous power of
transmit signal with the proposed method is limited to around
5.12 dB and 7.25 dB at CCDF = 10−4 for QPSK and 64QAM
data modulation schemes. The optimum threshold values are
55.12 dB and 7.25 dB for QPSK and 64QAM data modulation
schemes, respectively. Note that the achieved PAPR by the
proposed method is close to the optimum threshold value. In
other words, the threshold value corresponds to the achievable
PAPR. As for comparison with other approaches, although
methods in [24], [32] show lower PAPR than the proposed
method, it suffers from high in-band distortion which results
in BER degradation as discussed in Fig. 12(b). Note that the
proposed method is able to reduce the PAPR to a lower value
compared to [24], [32] if the required EVM value is set to a
higher value, because the proposed method works to minimize
the peak power under given EVM and ACLR requirements. It
can be also seen that instantaneous power in the case of repeated
C&F is approaching the proposed method by increasing the
number of iterations in the repeated C&F; almost the same
CCDF in comparison with the proposed method is achieved with
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Fig. 9. Theoretical BER performance and its simulation results of OFDM
system using the proposed method in AWGN channel. (a) QPSK. (b) 16QAM.

Fig. 10. Theoretical BER performance and its simulation results of OFDM
system using the proposed method in Rayleigh fading channel. (a) QPSK.
(b) 16QAM.

Nit = 9. Similar findings are observed in Fig. 8(b) for E-SDM
case.

B. BER

Fig. 9(a) and (b) illustrate the BER performance of single-
antenna OFDM with the peak cancellation in AWGN channel,
In this figure, peak cancellation is conducted under ACLR
and EVM restrictions. Here, QPSK and 16QAM are used as
subcarrier modulation. The BER curve of OFDM without any
degradation due to peak cancellation is labeled as “ideal case”.
It is demonstrated in Fig. 9(a) that the proposed method achieves
very close BER performance to ideal case, where EVM satisfies
the pre-defined requirements −20 dB for QPSK and −25 dB for
16QAM, respectively. These figures also indicate that the the-
oretical BER curves show good agreements with its simulation
results.

Figs. 10 and 11 illustrate the BER performance of single-
antenna OFDM and 4 × 2 MIMO using eigen-mode in Rayleigh

Fig. 11. Theoretical BER and its simulation results of E-SDM OFDM system
using the proposed method (N = 4, M = 2, K = 2). (a) QPSK. (b) 16QAM.

Fig. 12. BER comparison of the proposed method with conventional ap-
proaches in Rayleigh fading channel, where QPSK and 16QAM are used as
subcarrier modulation, respectively. (a) QPSK. (b) 16QAM.

fading channel, respectively2. Here QPSK and 16QAM are used
as subcarrier modulation. EVM and ACLR are restricted below
the pre-defined values, respectively. These figures also indicate
that the theoretical BER curves show good agreements with their
simulation results. It can also be seen from Fig. 11 that BER
performance of the first and second streams in E-SDM scenarios
show good agreements with their simulation results. We note
here that EVM and ACLR meet the pre-defined values.

BER of the proposed method is compared with those of
the conventional approaches in [18], [24] and [32] in Fig. 12,
where QPSK and 16QAM are used for subcarrier modulation
in Fig. 12(a) and (b), respectively. The Purple line shows
the BER of the repeated C&F [18] using the same threshold
as the proposed peak cancellation. The blue line and the green
line show the BER of the repeated C&F in [24] and that of the
companding technique in [32], respectively. Here, parameters in
the repeated C&F and companding are same in Fig. 8(a). The

2The proposed framework to analyze theoretical BER performance can be
extended to massive MIMO-OFDM with peak cancellation. Details of the BER
analysis for massive MIMO-OFDM case is presented in [33].
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Fig. 13. Number of multiplications per OFDM symbol for PAPR reduction
(M = 4, N = 2, K = 2), where QPSK is adopted as subcarrier modulation.

red line shows the BER of the proposed method. In Fig. 12,
for QPSK case, it can be seen that the proposed method and
conventional methods in [18], [24] show almost the same BER.
On the other hand, for 16QAM case, BER of the conventional
methods are significantly degraded, while the proposed method
shows good BER performance comparable to the ideal case. This
is because the proposed method is able to keep EVM below the
pre-defined threshold unlike the conventional methods.

C. Complexity

This subsection evaluates a computational complexity of re-
quired PAPR reduction procedures between the two methods
above. In this comparison, the number of complex multipli-
cations is used as the complexity metric. When PC signal is
added Npc times per OFDM symbol, the complexity of the
proposed method is 〈Nw ×Npc〉, whereNw denotes the number
of complex multiplications per PC addition. On the other hand,
the complexity of the C&F with time domain LPF is given as〈∑Nit

j=1(Ntap ×N
(j)
th )
〉

. Here, 〈x〉 denotes the averaging of x.

Nit and Ntap denote the number of iterations and the number

of taps in time domain filter, respectively. N (j)
th is the number

of samples exceeding a given threshold per OFDM symbol. j
denotes the iteration index.

The required complexity for the peak cancellation in SDM-
OFDM is evaluated in comparison with the repeated C&F based
on the above defined metric in Fig. 13 where M = 4 and N = 2
are assumed. In the figure, we assume QPSK is adopted as
subcarrier modulation. Here, PAPR is defined as the normalized
instantaneous power observed at CCDF = 10−4. The red line
shows the result of the proposed method, while the results of
repeated C&F method are depicted by other color lines. The
color-fill circular shape markers represent that both EVM and
ACLR requirements are fulfilled, while the white-fill shows
that either EVM or ACLR (or both) exceed the pre-defined
value. In repeated C&F cases, normalized instantaneous power is

approaching the peak detection thresholdSth = 10 log10
A2

th

St
by

repeating clipping and filtering operations. Note that in the pro-
posed method, ACLR and EVM can be kept below the required

Fig. 14. Relation between the number of subcarriers and the number of
multiplications for PAPR reduction.

Fig. 15. Relationship between complexity and ACLR in terms of required
EVM, where peak detection threshold values are set to optimum values to meet
EVM requirements.

values , unlike the repeated C&F method. This figure proves
that the required complexity for the proposed peak cancellation
is lower in comparison with the repeated C&F.

Fig. 14 show the relation between the number of subcarriers
and the number of multiplications for PAPR reduction per an-
tenna, where M = 1 and N = 1 are used. From this figure, we
can see that the required complexity increases monotonously as
the number of subcarriers increases. It is also clarified that the
proposed peak cancellation method achieves lower complexity
than modified C&F method in terms of target PAPR value
even for case with a large number of antennas. Note that the
required complexity per antenna for peak cancellation is the
same regardless the number of antennas.

D. Windowing

Fig. 15 illustrates the relationship between the required com-
plexity and achievable ACLR as a function of window size
truncating the PC signal in terms of required EVM values which
are set to −20, −25 or −30 dB, where red drawn circle markers
denote selected window size for each EVM value in case of
ACLR= −50 dB. The threshold is selected to meet the required
EVM as discussed in Section IV and correspond to achievable
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PAPR and BER. The PC signal is truncated by the window
function w(t) as shown by Eqs. (6)–(8), Thus, window-size
T2 affects both ACLR and the complexity. It can be seen that
from this figure as window-size increases, ACLR decreases at
the expense of increasing the required complexity. The results
suggest that the required complexity is minimized by optimizing
the window-size under a given EVM (i.e., BER) and threshold
value (i.e., PAPR).

VII. CONCLUSION

Performance analysis of a dynamic peak-cancellation scheme
for E-SDM OFDM system has been presented, where EVM
and ACLR are restricted below a pre-defined level. Using the
proposed approach, degradations due to ACLR and EVM are
effectively mitigated while keeping the OoB radiation below its
target value. Furthermore, practical design of peak-cancellation
signal is discussed with target OoB radiation and in-band dis-
tortion through optimizing the windowing size of the PC signal.
In addition, we have also theoretically analyzed peak cancel-
lation capability and achieved BER, respectively. Numerical
results show that the peak cancellation can improve PAPR of
linearly pre-coded E-SDM MIMO-OFDM with low computa-
tional complexity. And also, BER performance can be improved
by keeping EVM under permissible level at the transmitter
side. In addition, we also confirm that theoretical BER show
good agreements with simulation results. The proposed peak
cancellation approach is applicable to existing methods utilizing
degree-of-freedom in massive MIMO systems [35]–[38]. We can
expect that the peak cancellation performance can be improved if
the transmitter equips a large-scale antenna array that provides
extra degree-of-freedom [33], [34]. Detailed analysis of mas-
sive MIMO-OFDM with peak cancellation under EVM/ACLR
restrictions is our future work.

APPENDIX

The derivation of T o
L in Eq. (33) is as follows. Without loss

of generality, we assume β = 1. Since Gray-encoded 16QAM
is used, the error probability of lower- order bits is given as

P̂eL(TL) =
1
2

1√
2π(σ2

n + (σ2
e))

·
{∫ TL

−TL

exp

(
− (x+ 3μδ)2

2(σ2
n + (σ2

e))

)
dx

+

∫ −TL

−∞
exp

(
− (x+ μδ)2

2(σ2
n + σ2

e)

)
dx

+

∫ ∞

TL

exp

(
− (x+ μδ)2

2(σ2
n + σ2

e)

)
dx

}

= 1 + erf

(
TL + 3μδ√
2(σ2

n + σ2
e)

)

− erf

(
TL + μδ√
2(σ2

n + σ2
e)

)
, (40)

where TL is the threshold level to decide I and Q phase of
16QAM constellation points. Using the relationship

∫
1√

2πσ2
n

exp

(
− x2

2σ2
n

)
dx =

1
2

(
1 + erf

(
x√
2σ2

n

))
,

(41)

the partial differentiation of P̂eL(TL) with respect to TL is given
as

∂P̂eL(TL)

∂TL
=

1√
2(σ2

n + σ2
e)

·
(
exp

(
(TL + 3μδ)2

√
2(σ2

n + σ2
e)

)

− exp

(
(TL + μδ)2

√
2(σ2

n + σ2
e)

))
. (42)

By solving ∂P̂eL(T o
L)

∂T o
L

= 0,

exp

(
(T o

L + 3μδ)2

√
2(σ2

n + σ2
e)

)
= exp

(
(T o

L + μδ)2

√
2(σ2

n + σ2
e)

)

(T o
L + 3μδ)2 = (T o

L + μδ)2

T o
L = − 2μδ, (43)

where −2μδ is an intersection point of two Gaussian distribu-
tions located on the left side of the horizontal axis of 16QAM
constellation as shown in Fig. 6(b).
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