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A MIMO-NOMA Framework With Complex-Valued
Power Coefficients

Di Tong , Yuehua Ding , Yonggui Liu , and Yide Wang

Abstract—This paper proposes a widely linear processing
framework for multiple-input multiple-output non-orthogonal
multiple access (MIMO-NOMA) downlink systems. In the frame-
work, a widely linear MIMO-NOMA (WL-MIMO-NOMA) model
is derived by assuming that the base station transmits real-valued
downlink signals. WL-MIMO-NOMA adopts complex-valued
power allocation coefficients to stagger the user signals in phase.
The main features of WL-MIMO-NOMA are the following: first, in
general case, WL-MIMO-NOMA can remove all the inter-cluster
interference and at least half of the intra-cluster interference; and
second, in user pairing case, both interferences can be completely
eliminated. This is distinct from the existing work where real
power coefficients are used, which cannot guarantee the complete
separation of the paired user signals because the signals transmit-
ted to the paired users are overlapped in phase. In addition, the
closed-form expressions of outage probabilities are derived. The
phase difference of the complex power coefficients is optimized to
minimize the outage probability. It is proven that, with the optimal
phase difference, successive interference cancellation is unneces-
sary in user pairing case. Finally, the framework is extended to
the mixed case of real/complex circular signals. Simulation results
show that the proposed framework outperforms the existing
work, and the numerical results agree well with the analytical
analysis.

Index Terms—Non-orthogonal multiple access (NOMA),
multiple-input multiple-output (MIMO), widely linear processing,
detection.
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I. INTRODUCTION

W ITH the rapid development of mobile communication,
spectrum resources are increasingly scarce, future

wireless communication technology needs to further increase
system capacity and spectrum efficiency. In recent years, non-
orthogonal multiple access (NOMA) has attracted substantial
attention due to its high spectral efficiency, and it has become a
promising candidate for 5G network [1]–[4]. Unlike orthogonal
multiple access (OMA), NOMA allows multiple users in a cell
to share the same radio resource in power domain, the user with
better channel condition is assigned with less power, and more
power is assigned to the user with worse channel condition.

To exploit the potential of NOMA, lots research works ap-
peared. [5] combined NOMA with millimeter wave (mmWave)
technology, which significantly reduced the interferences and
enhanced sum rates. In [6], the concept of user paring was
proposed for NOMA , and the impact of user paring on two dif-
ferent NOMA systems was investigated. Distinct from the usual
investigation based on synchronous transmission, [7] proposed
an application of asynchronous NOMA in downlink transmis-
sion by exploiting symbol asynchronism to reduce interferences.
In [8], an optimal NOMA-enabled traffic off-loading was pro-
posed in densely deployed small cells, where the spectrum was
reused. In this case, NOMA was quite an efficient approach
in traffic off-loading. A NOMA-based device-to-device (D2D)
framework was proposed in [9], which allowed multiple users
to share the same time-frequency resource. [10] applied NOMA
into cooperative multicast cognitive radio networks by propos-
ing a dynamic secondary user scheduling strategy according to
channel state information (CSI).

For a smooth development from 4G to 5G, MIMO-NOMA is
another hot topic in wireless communications. [11]–[13] show
that NOMA could significantly improve the spectral efficiency
of multiple-input multiple-output (MIMO) system. [14] applied
the MIMO technique in NOMA system, the inter-cluster in-
terference was eliminated by a new detection matrix, and the
outage probability was significantly reduced, compared with
the conventional OMA. [15] gave a capacity comparison be-
tween MIMO-NOMA and MIMO-OMA for a cluster including
multiple users. In [16], a multi-cell MIMO-NOMA network was
investigated, the proposed coordinated beamforming technique
aimed to reduce the cell-edge users’ interference which was a
remarkable problem in multi-cell network. Layered transmis-
sion in MIMO-NOMA systems was investigated in [17], and
an optimal power allocation approach was proposed. A novel
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MIMO-NOMA scheme was proposed in [18], which was prac-
tical in Internet of Things (IoT).

Based on the investigation of the state of the art, the authors
note that it is important to control intra-cluster interference
and inter-cluster interference to fully exploit the potential of
MIMO-NOMA. However, the existing work is mainly focused
on inter-cluster interference elimination, and the intra-cluster in-
terference control (rather than elimination) by proper power al-
location. For the intra-cluster interference canceling, it remains
a problem to be addressed. Motivated by this observation, this
paper proposes a widely linear processing (WLP) framework
for MIMO-NOMA, which is capable of eliminating both in-
terferences mentioned above. Actually, WLP is a promising
technique for interference control. Because WLP can expand
the “observation space” by considering both the observation
data and their complex conjugates, so that the statistical infor-
mation contained in both the covariance matrix and conjugate
covariance matrix of the received signal can be fully exploited.
That is why WLP has been attracting increasing attention in
beamforming [19]–[22], direction-of-arrival (DoA) finding [23],
wireless communications [24]–[26], [28]–[34], parameter esti-
mation [35], [36], speech enhancement [37], image processing
[38] etc. However, to the best of the authors’ knowledge, few
research considers WLP in NOMA. This paper investigates the
WLP in MIMO-NOMA system. The main contributions of this
paper are summarized as follows:

Firstly, a widely linear MIMO-NOMA (WL-MIMO-NOMA)
model is proposed by assuming that real-valued downlink sig-
nals are transmitted by base station. In the proposed model,
complex-valued power allocation coefficients are introduced to
stagger the users’ signals in phase. The advantage is that all
the inter-cluster interference and at least half of the intra-cluster
interference can be eliminated. This is totally different from the
existing work, where the intra-cluster interference can not be
removed due to the signal overlapping caused by real-valued
power allocation coefficients. More specifically, WL-MIMO-
NOMA can completely eliminate both interferences in user
pairing case. In general case, WL-MIMO-NOMA can com-
pletely remove the inter-cluster interference and reduce by half
the intra-cluster interference.

Secondly, performance analysis is carried out to derive the
closed form expressions of the users’ outage probabilities.
The phases of the complex power allocation coefficients are
optimized1 in terms of user’s outage probability. In the case of
user pairing, the users’ outage probabilities take their minimum
values when the phase difference of the power coefficients of
the two users is kπ + π

2 . It is proven that, with orthogonal phase
difference, SIC is not necessary for the detection and separa-
tion of the paired users. Similar conclusion can be obtained for
general case.

Finally, the proposed WL-MIMO-NOMA framework is ex-
tended to the general mixed case, i.e. the users with poor channel
use real signals, and those with good channel adopt complex cir-

1This paper discusses the impact of the phases of power coefficients on
the system performance. The magnitude optimization of power coefficients is
beyond the scope of this paper.

cular signals, which is quite common in adaptive modulation.2

Simulation results shows that WL-MIMO-NOMA has superior
outage performance to MIMO-NOMA both in real-signal case
and mixed-signal case.

The rest of this paper is organized as follows: Section II
describes the system model for MIMO-NOMA downlink trans-
mission; Section III proposes a WL-MIMO-NOMA model with
complex power coefficients. Section IV shows Performance
analysis and system optimization. A further discussion on the
mixed case of real/complex circular signals is given in Sec-
tion V. Numerical simulation results are provided in Section VI.
Section VII draws the conclusions.

Notation: Capital letters of boldface are used for denoting
matrices. Lowercase letters of boldface denote the column vec-
tors. (·)H and (·)T denote the operations of Hermitian (complex
conjugate transpose) and transpose, respectively. The operation
of complex conjugate is denoted by (·)∗. (·)† represents the left
pseudo inverse. ‖ · ‖ represents the Frobenius norm. j is used
to represent the imaginary part of a complex number. IM rep-
resents the identity matrix of dimension M . 0 represents a zero
matrix or vector. E[·] denotes the statistical expectation.

II. SYSTEM MODEL

We consider a MIMO-NOMA downlink communication sce-
nario, in which the number of transmitting antennas is M , and
the number of receiving antennas is N . We assume that N ≥ M .
This case is justified by the ultra-densely deployed small cells in
5G networks, where small-cell base stations will be used [40]. In
this scenario, low-cost small-cell base station with same (or less)
number of antennas as user handsets is likely to be used. Cloud
radio access networks (C-RANs) can also be another example,
where users are served by a small number of low cost remote
radio heads (RRHs) in order to reduce the fronthaul overhead
[14]. The signals vector transmitted by the BS is represented as:

s =
[
s1 s2 · · · sM

]T
(1)

where sm = αααH
m sm denotes the signals intended for the m-th

cluster.

sm =
[
sm,1 · · · sm,K

]T
,αααm =

[
αm,1 · · ·αm,K

]T
(2)

where K is the number of users in the m-th cluster. sm,k de-
notes the signal intended for the k-th user in the m-th clus-
ter, k ∈ {1, 2, . . . ,K}, αm,k is the power allocation coeffi-
cient. Conventionally, αm,k is a real positive number and meets
α2

m,1 + α2
m,2 + · · · + α2

m,K = 1. In this model, the signal re-
ceived by the k-th user in the i-th cluster is given by:

yi,k = Hi,kPs + ni,k (3)

where Hi,k is a N × M Rayleigh fading channel from the base
station to the k-th user in the i-th cluster, and ni,k is a Gaussian
noise vector with dimension of N × 1. Similar to [14], we focus
on the signal detection by setting P = IM . In this work, we have
the following assumptions:

2We do not discuss the case of circular complex signals, because it is well
known that WLP is equivalent to its traditional counterpart in this case [39].



2246 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 68, NO. 3, MARCH 2019

1) E[ssH ] = IM (each element has unit power);
2) E[ni,knH

i,k ] = σ2IN ;
3) sm,k is real except in Section V, where mixed signals are

discussed;

III. WLP FOR MIMO-NOMA

A. WL-MIMO-NOMA With Complex Power Coefficients
(K = 2)

In this section, a WL-MIMO-NOMA model is proposed by
focusing on the user pairing case. Different from the existing
work where the power allocation coefficients are real and posi-
tive, this paper introduces phase angles to the power coefficients
within a cluster. This operation can produce a staggering angles
between the users in each cluster. It is useful for the receiv-
ing end to decode the signals. Furthermore, the optimal phase
difference can be derived through mathematical analysis in the
following section. The complex power allocation coefficients
can be expressed as follows:

αααm =
[
αm,1e

−jθ1 αm,2e
−jθ2

]T
(4)

where αm,k is the strength coefficient of power allocation, it
takes the real positive value and α2

m,1 + α2
m,2 = 1; θ1 and θ2

are the introduced phase angles. We can express yi,k in more
details with hm,ik denoting the m-th column of Hi,k .

yi,k = [h1,ik ,h2,ik , . . . ,hM,ik ]

⎡

⎢
⎢
⎢
⎢
⎣

αααH
1 s1

αααH
2 s2

...

αααH
M sM

⎤

⎥
⎥
⎥
⎥
⎦

+ ni,k (5)

The above equation can be further expressed as:

yi,k =
[
h1,ik ejθ1 ,h1,ik ejθ2 , . . . ,hM,ik ejθ1 ,hM,ik ejθ2

]
s̃ + ni,k

(6)
where s̃ = [α1,1s1,1, α1,2s1,2, . . . , αM ,1sM,1 , αM ,2sM,2 ]T . An
extended model is constructed as follows by jointly exploiting
the received signal yi,k and its conjugate version:

ỹi,k =

[
yi,k

y∗
i,k

]

= H̃i,k s̃ + ñi,k (7)

where

H̃i,k =

[
h1,ik ejθ1 ,h1,ik ejθ2 , . . . ,hM,ik ejθ1 ,hM,ik ejθ2

h∗
1,ik e−jθ1 ,h∗

1,ik e−jθ2 , . . . ,h∗
M,ik e−jθ1 ,h∗

M,ik e−jθ2

]

(8)

One notes that the WL-MIMO-NOMA model is transformed
into a classical MIMO model. The advantage is that both the
inter-cluster interference and intra-cluster interference can be
eliminated completely. Without loss of generality, we focus on
the first cluster. In the first cluster, the signal detection for the two
users can be performed by adopting zero-forcing (ZF) method.
Denote W1,1 = H̃†

1,1 and W1,2 = H̃†
1,2 respectively. Let wH

1,11

be the first row of W1,1, and wH
2,12 the second row of W1,2, the

two users are detected respectively as:

wH
1,11ỹ1,1 = α1,1s1,1 + wH

1,11ñ1,1 (9)

wH
2,12ỹ1,2 = α1,2s1,2 + wH

2,12ñ1,2 (10)

where ‖w1,11‖2 and ‖w2,12‖2 stand for the noise amplification
coefficients of ZF on the first and the second users, respectively.
For ZF, the user’s channel gain is fixed to one, so the noise am-
plification coefficient determines the user’s channel condition.
Without loss of generality, we assume that:3

‖w1,11‖2 ≤ ‖w2,12‖2 (11)

which means that the first user’s detection vector brings less
noise gain, i.e. the first user’s channel condition is better than the
second user. According to the NOMA power allocation strategy,
the power allocation coefficients should be ordered as follows:

α1,1 < α1,2 (12)

Based on the signal model described above, the second user in
the first cluster directly demodulates its own information with
the following signal to noise ratio (SNR):

SNR1,2 =
α2

1,2

‖w2,12‖2 1
ρ

(13)

where ρ = P
σ 2 . For the first user, the detection performance can

be improved by SIC, namely it firstly detects the second user’s
signal as follows:

wH
2,11ỹ1,1 = α1,2s1,2 + wH

2,11ñ1,1 (14)

where wH
2,11 denotes the second row of W1,1. Following the

representation style of [14], let SNR2
1,1 be the SNR of the

second user at the first user, SNR2
1,1 is given by:

SNR2
1,1 =

α2
1,2

‖w2,11‖2 1
ρ

(15)

Once the second user’s message is decoded, the received signal
is updated as y1,1 by removing the second user’s signal. Then
the first user detects its own signal, the detection model in (9) is
rewritten as:

vH
1,11y1,1 = α1,1s1,1 + vH

1,11ñ1,1 (16)

For simplicity, denote H̃1,1 = [ h̃1,11 h̃2,11 H1,1 ], where vH
1,11 is

given by the first row of H
†
1,1, and H1,1 is obtained by removing

the second column from H̃1,1, namely H1,1 = [ h̃1,11 H1,1 ]. The
SNR in the detection of the first user’s signal is then given by:

SNR1,1 =
α2

1,1

‖v1,11‖2 1
ρ

(17)

If the fixed power allocation strategy is adopted, the SNR of the
two users are determined by the noise amplification effect of

3The base station needn’t to know the users’ channel matrices, it needs only
the noise amplification coefficient for each user, which reflects the user’s channel
condition, this brings a much less demanding requirement than acquiring the
global channel condition.
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ZF detection vector v1,11 and w2,12, which can be optimized by
choosing the appropriate phase angles θ1 and θ2.

B. Extension to K-User Clusters (K > 2)

The above discussion is limited to the case where each cluster
has only 2 users (we call 2-user cluster). In this section, the
discussion is extended to the case where each cluster has K
(K > 2) users (we call K-user cluster). Different from 2-user
cluster, widely linear processing can not completely separate K
users in a cluster, because the available degrees of freedom for
a complex-valued power coefficient are only 2. To deal with K
users in a cluster, the following partial separation strategy are
proposed:

1) The m-th cluster is divided into two subsets, denoted by
Θm,1 and Θm,2, respectively. Assume that |Θm,1| = K1

and |Θm,2| = K2, where K1 + K2 = K. Without loss of
generality, Θm,1 and Θm,2 can be represented as follows:

Θm,1 = {sm,1, sm,2, . . . , sm,K 1}
Θm,2 = {sm,K 1+1, sm,K 1+2, . . . , sm,K }

2) The users in subsets Θm,1 and Θm,2 use the power coef-
ficient vectors αααm , βββm , respectively. αααm , βββm are given
by

αααm =
[
αm,1e

−jΘ1 αm,2e
−jθ1 · · ·αm,K 1e

−jθ1
]T

βββm =
[
βm,K 1+1e

−jθ2 βm,K 1+2e
−jθ2 · · ·βm,K e−jθ2

]T

where α2
m,1 + · · · + α2

m,K 1
+ β2

m,K 1+1 + · · · + β2
m,K =

1. One notes that, complex-valued power coefficients in
Θm,1 have the identical phase θ1, and those in Θm,2 share
another phase θ2. Recalling (1), the signal intended for the
m-th cluster is given by:

sm =
(∑K 1

k=1
αm,ksm,k

)
ejθ1

︸ ︷︷ ︸
Θm , 1

+
(∑K

k=K 1+1
βm,ksm,k

)
ejθ2

︸ ︷︷ ︸
Θm , 2

(18)

The above signal model shows that the users in Θm,1

are overlapped in phase, and so are the users in Θm,2.
However, Θm,1 and Θm,2 are staggered by θ1 and θ2. This
is quite similar to the user pairing in the upper section if
we consider Θm,1 and Θm,2 as two ‘big users‘ in a cluster.

It is proven by Lemma 4 in Section V that the system reaches
the optimal performance if θ1 − θ2 = kπ + π/2. Therefore, we
consider only the scenario where θ1 and θ2 are orthogonal. We
should emphasize that the technique of dividing K-user cluster
into subsets Θm,1 and Θm,2 is beyond the scope of this paper.
Following Section III, we can get a general system model as
follows:

ỹi,k = H̃i,k s̃ + ñi,k

The 2M × 1 vector s̃ is given by:

s̃ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

α1,1s1,1 + · · · + α1,K 1s1,K 1

β1,K 1+1s1,K 1+1 + · · · + β1,K s1,K

...
αM,1sM,1 + · · · + αM,K 1sM,K 1

βM,K 1+1sM,K 1+1 + · · · + βM,K sM,K

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(19)

Without loss of generality, we focus on the users in the first
cluster. Denote W1,k = H̃†

1,k the ZF matrix at the k-th user.
Let w1,k be the ZF detection vector of the k-th user. For k ∈
{1, 2, . . . K1}, the k-th user is in subset Θ1,1 , the detection vec-
tor w1,k is the first row of W1,k ; and for k ∈ {K1 + 1, . . . K},
the k-th user belongs to Θ1,2 , and w1,k is the second row of
W1,k . So the k-th user is detected as:

wH
1,k ỹ1,k =

K 1∑

n=1

α1,n s1,n + wH
1,k ñ1,k , k ∈ {1, . . . K1} (20)

wH
1,k ỹ1,k =

K∑

n=K 1+1

β1,n s1,n + wH
1,k ñ1,k , k ∈ {K1 + 1, . . . K}

(21)

According to the above analysis, ‖w1,k‖2 stands for the noise
amplification coefficients of ZF, which reflects the user’s chan-
nel condition. Without loss of generality, we assume that:

‖w1,1‖2 ≤ ‖w1,2‖2 ≤ · · · ≤ ‖w1,K 1‖2, for Θ1,1 (22)

‖w1,K 1+1‖2 ≤ ‖w1,K 1+2‖2 · · · ≤ ‖w1,K ‖2, for Θ1,2 (23)

Although the channel conditions are ordered within Θ1,1 (or
Θ1,2), one should note that, in general, there is no specific mag-
nitude order for any pair across the subsets, i.e. ‖w1,k1‖2 in Θ1,1
and ‖w1,K 1+k2‖2 in Θ1,2 , with 1 ≤ k1 ≤ K1, 1 ≤ k2 ≤ K2.
‖w1,k1‖2 can be bigger or smaller than ‖w1,K 1+k2‖2. Following
the principle of NOMA power allocation, the power allocation
coefficients should be ordered as follows:

α1,1 ≤ · · · ≤ α1,K 1 , β1,K 1+1 ≤ · · · ≤ β1,K (24)

We consider the detection in subset Θ1,1, as shown by (20). The
K1-th user in subset Θ1,1 can directly decode its messages, it will
be detected with the following signal-to-interference-plus-noise
ratio (SINR):

SINR1,K 1 =
α2

1,K 1∑K 1−1
m=1 α2

1,m + ‖w1,K 1‖2 1
ρ

(25)

The k-th user, 1 ≤ k < K1, needs to use SIC technique to de-
code the signal of the j-th user, 1 + k ≤ j ≤ K1, and then re-
move all these users’ signal before detecting its own. So the
SINR for the j-th user at the k-th user is given by:

SINRj
1,k =

α2
1,j

∑j−1
m=1 α2

1,m + ‖w1,k‖2 1
ρ

(26)

The first user in Θ1,1, needs to decode all the other users’ mes-
sages (from the K1-th user to the second user) and remove their
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contribution, the first user is then detected with the following
SNR:

SNR1,1 =
α2

1,1

‖w1,1‖2 1
ρ

(27)

Next, we discuss subset Θ1,2 by considering (21). Similar to the
detection in subset Θ1,1, the K-th user in subset Θ1,2 is detected
with the following SINR:

SINR1,K =
β2

1,K
∑K−1

m=K 1+1 β2
1,m + ‖w1,K ‖2 1

ρ

(28)

The k-th user, K1 + 1 ≤ k < K, needs to perform SIC to de-
code the signal of the j-th user, 1 + k ≤ j ≤ K, and then re-
move all these users’ signals before detecting its own. So the
SINR for the j-th user at the k-th user is:

SINRj
1,k =

β2
1,j

∑j−1
m=K 1+1 β2

1,m + ‖w1,k‖2 1
ρ

(29)

For the K1 + 1-th user in Θ1,2, if other users can be detected
successfully, its SNR is given by:

SNR1,K 1+1 =
β2

1,K 1+1

‖w1,K 1+1‖2 1
ρ

(30)

According to [14], the sum capacity of WL-MIMO-NOMA is
given by:

C
Δ=

M∑

i=1

[
K∑

k=1

log2 (1 + SINRi,k )

]

(31)

Following Section IV of [14], E[C] for the case N = M is
given by (32), where lk means that the k-th user in the subset
is ranked at the lk -th position in the whole cluster, and ϕ(ln , φ)
is expressed as follows:

E [C] = M

{
K 1∑

k=1

ϕ

(

lk ,

k∑

m=1

2ρα2
1,m

)

+
K∑

k=K 1+1

ϕ

(

lk ,

k∑

m=K 1+1

2ρβ2
1,m

)

−
K 1∑

k=2

ϕ

(

lk ,
k−1∑

m=1

2ρα2
1,m

)

−
K∑

k=K 1+2

ϕ

(

lk ,
k−1∑

m=K 1+1

2ρβ2
1,m

)}

(32)

ϕ (ln , φ) =

φ

ln 2

⎛

⎝1 −
ln −1∑

p=0

(
ln − 1

p

)
γln (−1)p 1

K − ln + p + 1

⎞

⎠

∫ ∞

0

1
1 + xφ

dx+
1

ln 2

ln −1∑

p=0

(
ln − 1

p

)
γln (−1)p 1

K−ln + p+1

K−ln +p+1∑

l=1

(
K − ln + p + 1

l

)
(−1)le

l
φ Ei

(
− l

φ

)
(33)

where γln = K !
(K−ln )!(ln −1)! , Ei(·) denotes the exponential inte-

gral function, Ei(x) = − ∫∞
−x

e−t

t dt.
Remarks:
1) User grouping in a cluster is an interesting problem, like

user clustering in NOMA. The system performance can
be enhanced by optimizing the user grouping;

2) Even though user grouping optimization is not in the scope
of this paper, we can adopt a simple way as follows: the
users are ordered according to their channel conditions;
the even-ordered user are gathered in one group, and the
remaining users are in the other group. The following sim-
ulation shows that, even with this simple grouping method,
WL-MIMO-NOMA can achieve better performance than
MIMO-NOMA.

IV. OUTAGE PERFORMANCE ANALYSIS AND OPTIMIZATION

In this section the system performance is analyzed in terms
of the outage probability of users, which is closely related to the
SNR (or SINR). Before analyzing the general case of K-user
cluster, the user pairing case is considered firstly.

A. User Pairing Case

Based on the SNR expression derived in Section III, the out-
age probability of the first user is given by:

Po
1,1 = P

(
SNR1,1 < ζ1,1 or SNR2

1,1 < ζ1,2
)

= 1 − P

(
α2

1,1

‖v1,11‖2 1
ρ

> ζ1,1,
α2

1,2

‖w2,11‖2 1
ρ

> ζ1,2

)

(34)

For the second user, its outage probability is expressed as:

P ◦
1,2 = P (SNR1,2 < ζ1,2) = P

(
α2

1,2

‖w2,12‖2 1
ρ

< ζ1,2

)

(35)

where ζ1,k = 2R1, k − 1, with R1,k denoting the targeted data
rate of the k-th user in the first cluster. One notes that, for
the given power transmission strategy and fixed targeted data
rate, the outage probability is determined by the noise ampli-
fication effect of the detection vectors, i.e. ‖v1,11‖2, ‖w2,11‖2

and ‖w2,12‖2. To minimize the outage probability, we have to
minimize the noise amplification effect. However, it’s difficult
to directly analyze and optimize the problem. Alternatively, we
turn to find the relationship between the detection vectors. The
analysis begins with the noise amplification effect of v1,11.

Lemma 1: Let H̃1,k = [ h̃1,1k h̃2,1k H1,k ], and H1,k (or

H1,k ) be matrix H̃1,k with its first (or second) column removed,

therefore H1,k = [ h̃2,1k H1,k ], H1,k = [ h̃1,1k H1,k ]. H
†
1,k and

H†
1,k have equal noise amplification impact in their first rows.

Namely:

‖v1,1k‖2 = ‖v1,1k‖2 (36)

where vH
1,1k (or vH

1,1k ) denotes the first row of H
†
1,k (or H†

1,k ).
Proof: Please refer to Appendix A.
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Lemma 1 means that the correlation between h̃1,1k and H1,k

is the same as that between h̃2,1k and H1,k in terms of noise am-
plification. Lemma 1 is obtained based on the absence of either
h̃1,1k or h̃2,1k , i.e. the absence of either user in a cluster, which
can be achieved by SIC technique. Actually, the conclusion in
Lemma 1 still holds even if two users coexist in a cluster, i.e.
the state before SIC, as illustrated in Lemma 2.

Lemma 2: Let W1,k = H̃+
1,k , and wH

i,1k denote the i-th row
of W1,k , we have:

‖w1,1k‖2 = ‖w2,1k‖2 (37)

Proof: Please refer to Appendix B.
Lemma 2 implies that H̃+

1,k has equal noise amplification
effect on its first two rows, i.e. the two users in a cluster suffer
from the same noise amplification effect. Based on Lemma 1
and Lemma 2, we consider the noise amplification reduction

brought by SIC. The ratio ‖w1, 1k ‖2

‖v1, 1k ‖2 is employed to denote the

improvement, which is given by Lemma 3.

Lemma 3: The ratio ‖w1, 1k ‖2

‖v1, 1k ‖2 depends only on θ1 and θ2, and

it is given by:

‖w1,1k‖2

‖v1,1k‖2 =
‖w2,1k‖2

‖v1,1k‖2 =
1

1 − cos2(θ1 − θ2)
(38)

Proof: Please refer to Appendix C.
Base on Lemma 3, the noise amplification is minimized by

Lemma 4.
Lemma 4: ‖v1,1k‖2 and ‖v1,1k‖2 are independent of θ1 and

θ2. ‖w1,1k‖2 and ‖w2,1k‖2 take the minimum values when θ1 and
θ2 are orthogonal; which leads to the lowest outage probabilities.
In this case, ‖w1,1k‖2 and ‖w2,1k‖2 are given by:

‖w1,1k‖2 = ‖w2,1k‖2 = ‖v1,1k‖2 = ‖v1,1k‖2 (39)

Proof: Please refer to Appendix D.
Lemma 4 implies that: if θ1 and θ2 are orthogonal, the first

user’s signal can be directly detected by ZF, and SIC is not
necessary. In this case, we just use w1,11 to detect the first user’s
signal, as shown in (9). The outage probability experienced by
the first user is given by:

P ◦
1,1 = P (SNR1,1 < ζ1,1) = P

(
α2

1,1

‖w1,11‖2 1
ρ

< ζ1,1

)

(40)

Finally, with the above analysis, Theorem 1 is derived to
provide an expression of the outage probability.

Theorem 1: In the WL-MIMO-NOMA systems with two
users in each cluster, the outage probability of the k-th user
in the i-th cluster is given by:

P ◦
i,k =

k−1∑

m=0

(
k − 1

m

)
2!(−1)m

[
Γ(N −M +1,εi , k )

(N −M )!

]2−k+m+1

(2 − k)!(k − 1)!(2 − k + m + 1)

(41)

� when Θ1 and θ2 are orthogonal, εi,k = ζi , k

2ρα2
i , k

.

� when θ1 and θ2 are nonorthogonal

εi,1 = max

{
ζi,1

2ρα2
i,1

,
ζi,2

2ρα2
i,2 (1 − cos2 (θ1 − θ2))

}

εi,2 =
ζi,2

2ρα2
i,2(1 − cos2(θ1 − θ2))

where ζi,k = 2Ri , k − 1, with Ri,k the targeted rate of the k-th
user in the i-th cluster, and Γ(·) denotes the incomplete gamma
function.

Proof: Please refer to Appendix E.
Similar to Lemma 4, we can also conclude, from Theorem 1,

that the outage probabilities of the users take the minimum
when θ1 and θ2 are orthogonal. The optimization problem can
be considered as follows:

The minimization of P ◦
i,k requires the minimization of εi,k .

To balance P ◦
i,1 and P ◦

i,2, a multi-objective problem can be
formulated as follows by using the weight ηi > 0 (i = 1, 2),
η1 + η2 = 1. The problem can be expressed as follows:

min
Δθ

: z = η1εi,1 + η2εi,2 s.t. Δθ = θ1 − θ2 > 0 (42)

Due to the expression of εi,1, we have either z = η1ζi , 1

2ρα2
i , 1

+
η2ζi , 2

2ρα2
i , 2(1−cos2Δθ) or z = ζi , 2

2ρα2
i , 2(1−cos2Δθ) . Obviously, both cases

turn out that we can minimize the outage probabilities of two
users when the phases are orthogonal, e.g. Δθ = π/2.

B. General Cases of K-User Cluster

The case of K-user cluster is more complicated than user
pairing case. We can perform an analysis similar to that in [14].
In this case, the users in each cluster are divided into two sub-
sets. For detecting a user in a subset, the interferences from the
other 2M − 1 subsets are completely removed by considering
2 subsets in a cluster as 2 ‘big users’, and then SIC is employed
to detect the user by considering the other users within the
same subset as interferences. The analysis can be summarized
as Theorem 2.

Theorem 2: In the WL-MIMO-NOMA systems with
K users in each cluster, the outage probability of the k-th user
in the i-th cluster is given by:

P ◦
i,k =

lk −1∑

m=0

(
lk − 1

m

)
K!(−1)m

[
Γ(N −M +1,εi , k )

(N −M )!

]K−lk +m+1

(K − lk )!(lk − 1)!(K − lk + m + 1)

(43)

where lk means that the k-th user in the subset is ranked at
the lk -th position in the whole cluster, it reflects the overall
channel condition of the user within the cluster, smaller value
of lk represents better channel condition, detailed explanation
is shown in proof.

Case I: The users are in subset Θi,1
� if k = 1

εi,1 = max

⎧
⎨

⎩

ζi , K 1

2ρ(α2
i , K 1

−ζi , K 1

∑K 1−1
m = 1 α2

i , m )
, . . . ,

ζi , 2

2ρ(α2
i , 2−ζi , 2α2

i , 1)
,

ζi , 1

2ρα2
i , 1

⎫
⎬

⎭
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� if 2 ≤ k < K1

εi,k = max

⎧
⎪⎨

⎪⎩

ζi , K 1

2ρ(α2
i , K 1

−ζi , K 1

∑K 1−1
m = 1 α2

i , m )
, . . . ,

ζi , k

2ρ(α2
i , k −ζi , k

∑ k −1
m = 1 α2

i , m )

⎫
⎪⎬

⎪⎭

� if k = K1

εi,K 1 =
ζi,K 1

2ρ(α2
i,K 1

− ζi,K 1

∑K 1−1
m=1 α2

i,m )

Case II: The users are in subset Θi,2
� if k = K1 + 1

εi,K 1+1 = max

⎧
⎨

⎩

ζi , K

2ρ(β 2
i , K −ζi , K

∑K −1
m = K 1+ 1 β 2

i , m )
, . . . ,

ζi , K 1+ 2

2ρ(β 2
i , K 1+ 2−ζi , K 1+ 2β 2

i , K 1+ 1)
,

ζi , K 1+ 1

2ρβ 2
i , K 1+ 1

⎫
⎬

⎭

� if K1 + 2 ≤ k < K

εi,k = max

⎧
⎨

⎩

ζi , K

2ρ(β 2
i , K −ζi , K

∑K −1
m = K 1+ 1 β 2

i , m )
, . . . ,

ζi , k

2ρ(β 2
i , k −ζi , k

∑ k −1
m = K 1+ 1 β 2

i , m )

⎫
⎬

⎭

� if k = K

εi,K =
ζi,K

2ρ(β2
i,K − ζi,K

∑K−1
m=K 1+1 β2

i,m )

It is important to clarify that Theorem 2 in this paper is similar
to the Theorem 1 in [14], the proof of Theorem 2 in this paper
can be readily obtained from the proof in [14]. For completeness
of the work, we provide the proof in Appendix F.

V. FURTHER DISCUSSION: COEXISTENCE OF REAL SIGNALS

AND COMPLEX CIRCULAR SIGNALS

In the above sections, the discussion on WL-MIMO-NOMA
is for the real signals. In practice, users are likely to suffer
from various channel fading. To deal with the problem, com-
munication system usually adopts an adaptive strategy by using
real signals for users with poor channels and complex circular
signals for those experiencing good channels. Therefore, the co-
existence of real and complex circular signals is quite usual. In
this section, we extend the model to the mixed case where real
and complex circular signals coexist in a cluster.

We consider (18). Θm,1 and Θm,2 are supposed to be the
sets for the complex circular and real signals, respectively. An
extended mixed signal model can be expressed as follows:

ỹi,k =

[
yi,k

y∗
i.k

]

=

[
ejθHi,ksc

e−jθH∗
i.k s∗c

]

+

[
Hi,k

H∗
i.k

]

sn +

[
ni,k

n∗
i.k

]

(44)

where θ is the difference of two phase angles (θ1 and θ2 for Θm,1

and Θm,2, respectively), which can simplify the expression.
sn and sc denote the real signal and complex circular signals,

respectively. They are expressed as follows:

sc =

⎡

⎢
⎢
⎣

α1,1s1,1 + · · · + α1,K 1s1,K 1

...

αM,1sM,1 + · · · + αM,K 1sM,K 1

⎤

⎥
⎥
⎦ (45)

sn =

⎡

⎢
⎢
⎣

β1,K 1+1s1,K 1+1 + · · · + β1,K s1,K

...

βM,K 1+1sM,K 1+1 + · · · + βM,K sM,K

⎤

⎥
⎥
⎦ (46)

Without loss of generality, we focus on the signals in the first
cluster. Let c1,k be the detection vector at the k-th user, so the
detected signal is described as:

s̃1,k = cH
1,k ỹ1,k (47)

The detection vector c1,k is obtained by minimizing the follow-
ing criterion:

min
c1, k

L1,k = E
[
|s̃1,k − s1,k |2

]
(48)

Let ∂L1, k

∂c1, k
= 0, we can obtain:

c1,k =
(
E

[
s1,k ỹH

1,k

] (
E

[
ỹ1,k ỹH

1,k

])−1
)H

L1,k = E
[
s1,k sH

1,k

]− E
[
s1,k ỹH

1,k

]

× (
E

[
ỹ1,k ỹH

1,k

])−1(
E

[
s1,k ỹH

1,k

])H

The SINR of k-th user is given by:

SINR1,k =
|s1,k |2
L1,k

(49)

We assume that the channel conditions of complex circular sig-
nals are better than those of real signals, and the channel condi-
tion in each subsets is ordered as (22) and (23). The K-th user
in real signals subset Θ1,2 can directly decode its messages. The
outage probability of the K-th user (real signal) is given by:

Po
1,K = P (SINR1,K < ζ1,K ) = P

(
β2

1,K

L1,K
< ζ1,K

)

(50)

The k-th user, k < K, needs to use SIC technique to decode
the signal of j-th user, 1 + k ≤ j ≤ K, and then remove all
these users’ signal before detecting its own. The SIC process is
similar to those in the above sections. And the outage probability
experienced by the k-th user is shown as follows:

Po
1,k = 1 − P

(
SINRj

1,k > ζ1,j , j ∈ {k, . . . , K}
)

(51)

One should note that, for the case of circular complex signals,
it is well known that WLP is equivalent to its traditional coun-
terpart [39].

VI. NUMERICAL SIMULATION RESULTS

In this section, the performance of WL-MIMO-NOMA sys-
tem is assessed by numerical simulation. The simulation in-
cludes five parts. The first part is devoted to examine the an-
alytical results in Section IV. The second part is to compare
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Fig. 1. WL-MIMO-NOMA with different |θ1 − θ2|, N = M = 3, K = 2,
α2

1 = 1
4 , α2

2 = 3
4 , R1 = 4 BPCU, R2 = 3.8 BPCU (BPCU means bits per

channel use).

the performance of WL-MIMO-NOMA with that of conven-
tional MIMO-NOMA in terms of user pairing. The third part
simulates the WL-MIMO-NOMA system with K users in each
cluster. The fourth part compare WL-MIMO-NOMA with WL-
MIMO-OMA, and the final part simulates the mixed case of real
and complex circular signals.

A. Analytical Results and Monte-Carlo Simulation

Fig. 1 simulates a WL-MIMO-NOMA downlink communi-
cation system with fixed power allocation. In the simulation, the
base station is equipped with 3 transmission antennas serving 3
clusters, each of which includes 2 users. Each user is equipped
with 3 receiving antennas. In each cluster, the users have differ-
ent data rate requirement according to the users’ channel condi-
tion, higher rate means that the user has better channel condition.
Fig. 1 shows the outage probability of the system under various
phase differences in |θ1 − θ2|. One can observe that simulation
results agree well with the analytical results in Theorem 1. Be-
sides, the outage probabilities of the users decrease with the
increasing phase difference from 0 to π/2, because larger phase
difference means less noise amplification in eliminating intra-
cluster interferences. In particular, the outage probabilities of
two users reach their minimum values when θ1 and θ2 are or-
thogonal, namely |θ1 − θ2| = kπ + π

2 . One can also observe
that, when |θ1 − θ2| = π

3 or |θ1 − θ2| = π
2 , the two curves for

the first user are exactly overlapped by each other. It’s because
the curves are determined by max{ ζi , 1

2ρα2
i , 1

,
ζi , 2

2ρα2
i , 2(1−cos2(θ1−θ2))

}.

When |θ1 − θ2| = π
3 or |θ1 − θ2| = π

2 , the above maximization

function returns the same value ζi , 1

2ρα2
i , 1

, which is independent of

|θ1 − θ2|. Similarly, the analytical results are also validated by
Fig. 2, where the system has a different antenna configuration
with N = 3, M = 2.

B. WL-MIMO-NOMA Versus MIMO-NOMA: K = 2

In this subsection, the performance of WL-MIMO-NOMA
is compared with that of conventional MIMO-NOMA when

Fig. 2. WL-MIMO-NOMA with different |θ1 − θ2|, N = 3, M = 2, K = 2,
α2

1 = 1
4 , α2

2 = 3
4 , R1 = 4 BPCU, R2 = 3.8 BPCU.

Fig. 3. WL-MIMO-NOMA v.s. MIMO-NOMA, N = 3, M = 3, K = 2,
α2

1 = 1
4 , α2

2 = 3
4 , R1 = 3 BPCU, R2 = 1.3 BPCU.

K = 2. Fig. 3 provides a comparison between the proposed
WL-MIMO-NOMA system with real signals and the classical
MIMO-NOMA system in [14]. The simulation is based on a
system with M = N = 3,K = 2. One can note that the outage
probabilities of the users in WL-MIMO-NOMA are lower than
those in MIMO-NOMA. Fig. 4 further shows the superiority
of WL-MIMO-NOMA to MIMO-NOMA by simulating a WL-
MIMO-NOMA system whose antenna configuration is N = 3,
M = 2. We observe that, in Fig. 3-4, the ‘best user’ sometimes
has a worse performance than the ‘worst user’. The reason for
this is that two users have different targeted data rates, and
different channel conditions, which leads to an equivalent SNR
offset on the curves in the figures. Actually, the curve of ‘best
user’ has faster decreasing rate (steeper slope) than the worst
user, which determines that the former will surpass the latter in
terms of outage performance.

C. WL-MIMO-NOMA Versus MIMO-NOMA: K ≥ 2

Fig. 5 gives a simulation on a WL-MIMO-NOMA sys-
tem with M = N = 3,K = 4. In this system, users in one
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Fig. 4. WL-MIMO-NOMA v.s. MIMO-NOMA, N = 3, M = 2, K = 2,
α2

1 = 1
4 , α2

2 = 3
4 , R1 = 3 BPCU, R2 = 1.3 BPCU.

Fig. 5. WL-MIMO-NOMA, N = M = 3, K = 4, α2
1 = 1

10 , α2
2 = 1

5 , α2
3 =

3
10 , α2

4 = 2
5 . R1 = 1.5 BPCU, R2 = 1.3, R3 = 0.9, R4 = 0.7 BPCU.

cluster are divided into 2 subsets. For simplicity, the first user
and the third user are grouped in Θm,1, the second user and the
fourth user are grouped in Θm,2, which seems more equitable.
Based on the simulation results, we can note the consistence
of the analytical results with those of Monte-Carlo simulation.
In addition, Fig. 6 compares WL-MIMO-NOMA with the con-
ventional MIMO-NOMA in terms of outage probability, the
performance of our proposed scheme is superior to the conven-
tional MIMO-NOMA. Besides, Fig. 7 shows the sum capacity
comparison between WL-MIMO-NOMA and MIMO-NOMA,
we can observe that WL-MIMO-NOMA outperforms MIMO-
NOMA in sum capacity, and the numerical results agree well
with the analytical analysis.

D. WL-MIMO-NOMA Versus WL-MIMO-OMA

Fig. 8 compares WL-MIMO-NOMA and WL-MIMO-OMA
when the real signals are transmitted by BS. In the simulation,
WL-MIMO-NOMA is allocated with complex power coeffi-
cients, and the difference of two phase angles is π/2. This sim-
ulation is based on a system with M = N = 3 and K = 2. From

Fig. 6. WL-MIMO-NOMA v.s. MIMO-NOMA, N = M = 3, K = 4, α2
1 =

1
10 , α2

2 = 1
5 , α2

3 = 3
10 , α2

4 = 2
5 . R1 = 1.5 BPCU, R2 = 1.3, R3 = 0.9, R4 =

0.7 BPCU.

Fig. 7. Sum capacity comparison between WL-MIMO-NOMA and MIMO-
NOMA, N = 3, M = 3.

Fig. 8. WL-MIMO-NOMA v.s. WL-MIMO-OMA with real signals, N = 3,
M = 3, K = 2, α2

1 = 1
4 , α2

2 = 3
4 , R1 = 5 BPCU, R2 = 4.5 BPCU.

the result we can see that the WL-MIMO-NOMA is superior to
WL-MIMO-OMA.

E. Coexistence of Real Signals and Complex Circular Signals

The mixed case of real and complex circular signals is simu-
lated to compare WL-MIMO-NOMA with MIMO-NOMA and
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Fig. 9. WL-MIMO-NOMA v.s. MIMO-NOMA with mixed signals, N = 3,
M = 3, K = 2, α2

1 = 1
4 , α2

2 = 3
4 , R1 = 3 BPCU, R2 = 1.8 BPCU.

Fig. 10. WL-MIMO-NOMA v.s. WL-MIMO-OMA with mixed signals,
N = 3, M = 2, K = 2, α2

1 = 1
4 , α2

2 = 3
4 , R1 = 2.5 BPCU, R2 = 2 BPCU.

WL-MIMO-OMA. The difference of two phase angles in WL-
MIMO-NOMA system is π/2. Fig. 9 is obtained by the simula-
tion using M = N = 3. It shows the advantage of the proposed
WL-MIMO-NOMA over MIMO-NOMA. WL-MIMO-NOMA
and WL-MIMO-OMA are also compared when the mixture
of real and complex circular signals are transmitted by BS. The
simulation is based on a system with N = 3, M = 2 and K = 2.
In WL-MIMO-OMA system, one real signal user and one com-
plex circular signal user are served during one time slot. The
result is shown in Fig. 10, which illustrates the superiority of
WL-MIMO-NOMA to WL-MIMO-OMA.

VII. CONCLUSION

In this paper, a WLP framework is proposed for MIMO-
NOMA downlink systems, where the signals transmitted by the
base station are real-valued. Under the WLP framework, com-
plex power coefficients are used to stagger the user signals. In
user pairing case, a conventional MIMO-NOMA model can be
transformed into a classical MIMO model with expanded di-
mension, both the intra-cluster and inter-cluster interferences

can be eliminated completely. The WLP framework can be
extended to the general case of K-user cluster, where all the
inter-cluster interference and at least half of the intra-cluster
interference can be removed. Performance analysis is done in
terms of the outage probability; the close-form expressions for
outage probability are derived. Performance analysis shows that
the user outage probability reaches the minimum value when the
phases of complex power coefficients are orthogonal, which is
validated by simulation results. The simulation also shows that
WL-MIMO-NOMA system outperforms conventional MIMO-
NOMA system. The framework is finally extended to the gen-
eral mixed case including both real signals and complex circular
signals.

APPENDIX A
PROOF FOR LEMMA 1

Without loss of generality, we can firstly consider the matrix
H1,k = [ h̃1,1k H1,k ], obtained by removing the second col-

umn from the channel matrix H̃1,k . Denote by vH
1,1k the first row

of H
†
1,k . It is easy to follow that vH

1,1k h̃1,1k = 1, vH
1,1kH1,k = 0.

Hence, vH
1,1k belongs to the null space of H1,k . Assume U is an

orthonormal basis of the null space of H1,k , with UH H1,k = 0.
vH

1,1k is represented by a combination of orthonormal basis as
follows:

v1,1k = Ux1 (52)

where x1 is a coefficient vector to be optimized in the following
form:

minxH
1 x1 s.t. xH

1 UH h̃1,1k = 1 (53)

The problem can be easily solved by the Lagrangian multiplier
method, an auxiliary equation is constructed as follows [42]:

L = xH
1 x1 + λh̃H

1,1kUx1 + (λh̃H
1,1kUx1)∗

To solve this problem, we take the partial derivative of L with
respect to x1, and set ∂L

∂x1
= 0, x1 is given by:

xH
1 =

h̃H
1,1kU

h̃H
1,1kUUH h̃1,1k

(54)

Because vH
1,1kv1,1k = xH

1 UH Ux1 = xH
1 x1, hence, xH

1 x1

stands for the noise amplification effect of v1,1k .

xH
1 x1 =

h̃H
1,1kUUH h̃1,1k

(h̃H
1,1kUUH h̃1,1k )2

=
1

h̃H
1,1kUUH h̃1,1k

(55)

For computing h̃H
1,1kUUH h̃1,1k , we can exploit the special

structure of h̃1,1k that the lower part of which is the conju-
gation of the upper part. Accordingly, U is partitioned into two
parts as follows:

U =

[
U1

U2

]

(56)
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where U1 is the upper half of U, U2 is the lower half of U, and

h̃1,1k = [ h1, 1k ej θ 1

h∗
1, 1k e−j θ 1

]. Consequently, we have:

h̃H
1,1kUUH h̃1,1k = hH

1,1kU1UH
1 h1,1k + hT

1,1kU2UH
2 h∗

1,1k

+hH
1,1k e−jθ1U1UH

2 h∗
1,1k e−jθ1 + hT

1,1k ejθ1U2U1
H h1,1k ejθ1

(57)

The dimension of H1,k is 2N × (2M − 2), it’s rank is (2M−2),
so the dimension of U is 2N × (2N − 2M + 2). Assuming the

upper half of H1,k is H1, thus the lower half of H1,k is H
∗
1,

which is given as follows:

H1,k =

[
H1

H
∗
1

]

(58)

The dimension of H1 and H
∗
1 is N × (2M − 2), their rank is

(M − 1), so the dimension of an orthonormal basis for the null

space of H1 and H
∗
1 is N × (N − M + 1). Assuming V is an

orthonormal basis of the null space of H1; accordingly, V∗ is an

orthonormal basis of the null space of H
∗
1. U can be constructed

in the following form:

U =

[
V 0N ×(N −M +1)

0N ×(N −M +1) V∗

]

(59)

It is easy to verify that UH H1,k = 0, so U is an orthonormal

basis for the null space of H1,k . Based on (56) and (59), we
can conclude that U1UH

2 = 0 and U2UH
1 = 0, (55) can be

simplified as:

xH
1 x1 =

1
hH

1,1kU1UH
1 h1,1k + hT

1,1kU2UH
2 h∗

1,1k
(60)

Next, we consider another scenario that the first column of the
channel matrix H̃1,k is removed, which is the case of H1,k =
[ h̃2,1k H1,k ]. Denote vH

1,1k the first row of H†
1,k . Similarly, vH

1,1k

can be represented as:

v1,1k = Ux2 (61)

The coefficient vector x2 is given by the solution to the following
problem:

minxH
2 x2 s.t. xH

2 UH h̃2,1k = 1 (62)

Similarly, xH
2 x2 is given by:

xH
2 x2 =

1
hH

1,1kU1UH
1 h1,1k + hT

1,1kU2UH
2 h∗

1,1k

(63)

It means xH
1 x1 = xH

2 x2, so is ‖v1,1k‖2 = ‖v1,1k‖2. The proof
is done.

APPENDIX B
PROOF FOR LEMMA 2

We consider the first row of H̃†
1,k ; its first row is de-

noted by wH
1,1k . Then we have wH

1,1k h̃1,1k = 1,wH
1,1k h̃2,1k =

0,wH
1,1kH1,k = 0. Assuming U is an orthonormal basis for the

null space of H1,k , as a result, w1,1k can be expressed as follows:

w1,1k = Ux (64)

where x is a coefficient vector to be optimized as follows:

minxH x s.t. xH UH h̃1,1k = 1,xH UH h̃2,1k = 0 (65)

The problem can be solved by the Lagrangian multiplier method,
an auxiliary equation is constructed as follows [42]:

L = xH x + λh̃H
1,1kUx + γh̃H

2,1kUx

+ (λh̃H
1,1kUx + γh̃H

2,1kUx)∗

we take the partial derivative of L with respect to x, and set
∂L
∂x = 0, x is given by:

xH =
h̃H

1, 1k Uh̃H
2, 1k UUH h̃2, 1k −h̃H

1, 1k UUH h̃2, 1k h̃H
2, 1k U

h̃H
1, 1k UUH h̃1, 1k h̃H

2, 1k UUH h̃2, 1k −h̃H
1, 1k UUH h̃2, 1k h̃H

2, 1k UUH h̃1, 1k

(66)

Based on Lemma 1, we have h̃H
1,1kUUH h̃1,1k = h̃H

2,1k

UUH h̃2,1k . Thus the final expression of xH x can be written as:

xH x =
c

c2 − h̃H
1,1kUUH h̃2,1k h̃H

2,1kUUH h̃1,1k

(67)

where c = h̃H
1,1kUUH h̃1,1k = h̃H

2,1kUUH h̃2,1k .

Next, we consider the second row of H̃†
1,k ; its second row is

denoted by wH
2,1k . Then we have wH

2,1k h̃1,1k = 0,wH
2,1k h̃2,1k =

1,wH
2,1kH1,k = 0, w2,1k can be represented as:

w2,1k = Ux̃ (68)

Similarly, x̃H x̃ is given by:

x̃H x̃ =
c

c2 − h̃H
1,1kUUH h̃2,1k h̃H

2,1kUUH h̃1,1k

(69)

It means xH x = x̃H x̃. Because wH
1,1kw1,1k = xH UH Ux =

xH x, wH
2,1kw2,1k = x̃H UH Ux̃ = x̃H x̃, so we have ‖w1,1k‖2

= ‖w2,1k‖2. The proof is done.

APPENDIX C
PROOF FOR LEMMA 3

According to Lemma 1 and Lemma 2, we can find that
‖w1, 1k ‖2

‖v1, 1k ‖2 = ‖w2, 1k ‖2

‖v1, 1k ‖2 , and we focus on the ratio ‖w1, 1k ‖2

‖v1, 1k ‖2 . Recall

the results, (60) and (67), ‖w1, 1k ‖2

‖v1, 1k ‖2 is given by:

‖w1,1k‖2

‖v1,1k‖2 =
1

1 − h̃H
2, 1k UUH h̃1, 1k h̃H

1, 1k UUH h̃2, 1k

h̃H
1, 1k UUH h̃1, 1k h̃H

1, 1k UUH h̃1, 1k

(70)

According to Appendix A, U can be expressed as:

U =

[
U1

U2

]

=

[
V 0

0 V∗

]
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And h̃1,1k and h̃2,1k can be written as:

h̃1,1k =
[

h1,1k ejθ1

h∗
1,1k e−jθ1

]
, h̃2,1k =

[
h1,1k ejθ2

h∗
1,1k e−jθ2

]

In (70), expression
h̃H

2, 1k UUH h̃1, 1k h̃H
1, 1k UUH h̃2, 1k

h̃H
1, 1k UUH h̃1, 1k h̃H

1, 1k UUH h̃1, 1k
can be rewritten

as (71), shown at the bottom of this page. Because U1UH
1 =

VVH ,U2UH
2 = V∗VT , so U1UH

1 = (U2UH
2 )∗. The value

of hH
1,1kU1UH

1 h1,1k is real, which can be extracted from both
numerator and denominator. So, (71) can be further expressed
as:

h̃H
2,1kUUH h̃1,1k h̃H

1,1kUUH h̃2,1k

h̃H
1,1kUUH h̃1,1k h̃H

1,1kUUH h̃1,1k

= cos2(θ1 − θ2) (72)

Combining (70) and (72), the ratio ‖w1, 1k ‖2

‖v1, 1k ‖2 is given by:

‖w1,1k‖2

‖v1,1k‖2 =
1

1 − cos2(θ1 − θ2)
(73)

Therefore, ‖w1, 1k ‖2

‖v1, 1k ‖2 = ‖w2, 1k ‖2

‖v1, 1k ‖2 is only related to angles θ1 and

θ2. The proof is done.

APPENDIX D
PROOF FOR LEMMA 4

We can prove that the orthonormal basis U for the null space

of H1,k is independent of angles θ1 and θ2. According to Ap-
pendix A, U can be expressed as:

U =

[
V 0

0 V∗

]

According to (58) and (59), V is an orthonormal basis for the

null space of H1, H1 is the upper half of H, hence, VH H1 =

0, and we also have VH H1H
H

1 = 0. Therefore, V is also an

orthonormal basis for the null space of H1H
H

1 . Because the

value of H1H
H

1 is independent of angles θ1 and θ2, so V and
U are independent of θ1 and θ2. Recalling that

‖v1,1k‖2 = ‖v1,1k‖2

=
1

h1,1k
H U1U1

H h1,1k + hT
1,1kU2U2

H h∗
1,1k

Because U is independent of θ1 and θ2, so ‖v1,1k‖2 and ‖v1,1k‖2

are independent of θ1 and θ2. With the aid of Lemma 3, we have:

‖w1,1k‖2

‖v1,1k‖2 =
‖w2,1k‖2

‖v1,1k‖2 =
1

1 − cos2(θ1 − θ2)

Consequently, ‖w1,1k‖2 and ‖w2,1k‖2 take the minimum value
when θ1 and θ2 are orthogonal. In this case, ‖w1,1k‖2 and
‖w2,1k‖2 are given by:

‖w1,1k‖2 = ‖w2,1k‖2 = ‖v1,1k‖2 = ‖v1,1k‖2

Recall the outage probability analysis about the two users earlier,
when ‖w2,12‖2 takes the minimum value, the outage probability
achieved by the second user reaches the minimum value; the
outage probability experienced by the first user is determined
by ‖v1,11‖2 and ‖w2,11‖2, the value of ‖v1,11‖2 is independent
of θ1 and θ2, and ‖w2,11‖2 reaches the minimum value when
θ1 and θ2 are orthogonal, so the outage probability achieved by
the two users reaches the minimum value when θ1 and θ2 are
orthogonal.

APPENDIX E
PROOF FOR THEOREM 1

The detection strategy for the first user in the first cluster de-
pends on that whether the phases are orthogonal. So the analysis
of the outage probability of the first user needs to be discussed
in two cases.

Case 1: θ1 and θ2 are nonorthogonal
The outage probability experienced by the first user
in the first cluster is given in (34), which is re-written
as follows:

Po
1,1 =

1 − P

(
α1,1

2

‖v1,11‖2 1
ρ

> ζ1,1,
α1,2

2

‖w2,11‖2 1
ρ

> ζ1,2

)

According to (36) and (38), the above outage proba-
bility can be further expressed as follows:

Po
1,1

= 1 − P

⎛

⎝ α1,1
2

∥
∥v1,11

∥
∥2 1

ρ

> ζ1,1,
α1,2

2

‖w2,11‖2 1
ρ

> ζ1,2

⎞

⎠

= 1 − P

(
1

∥
∥v1,11

∥
∥2 > ε∗1,1

)

(74)

where ε∗1,1 = max{ ζ1, 1

ρα2
1, 1

,
ζ1, 2

ρα2
1, 2(1−cos2(θ1−θ2))

}.

Case 2: θ1 and θ2 are orthogonal According to Lemma 4, the
SIC process can be skipped in the detection of the
first user. The first user can decode its information di-
rectly by using the detection vector w1,11, the outage

h̃H
2,1kUUH h̃1,1k h̃H

1,1kUUH h̃2,1k

h̃H
1,1kUUH h̃1,1k h̃H

1,1kUUH h̃1,1k

=

(ejθ1e−jθ2hH
1,1kU1UH

1 h1,1k + e−jθ1ejθ2hT
1,1kU2UH

2 h∗
1,1k )(e−jθ1ejθ2hH

1,1kU1UH
1 h1,1k + ejθ1e−jθ2hT

1,1kU2UH
2 h∗

1,1k )

(hH
1,1kU1UH

1 h1,1k + hT
1,1kU2UH

2 h∗
1,1k )2 (71)
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probability is given by:

P ◦
1,1 = P

(
α1,1

2

‖w1,11‖2 1
ρ

< ζ1,1

)

= P

(
1

∥
∥v1,11

∥
∥2 <

ζ1,1

ρα2
1,1

)

(75)

Similarly, the outage probability experienced by the
second user in the first cluster can be rewritten as:

P ◦
1,2 = P

(
α1,2

2

‖w2,12‖2 1
ρ

< ζ1,2

)

= P

(
1

∥
∥v1,12

∥
∥2 <

ζ1,2

ρα2
1,2(1 − cos2(θ1 − θ2))

)

(76)

Next, we focus on analyzing the property of ‖v1,1k‖2 to give

the proof of Theorem 1. Recall that v1,1k the first row of H†
1,k

with H1,k = [ h̃2,1k H1,k ]. The ‖v1,1k‖2 can be expressed as
follows [41]:

‖v1,1k‖2 =
det(H

H

1,kH1,k )

det
(
HH

1,kH1,k

) (77)

The computation in (77) is based on the complex-valued
model. To simplify the analysis, the analysis can be converted
into a real-valued model by multiplying the following unitary
matrix P:

P =
√

2

( 1
2I

1
2I

1
2j I

−1
2j I

)
(78)

One can easily verify that H
r

1,k = 1√
2
PH1,k is real. Similarly,

we can obtain the real matrix by Hr
1,k = 1√

2
PH1,k . Therefore,

we have:

det
((

H
r

1,k

)H

H
r

1,k

)

det
((

Hr
1,k

)H Hr
1,k

) =
det

((
1√
2
PH1,k

)H
1√
2
PH1,k

)

det
((

1√
2
PH1,k

)H
1√
2
PH1,k

)

(79)

Denoting the above equation as ‖r1,1k‖2, it can be further ex-
pressed as:

∥
∥r1,1k

∥
∥2 =

det
(

1
2H

H

1,kH1,k

)

det
(

1
2H

H
1,kH1,k

) =

1
22M −2 det

(
H

H

1,kH1,k

)

1
22M −1 det

(
HH

1,kH1,k

)

(80)

We can find that ‖r1,1k‖2 = 2‖v1,1k‖2. So the outage probability
achieved by the users in the first cluster can be rewritten as

follows:

P ◦
1,1 = P

(
1

‖r1,11‖2
< ε1,1

)
(81)

P ◦
1,2 = P

(
1

‖r1,12‖2
< ε1,2

)
(82)

When θ1 and θ2 are orthogonal, ε1,1 = ζ1, 1

2ρα2
1, 1

, ε1,2 = ζ1, 2

2ρα2
1, 2

.

When θ1 and θ2 are nonorthogonal, ε1,1 = max{ ζ1, 1

2ρα2
1, 1

,

ζ1, 2

2ρα2
1, 2(1−cos2(θ1−θ2))

}, ε1,2 = ζ1, 2

2ρα2
1, 2(1−cos2(θ1−θ2))

. Actually, if

the first user’s targeted data rate is greater than the second user’s,
we can observe that the former is a special case of the latter.

According to [43], 1
‖r1, 1k ‖2 follows the chi-square distribution

with (2N − 2M + 2) degrees of freedom. Recall that the users
are ordered as ‖w1,11‖2 ≤ ‖w2,12‖2, it means 1

‖r1, 11‖2 ≥ 1
‖r1, 12‖2 .

Define x̃k as the unordered variables following the chi-square
distribution with (2N − 2M + 2) degrees of freedom, where
x̃k = 1

‖r1, 1k ‖2 . Thus the probability density function (pdf) of x̃k

is given by:

fx̃k
(x) =

e−x

(N − M)!
xN −M (83)

And its cumulative distribution function (CDF) is Fx̃l
(x) =∫ x

0 fx̃l
(y)dy. Define xk the ordered copy of x̃k , according to

1
‖r1, 11‖2 ≥ 1

‖r1, 12‖2 . Therefore the pdf of ordered xk is given by:

fxk
(x) =

2!fx̃k
(x)[Fx̃k

(x)]2−k [1 − Fx̃k
(x)]k−1

(2 − k)! (k − 1)!
(84)

The outage probability experienced by the k-th user in the first
cluster is P ◦

1,k =
∫ ε1, k

0 fxk
(x)dx, by applying the PDF of the

ordered xk , it can be expressed as follows:

P1,k =
∫ ε1, k

0

2!fx̃k
(x)[Fx̃k

(x)]2−k [1 − Fx̃k
(x)]k−1

(2 − k)!(k − 1)!
dx

=
k−1∑

m=0

(
k − 1

m

)
2!(−1)m

(2 − k)!(k − 1)!

×
∫ ε1, k

0
fx̃k

(x)[Fx̃k
(x)]2−kFx̃k

(x)m dx

=
k−1∑

m=0

(
k − 1

m

)
2!(−1)m [Fx̃k

(ε1,k )]2−k+m+1

(2 − k)!(k − 1)!(2 − k + m + 1)

(85)

By applying the CDF of the unordered variable x̃k , and then
applying the incomplete gamma function, we can get the overall
outage probability shown in the Theorem 1‘. The proof is done.

APPENDIX F
PROOF FOR THEOREM 2

The case of K-user cluster is considered from the follow-
ing perspective. The users in each cluster are divided into two
subsets. For detecting a user signal in a subset, the interfer-
ences from the other 2M − 1 subsets are completely removed
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by considering 2 subsets in a cluster as 2 ‘big users’, then SIC is
employed to detect the user signal by considering the other users
within the subset as interferences. Without loss of generality, the
analysis can be performed by focusing on the first cluster.

1) The analysis begins with subset Θ1,1 = {s1,1, s1,2, . . . ,
s1,K 1}. The user with worst channel condition can decode
its own information with regarding other users’ messages
as noises, so the outage probability for the K1-th user in
subset Θ1,1 is given by:

P (SINR1,K 1 < ζ1,K 1) =

P

(
α2

1,K 1∑K 1−1
m=1 α2

1,m + ‖w1,K 1‖2 1
ρ

< ζ1,K 1

)

(86)

The outage probability can be further expressed as fol-
lows:
⎧
⎨

⎩
P

(
1

‖w1, K 1‖2 <
ζ1, K 1

ρ(α2
1, K 1

−ζ1, K 1

∑K 1−1
m = 1 α2

1, m )

)
if C1

1 otherwise
(87)

where C1 denotes α2
1,K 1

> ζ1,K 1

∑K 1−1
m=1 α2

1,m .
According to Lemma 4 and the formula (80), the above
outage probability can be rewritten as:

P ◦
1,K 1

=

⎧
⎨

⎩
P

(
1

‖r1, K 1
‖2 < ε1,K 1

)
if C1

1 otherwise
(88)

where ε1,K 1 = ζ1, K 1

2ρ(α2
1, K 1

−ζ1, K 1

∑K 1−1
m = 1 α2

1, m )
, and 1

‖r1, K 1
‖2 fol-

lows the chi-square distribution with (2N − 2M + 2) de-
grees of freedom.

2)) The k-th user in Θ1,1 , 2 ≤ k < K1, needs to use SIC strat-
egy to decode the information of j-th user, 1 + k ≤ j ≤
K1, and then remove all these users’ information before
detecting its own. The k-th user can only decode its in-
formation successfully when all these users’ messages are
decoded, so the overall outage probability of the k-th user
is shown as follows:

P ◦
1,k = 1 − P

(
SINRj

1,k > ζ1,j , j ∈ {k, . . . , K1}
)

= 1 − P

(
α2

1,j
∑j−1

m=1 α2
1,m + ‖w1,k‖2 1

ρ

> ζ1,j , j ∈ {k, . . . ,K1}
)

(89)

Similarly, the above outage probability can be rewritten
as:

P ◦
1,k =

⎧
⎨

⎩
P

(
1

‖r1, k ‖2 < ε1,k

)
if C2

1 otherwise
(90)

where the condition C2 denotes α2
1,j > ζ1,j

∑j−1
m=1 α2

1,m ,
for all j ∈ {k, . . . ,K1}, and

ε1,k = max

⎧
⎨

⎩

ζ1, K 1

ρ(α2
1, K 1

−ζ1, K 1

∑K 1−1
m = 1 α2

1, m )
, . . . ,

ζ1, k

ρ(α2
1, k −ζ1, k

∑ k −1
m = 1 α2

1, m )

⎫
⎬

⎭

3) The first user in Θ1,1 needs to use SIC strategy to de-
code its information. Consequently, the outage probability
achieved by the first user is given by:

P ◦
1,1 =

⎧
⎨

⎩
P

(
1

‖r1, 1‖2 < ε1,1

)
if C3

1 otherwise
(91)

where C3 denotes α2
1,j > ζ1,j

∑j−1
m=1 α2

1,m , for all j ∈
{2, . . . ,K1}, and

ε1,1 = max

⎧
⎨

⎩

ζ1, K 1

2ρ(α2
1, K 1

−ζ1, K 1

∑K 1−1
m = 1 α2

1, m )
, . . . ,

ζ1, 2

2ρ(α2
1, 2−ζ1, 2α2

1, 1)
,

ζ1, 1

2ρα2
1, 1

⎫
⎬

⎭

Following the analysis on Θ1,1 , the outage probability
experienced by users in Θ1,2 = {s1,K 1+1, s1,K 1+2, . . . ,
s1,K } can be directly given in the following.

4) The outage probability for the K-th user in Θ1,2 is given
by:

Po
1,K =

⎧
⎨

⎩
P

(
1

‖r1, K ‖2 < ε1,K

)
if C4

1 otherwise
(92)

where C4 denotes β2
1,K > ζ1,K

∑K−1
m=K 1+1 β2

1,m , and

ε1,K = ζ1, K

2ρ(β 2
1, K −ζ1, K

∑K −1
m = K 1+ 1 β 2

1, m )
.

5) The outage probability experienced by the k-th user, K1 +
1 ≤ k < K, is shown as follows:

P ◦
1,k =

⎧
⎨

⎩
P

(
1

‖r1, k ‖2 < ε1,k

)
if C5

1 otherwise
(93)

where C5 denotes β2
1,j > ζ1,j

∑j−1
m=K 1+1 β2

1,m , for all j ∈
{k, . . . ,K}, and

ε1,k = max

⎧
⎨

⎩

ζ1, K

2ρ(β 2
1, K −ζ1, K

∑K −1
m = K 1+ 1 β 2

1, m )
, . . . ,

ζ1, k

2ρ(β 2
1, k −ζ1, k

∑ k −1
m = K 1+ 1 β 2

1, m )

⎫
⎬

⎭

6) The outage probability achieved by the K1 + 1 user is
given by:

P ◦
1,K 1+1 =

⎧
⎨

⎩
P

(
1

‖r1, K 1+ 1‖2 < ε1,K 1+1

)
if C6

1 otherwise
(94)

where C6 denotes α2
1,j > ζ1,j

∑j−1
m=1 α2

1,m , for all j ∈
{K1 + 2, . . . ,K}. And

ε1,K 1+1 = max

⎧
⎨

⎩

ζ1, K

2ρ(β 2
1, K −ζ1, K

∑K −1
m = K 1+ 1 β 2

1, m )
, . . . ,

ζ1, K 1+ 2

2ρ(β 2
1, K 1+ 2−ζ1, K 1+ 2β 2

1, K 1+ 1)
,

ζ1, K 1+ 1

2ρβ 2
1, K 1+ 1

⎫
⎬

⎭
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Despite the channel condition ordering in (22) and (23),
we have underlined that there is no specific magnitude
order for any pair across the subsets, i.e. ‖w1,k1‖2 can be
bigger or smaller than ‖w1,K 1+k2‖2 for 1 ≤ k1 ≤ K1 and
1 ≤ k2 ≤ K2.

When considering the user’s channel conditions throughout
the cluster, we give an ordering overall channel conditions as
follows:

‖w1‖2 ≤ ‖w2‖2 ≤ · · · ≤ ‖wK ‖2 (95)

where ‖wlk ‖2 = ‖w1,k‖2, lk ∈ {1, 2, . . . ,K}, it means that
‖w1,k‖2 is ranked as the lk -th position in (95). Accordingly,
denote the 1

‖r1, k ‖2 by 1
‖rl k

‖2 , the order of 1
‖rl k

‖2 is given by:

1

‖r1‖2 ≥ 1

‖r2‖2 ≥ · · · ≥ 1

‖rK ‖2 (96)

Define x̃lk as the unordered variables following the chi-square
distribution with (2N − 2M + 2) degrees of freedom, where
x̃lk = 1

‖rl k
‖2 . Thus the probability density function (pdf) of x̃lk

is given by:

fx̃l k
(x) =

e−x

(N − M)!
xN −M (97)

And its cumulative distribution function (CDF) is Fx̃l k
(x) =∫ x

0 fx̃l k
(y)dy. Define xlk the ordered copy of x̃lk , therefore the

pdf of xlk is given as follows:

fxl k
(x) =

K!fx̃l k
(x)[Fx̃l k

(x)]K−lk [1 − Fx̃l k
(x)]lk −1

(K − lk )!(lk − 1)!
(98)

The outage probability experienced by the k-th user in the first
cluster is equivalent to the outage probability experienced by
the lk -th user in the first cluster, it can be expressed as P ◦

1,k =∫ ε1, k

0 fxl k
(x)dx, by applying the PDF of the ordered xlk , it can

be expressed as follows:

P1,k =
∫ ε1, k

0

K!fx̃l k
(x)[Fx̃l k

(x)]K−lk [1 − Fx̃l k
(x)]lk −1

(K − lk )!(lk − 1)!
dx

=
lk −1∑

m=0

(
lk − 1

m

)
K!(−1)m

(K − lk )!(lk − 1)!

×
∫ ε1, k

0
fx̃l k

(x)[Fx̃l k
(x)]K−lk Fx̃l k

(x)m dx

=
lk −1∑

m=0

(
lk − 1

m

)
K!(−1)m [Fx̃l k

(ε1,k )]K−lk +m+1

(K − lk )!(lk − 1)!(K − lk + m + 1)

(99)

By applying the CDF of the unordered variable x̃lk , and then
applying the incomplete gamma function, we can get the overall
outage probability shown in the Theorem 2.
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