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Abstract—Sparse code multiple access (SCMA) has emerged as a promis-
ing non-orthogonal multiple access technique for the next-generation wire-
less communication systems. Since the signal of multiple users is mapped
to the same resources in SCMA, its detection imposes a higher complexity
than that of the orthogonal schemes, where each resource slot is dedicated
to a single user. In this paper, we propose a low-complexity receiver for
SCMA systems based on the radical variational free energy framework.
By exploiting the pairwise structure of the likelihood function, the Bethe
approximation is utilized for estimating the data symbols. The complex-
ity of the proposed algorithm only increases linearly with the number of
users, which is much lower than that of the maximum a posteriori detec-
tor associated with exponentially increased complexity. Furthermore, the
convergence of the proposed algorithm is analyzed, and its convergence
conditions are derived. Simulation results demonstrate that the proposed
receiver is capable of approaching the error probability performance of the
conventional message-passing-based receiver.

Index Terms—Sparse code multiple access, variational free energy, Bethe
approximation, convergence analysis.

I. INTRODUCTION

The next generation wireless communication systems aim for an
increased spectral efficiency and low latency [1], [2]. In this context,
sparse code multiple access (SCMA) has recently attracted substantial
attention, since it is capable of supporting large-scale connectivity and
improved coverage [3].
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SCMA techniques can be regarded as a generalized form of low
density signature based code division multiple access [4]. In SCMA,
the bit-to-symbol mapping and spreading operation are merged and
bit streams of different users are directly mapped to sparse codewords.
With the aid of appropriate sparse codebook design, SCMA achieves an
improved performance. However, due to the non-orthogonal resource
allocation of the SCMA system, the optimal maximum a posteriori
(MAP) detectors impose a high complexity. By exploiting the sparsity
of the codewords, several factor graph and message passing algorithm
(MPA) [5] based receivers have been developed [6]-[9]. Nevertheless,
the rank-deficient SCMA system results in a factor graph having short
cycles, for which the message passing algorithm may not be able to
converge. Therefore, it is important to investigate the convergence of
iterative SCMA receivers.

Hence, we propose a low-complexity receiver based on Bayesian
inference [10]. Considering the low density of non-zero elements in
the SCMA codewords, we represent the joint distribution of data sym-
bols as the product of several clique potentials. Then based on the
Bethe approximation [11], we derive the corresponding variational
free energy (VFE). By minimizing the VFE, the marginal distribu-
tions of symbols are determined. We show that the complexity of the
proposed receiver only increases linearly with the number of users.
Moreover, since the proposed scheme is an iterative one, we analyze its
convergence. In summary, the main contributions of this paper are as
follows,

® We develop a low-complexity iterative receiver for our SCMA

system. In contrast to the conventional variational inference
method [12], we use the Bethe approximation which explicitly
considers the conditional dependencies of users for improving the
performance. Furthermore, a belief damping scheme is employed
to improve the performance.

® We prove that the variance of symbol marginals is guaranteed to

converge. For its mean, we conceive the necessary and sufficient
condition to guarantee its convergence.

Finally, our simulation results show that the proposed algorithm ap-
proaches the optimal MAP detector’s performance despite significantly
reducing its complexity.

The remainder of this paper is organized as follows. The model
of our SCMA system is introduced in Section II. In Section III, the
proposed energy minimization based receiver is presented, while in
Section IV, we analyze the convergence of the proposed algorithm.
Simulation results are discussed in Section V. Finally, our conclusions
are provided in Section VI.

Notations: We use a boldface capital letter to denote a matrix while
lowercase letter to denote a vector. C' denotes a constant number; | - |
denotes the modulus of a complex number or the cardinality of a set;
|| - || denotes a £> matrix norm; o represents equality up to a constant
normalization factor; (,7) denotes the corresponding variables are
included in a pairwise potential.

II. SYSTEM MODEL

We consider the SCMA system supporting .J users multiplexed onto
K orthogonal resources, as shown in Fig. 1. In orthogonal multiple
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Fig. 1. Block diagram of the SCMA system.

access (OMA), J < K is satisfied to ensure that each user is allo-
cated to an orthogonal resource. By contrast, in the SCMA system, the
number of users is larger than the number of resource blocks, which
leads to a rank-deficient system. The ratio A = Ai > 1 is referred to as
the normalized user-load. For each user, the bits b; are mapped to a
K -component SCMA codeword x;. The mapping function for the jth
useris x; = ¢(b;), ¢ : B°#2M — x, where x € C¥ and |[x| = M

The SCMA codeword of the jth user is selected from a predefined
codebook. Let x; = [z 1,...,2; x| be the transmitted symbols of
user j. Given the sparsity of SCMA codewords, there are only D < K
nonzero entries in x;.

The spread signal of user j is then transmitted through the corre-
sponding channel h; = [h; 1,...,h; k|7
nization between the base station and users, the received signal is

. Assuming perfect synchro-

expressed as

y = Zdlag

j=1

X +n, (1)

where n is the Gaussian noise having a power spectral density of Nj.

IITI. PROPOSED LOW-COMPLEXITY RECEIVER

Generally, utilizing message passing algorithm (MPA) based re-
ceiver can provide the optimal maximum a posteriori (MAP) estimate.
Nevertheless, MPA has exponential complexity which limits its imple-
mentation in practice. In this section, we propose a low-complexity
receiver for SCMA system based on the variational free energy frame-
work.

A. The Proposed Algorithm

Under the Gaussian assumption of n, we have the likelihood function
of the received signals y conditioned on the user’s transmitted symbols
x;, formulating as

p(y[x) o exp (Iy Zdlag )Xj||2>~ )
j=1

According to the classic Bayesian theorem, the a posteriori distri-
bution can be expressed as

p(x]y) o< p(x)p(y %), 3)
where p(x) is the joint a priori distribution of all users’ source symbols,
which is expressed as

p(x)cxH/\/’(xj,m V2. )

Jj=1
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Ir(l) 4), mg [m? mgj_K}T and Vg = diag([v? FRRRR

Uz ok ]) are calculated based on the extrinsic informatlon gleaned from

the channel decoder.

T

Since the SCMA source symbols and received signal samples are
independent, (3) is factorized as

p(x[y) ocHH¢ H¢1,, ®)

k=1 j
where
" hS k@ k= 20y yrn
¢; = p(wjr)exp [ ———= N (6)
k k 2hkalkm]k
T e ©)

are referred to as the self-potential and pairwise potential derived in
[13], respectively. Usually, we aim for finding the estimate of every
data symbol, i.e. Z; ;, which is equivalent to obtain the a posteriori
probability p(z; 1 |y). Direct marginalization of p(x|y) imposes a high
complexity. Motivated by the energy minimization framework, we pro-
pose to find an appropriate trail distribution b(x) that can be readily
marginalized to approximate p(x|y).
The variational free energy is defined as [14]

b
F=Fy +/b(x) LG ®)
p(xly)
where Fy = —In Z is termed as Helmholtz free energy[14]. In our

problem, Z denotes the normalization factor of p(x|y). The simplest
form for b(x) is the mean-field (MF) approach [13], which factorizes
b(x) as byr(x) = [, b} (1), where b} (z; ;) is a marginalized
trail distribution (‘belief”) over the single variable x; ;. Accordingly,
we can readily compute the free energy and then obtain an MF ap-
proximation for the beliefs b’; (21 ). However, the main problem of
the factorized MF approximation is that it assumes all variables in x
to be conditionally independent of each other, even though actually
they are not. This motivates us to find a more accurate approximation
than the MF approximation. The Bethe method has been recognized
as an efficient tool in probabilistic problems, since it considers the
conditional dependencies amongst the variables as follows:

=I5 ) ku”m’m”) ©)

I] ls 1'7 k)
Substituting (9) into (8) yields

F= Z (Z /‘bi‘f.j(l‘j.kawi,k)ln
k (i,9) "

k
¢,J

dxj.k:dxi.kt

J—1) Z/b‘ T ) (;"‘)dx_,,k> +C. (10)

The variational free energy is constrained by the normalization and
consistency constraints of:

/bjﬁ (zj4)dz;p =1 (11)
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We invoke the classic Lagrangian multipliers A; for the normaliza-
tion constraint and A; ; (z; ;) for the consistency constraints. Thus the

Lagrangian is constructed as
E / 1.7 L Js /\

L:F+Z(ZM (1—/& (). dfjk)
k i ()

X (/ OF (@, @i )day b’?(x,-,k,)> dxj,k).

According to the calculus of variations, setting §(L) = 0 gives the

13)

beliefs b} ; (; 5, ;) and b} (x; ;) at stationary points, which yield

b?,j(xjﬁl\‘?‘/ ) C¢7 J z‘(rtk) (LJ k)

X exp [—Aji (zjn) — Aij(zi k)] (14)
by (zj0) = C@ exp ZA” Ti) (15)

(i.4)

By substituting (15) into (14), we arrive at

b" (’EJA,T, r) ocqﬁl‘qb/” i) X exp
X Z )"j,l(l‘j‘lv) + Z )"i,m (xi,k)
(7.0),1#1 (i,m),m#j

(16)

For simplicity, we introduce the shorthand
bf\j (1) x qﬁf exp Z Aim (Tig) 17)

(im).m#j

After integrating bF
finally we infer

)&jj ([L’]k) =1In (/ (ﬁlkjbf\] (l‘i"k)dl‘i,k) .

Without loss of generality, we denote the mean and variance of
bf\j (x;.1) by mf\j and Uf‘\J .Then A, ; () is expressed as a quadratic

polynomial

(i, ) over x; ;. and comparing it to (15),

18

4 k 2 k
hiwViy o, zhmmi\j

Aji(xie) = Ng Lk No

Ty k + C

= k+2’yﬂx]k+0 (19)

JLJ

Based on (15) and (19), we can now calculate the mean and variance
of the approximate marginal bjf (%)

0

My 2h; 1Yk
k 3.k Yk K
mm_"k = U‘rj_,‘_ 1}27] + TO + Z Vi (20)
Jik (i,5)
—1
1 h & .
vy = | o J + Zﬁ“ @20

. h% ng 2
Since the terms 1‘01 + ](" and bk 4 1\7“‘ do not change
Tk -"j k
during the iterations, we use p and g to denote those two terms for

simplicity. We further consider a damping scheme which is expected

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 67, NO. 12, DECEMBER 2018

Algorithm 1: Energy Minimization Based Turbo Detector
for SCMA System.

1: Initialization:

2: The initial a priori distribution of user’s source symbol is set
as Gaussian distribution with zero mean and infinite variance;
for iter=1: Ny, (number of iterations) do
For all users Vj
Determine 3} ; and 4/ ; according to (19);
Compute bl ; (w; ) and b (z; 1. ) according to (17) and
(20), (21);
7:  Update the mean and variance of the damped belief
according to (23), (24);
8:  Calculate LLR L} based on l;’f (z;,) and feed them to the
channel decoder;

AN A

9:  Perform standard BP channel decoding;
10:  Calculate m? v . based on the output extrinsic
information from the channel decoder ;
11: end for

and v
k Tj,

to improve the performance in a high density connected network [15].
Denoting the belief obtained at the /th iteration as b’}‘ (1), the damped

belief is computed as
by (1) = (0 (1) (b (1 = 1))

where 0 < av < 1 is the damping factor. That is to say the updating of
the belief is based on a combination of the new belief and the old one.

(22)

The mean and variance of the damped belief are given as

am, (1 l—a)m,  (I—1
(1) =, (1) ( " J,?(z()) 4! vx) (ZL(1) )) (23)

) B o -« B
Vg ()= (U%.k ) * Cr (l— 1)) -

Given the mean and variance of Bﬁ (x; 1), we can calculate the log
likelihood ratios (LLRs) Lf; fed to the channel decoder. Note that up-
dating m,, . and Uz relies on other variables, hence the extrinsic
information corresponding to different data symbols is updated itera-
tively. After decoding, the output LLRs L§ are converted to p(z;.,)and
we start the next turbo iteration. The details of the proposed algorithm

24

is summarized in Algorithm 1.

B. Computational Complexity

Note that the complexity of the proposed algorithm is dominated by
the integration in (18). For the symbol x; ;. of user j, there are a total of
(D — 1) interfering symbols. Note that with the beliefs being Gaussian,
when obtaining the marginal of symbol x; )., only simple addition and
multiplication calculations are involved. As a result, a complexity on
the order of O[(D — 1)] is imposed and the complexity of the proposed
algorithm is then O[J (D — 1)]. The original MPA receiver requires an
optimal MAP detector, having a complexity order of O(|x|?). The
Max-log based SCMA detector of [7] still has a complexity order of
|x|, although the number of operations has been significantly reduced.
By contrast, the complexity of the proposed algorithm only increases
linearly with the number of users. Compared to the method of [9], the
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TABLE I
COMPLEXITY COMPARISON
Algorithm Name Computational Complexity
Conventional MPA OJ|x|?)
Max-log based MPA OJ|x|P)
Modified MPA [9] O[J|x|(D - 1)]
The proposed algorithm O[J|x|(D —1)]

proposed algorithm has the same complexity order. In summary, the
different algorithms’ complexities summarized in Table .

IV. CONVERGENCE ANALYSIS

The convergence is a key issue for an iterative algorithm. In this sec-
tion, we derive the realistic conditions that guaranteed the convergence
of the proposed energy minimization based receiver.

According to (17), at the [th iteration, mf\j and vf\j are updated
based on the parameters determined in the previous iteration, following

-1

i, =pb+ > 0= (25)
(i,m),m#j
mb, ) =l [+ Y AfL -1 (26)

(im).m#j

Proposition 1: The variance f)m}._ . of the belief is guaranteed to
converge, satisfying

b () <0, (1 1)

Proof: See Appendix A. |

Next let’s analyze the convergence of 1, ; , , which is equivalent to
proving that the difference between m, ; , obtained in two consecutive
iterations becomes smaller as [ becomes larger, yielding,

|mT_,,k (l + 1) - Thfj,/.- (l)l < |ml‘_yxk (l) - Thfj,/.- (l - 1)' (27)

Provided that the number of iterations is large enough, we can assume
that the parameters, v, , and vf\j converge to v* and v* for all j,
respectively. According to (24), U s also converges to v*. Thus (20)
and (23) can be rewritten as

D =v [>T (28)

(i,5)
i, ()= am,, () (L—aym, , (—1). (29
Then we have
i, (1) =i, (1) = alm,,, (14+ 1) —m,,, (1)
+(1=a)(m,,, () —m,, (1= 1)

=y [a(v 0+ 1) —750)
(i,7)

+(1-a) (’V]k,i(l) - 7;1(1 - 1)) }a
(30)
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Fig. 2. BER performance of different algorithms. (A = 150%).

which implies that the convergence of My, is related to that of 'yfl
Substituting mi.“\ ; from (26) into (19) yields

(i,m)m#j
hZ §*
with b = *7]‘\501 . Similar to (35) in Appendix A, we obtain
(i,m),m#j

Again, by stacking all v having the index k as a vector, we have the
following equation

YU+ 1) =7 (1) = A Y (1) - 4* (1 - 1)].

Proposition 2: The mean m,; , of the symbol belief is guaranteed

(33)

to converge, if and only if the spectral radius of A satisfies p(A) < bl
Proof: See Appendix B. |

V. SIMULATION RESULTS

We consider a pair of SCMA systems using parameters of: a) J = 6
and K = 4, A = 150%, where the corresponding codebook is defined
in [16]; b) J =12 and K = 6, A = 200%, where the corresponding
codebook is defined in [17]. A rate-5/7 LDPC code is employed and a
flat-fading Rayleigh channel associated with perfect channel state in-
formation (CSI) is used. The number of iterations between the channel
decoder and the multiuser detector is set to Ny = 10.

The bit error rate (BER) performance of the proposed algorithm
is compared to that of the state-of-the-art methods in Figs. 2 and 3.
The damping factor of the proposed algorithm is o = 0.3.! It can be
seen from both figures that the proposed algorithm matches the per-
formance of the MPA receiver, but the complexity of the conventional
MPA receiver increases exponentially with the number of users. The
variational inference method has a low complexity as a benefit of the
mean-field approximation. Nevertheless, due to ignoring the condi-
tional dependencies amongst data symbols, the variational inference

IThere are several methods proposed to find the optimal damping factor under
different criteria. Here we use the value in [15].
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Fig. 4. BER performance versus the number of iterations. (A = 150%).

method leads to a significant performance loss. When A = 150%, the
modified MPA method of [9] has a similar performance to that of the
proposed algorithm. However, when A = 200%, the modified MPA [9]
experiences performance loss. This is because the factor graph contains
more short cycles due to the more severe interference, which will result
in convergence problems for the modified MPA.

To evaluate the convergence of the proposed algorithm, in Fig. 4
we depict its BER performance for a single user versus the number of
iterations at different values of Ej, /Ny. An SCMA system associated
with A = 150% is considered. We can observe that increasing the num-
ber of iterations improves the performance of the proposed algorithm.
Moreover, at £, /Ny = 3 dB, the performance improvement becomes
marginal, as the number of iterations increases. When E;, /N, becomes
higher, more iterations are required to guarantee convergence. We ad-
ditionally invoked the extrinsic information transfer (EXIT) chart to
reveal the mutual information (MI) convergence property between the
channel decoder and the proposed SCMA detector, which is shown in
Fig. 5. We use 4 4., to denote the MI between the transmitted bits
and the LLRs fed to the channel decoder and Ig ;.. to denote the
MI between the bits and the extrinsic LLRs output by the channel de-
coder. Similar definitions of 14 4.; and Ig 4.¢ are used for the SCMA

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 67, NO. 12, DECEMBER 2018

L |=—- Channel Decoder EXIT
02f/ E,/N,=4dB i
i E,/N,=3.50B
4 E,/N,=30B
0 : :
0 0.2 0.4 0.6 0.8 1
IE,dec’ IA,det
Fig. 5. EXIT chart between the SCMA detector and channel decoder.
(A = 150%).

detector. We can see from Fig. 5 that at £}, /Ny = 4 dB, an open tunnel
is attained and both curves reach the (1,1) point of perfect convergence
to a vanishingly low BER. Hence, it shows that the proposed algorithm
is expected to converge.

VI. CONCLUSION

In this paper, we proposed an energy minimization based low-
complexity iterative receiver for SCMA systems. By factorizing the
joint distribution into the product of several potentials, we used the
Bethe approximation to derive the marginal of data symbols. The com-
plexity of the proposed algorithm only increases linearly with the num-
ber of users, instead of the exponential complexity of the optimal
MAP detector. We further analyzed the convergence of the proposed
algorithm and derived its convergence conditions. Our simulation re-
sults for two SCMA systems with normalized user-load A = 150% and
A = 200%, respectively, showed that the low-complexity energy min-
imization based algorithm closely approaches the performance of the
conventional MPA scheme and outperforms both the modified MPA
and the variational inference methods.

APPENDIX A
PROOF OF PROPOSITION 1

According to (19) and (25), the update equation of ﬂ;’.i(l) is
rewritten as
-1

(i,m)m#j

(34

with a =k}, /Nj. Note that if 3 ; < 0, we can derive the following
inequality

(1) =65
a’z(i,m).m%j [5Ikm (l) - zk,m (l - l)]
(pf +Z(i,m),m#j zk.m (l - 1)) (pf +Z(i,m),m¢j f,m (l))

‘Z)z S B - B (-]

(i,m),m#j

(Y

(35)
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By stacking all ( values with respect to the resource index k
to form 3%, the above inequality can be expressed in a vectorial
form as

B+ =D 2 A LB () -84 (1= 1]
a 1 [ak gk
> WA [B"(1) = B*(0)], (36)

where A is an adjacent matrix with A;; = 1 if and only if user 4
and j are interfering with each other. Since the symbols are initialized
with v, ., (0) = oo, which indicates that v, , (1) < v, (0), there-
fore ¥, (1) > ¥, (0) holds and we arrive at 3" (I + 1) — 3* (1) > 0,
which shows that the parameter ﬁf‘f (I + 1) is monotonically increas-
ing. According to (21), we have v, , (I + 1) < v, , (1), which proves
that Vs is guaranteed to converge.

Considering the belief damping, to prove o, , (I + 1) <9, , (1) is
equivalent to prove

«a -« «a -«
PO IR () By O N
Obviously, with the conclusion drawn above, U”"k 0 > v,l-j_:( =
) always hold. Therefore the variance of damped

and

-« > -«
LEFN® (i+1) = Ve (1

belief is also guaranteed to converge.

APPENDIX B
PROOF OF PROPOSITION 2

o Necessary Condition: Based on (33), we can express v* (I + 1) —
~*(1) as

YU+ 1) =y () = AT [ (1) =45 (0)] - (38)
Deriving the limits of both sides of (38) yields
lim [v"(1+ 1) — 4" ()] = lim (bA)' [v* (1) = ~*(0)] . (39)

l—o0 l—00

If ml,j_ , converges, we have

lim [a (’yk (l+1)— ~F (l)) + (1 —a) (’yk(l) - 'yk(l — 1))]

l—00
= lim [a(bA) + (1 = a)(bA) ] [¥*(1) = 4*(0)] =0
(40)

which in turn requires lim; .. (bA)! = 0. Assuming that A and v are
the eigenvalue and eigenvector of A, we have

ulhﬁm‘(bA)f = lim [(bA)'v] = lim [(b2)'v]

l—00 l—00

= ullim(bk)l. 41)
Since v # 0, lim; _..(bA)" = 0 must be satisfied. Therefore [A| < ;

holds for any eigenvalue of the matrix A. Consequently,
p(A) < 1.
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o Sufficient Condition: According to the matrix theorem of [18], we
have

75+ 1) =4 Ol = [IbA [¥" (1) =" (1 = D] ||
<b p(A) N () =~ =D

If p(A) <, then [[Y'(I+1)=~+*)] <[v"(1)—~"1-1)
holds and therefore m,j_ , 1s convergent.

(42)
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