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Constellation Randomization Achieves Transmit
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Abstract—The performance of spatial modulation (SM) is known
to be dominated by the minimum Euclidean distance (MED) in the
received SM constellation. In this paper, a symbol-scaling tech-
nique is proposed for SM in the multiple-input–multiple-output
(MIMO) channel that enhances the MED to improve the perfor-
mance of SM. This is achieved by forming fixed sets of candidate
prescaling factors for the transmit antennas (TAs), which are ran-
domly generated and are known at both the transmitter and the re-
ceiver. For a given channel realization, the transmitter chooses the
specific set of factors that maximizes the MED. Given the channel
state information (CSI) readily available at the receiver for detec-
tion, the receiver independently chooses the same set of prescaling
factors and uses them for the detection of both the antenna index
(AI) and the symbol of interest. We analytically calculate the
attainable gains of the proposed technique, in terms of its transmit
diversity order, based on both the distribution of the MED and on
the theory of classical order statistics. Furthermore, we show that
the proposed scheme offers a scalable performance–complexity
tradeoff for SM by varying the number of candidate sets of pre-
scaling factors, with significant performance improvements, com-
pared to conventional SM.

Index Terms—Constellation shaping, multiple-input single-
output, prescaling, spatial modulation (SM).

I. INTRODUCTION

TRADITIONAL spatial multiplexing has been shown to
improve the capacity of the wireless channel by exploiting

multiantenna transmitters [1]. More recently, spatial modulation
(SM) has been explored as a means of implicitly encoding
information in the index of the specific antenna activated for
the transmission of the modulated symbols, offering a low-
complexity alternative [2]. Its central benefits include the ab-
sence of interantenna interference (IAI) and the fact that it only
requires a subset (down to one) of radio-frequency (RF) chains
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compared to spatial multiplexing. Accordingly, the interantenna
synchronization is also relaxed. Early work has focused on the
design of receiver algorithms for minimizing the bit error rate
(BER) of SM at a low complexity [2]–[6]. Matched filtering
is shown to be a low-complexity technique for detecting the
antenna index (AI) used for SM [2]. A maximum-likelihood
(ML) detector is introduced in [4] for reducing the complexity
of classic spatial multiplexing ML detectors. Compressive sens-
ing and reduced-space sphere detection have been discussed for
SM in [5] and [6] for further complexity reduction.

In addition to receive processing, recent work has also
proposed constellation shaping for SM [7]–[15]. Specifically,
in [7], the transmit diversity of coded SM is analyzed for
different spatial constellations, which represent the legitimate
sets of activated transmit antennas (TAs). Furthermore, Yang [8]
discusses symbol constellation optimization for minimizing the
BER. Indeed, spatial- and symbol-constellation shaping are
discussed separately, as aforementioned. By contrast, the design
of the received SM constellation that combines the choice of
the TA, as well as the transmit symbol constellation, is the
focus of this paper. Precoding-aided approaches that combine
SM with spatial multiplexing are studied in [11] and [12]. A
number of constellation-shaping schemes [9]–[15] have also
been proposed for the special case of SM, which is referred to
as space shift keying, where the information is only carried in
the spatial domain, by the activated AI. Their application to the
SM transmission, where the transmit waveform is modulated,
is nontrivial.

Closely related work has focused on shaping the receive SM
constellation by means of symbol prescaling at the transmitter,
aiming at maximizing the minimum Euclidean distance (MED)
in the received SM constellation [17]–[19]. The constellation-
shaping approach in [17] and [18] aims at fitting the receive
SM constellation to one of the existing optimal constellation
formats in terms of minimum distance, such as, e.g., quadrature
amplitude modulation (QAM). Due to the strict constellation
fitting requirement imposed on both the amplitude and the
phase, this prescaling relies on the inversion of the channel
coefficients. In the case of ill-conditioned channels, this sub-
stantially increases the power associated to the transmit constel-
lation and therefore requires scaling factors for normalizing the
transmit power, which, however, reduces the received signal-
to-noise ratio (SNR). This problem has been alleviated in [19],
where a constellation-shaping scheme based on phase-only
scaling is proposed. Nevertheless, the constellation shaping
used in the aforementioned schemes is limited in the sense that
it only applies to multiple-input–single-output (MISO) systems
where a single symbol is received for each transmission, and
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Fig. 1. Block diagram of SM transceiver with constellation randomization (SM-CR).

thus, the characterization and shaping of the receive SM con-
stellation is simple. The application of constellation shaping in
the multiple-input–multiple-output (MIMO) systems is still an
open problem.

In line with the aforementioned challenges, in this paper, we
introduce a new transmit prescaling (TPS) scheme, where the
received constellation fitting problem is relaxed. As opposed
to the aforementioned strict constellation fitting approaches,
here, the received SM constellation is randomized by TPS for
maximizing the MED between its points for a given channel.
In more detail, a number of randomly generated candidate sets
of TPS factors are formed offline, which are known to both the
transmitter and the receiver. Each of these sets is normalized,
so that the average transmit power remains unchanged, and
yields a different receive constellation for a certain channel
realization. For a given channel, the transmitter then selects that
particular set of TPS factors that yields the SM constellation
having the maximum MED. By doing so, the TPS alleviates
the cases where different TAs yield similar received symbols
and thus improves the reliability of symbol detection. At the
receiver, by exploiting the channel state information (CSI)
readily available for detection, the detector selects the same set
of TPS factors to form the received constellation and applies
an ML test to estimate the data. The explicit benefit of the
aforementioned methodology is that it extends the idea of re-
ceive SM constellation shaping to the MIMO scenarios having
multiple antennas at the receiver, and it will be shown that it
introduces additional transmit diversity gains and improves the
power efficiency of the SM system. Against this background,
we list the main contributions of this paper as follows.

• We propose a new per-antenna TPS scheme for SM-aided
point-to-point MIMO transmission that improves the at-
tainable performance.

• We analytically derive a tight upper bound of the transmit
diversity gains obtained by the proposed technique, based
on the distribution of the MED in the received constel-
lation for transmission over a frequency-flat Rayleigh
distributed channel.

• We analyze the computational complexity of the proposed
scheme to demonstrate how a scalable performance–
complexity tradeoff can be provided by the proposed tech-

nique, when adapting the number of candidate sets of TPS
factors.

• Using the aforementioned performance and complexity
analyses, we study the power efficiency of the proposed
scheme in comparison to conventional SM. We introduce
a power efficiency metric that combines the transmit
power, the achieved throughput, and the computational
complexity imposed to quantify the improved power ef-
ficiency offered by the proposed scheme.

The remainder of this paper is organized as follows. Section II
presents the MIMO system model and introduces the SM trans-
mission. Section III details the proposed TPS scheme, while
in Section IV, we present our analytical study of the obtained
transmit diversity gains of the proposed scheme. Sections V
and VI detail the complexity calculation and the study of the
attainable power efficiency. Section VII presents our numerical
results, and finally, our conclusions are offered in Section VIII.

II. SYSTEM MODEL AND SPATIAL MODULATION

A. System Model

Consider a MIMO system where the transmitter and receiver
are equipped with Nt and Nr antennas, respectively. For sim-
plicity, unless stated otherwise, in this paper, we assume that
the transmit power budget is limited to unity, i.e., P = 1. See
[20]–[22] for extensive reviews and tutorials on the basics and
state-of-the-art on SM. Here, we focus on the single-RF-chain
SM approach, where the transmit vector is in the all-but-one
zero form skm = [0, . . . , sm, . . . , 0]T , where the notation [.]T

denotes the transpose operator. Here, sm,m ∈ {1, . . . ,M} is
a symbol taken from an M -order modulation alphabet that
represents the transmitted waveform in the baseband domain
conveying log2(M) bits, and k represents the index of the ac-
tivated TA (the index of the nonzero element in skm) conveying
log2(Nt) bits in the spatial domain. Clearly, since s is an all-
zero vector apart from skm, there is no IAI.

The per-antenna TPS approach, which is the focus of this
paper, is shown in Fig. 1. The signal fed to each TA is scaled by
a complex-valued coefficient αk, k ∈ {1, . . . , Nt}, for which
we have E{|αk|} = 1, where |x| denotes the amplitude of a
complex number x, and E{.} denotes the expectation operator.
Defining the MIMO channel vector as H, with elements hi,j
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representing the complex channel coefficient between the ith
TA to the jth receive antenna (RA), the received symbol vector
can be written as

y = HAskm +w (1)

where w ∼ CN (0, σ2I) is the additive white Gaussian noise
component at the receiver, with CN (μ, σ2) denoting the cir-
cularly symmetric complex Gaussian distribution with mean μ
and variance σ2. Furthermore, A = diag(a) ∈ C

Nt×Nt is the
TPS matrix with a = [α1, α2, . . . , αNt

], and diag(x) represents
the diagonal matrix with its diagonal elements taken from
vector x. Note that the diagonal structure of A guarantees
having a transmit vector t = As with a single nonzero element,
so that the single-RF-chain aspect of SM is preserved.

At the receiver, a joint ML detection of both the TA index
and the transmit symbol is obtained by the minimization

[ŝm, k̂] = argmin
i

‖y− yi‖

= argmin
m,k

∥∥y −HAskm
∥∥ (2)

where ‖x‖ denotes the norm of vector x, and yi is the ith con-
stellation point in the received SM constellation. By exploiting
the specific structure of the transmit vector, this can be further
simplified to

[ŝm, k̂] = argmin
m,k

∥∥y − hkα
k
msm

∥∥ (3)

where hk denotes the kth column of matrix H, and αk
m is the

TPS coefficient of the kth TA. It is widely recognized that the
performance of the detection, as explained earlier, is dominated
by the MED between adjacent constellation points ẏi, ẏj in the
receive SM constellation, i.e.,

dmin = min
i,j

‖yi − yj‖2, i �= j. (4)

Accordingly, to improve the likelihood of correct detection,
constellation-shaping TPS schemes for SM aim at maximizing
this MED. The optimum TPS matrix A∗ can be found by
solving the optimization

A∗ = argmax
A

min
i,j

‖yi − yj‖2, i �= j

s.t.c. trace(A∗HA∗) ≤ P (5)

and, additionally for single-RF-chain SM, subject to A∗ having
a diagonal structure. As aforementioned, AH and trace(A)
represent the Hermitian transpose and trace of matrix A, re-
spectively. The aforementioned optimization, however, is an
NP-hard problem, which makes finding the TPS factors pro-
hibitively complex and motivates the conception of lower com-
plexity suboptimal techniques.

B. Prescaling for the MISO Channel

In line with the aforementioned discussions, in [17], a
prescaling scheme is proposed for the MISO channel. Assum-
ing a channel vector h, the receive SM constellation is fitted to
a Q-QAM constellation with Q = NtM by choosing

α̃k
m =

q(m−1)M+k‖h‖
hksm

√
Nt

(6)

where qi is the ith constellation point in the Q-QAM constel-
lation, and the factor ‖h‖/

√
Nt is used for normalizing the

receive constellation so that E{|q|} = 1.
We note that, while the scaling in (6) normalizes the receive

constellation, it does not normalize the transmit power. There-
fore, power-normalized scaling coefficients should be used in
the form

αk
m =

α̃k
m

‖ã‖ . (7)

Nevertheless, it can be seen that for ill-conditioned channel
coefficients, even for just one of the TAs, this leads to low
power-scaling factors f = 1/‖ã‖, which limits the obtainable
performance. Finally, note that αk

m are data dependent for this
approach, as evidenced by the index m, which does not allow
for a fixed per-antenna scaling coefficient, as shown in Fig. 1.
Most importantly, the aforementioned strict constellation fitting
cannot be extended to systems having multiple RAs, since
the inversion of the full channel matrix H would result in
nonzero elements in the transmit vector t, which means that
all TAs are used. Therefore, the important benefit of single-RF
transmission of SM is lost.

An alternative is shown in [19], again for the MISO channel,
where the scaling factors are in the form

αk = ejϕk (8)
ϕk = θi − ϑk (9)

where ϑk is the phase of the kth channel, and θi is the ith angle
taken from an equally spaced angle arrangement within [0, 2π)
in the form

θi =
2π

NtM
(i− 1), i ∈ {1, . . . , Nt}. (10)

In this way, the phases of the points in the receive SM con-
stellation become equispaced, hence maintaining a minimum
for the Euclidean distances in the constellation.

Aside from their individual limitations and the fact that they
are suboptimal, the aforementioned prescaling methods are lim-
ited by the fact that they apply solely to MISO systems relying
on a single RA and cannot be readily extended to the case of
MIMO SM transmission, hence lacking receive diversity.

III. PROPOSED CONSTELLATION RANDOMIZATION

PRESCALING (SM-CR)

To alleviate the drawbacks of the aforementioned techniques,
we propose an adaptive TPS technique that randomizes the re-
ceived SM constellation. The proposed constellation randomiza-
tion (CR) simply selects the “best” from a number of randomly
generated sets of per-antenna TPS factors, with the aim of im-
proving the resulting MED. By allowing the randomization of
the amplitude and phase of the effective channel that combines
the TPS factor and the channel gains of the TA, the proposed
scheme relaxes the constellation optimization problem and
facilitates a better solution for the maximization of dmin. In ad-
dition, through the aforementioned randomization and selection
of the appropriate TPS factors, the proposed scheme critically
improves the transmit diversity of the SM system, as will
be shown analytically in the following section. The proposed
scheme involves the steps as analyzed in the following.
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Fig. 2. Received constellation for a 4 × 1 MISO with SM and SM-CR for 4QAM.

A. Formation of Candidate Prescaling Sets

First, a number of D candidate TPS vectors are generated
randomly in the form ad, where d ∈ [1, D] denotes the index

of the candidate set, and ad is formed by the elements αk(d)
m ∼

CN (0, 1). These are made available to both the transmitter and
the receiver once, in an offline fashion before transmission.
These assist in randomizing the received constellation, which
is most useful in the cases where two points in the constellation
of Hskm,m ∈ [1,M ], k ∈ [1, Nt] happen to be very close. To
ensure that the average transmit power remains unchanged, the
scaling factors are normalized as in (7). It is important to reit-
erate that, in this work, we focus on power-normalized scaling
factors, and hence, the proposed scheme does not constitute a
power-allocation scheme. This allows us to isolate the diversity
gains from the power and coding gains in our analysis in the
following section. In the generalized case, power allocation
could be applied on top of the prescaling, by employing a
diagonal power-allocation matrix, while the resulting diversity
gains would not change.

B. Selection of Prescaling Vector

For a given channel, based on the knowledge of vectors ad,
both the transmitter and the receiver can determine the received
SM constellation for every d by calculating the set of [m, k]
possibilities in

ŷ = HAds
k
m (11)

where Ad = diag(ad) is the diagonal matrix that corresponds
to the candidate set ad. Then, for the given channel coefficients,
the transmitter and receiver can independently choose the scal-
ing vector ao, for which

ao=argmax
d

min
m1,m2,k1,k2

{m1,k1}�={m2,k2}

∥∥HAds
k1
m1

−HAds
k2
m2

∥∥2 . (12)

The transmitter then sends t = Aos
k
m, with Ao = diag(ao),

and the receiver applies the ML detector according to

[ŝm, k̂] = argmin
m,k

‖y−HAos
k
m‖. (13)

As mentioned earlier, since the channel coefficients are esti-
mated at the receiver for detection [2]–[6], (12) can be used to
derive the aforementioned factors independently at the receiver.
Therefore, no feed forwarding of α

k(d)
m or the index d is

required. Indeed, for equal channel coefficients available at the
transmitter and receiver, they both select the same TPS vector
ao independently, as per (12). Alternatively, to dispose of the
need for CSI at the transmitter (CSIT), the receiver can indeed
select the best scaling factors using (12) and feed the index of
the selected scaling vector ao out of the D candidates back
to the transmitter, using 	log2 D
 bits. In comparison to the
closely related works in [17]–[19], this provides the proposed
scheme with the advantage of a reduced transmit complexity
that, instead of CSIT acquisition and prescaling optimization,
involves the detection of 	log2 D
 bits at the end of every
channel coherence period, and a single complex multiplication
of the classically modulated symbol sm with the prescaling
factor akm in the form shown in (3).

The intuitive benefits of the proposed scheme in the MED of
the received SM constellation are shown in Fig. 2 for a (4 × 1)-
element MISO system employing 4QAM modulation at high
SNR, where the original receive SM constellation without TPS
is shown in the left-hand side, and the constellation after the
selection in (12) is illustrated on the right-hand side. A clear
increase in the MED can be observed, without increasing the
average transmit power. In fact, for the example in Fig. 2, a
slight reduction of the power in the symbols denoted by “×”
can be observed, which, nevertheless, increases the MED in the
constellation.

Observe in Fig. 2 that while suboptimal in the constellation
design sense, the proposed TPS enhances the MED in the
constellation with respect to conventional SM, while imposing
a conveniently scalable complexity as per the size of candidate
sets D. It is evident that the gains in the MED for the proposed
scheme are dependent on the set size D of the candidate
TSP vector sets ad to choose from. An indicative result of
this dependence is shown in Fig. 3, where the average gains
in the MED are shown, with increasing numbers of D for
different transmission scenarios. Theoretically derived upper
bounds for these gains for Nr = 1, Nr = 2, and Nr = 4, based
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Fig. 3. GainG in average MED for SM-CR with respect to SM for increasingD.

on Theorem 1 of the following section, are also shown in the
figure and will be detailed in the following. It can be seen that,
for low values of D, significant MED benefits are obtained by
increasing the number of candidates, while the gains saturate in
the region of higher values of D. This justifies the choice of low
values of D to constrain the computational complexity involved
in the search in (12). In the results that follow, we explore the
error rates and complexity and their tradeoff in terms of power
efficiency as a means of optimizing the value of D for different
performance targets.

IV. DIVERSITY ANALYSIS

A. Transmit Diversity

The proposed CR scheme leads to an increase in the transmit
diversity gains. That is, while the transmit diversity of the
single-RF SM is known to be one [7], the proposed TPS
introduces an amplitude–phase diversity in the transmission,
due to the existence of D candidate sets of TPS factors from
which to choose. The system is said to have a diversity order
of δ, if the BER decays with γ−δ in the high-SNR region,
with γ being the SNR (see Fig. 6). To analyze the attainable
diversity order, we note the pairwise error probability (PEP) for
SM scales with the Euclidean distance between constellation
points as [7]

PEP (yi,yj) = Q
(√

‖yi − yj‖2
2σ2

)
(14)

where Q(x) denotes the Gaussian Q-function [25], and

‖yi − yj‖ =
√
‖yi‖2 + ‖yj‖2 − 2yi • yj

=
√
‖yi‖2 + ‖yj‖2 − 2‖yi‖‖yj‖ cos(Δφ) (15)

where a • b denotes the dot product of vectors, and Δφ denotes
the phase difference between the two constellation points. Ac-

cordingly, for the purposes of characterizing the diversity order,
we define the gain in the MED for the proposed SM-CR as

G(D) =̂
E{maxd d

d
min}

E{dmin}

=
E{maxdminm,k ‖HAds

k1
m1

−HAds
k2
m2

‖2}
E{minm,k ‖Hsk1

m1 −Hsk2
m2‖2}

(16)

where we have used the notation G(D) to suggest that the gain
is a function of the size of candidate sets D. It will be shown
in the results section that this gain also represents the transmit
diversity gain attained. The following theorem describes an
upper bound of this diversity gain.

Theorem 1: For a frequency-flat Rayleigh fading channel
H ∼ CN (0, (1/2)INr

⊕ INt
), the gain in the MED of the

proposed SM-CR is upper bounded as

G(D) ≤ Gu =

D∑
k=1

(
D

k

)
(−1)k+1en(k−1)Ei(−nk, nk)

Ei(−n, n)
(17)

wheren =̂
(
NtM
2

)
, with

(
p
q

)
=p!/q!(p−q)! denoting the binomial

coefficient, with x! being the factorial function and Ei(−n, n)
denoting the generalized exponential integral function [25].

Proof: To simplify the analysis, we shall assume that
the distances in the receive constellation are statistically in-
dependent. It is shown in Fig. 2 that, strictly speaking, this is
not true since the constellation points created by each channel
are indeed interdependent through the transmit symbol constel-
lation. Nevertheless, we will demonstrate in Fig. 3 that this
affordable assumption yields a tight upper bound for the gain.
First, regarding the productHAd, it has been shown in [26] that
the product of uncorrelated zero-mean Gaussian variables with
variances σ2

1 , σ
2
2 is also zero-mean Gaussian with a variance

equal to σ2
Π = σ2

1σ
2
2 . It is therefore clear that, for a normal-

ized transmit constellation, the receive vectors are distributed
as yi ∼ CN (0, 1/2INr

). Accordingly, yi − yj ∼ CN (0, INr
),

and therefore, z=̂‖yi − yj‖2 ∼ X 2
2Nr

, where X 2
k denotes the

chi-square distribution with k degrees of freedom [25]. The
probability density function (PDF) and cumulative distribution
function (CDF) of z are, therefore, given by

fz(x) =
1

2NrΓ(Nr)
xNr−1e−x/2 (18)

Fz(x) =
1

Γ(Nr)
γ
(
Nr,

x

2

)
(19)

where Γ(.) and γ(., .) denote the Gamma and lower incomplete
Gamma functions, respectively [25]. Based on the theory of
order statistics [27], from the n=̂

(
NtM
2

)
distances in the re-

ceive SM constellation (see Fig. 2), the minimum distance is
distributed as

fdmin
(x) = nfz(x)[1 − Fz(x)]

n−1

=
n

2NrΓ(Nr)n
xNr−1e−x/2

[
Γ
(
Nr,

x

2

)]n−1

(20)

Fdmin
(x) = 1 − (1 − Fz(x))

n

= 1 −
[

1
Γ(Nr)

Γ
(
Nr,

x

2

)]n
(21)
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where Γ(., .) denotes the upper incomplete Gamma function
and, as mentioned earlier, it is assumed that all distances in
the receive SM constellation are independent. Since dmin is
nonnegative, its mean is found as

E{dmin} =

∞∫
0

[1 − Fdmin
(x)]dx

=

∞∫
0

[1 − Fz(x)]
ndx. (22)

Let us now derive the mean of the maximum minimum
distance in the receive SM constellation as per the proposed
technique. We note that, for the normalized TPS factors in (7),
the distribution of yi remains unchanged. Therefore, the PDF
and CDF of τ=̂maxAd

dmin, when selecting the maximum
from D, candidates are given as

fτ (x) = Dfdmin
(x)Fdmin

(x)D−1 (23)
Fτ (x) = Fdmin

(x)D. (24)

Similarly to the aforementioned calculation, for the mean of
τ=̂maxAd

dmin, we have

E{τ} =

∞∫
0

{1 − Fτ (x)} dx

=

∞∫
0

{
1 − Fdmin

(x)D
}
dx

=

∞∫
0

{
1 − [1 − (1 − Fz(x))

n]D
}
dx

=

∞∫
0

{
1 −

D∑
k=0

(
D

k

)
(−1)k(1 − Fz(x))

nk

}
dx

=

D∑
k=1

(
D

k

)
(−1)k+1

∞∫
0

(1 − Fz(x))
nkdx. (25)

As stated previously, we have used the binomial expansion
(1 − x)m =

∑m
k=0

(
m
k

)
(−1)kxk. By substituting (22) and (25)

into (16), we arrive at the upper bound for the gain in the MED as

Gu(Nr) =

D∑
k=1

(
D

k

)
(−1)k+1

∫∞
0 (1 − Fz(x))

nkdx∫∞
0 (1 − Fz(x))ndx

(26)

where we have used the notation Gu(Nr) to clarify that the
upper bound here is a function of Nr. Finally, it can be shown
that (dGu(Nr)/dNr) ≤ 0, and therefore, the gain is a mono-
tonically decreasing function of the number of RAs. Hence, the
gain for the case Nr = 1 provides a global upper bound for all
cases of Nr. Indeed, as it is shown in Fig. 3 and is intuitive, the
highest gains can be observed for the single-antenna receiver
case, which experiences a diversity of one for conventional SM.
For this case, from (18), (19), and (26), we get (17). �

B. Error Probability Trends

Based on the aforementioned diversity calculations, we can
derive the BER performance of the proposed scheme in the
high-SNR region. Indeed, SM systems with Nr uncorrelated
RAs have been shown to experience a unit transmit diversity
order and receive diversity order of Nr. Accordingly, since the
proposed scheme attains a transmit diversity order of G(D), the
total diversity becomes δ = NrG(D). The resulting probability
of error Pe follows the trend

Pe = αγ−NrG(D) (27)

where γ is the transmit SNR, δ = NrG(D) is the diversity
order based on the calculations of G(D) in Section IV-A, and
α is an arbitrary coefficient. The diversity order δ = NrG(D)
accounts for the inherent receive diversity Nr in the system and
the transmit diversity G(D) induced by the proposed scheme.
Clearly, as per the upper bound of Theorem 1 in (17) and the
Pe trend in (27), a lower bound in the resulting probability of
error can be obtained. In the following results, we show that
the aforementioned performance trend matches the simulated
performance in the high-SNR region.

V. COMPUTATIONAL COMPLEXITY

It is clear from the aforementioned discussion that the
proposed SM-CR leads to an increase in the computational
complexity, with respect to conventional SM, due to the need
to compute the MED for all the D candidate scaling factor
sets. Here, we analyze the increase in computational complexity
at the receiver. We later use this analysis to model the power
consumption associated with the required signal processing and
compare the proposed SM-CR with conventional SM, in terms
of the overall power efficiency of transmission. For reference,
we have assumed an LTE Type 2 TDD frame structure [28].
This has a 10-ms duration, which consists of 10 subframes, out
of which five subframes, containing 14 symbol time slots each,
are used for downlink transmission yielding a block size of
B = 70 for the downlink, while the rest are used for both uplink
and control information transmission. A slow-fading channel is
assumed, where the channel remains constant for the duration
of the frame. In Table I, we summarize the computationally
dominant operations involved at the receiver for both SM and
SM-CR. In these calculations, we have used the fact that the
calculation of the norm of a vector with n elements involves
2n elementary operations. In addition, it can be seen that
the product Ads

k
m is a scalar that involves a single complex-

valued multiplication, and its multiplication with the channel
matrix involves an additional 2Nr elementary operations per
constellation point. This has to be done for each of the NtM
points in the receive constellation. Accordingly, there are a
number of

(
NtM
2

)
distances in the constellation, and therefore,

there are
(
NtM
2

)
norms in the form of (12) that need to be

calculated for each candidate scaling factor set. The first three
operations in the constellation optimization in Table I need to
be done for each candidate set: hence, D times in total. For
the ML detection, a number of NtM norms in the form of (13)
need to be calculated before the minimum is chosen, and this



MASOUROS AND HANZO: CONSTELLATION RANDOMIZATION ACHIEVES TRANSMIT DIVERSITY FOR SINGLE-RF SM 8107

TABLE I
COMPLEXITY FOR SM AND THE PROPOSED SM-CR SCHEME

has to be calculated B times in the frame. Finally, we have
used the fact that finding the maximum and the minimum in an
n-element vector requires n operations.

Based on the aforementioned calculations, we have the
complexities of the SM receiver and of the SM-CR receiver,
respectively, in the form of

CSM(D) = (2Nr + 1)NtM(B + 1) (28)

CSM−CR(D) = (2Nr + 1)

[(
NtM

2

)
+NtM

]
D +D

+ (2Nr + 1)NtMB (29)

where it can be seen that the complexity of SM-CR is in the form

CSM−CR(D) = χD + ψ (30)

with

χ = (2Nr + 1)

[(
NtM

2

)
+NtM

]
+ 1 (31)

ψ = (2Nr + 1)NtMB. (32)

In the following section, we use these expressions to calcu-
late the resulting power consumption related to signal process-
ing at the receiver for the evaluation of the power efficiency of
transmission.

VI. POWER EFFICIENCY

As the ultimate metric for evaluating the performance–
complexity tradeoff and the overall usefulness of the proposed
technique, and toward an energy-efficient communication sys-
tem, we consider the power efficiency of SM-CR compared
to SM, as well as its dependence on the number of candidate
scaling factor sets D. We note that prior studies explore the en-
ergy efficiency of SM for the purposes of optimizing the num-
ber of antennas employed [30], [31]. Following the modeling in
[29] and [32]–[35], we define the transmit power efficiency of
the communication link as the bit rate per total transmit power
dissipated, i.e., the ratio of the throughput achieved over the
consumed power as

P =
T

PPA + (1 +Nr) · PRF + pc · C
(33)

where PPA = ((ξ/η)− 1)P in watts is the power consumed
at the power amplifier to produce the total transmit signal
power P , with η being the power amplifier efficiency and
ξ being the modulation-dependent peak-to-average power ratio.
Furthermore, PRF = Pmix + Pfilt + PDAC is the power related
to the mixers, to the transmit filters, and to the digital-to-analog
converter (DAC), which is assumed constant for the purposes
of this work. We use practical values of these from [32] as
η = 0.35 and Pmix = 30.3 mW, Pfilt = 2.5 mW, and PDAC =
1.6 mW, yielding PRF = 34.4 mW. In (33), pc in watts/Kops is
the power per 103 elementary operations (KOps) of the digital
signal processor (DSP), and C is the number of operations
involved. This term is used to introduce complexity as a factor
of the transmitter power consumption in the power efficiency
metric. Typical values of pc include pc = 22.88 mW/KOps for
the Virtex-4 and pc = 5.76 mW/KOps for the Virtex-5 field-
programmable gate array family from Xilinx [36]. Finally

T = EB(1 − PB) = EB(1 − Pe)
B (34)

represents the achieved throughput, where PB is the block error
rate, and

E = log2(NtM) (35)

is the spectral efficiency of SM in bits per channel use. For a
given transmit power and numbers of TAs and RAs, combining
(33) with (27), the power efficiency expression for SM-CR
takes the form

P =
EB(1 − αγ−NrG(D))B

c+ pcC(D)
(36)

where both G(D) and C(D) are functions of the number
of candidate sets D through (26) and (29), while α, c are
constants. This expression can therefore be used to characterize
the scalable performance–complexity tradeoff for the proposed
scheme and for optimizing the value of D for maximizing
power efficiency.

The expression in (33) provides an amalgamated metric that
combines throughput, complexity, and transmit signal power,
all in a unified metric. By varying the number of candidate
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Fig. 4. BER versus SNR for a (4 × 1) MISO with SM, SM-AP [17], SM-P [19],
and SM-CR with D = 100 for 4QAM.

scaling factor sets D, both the resulting complexity and trans-
mission rates are influenced, as shown earlier. Therefore, a
scalable tradeoff between performance and complexity can be
achieved accordingly. High values of P indicate that high bit
rates are achievable for a given power consumption, and thus
denote a high energy efficiency. The following results show that
SM-CR provides an increased energy efficiency compared to
SM in numerous scenarios using different transmit powers P .

VII. SIMULATION RESULTS

To evaluate the benefits of the proposed technique, this
section presents numerical results based on Monte Carlo sim-
ulations of conventional SM without scaling (termed as SM
in the figures) and the proposed SM-CR. Our focus is on
systems where the receiver employs more than one antenna,
where the prescaling schemes in [17]–[19] are inapplicable. The
channel impulse response is assumed to be perfectly known
at the transmitter. Without loss of generality, unless stated
otherwise, we assume that the transmit power is restricted to
P = 1. MIMO systems with up to eight TAs employing 4QAM
and 16QAM modulation are explored, albeit it is plausible that
the benefits of the proposed technique extend to larger scale
systems and higher order modulation.

First, for reasons of reference, the BER performance of the
proposed scheme is compared in Fig. 4 to the performance of
the most relevant techniques in [17] and [19] for the MISO
channel, where the latter techniques are applicable. First, we
note the performance loss when applying power scaling to the
scheme in [17]. Second, while the true strength of the proposed
lies in the fact that it applies to MIMO links where the schemes
in [17] and [19] are inapplicable, the results here show that the
proposed scheme outperforms the conventional techniques in
the MISO channel as well.

Next, we show the BER performance with increasing trans-
mit SNR for a (4 × 2)-element MIMO employing 4QAM, for
various numbers of candidate scaling factor sets D, in Fig. 5.
The graph includes the performance of SM for the (4 × 4)-
element MIMO for reference. It can be seen that the slope of
the BER curves increases with increasing D, which indicates
an increase in transmit diversity order. Indeed, for high values

Fig. 5. BER versus SNR for a (4 × 2) MIMO with SM and SM-CR with
D = 2, D = 20, and D = 100 for 4QAM.

Fig. 6. BER versus SNR for a (4 × 2), (8 × 2), and (8 × 4) MIMO with SM
and SM-CR with D = 20 for 4QAM.

of D, the (4 × 2)-element system with SM-CR exhibits the
same transmit diversity order as the (4 × 4)-element system
with conventional SM. Moreover, as also observed in Fig. 3,
when increasing D, the gains saturate for higher values, which
can also be seen here, where the BER for D = 20 closely
approximates the one for D = 100.

In Fig. 6 the BER versus SNR performance is shown for the
(4 × 2), (8 × 2), and (8 × 4) systems for both SM and SM-CR.
The theoretical diversity trends observed in the form of Pe =
αγ−δ are also shown, where Pe denotes the probability of error
for high SNR; γ is the SNR; and δ = NrG is the diversity order,
where G is taken from the respective points in Fig. 3, which is
upper bounded, as calculated in Section IV. The performance
trends for both the exact diversity gains G(D) based on simu-
lation in Fig. 3 and the upper bounds Gu(Nr) of Theorem 1 in
Section IV-A are shown for comparison. A close match between
the analytical and simulated diversity can be observed. With
regard to the performance observed, it can be seen that there
is indeed a performance penalty when increasing the number
of TAs from four to eight for SM with fixed RA number, due
to the growth of the spatial constellation, which harms the
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Fig. 7. BER versus SNR for a (8 × 2) and (8 × 4) MIMO with SM and SM-CR
with D = 20 for 16QAM.

Fig. 8. BER versus D for a (4 × 2), (8 × 2), and (8 × 4) MIMO with SM-CR
for 4QAM and 16QAM.

detection of the TA index [see (4 × 2) to (8 × 2)]. The improved
received diversity in the detection of TA index when increasing
the number of RA brings the performance benefits observed in
Fig. 6 between (8 × 2) and (8 × 4). The same comparison is
shown in Fig. 7 for the case of 16QAM, and it can be seen
that the performance benefits of the proposed persist. Again,
the performance trends for both the exact diversity gains G(D)
based on simulation in Fig. 3 and the upper bounds Gu(Nr)
of Theorem 1 in Section IV-A are shown for comparison. It
can be observed that simulation closely matches the theoretical
performance trend with both exact diversity gains and their
upper bounds, verifying the increase in transmit diversity order,
as proven theoretically.

Fig. 8 shows the BER as a function of D for the (4 × 2),
(8 × 2), and (8 × 4) with 4QAM and 16QAM and various
transmit SNR values. Clear gains in the BER can be observed
by increasing D in its lower region, while the performance ben-
efits saturate with increasing D in its higher region. Overall, the
results illustrate how the theoretically proven gains in transmit

Fig. 9. BER versus SNR for a (4 × 2) MIMO with CSI errors for SM and
SM-CR with D = 20, for 4QAM.

diversity translate to improvement in the error performance for
the proposed SM-CR.

The fact that the scaling factors for the proposed scheme are
computed independently at the transmitter and receiver justifies
a study of the performance attainable in the presence of CSI
errors and, in particular, in the case where the CSI estimated
at the transmitter (CSIT) and the receiver (CSIR) are different.
For this reason, in Fig. 9, we explore the situation where both
the transmitter (TPS selection) and the receiver (TPS selection
and ML detection) rely on erroneous CSI. We model CSIT and
CSIR in the form [9]

Ĥ = H+E (37)

where Ĥ and E ∼ CN (0, ω) are the estimated channel and the
complex Gaussian CSI error having a variance ω, respectively.
Independent CSI error matrices are generated at the transmitter
and receiver. Fig. 9 illustrates the BER performance upon
increasing the CSIT and CSIR errors for SM and SM-CR, with
ω at 15 dB and 20 dB below the signal power. Both techniques
are affected by the CSIR errors at the ML detection stage. In
addition, for SM-CR, the errors may lead to the selection of dif-
ferent TPS factors at the transmitter and receiver. Nonetheless,
it can be seen that both SM and SM-CR experience the same
performance degradation trend with increasing the CSI errors
and that the performance gains observed for SM-CR persist.

The computational complexity of the proposed technique is
examined in Fig. 10, as a function of both Nt and D, for 4QAM
and 16QAM. The complexity count is based on the operations
calculated in Table I, and it can be seen that, for both 4QAM
and 16QAM, the performance benefits of SM-CR are achieved
at an increased complexity compared to SM, which scales with
the selection of the parameter D. The overall tradeoff between
performance and complexity is shown to be favorable for
SM-CR in Fig. 11, where the power efficiency is shown with
varying transit power for the (4 × 2) and (8 × 2) systems with
D = 20. Ranges between 30 dBm (1 W) and 36 dBm (4 W) are
depicted, which correspond to the power budgets of small-cell
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Fig. 10. Computational complexity as a function of Nt and D for SM and
SM-CR for 4QAM and 16QAM.

Fig. 11. Power efficiency versus P for a (4 × 2) and (8 × 2) MIMO with SM
and SM-CR with D = 20 and γ = 18 dB for 4QAM.

base stations [37]. It can be seen that the improved throughput
for SM-CR compensates for the increased complexity in the
overall system’s power efficiency, thus providing an improved
tradeoff compared to SM.

Finally, Fig. 12 shows the power efficiency for increasing D
for the (4 × 2) MIMO with transmit SNR γ = 15 dB and the
(8 × 2) MIMO with γ = 20 dB using 4QAM modulation. The
different curves in the figure represent different transmit power
budgets ranging from P = 30 dBm to P = 43 dBm. For ease
of illustration, power efficiency is shown as a percentage of its
maximum, as the different scenarios in the figure have different
maximum power efficiencies. It can be seen in both subfigures
that, as the transmit power is increased, higher values of D offer
the best power efficiency. This is due to the fact that, with the
increase in the transmit power, the power consumption of the
DSP becomes less important and the increase in throughput
greatly improves the overall power efficiency. In all cases, the
maximum power efficiency achieved with SM-CR is better

Fig. 12. Power efficiency versus D for a (4 × 2), (8 × 2) MIMO with SM and
SM-CR for 4QAM.

than the one for conventional SM, which corresponds to the
points in the figure with D = 1, indicating that the proposed
scheme offers the required transmission rates at a lower power
consumption.

VIII. CONCLUSION

A new receive-constellation-shaping approach has been intro-
duced for SM in the MIMO channel. Conventionalconstellation-
shaping techniques offer limited gains for SM, due to the strict
fitting to a fixed constellation, and tend to require the inversion
of ill-conditioned channel coefficients. Moreover, existing prac-
tical low-complexity constellation-shaping schemes are only ap-
plicable to the case where the receiver has a single antenna. We
have proposed a CR scheme, where transmit diversity is intro-
duced by appropriately selecting the TPS factors from sets of
randomly generated coefficients. The proposed scheme has been
shown, both analytically and by simulation, to offer significant
performance gains with respect to conventional SM. Our future
work will involve the application of the proposed approach to
more advanced SM techniques, such as generalized SM, as well
as SM with antenna selection and adaptive modulation.
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