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Bidirectional Relay Transmission Schemes
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Abstract—Recently, the energy efficiency of a relay network has
become a hot research topic in the wireless communication society.
In this paper, we investigate the energy efficiency of three basic
bidirectional relay transmission schemes [i.e., the four time-slot
(4TS), three time-slot (3TS), and two time-slot (2TS) schemes]
from the angle of relay deployment. Since a realistic power con-
sumption model is very important in analyzing energy efficiency,
and a power amplifier (PA) consumes up to 70% of the total power,
we consider a realistic nonideal PA model. The derived closed-
form expressions for the optimal relay deployment and the sim-
ulation results reveal the following important conclusions. First, it
is possible to achieve the optimal energy efficiency and enlarge the
cell coverage simultaneously in bad channel conditions, but it may
be very challenging in good channel conditions. Second, under
asymmetric traffic conditions, particularly when the downlink
rate is larger than the uplink rate, all the aforementioned three
schemes have almost the same optimal relay deployment, but the
2TS scheme has the highest energy efficiency when the spectral
efficiency is large. Third, the relay node should be deployed closer
to the base station with the nonideal PA than that with the ideal
PA, and the optimal energy efficiency with the nonideal PA is
much higher than that with the ideal PA. Moreover, the impact of
small-scale fading depends on the value of path loss. To overcome
the small-scale fading, the relay network needs to consume more
energy.

Index Terms—Bidirectional relay transmissions, energy ef-
ficiency, network coding, non-ideal power amplifier, relay
deployment.
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I. INTRODUCTION

A LTHOUGH relay technology was first proposed to extend
the cell coverage and improve the capacity of wireless

communication networks [1], now, it is also recognized as
an effective approach to reducing the energy consumption of
wireless communication networks [2], [3]. The traditional relay
technology needs four time slots (4TS) to complete the bidi-
rectional communication. However, with the help of network
coding (NC) [4] and physical NC (PNC) [5] techniques, relay
technology can complete the bidirectional communication in
three time slots (3TS) [6] and two time slots (2TS) [7], respec-
tively. In this paper, we will investigate the energy efficiency
of the aforementioned three relay transmission schemes via
minimizing the sum of the energy consumption of the base
station (BS), the relay node (RN), and the user equipment (UE)
under certain transmission rate constraints.

A. Related Work

Current research on the energy efficiency of relay technology
can be classified into the following two categories.

The first category focuses on investigating whether relay
is always more energy efficient than direct transmission and
which relay transmission scheme is the most energy efficient
under certain conditions. Specifically, Zhang et al. [8] proved
that, when considering the realistic nonlinear battery model,
relay technology does not always increase the system energy
efficiency. He and Li in [9] indicated that the two-hop relay
scheme is more energy efficient than the direct transmission
scheme when the channel condition is poor and gradually be-
comes worse under good channel conditions. In [10], Yao et al.
found that the relay transmission with the decode-and-forward
(DF) protocol has higher energy efficiency than that with the
amplify-and-forward (AF) protocol when the distance between
the source node and the RN is not very large. Sun and Yang [11]
found that the 2TS scheme has higher energy efficiency than
that of direct transmission and the 4TS scheme in symmetric
systems, where the circuit power consumption at each node is
identical, and the downlink transmission rate is equal to the
uplink transmission rate.

The second category mainly focuses on studying how to
achieve the highest energy efficiency for certain relay transmis-
sion schemes. Generally speaking, the energy efficiency of the
relay system can be maximized via resource allocation [12]–
[15], relay deployment [16]–[18], or joint resource allocation
and relay deployment/selection [19]–[21]. Specifically, two
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dynamic subband allocation schemes were proposed in [12] to
improve the energy efficiency of DF-based opportunistic relay
in a single-carrier frequency-division multiple-access system.
Abuzainab and Ephremides in [13] proposed an optimal power-
allocation scheme to minimize the energy consumed in the
cooperative relay network. Then, an energy-efficient power-
allocation scheme was proposed in [14] for fixed-gain AF
relay networks with partial channel state information. Re-
cently, an energy-optimal and rate-optimal power-allocation
scheme has been proposed in [15] for a DF-based relay
channel.

Regarding relay deployment, Li et al. in [16] indicated that,
to minimize the energy consumption of the 2TS relay trans-
mission scheme, the RN is best positioned at the middle point
of the two end nodes for any asymmetric traffic requirements.
Khirallah et al. in [17] investigated the impacts of energy
and cost on relay deployment in the heterogeneous long-term
evolution advanced (LTE-A) network. Then, Wu and Feng in
[18] found that, by introducing an appropriate number of RNs
with proper locations into cellular networks, energy efficiency
can be improved without compromising system throughput.
Furthermore, Lin and Lin in [19] proposed a joint relay-
placement and bandwidth-allocation scheme to minimize the
total cost of RNs as well as to meet the minimal traffic de-
mand for each UE. Zhou et al. in [20] proposed an optimal
energy-efficient relay-selection and power-allocation scheme
for 2TS relay transmission, whereas Ho and Huang in [21]
proposed an energy-efficient subcarrier-power-allocation and
relay-selection scheme for cooperative relay networks.

It is worthwhile to note that the power consumption model
plays a very important role in the given research on the energy
efficiency of a relay system. Since the power amplifiers (PAs)
consume up to 70% of the total power [22], the PA model is the
most important part of the power consumption model. All of the
aforementioned literatures only consider the ideal PA model,
where the PA efficiency remains constant for varying values of
the PA output power. However, in reality, the PAs are always
nonideal, where the PA efficiency changes with the PA output
power. This change causes an important problem that needs to
be further investigated: What is the impact of the nonideal PA
on the energy efficiency of relay systems in comparison with
that of the ideal PA?

B. Our Contributions

Since relay deployment is the first step to establishing a relay
network and is a critical task in network planning to achieve an
efficient and scalable network environment, we mainly focus on
the research of energy-efficient relay deployment for the 4TS,
3TS, and 2TS schemes with the nonideal PA.

The optimal energy-efficient relay deployment is achieved
by solving optimization problems of minimizing the energy
consumption index (ECI) under the bidirectional sum rate con-
straint. However, with the nonideal PA, the objective function of
the given optimization problem with the nonideal PA becomes
more complicated than that with the ideal PA. Specifically, the
objective function of the optimization problem becomes a sum
of three variants, which are the square roots of the inverse-

logarithmic function of the PA output power for the BS, the
RN, and the UE, respectively.

After deriving the closed-form expressions from these opti-
mization problems, the correctness of the theoretical derivation
is validated by numerical simulation results. Then, the energy
efficiencies for 4TS, 3TS, and 2TS schemes are compared
against each other at their optimal relay deployments. After-
ward, we investigate the impact of the nonideal PA on the
optimal relay deployment and the relative ECI in comparison
with that of the ideal PA model via theoretical analysis and
simulation results. Finally, we study the derived optimal relay
deployments under more practical situations, e.g., the long-term
evolution (LTE) outdoor rural scenario and the scenario with
small-scale fading.

Via theoretical analysis and numerical simulation results,
we obtain the following important conclusions. First, it is
possible to achieve the optimal energy efficiency and extend the
cell coverage simultaneously in bad channel conditions, e.g.,
heavy path loss. However, it is very challenging to realize the
aforementioned two goals at the same time in good channel
conditions, e.g., small path loss. Second, under an asymmetric
traffic condition, when the downlink rate is larger than the up-
link rate, the 4TS, 3TS, and 2TS schemes have almost the same
optimal relay deployment. However, when the downlink rate is
smaller than the uplink rate, the optimal relay deployments for
these three schemes have very different trends. Third, when the
spectral efficiency is high, the 2TS scheme is the most energy
efficient at the optimal relay deployment, in comparison with
the 3TS and 4TS schemes. On the contrary, when the spectral
efficiency is low, the 4TS scheme is the most energy efficient at
the optimal relay deployment among these three schemes.

Furthermore, the impact of the nonideal PA on the optimal
relay deployment is that it requires the RN to be deployed
nearer to the BS than that with the ideal PA. The energy effi-
ciency at the optimal relay deployment with the nonideal PA is
higher than that with the ideal PA. Finally, the impact of small-
scale fading depends on the value of path loss. Specifically,
when the path loss is very small, the RN should be deployed
farther from the BS than that without small-scale fading. On
the contrary, when the path loss is large, the RN should be
deployed nearer to the BS than that without small-scale fading.
In addition, compared with the scenario without small-scale
fading, the transmission nodes need to consume more energy
to overcome small-scale fading.

The rest of this paper is organized as follows: In Section II,
we introduce the channel model and the power consump-
tion model and then formulate the optimization problem. In
Section III, we present the closed-form expressions for the
optimal energy-efficient deployments and the relative ECI for
these three basic bidirectional relay transmission schemes. In
Section IV, we first validate the correctness of the theoretical
derivations through numerical simulation results, and we then
investigate the impacts of spectral efficiency, channel condi-
tions, and the ratio of the downlink rate to the sum of the uplink
rate and the downlink rate on the optimal relay deployment and
the relative ECI. Finally, this paper is concluded in Section V.

Moreover, the meanings of the main symbols in this paper
are listed in Table I to make them clearer and easier to read.
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TABLE I
LIST OF THE SYMBOL MEANINGS

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this paper, we consider a wireless bidirectional relay
network where the BS and the UE communicate with each other
through an RN. Here, we assume that the DF protocol is used
in the relay network, since DF can achieve the ergodic capacity
when the RN is near the source node [23].

A. Three Basic Bidirectional Relay Transmission Schemes

In this paper, we consider the following three transmission
schemes, which differ in the number of time slots required to
finish the bidirectional relay communication process.

1) 4TS Transmission: As shown in Fig. 1(a), the BS and the
UE need 4TS to complete the bidirectional communication in
this traditional scheme. In the first time slot, the BS transmits
its signal to an RN. In the second time slot, the RN decodes
and forwards the received signal to the UE. In the third time
slot, the UE transmits its signal to the RN. In the fourth
time slot, the RN decodes and forwards the received signal to
the BS.

2) 3TS Transmission: Fig. 1(b) demonstrates how the BS
and the UE communicate with each other using the NC [4]
technique over 3TS with the help of an RN. In the first time slot,
the BS transmits its signal to an RN, and then, the RN decodes
the received signal. In the second time slot, the UE transmits its

Fig. 1. Three basic bidirectional relay transmission schemes. (a) 4TS
transmission scheme. (b) 3TS transmission scheme. (c) 2TS transmission
scheme.

signal to the RN, and then, the RN decodes the received data.
In the third time slot, the RN broadcasts a linear combination
of the decoded data to the BS and the UE.

3) 2TS Transmission: Fig. 1(c) shows that the bidirectional
relay transmission can be completed in 2TS if the PNC [5]
technique is used. In the first time slot, the BS and the UE
simultaneously transmit their own signals to an RN using
the nested lattice codes [7]. In the second time slot, the RN
broadcasts a structured binning of signals to the BS and the
UE, and then, the BS and the UE decode the received signal
by exploiting this binning information together with their own
signals [7].

B. Channel Model

We assume that the value of the noise power at each node
is the same, i.e., σ2

BS = σ2
UE = σ2

RN = σ2 = N0B, where N0

is the power spectral density, and B is the signal bandwidth. To
simplify the derivation, we consider the additive white Gaussian
noise channel with the large-scale path loss [24]. Thus, the
received power at node j (e.g., BS, RN, or UE) from
node i is

Prec,i→j = τ0

(
d0
di→j

)α

Pout,i (1)

where Pout,i is the transmit power of node i, α is the path
loss exponent, τ0 is a unitless constant that depends on the
antenna characteristics and the average channel attenuation, d0
is the reference distance for the antenna far-field, and di→j is
the distance between node i and node j. If we let hi→j be the
channel coefficient from node i to node j, then we have

|hi→j |2 = τ0

(
d0
di→j

)α

. (2)

As shown in Fig. 2, in this paper, we assume that the RN is
deployed along the line between the BS and the UE and denote

g =
dRN→UE

dBS→RN
. (3)
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Fig. 2. Relay deployment.

If we let D denote the distance between the BS and the UE,
then we have

dBS→RN =
1

1 + g
D, dRN→UE =

g

1 + g
D (4)

which will be used to formulate the results in Section III.

C. Power Consumption Model

According to the power consumption model for LTE BS
in Energy Aware Radio and neTwork tecHnologies (EARTH)
project [25], the total power consumption of the BS at the
maximum load is expressed as

Ptot,BS =
pPA,BS + pBB + pss

(1 − θdc)(1 − θMS)(1 − θcool)
(5)

where pPA,BS is the energy consumption of the PA in the BS,
pBB is the energy consumption of baseband (BB) digital signal
processing, pss is the energy consumption of the small-signal
transceiver, and θdc, θMS, and θcool are the loss factors of direct-
current-to-direct-current (dc–dc) power supply, main supply,
and cooling, respectively. The power consumption of the RN
can be approximated by that of pico evolved Node B (eNB)
[26], i.e., the energy consumption of the RN can be modeled by
(5) with the parameters for Pico eNB in [25].

In reality, the UE is usually in idle state with certain proba-
bility, and the energy consumption model for LTE UE [27] is

Ptot,UE =midlepidle

+midle

{
pcon +mTxmRxpTx+Rx

+mTx[pTx + pPA,Tx + pRxBB]

+mRx[pRx + pPA,Rx + pRxBB]
}

(6)

where the logical variable mstate represents the mode, which
can be radio resource configuration (RRC) idle or RRC
connected (con), transmitting (Tx) and receiving (Rx), with
midle = 1 −midle denotes the nonidle state. p is the power
consumption, where subscripts idle and con represent the power
consumption in RRC idle and connected mode, respectively;
subscripts PA,Tx and PA,Rx denote the power consumption of
the PA in the Rx and Tx chains, respectively; subscripts TxBB

and RxBB represent the power consumption of the baseband
parts in the Rx and Tx chains, respectively; and subscripts
Tx, Rx, and Tx+Rx denote the power consumed when the Rx
chain, the Tx chain, and both the Rx and Tx chains are active,
respectively.

To facilitate the derivations of the optimal energy-efficient
relay deployments, the given power consumption models for

the BS, the RN, and the UE are generalized as

Ptot,i = PRF,i + PC,i (7)

where PRF,i is the power consumption of the RF part in
node i (e.g., BS, RN, or UE), and PC,i is the constant power
consumed by the other parts of node i. Specifically, for the BS
and the RN, we have PRF,i = γipPA,i and PC,i = γi(pBB +
pss), where γi = 1/[(1 − θdc,i)(1 − θMS,i)(1 − θcool,i)]. For
the UE, we have PRF,UE = midle{mTxpTxPA +mRxpRxPA}
and PC,UE = Ptot,UE − PPA,UE. Assuming that pPA,Tx =
pPA,Rx = pPA,UE, we have PRF,UE = midlepPA,UE.

In contrast with the constant PA efficiency for the ideal PA,
the efficiency of the nonideal PA varies with the change in
the output power. With the nonconstant envelope signals, the
orthogonal frequency-division multiplexing modulation in an
LTE system requires the PA to operate in a more linear region.
Thus, this paper considers the following nonideal linear PA,
whose power consumption for node i is approximated as [30]

pPA,i =

√
pmax,i

ηmax
PA,i

√
Pout,i

Δ
= ρi

√
Pout,i. (8)

Thus, the PA efficiency of node i is expressed as

ηPA,i =
Pout,i

pPA,i
=

√
Pout,i

pmax,i
ηmax
PA,i (9)

where pmax,i is the maximum designed output power of the
PA in node i, ηmax

PA,i is the PA efficiency of node i at max-
imum designed power, and ρi is a constant and defined as√
pmax,i/η

max
PA,i. Expression (9) shows that the value of ηPA,i

changes with the transmitter output power Pout,i.

D. Problem Formulation

We investigate the optimal energy-efficient relay deployment
under the constraint of fixed bidirectional sum rate Rs. To
measure the energy efficiency of the relay network, we adopt
the following defined ECI:

ηECI = Ps/Rs (10)

where Ps is the sum of the total power consumption of the BS,
the RN, and the UE, and Rs is the sum of the downlink rate and
the uplink rate. The optimization problem is formulated as

min
g

ηECI(g) =
Ps

Rs

s.t. RBS→UE = βRs

RUE→BS = (1 − β)Rs (11)

where RBS→UE is the downlink rate from the BS to the UE,
RUE→BS is the uplink rate from the UE to the BS, and β is
the ratio of RBS→UE to Rs with 0 < β < 1. The relationship
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between the optimization objective function ηECI(g) and the
optimization variable g will be elaborated in the Appendix.

III. OPTIMAL RELAY DEPLOYMENT FOR THESE

THREE TRANSMISSION SCHEMES

Here, we present the closed-form expressions for the optimal
relay deployment and the corresponding ECI for 4TS, 3TS, and
2TS transmission schemes with the DF protocol.

A. Optimal Relay Deployment and the Corresponding ECI for
4TS Transmission Scheme

Theorem 1: If the DF protocol is used in the 4TS bidirec-
tional relay transmission, then the optimal energy-efficient relay
deployment is

d4TS
RN→UE = g4TS,optd

4TS
BS→RN (12)

with

g4TS,opt =

(
ρBSγBS

√
μ1 − 1 + ρRNγRN

√
μ2 − 1

ρUEmidle

√
μ2 − 1 + ρRNγRN

√
μ1 − 1

) 2
α−2

(13)

where μ1 = 24βηse , μ2 = 24(1−β)ηse , and ηse = Rs/B are the
spectral efficiency.

In addition, the ECI of the 4TS scheme at the optimal relay
deployment is

ηoptECI,4TS = A1,2

(
1

1 + g4TS,opt

)α
2

+ B1,2

(
g4TS,opt

1 + g4TS,opt

)α
2

+
C4TS

Rs
(14)

where the expressions for A1,2 and B1,2 are

A1,2 =E1

(
ρBSγBS

√
μ1 − 1 + ρRNγRN

√
μ2 − 1

)
B1,2 =E1

(
ρUEmidle

√
μ2 − 1 + ρRNγRN

√
μ1 − 1

)
(15)

where E1 = (σDα/2)/(4Rsd
α/2
0

√
τ0), and C4TS = (PC,BS +

PC,UE + 2PC,RN)/4 is the sum of the constant power con-
sumed by other parts beside the RF part in the BS, the RN,
and the UE in the 4TS transmission scheme.

Proof: See Appendix A. �
Remark: Since dBS→RN/D = 1/(1 + gopt), we adopt

1/(1 + gopt) to denote the optimal relay deployment. First, we
can infer that the base of the exponentiation in (13) is greater
than 1, because of the relationship ρBS > ρRN > ρUE, which
is due to pmax,BS > pmax,RN > pmax,UE in (8). Thus, we
can obtain the conclusion that the optimal relay deployment
1/(1 + g4TS,opt) is a monotonically increasing function of α.
However, the relationships between 1/(1 + g4TS,opt) and β, ηse
are not monotonous, and we will investigate these relationships
via numerical simulations in Section IV. According to (14) and
(15), we can infer that the ECI at the optimal relay deployment
ηoptECI,4TS monotonously increases with the increase of α and

ηse, whereas the relationship between ηoptECI,4TS and β is not
monotonous.

B. Optimal Relay Deployment and the Corresponding ECI for
3TS Transmission Scheme

Theorem 2: If the DF protocol is used in the 3TS bidirec-
tional relay transmission, then the optimal energy-efficient relay
deployment is

d3TS
RN→UE = g3TS,optd

3TS
BS→RN (16)

with

g3TS,opt =

⎧⎨
⎩

g2, if g2 < g3TS,th

g1, if g1 ≥ g3TS,th

g3TS,th, otherwise
(17)

where

g2 =

(
ρBSγBS

√
μ3 − 1 + ρRNγRN

√
μ4 − 1

ρUEmidle

√
μ4 − 1

) 2
α−2

g1 =

(
ρBSγBS

√
μ3 − 1

ρUEmidle

√
μ4 − 1 + ρRNγRN

√
μ3 − 1

) 2
α−2

g3TS,th =

(√
μ4 − 1√
μ3 − 1

) 2
α

(18)

where μ3 = 23βηse , and μ4 = 23(1−β)ηse .
In addition, the ECI of the 3TS scheme at the optimal relay

deployment is

ηoptECI,3TS =

⎧⎨
⎩

f3TS,2(g2), if g2 < g3TS,th

f3TS,1(g1), if g1 ≥ g3TS,th

f3TS,1(g3TS,th), otherwise
(19)

where the expressions for f3TS,1(g) and f3TS,2(g) are

f3TS,1(g) =A2,2

(
1

1 + g

)α
2

+B2,2

(
g

1 + g

)α
2

+
C3TS

Rs

f3TS,2(g) =A2,3

(
1

1 + g

)α
2

+B2,3

(
g

1 + g

)α
2

+
C3TS

Rs

(20)

where C3TS = (PC,BS + PC,UE + PC,RN)/3 is the sum of the
constant power consumed by other parts beside the RF part in
the BS, the relay, and the UE in the 3TS transmission scheme.
The expressions for the coefficients A2,2, B2,2, A2,3, and
B2,3 are

A2,2 =E2

(
ρBSγBS

√
μ3 − 1

)
B2,2 =E2

(
ρUEmidle

√
μ4 − 1 + ρRNγRN

√
μ3 − 1

)
A2,3 =E2

(
ρBSγBS

√
μ3 − 1 + ρRNγRN

√
μ4 − 1

)
B2,3 =E2

(
ρUEmidle

√
μ4 − 1

)
(21)

where E2 = (σDα/2)/(3Rsd
α/2
0

√
τ0).
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Proof: See Appendix B. �
Remark: Obviously, both gopt in (17) and the relative ECI

in (19) are piecewise functions. Since both the bases of the
exponentiations of g1 and g2 are greater than 1, then the optimal
relay deployment 1/(1 + g3TS,opt) is an increasing function of
α if g2 < g3TS,th and g1 ≥ g3TS,th. The relationships between
1/(1 + g3TS,opt) and β, ηse are not monotonous, and we will
investigate these relationships via numerical simulations in
Section IV. From the expressions in (19)–(21), we can see that
ηoptECI,3TS monotonously increases with the increase of α and

ηse, whereas the relationship between ηoptECI,3TS and β is not
monotonous.

C. Optimal Relay Deployment and the Corresponding ECI for
2TS Transmission Scheme

Theorem 3: If the lattice encoding and decoding method [7]
is used in the 2TS bidirectional relay transmission, then the
optimal energy-efficient relay deployment is

d2TS
RN→UE = g2TS,optd

2TS
BS→RN (22)

with

g2TS,opt =

⎧⎨
⎩

g4, if g4 < g2TS,th

g3, if g3 ≥ g2TS,th

g2TS,th, otherwise
(23)

where

g4 =

(
ρBSγBSν1 + ρRNγRNν3

ρUEmidleν4

) 2
α−2

g3 =

(
ρBSγBSν1

ρUEmidleν2 + ρRNγRNν4

) 2
α−2

g2TS,th =

(√
μ6 − 1√
μ5 − 1

) 2
α

(24)

where

ν1 =
√

μ5(μ5 + μ6 − 1), ν2 =
√
μ5(μ5 + μ6 − 1)

ν3 =
√

(μ5 + μ6)(μ6 − 1), ν4 =
√

(μ5 + μ6)(μ5 − 1)

(25)

where μ5 = 22βηse , and μ6 = 22(1−β)ηse .
In addition, the ECI of the 2TS scheme at the optimal relay

deployment is

ηoptECI,2TS =

⎧⎨
⎩

f2TS,2(g4), if g4 < g2TS,th

f2TS,1(g3), if g3 ≥ g2TS,th

f2TS,1(g2TS,th), otherwise
(26)

where the expressions for f2TS,1(g) and f2TS,2(g) are

f2TS,1(g) =A3,3

(
1

1 + g

)α
2

+B3,3

(
g

1 + g

)α
2

+
C2TS

Rs

f2TS,2(g) =A3,4

(
1

1 + g

)α
2

+B3,4

(
g

1 + g

)α
2

+
C2TS

Rs

(27)

where C2TS=(PC,BS+PC,UE+PC,RN)/2 is the sum of the
constant power consumed by other parts beside the RF part in
the BS, the relay, and the UE in the 2TS transmission scheme.
The expressions for the coefficients A3,3, B3,3, A3,4, and B3,4

A3,3 =E3

(
ρBSγBS

√
μ5

μ5 + μ6
(μ5 + μ6 − 1)

)

B3,3 =E3

(
ρUEmidle

√
μ6

μ5 + μ6
(μ5 + μ6 − 1)

+ ρRNγRN

√
μ5 − 1

)

A3,4 =E3

(
ρBSγBS

√
μ5

μ5 + μ6
(μ5 + μ6 − 1)

+ ρRNγRN

√
μ6 − 1

)

B3,4 =E3

(
ρUEmidle

√
μ6

μ5 + μ6
(μ5 + μ6 − 1)

)
(28)

where E3 = (σDα/2)/(2Rsd
α/2
0

√
τ0).

Proof: See Appendix C. �
Remark: Since the bases of the exponentiations of g3 and

g4 are greater than 1, the optimal relay deployment 1/(1 +
g2TS,opt) is an increasing function of α if g4 < g2TS,th and
g3 ≥ g2TS,th. The relationships between 1/(1 + g2TS,opt) and
β, ηse are not monotonous and will be investigated via nu-
merical simulations in Section IV. From the expressions in
(26)–(28), we can see that ηoptECI,2TS monotonously increases
with the increase of α and ηse, whereas the relationship between
ηoptECI,2TS and β is not monotonous.

IV. PERFORMANCE EVALUATION

In Section IV-A, the relative simulation parameters are
stated. In Section IV-B, we verify the theoretical derivations
and study the impacts of spectral efficiency, the path loss, and
the ratio of the downlink rate to the sum of the uplink rate
and the downlink rate on the optimal relay deployment and the
relative ECI. In Section IV-C, we investigate the influence of
the nonideal PA on the optimal relay deployment in comparison
with that of the ideal PA via simulation results. Finally, in
Section IV-D, we discuss the optimal relay deployment in more
practical scenarios, such as the scenario with Rician small-scale
fading and the scenario for the LTE system.

A. Simulation Parameters

Table II lists the power consumption parameters for the BS,
the relay, and the UE, where the parameters for the BS and the
relay are based on the EARTH project [25], and the parameters
for the UE are based on [27]. In this paper, we assume that the
UE is in idle state with probability 0.6, and the probability that
the UE is in nonidle state is 0.45. The values of PA efficiencies
for the BS, the relay, and the UE are based on [25], [28], and
[29], respectively. The parameters used to verify theoretical
derivations are listed in Table III, where the path loss constant
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TABLE II
POWER CONSUMPTION PARAMETERS

TABLE III
SIMULATION PARAMETERS CORRESPONDING

TO THE THEORETICAL DERIVATION

τ0 is set to be the free-space path loss at distance d0 [24] and is
calculated by

τ0 =

(
c

fc4πd0

)2

(29)

where fc is the carrier frequency, c = 3 × 108 m/s is the
velocity of light, and d0 = 10 m is the reference distance.

Here, we choose the urban macrocell scenario with α = 4.5.
When small-scale fading is added, we assume that the small-
scale fading obeys Rician distribution, the multipath delay
profiles obey the Extended Pedestrian A (EPA) model in 3GPP
specification 36.104 [31], and the maximum Doppler frequency
fD is 5 Hz. Furthermore, according to the 3GPP specification
36.814 [32], we investigate the optimal relay deployment for the

TABLE IV
SIMULATION PARAMETERS FOR LTE SYSTEM

LTE system, whose parameters for the line-of-sight (LOS) path
loss, lognormal shadow fading, and Rician small-scale fading
are listed in Table IV.

B. Simulation Results Corresponding to Theoretical Analysis

Figs. 3–7 show that the theoretical results (solid lines)
coincide with the numerical simulation results (dash lines),
where the numerical simulation results are obtained by using
MATLAB to solve the optimization problem in (11). That is
to say, Figs. 3–7 validate the correctness of the closed-form
expressions for the optimal relay deployment 1/(1 + gopt) and
the relative ECI ηoptECI. Furthermore, the relationships between
1/(1 + gopt) and ηoptECI and path loss exponent α, rate ratio β,
and spectral efficiency ηse are analyzed as follows.

1) 1/(1 + gopt) and ηoptECI Versus α: As shown in Fig. 3(a)
and (b), both 1/(1 + gopt) and ηoptECI are increasing functions
of α, which coincides with the analysis in the remarks after
Theorems 1–3. More specifically, Fig. 3(a) indicates that in
bad channel conditions (heavy path loss), the RN should be
deployed much farther from the BS than that under good chan-
nel conditions (small path loss). In other words, in bad channel
conditions, it is possible to improve the energy efficiency while
enlarging the cell coverage. However, it will be challenging
to extend the cell coverage and enhance the energy efficiency
simultaneously under good channel conditions. These two ob-
servations can be explained by the fact that 1/(1 + gopt) is an
increasing function of α.

Fig. 3(a) shows that, among these three relay transmission
schemes, the RN should be deployed the farthest from the BS
in the 3TS scheme, whereas the RN should be deployed nearest
to the BS in the 4TS scheme. Fig. 3(b) shows that when β = 0.4
and ηse = 10, the 2TS scheme is the most energy-efficient
scheme, whereas the 4TS scheme is the least energy-efficient
scheme, i.e., ηoptECI,4TS > ηoptECI,3TS > ηoptECI,2TS. This result can
be explained by the expressions for the energy efficiencies in
(14), (19), and (26), respectively. Specifically, when the energy
efficiency ηse is large, the values of the coefficients in (14),
(19), and (26) are mainly decided by the exponential entries
μ1 = 24βηse and μ2 = 24(1−β)ηse in (15), μ3 = 23βηse and μ4 =
23(1−β)ηse in (21), and μ5 = 22βηse and μ6 = 22(1−β)ηse in (28),
respectively.
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Fig. 3. Optimal relay deployment 1/(1 + gopt) versus path loss exponent α,
when β = 0.4 and ηse = 10.

2) 1/(1 + gopt) and ηoptECI Versus β: Fig. 4(a) and (b) shows
the trends of the optimal relay deployment 1/(1 + gopt) with
the increase in rate ratio β when ηse = 1 and ηse = 7, respec-
tively. Fig. 4 shows that the value of ηse also has an impact
on the trend of 1/(1 + gopt) with respect to β. When the
downlink rate is greater than the uplink rate (β > 0.5), the
optimal relay deployments for these three different schemes are
almost the same. The reason for this result is that when β > 0.5,
the expressions for the ECI for 4TS, 3TS, and 2TS are (14),
f3TS,1(g) in (20), and f2TS,1(g) in (27), respectively, whose
values are almost the same when β > 0.5. However, when the
downlink rate is smaller than the uplink rate (β < 0.5), these
three schemes have different trends. The different trends with
respect to β and discontinuous points of 3TS and 2TS schemes
in Fig. 4(b) are due to the piecewise functions in (17) and (23),
respectively.

Fig. 5(a) and (b) shows the trends of the ECI at the optimal
relay deployment ηoptECI with the increase in β when ηse = 1 and
ηse = 7, respectively. Fig. 5(b) shows that when the spectral
efficiency is high, the 2TS scheme is the most energy efficient,

Fig. 4. Optimal relay deployment 1/(1 + gopt) versus rate ratio β at typical
values of spectral efficiency ηse when α = 4.5. (a) ηse = 1. (b) ηse = 7.

whereas the 4TS scheme is the least energy efficient, which
coincides with the result in Fig. 3(b) for the same reason. On
the contrary, Fig. 5(a) shows that when the spectral efficiency
is low, the 4TS scheme is the most energy efficient, whereas
the 2TS scheme is the least energy efficient. This is due to the
fact that when ηse is small, the numbers 4, 3, and 2 in
the denominators of the coefficients in (15), (21), and (28)
mainly decide the values of ηoptECI,4TS, ηoptECI,3TS, and ηoptECI,2TS,
respectively.

3) 1/(1 + gopt) and ηoptECI Versus ηse: Fig. 6(a) and (b)
shows the trends of the optimal relay deployment 1/(1 + gopt)
with the increase in spectral efficiency ηse when β = 0.2 and
β = 0.7, respectively. Fig. 6 shows that the value of β affects
the trends of 1/(1 + gopt) with respect to ηse. Furthermore,
when ηse is large enough, the optimal relay deployments for
these three schemes are almost the same. However, when ηse is
small, these three schemes have different trends. This result is
very similar to that in Fig. 4(b) with the same reason.

Fig. 7(a) and (b) demonstrates the trends of the ECI at the
optimal relay deployment ηoptECI with the increase in spectral
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Fig. 5. ECI at the optimal relay deployment ηoptECI versus rate ratio β at typical
values of spectral efficiency ηse when α = 4.5. (a) ηse = 1. (b) ηse = 7.

efficiency ηse when β = 0.2 and β = 0.7, respectively. Fig. 7(a)
and (b) shows that when ηse is large enough, the 2TS scheme
is the most energy efficient, whereas the 4TS scheme is
the least energy efficient, which coincides with the result in
Fig. 3(b).

4) 1/(1 + gopt) Versus β and ηse: Fig. 8 comprehensively
describes the trends of 1/(1 + gopt) with the increases in β
and ηse. Fig. 8(a) shows that the optimal deployment of the
4TS scheme 1/(1 + g4TS,opt) increases with β when 0.2 <
β < 0.4, whereas 1/(1 + g4TS,opt) remains as a constant at
other regions with the increase in β and ηse. Similarly, both
1/(1 + g3TS,opt) and 1/(1 + g2TS,opt) have peaks in the region
0.2 < β < 0.4, and the peaks increase with the increases in ηse.
The different trends with respect to β and ηse in Fig. 8(b) and (c)
are due to the piecewise functions in (17) and (23). Moreover,
when the downlink rate is much greater or much smaller than
the uplink rate, the optimal relay deployments for these three
schemes are almost the same. Otherwise, these three schemes
have different optimal relay deployments.

Fig. 6. Optimal relay deployment 1/(1 + gopt) versus spectral efficiency ηse
at typical values of rate ratio β when α = 4.5. (a) β = 0.2. (b) β = 0.7.

C. Nonideal PA Versus Ideal PA

Figs. 9 and 10 demonstrate the impacts of the nonideal PA
in comparison with that of the ideal PA with respect to α and
β, respectively. Both Figs. 9(a) and 10(a) show that the optimal
relay deployment with the nonideal PA is much closer to the
BS in comparison with that of the ideal PA, which is around the
middle point of the BS and the relay. This phenomenon can be
explained by the closed-form expressions for the optimal relay
deployment with the ideal PA and the nonideal PA. As shown in
(13), (17), and (23), the expressions for gopt with the nonideal
PA can be generalized as

gopt,non =

(
Aij

Bij

) 2
α−2

(30)

where Aij and Bij are the coefficients defined in (15), (21),
and (28). Similarly, we can obtain the generalized expression
for gopt with the ideal PA as

gopt,ideal =

(
A′

ij

B′
ij

) 1
α−1

(31)
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Fig. 7. ECI at the optimal relay deployment ηoptECI versus spectral efficiency
ηse at typical values of rate ratio β when α = 4.5. (a) β = 0.2. (b) β = 0.7.

where A′
ij and B′

ij are similar coefficients as Aij and Bij .
As stated in the remarks after Theorems 1–3, the base of
gopt is greater than 1; hence, we have gopt,non > gopt,ideal and
1/(1 + gopt,non) < 1/(1 + gopt,ideal) when α > 2. Moreover,
both Figs. 9(b) and 10(b) indicate that, due to the different
PA models, the ECI at the optimal relay deployment with the
nonideal PA is much smaller than that with the ideal PA.

D. Optimal Relay Deployment in More Practical Scenarios

1) Adding Small-Scale Fading: Figs. 11 and 12 present
the impacts of small-scale fading in comparison with those
without small-scale fading with respect to α and β, respectively.
Fig. 11(a) shows that when the path loss is very small, the RN in
all these three schemes should be deployed farther from the BS
when considering small-scale fading than that without small-
scale fading. On the contrary, both Figs. 11(a) and 12(a) show
that when the path loss is large, the RN should be deployed
nearer to the BS when considering small-scale fading than that
without small-scale fading. Both Figs. 11(b) and 12(b) show
that when considering small-scale fading, the energy consump-

Fig. 8. Optimal relay deployment 1/(1 + gopt) versus rate ratio β and
spectral efficiency ηse when α = 4.5. (a) 4TS scheme. (b) 3TS scheme.
(c) 2TS scheme.

tion at the optimal relay deployment is larger than that without
small-scale fading. The reason for this phenomenon is that
with small-scale fading, the channel capacity becomes smaller
than that without small-scale fading, that is to say, the trans-
mitter needs larger power to achieve the same transmission rate.
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Fig. 9. Comparison with the scenario of the ideal PA with respect to α when
β = 0.45 and ηse = 10. (a) Optimal relay deployment 1/(1 + gopt). (b) ECI
at the optimal relay deployment ηoptECI.

LTE Outdoor Rural Scenario: Fig. 13 shows the optimal
relay deployment 1/(1 + gopt) and the relative ECI ηoptECI for the
LTE system in a rural outdoor scenario with LOS propagation
when ηse = 10. The simulation results in Fig. 13(a) validate the
given analysis with respect to α, where the equivalent path loss
exponent α is 2.35 from the BS to the relay and 2.09 from the
relay to the UE. Fig. 13(b) indicates that it may not be easy
to achieve the optimal energy efficiency and extend the cell
coverage simultaneously in this good LTE channel condition
with LOS propagation, where we can only make a tradeoff
between the cell coverage and the energy efficiency. Fig. 13(b)
shows that the 2TS scheme is the most energy efficient, whereas
the 4TS scheme is the least energy efficient under the high-
spectral-efficiency scenario, which coincides with the results in
Fig. 3(b), Fig. 5(b), and Fig. 7.

In summary, we obtain the following important conclusions
for the optimal energy-efficient relay deployment and the cor-
responding energy efficiency.

• First, it is possible to achieve the optimal energy efficiency
and enlarge the cell coverage simultaneously under bad
channel conditions, e.g., heavy path loss. However, it is

Fig. 10. Comparison with the scenario of the ideal PA with respect to β when
α = 4.5 and ηse = 6. (a) Optimal relay deployment 1/(1 + gopt). (b) ECI at
the optimal relay deployment ηoptECI.

challenging to realize the given two goals at the same time
under good channel conditions, e.g., small path loss.

• Second, under an asymmetric traffic condition, when the
downlink rate is larger than the uplink rate, the optimal
relay deployments for 4TS, 3TS, and 2TS schemes have
similar trends. However, when the downlink rate is smaller
than the uplink rate, the optimal relay deployments for the
three schemes have different trends.

• Third, when the spectral efficiency is high, the 2TS scheme
is the most energy efficient at the optimal relay deploy-
ment in comparison with the 3TS and 4TS schemes. On
the contrary, when the spectral efficiency is low, the 4TS
scheme is the most energy efficient at the optimal relay
deployment among these three schemes.

• Fourth, when considering the nonideal PA, the RN should
be deployed closer to the BS than that with the ideal PA.
The energy efficiencies at the optimal relay deployment
for these three schemes with the nonideal PA are higher
than those with the ideal PA.

• Fifth, the impact of small-scale fading depends on the
value of path loss. Specifically, when the path loss is very
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Fig. 11. Considering small-scale fading with respect to α when β = 0.35 and
ηse = 6. (a) Optimal relay deployment 1/(1 + gopt). (b) ECI at the optimal
relay deployment ηoptECI.

small, the RN should be deployed farther from the BS than
that without small-scale fading. On the contrary, when the
path loss is large, the RN should be deployed closer to
the BS than that without small-scale fading. Moreover,
compared with the scenario without small-scale fading,
the transmission nodes need to consume more energy to
overcome the small-scale fading.

• Finally, the simulation results for the LTE system validate
the analysis results with respect to the channel condition.
Specifically, it may be hard to extend the cell coverage
and achieve the optimal energy efficiency simultaneously
due to the good channel condition with LOS propagation,
where we can only make a tradeoff between the cell
coverage and the energy efficiency.

V. CONCLUSION

In this paper, we have investigated the optimal energy-
efficient relay deployments for the 2TS, 3TS, and 4TS bidirec-
tional relay transmission schemes. Via the derived closed-form

Fig. 12. Considering small-scale fading with respect to β when α = 4.5 and
ηse = 6. (a) Optimal relay deployment 1/(1 + gopt). (b) ECI at the optimal
relay deployment ηoptECI.

expressions for the optimal relay deployments and the relative
ECI and numerical simulations, we obtain the following im-
portant conclusions. First, it is possible to achieve the optimal
energy efficiency and extend the cell coverage simultaneously
in bad channel conditions, but it is challenging in good channel
conditions. Second, under asymmetric traffic conditions, par-
ticularly when the downlink rate is larger than the uplink rate,
all the aforementioned three schemes have almost the same
optimal relay deployment, but the 2TS scheme has the best
energy efficiency when the spectral efficiency is high. Third,
the RN should be deployed nearer to the BS with the nonideal
PA than that with the ideal PA. Finally, the impact of small-
scale fading depends on the value of path loss. Compared
with the scenario without small-scale fading, the transmission
nodes need to consume more energy to overcome the small-
scale fading. In future work, we will theoretically investigate
the optimal energy-efficient relay deployment in more practical
wireless channels, e.g., the scenario with small-scale fading.



CUI et al.: OPTIMAL RELAY DEPLOYMENT FOR THE BIDIRECTIONAL RELAY TRANSMISSION SCHEMES 2637

Fig. 13. LTE outdoor rural scenario with LOS propagation and ηse = 10.
(a) Optimal relay deployment 1/(1 + gopt). (b) ECI at the optimal relay
deployment ηoptECI.

APPENDIX A
PROOF OF THEOREM 1

For the 4TS transmission scheme with the DF relay strategy,
the achievable transmission rate in each direction is decided by
the weakest link of the transmission path, i.e.,

RBS→UE,4TS

= min

{
1
4
B log2

(
1 +

|hBS→RN|2Pout,BS

σ2

)
1
4
B log2

(
1 +

|hRN→UE|2Pout,RN1

σ2

)}
(32)

RUE→BS,4TS

= min

{
1
4
B log2

(
1 +

|hUE→RN|2Pout,UE

σ2

)
1
4
B log2

(
1 +

|hRN→BS|2Pout,RN2

σ2

)}
(33)

where Pout,RN1
denotes the transmit output power of the relay

station in the second transmission time slot, and Pout,RN2

denotes the transmit output power of the relay station in the
fourth transmission time slot. The pre-log factor 1/4 is due to
the 4TS required in this transmission scheme.

Let Ts denote one-time-slot duration, according to the power
consumption model in (7) and (8), the sum of the total power
consumption of the BS, the relay, and the UE in the 4TS
scheme is

Ps,4TS =
1
4
(Ptotal,BS + Ptotal,RN1

+ Ptotal,UE + Ptotal,RN2
)

=
1
4

(
ρBSγBS

√
Pout,BS + ρUEmidle

√
Pout,UE

+ ρRNγRN

(√
Pout,RN1

+
√

Pout,RN2

))
+ C4TS (34)

where C4TS = (PC,BS + PC,UE + 2PC,RN)/4 is the sum of
the constant power consumed by other parts beside the RF part
in the BS, the relay, and the UE in the 4TS transmission scheme.

Then, the optimization problem in (11) for the 4TS scheme
turns into

min
g

ηECI,4TS =
Ps,4TS

Rs

s.t. RBS→UE,4TS = βRs

RUE→BS,4TS = (1 − β)Rs. (35)

Based on the expressions for RBS→UE,4TS and RUE→BS,4TS

in (32) and (33), to minimize the total power consumption, the
constraints are satisfied only if the uplink transmission rate is
equal to the downlink transmission rate. That is to say, the two
parts of the min functions in (32) and (33) are equal. Then,
according to (2) and (4), the expressions for Pout,BS, Pout,RN1

,
Pout,UE, and Pout,RN2

can be written as follows:

Pout,BS =A2
1,1

(
1

1 + g

)α

, Pout,RN1
= A2

1,1

(
g

1 + g

)α

Pout,UE =B2
1,1

(
g

1 + g

)α

, Pout,RN2
= B2

1,1

(
1

1 + g

)α

(36)

where the values of the constants are expressed as follows:

A2
1,1 =

σ2

τ0dα0
Dα

(
2

4βRs
B − 1

)

B2
1,1 =

σ2

τ0dα0
Dα

(
2

4(1−β)Rs
B − 1

)
. (37)

Substitute (36) into the optimization objective function in (35),
we have

ηECI,4TS(g) = f4TS(g)

=A1,2

(
1

1 + g

)α
2

+B1,2

(
g

1 + g

)α
2

+
C4TS

Rs

(38)
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where the expressions for A1,2 and B1,2 are

A1,2 =
1

4Rs
(ρBSγBSA1,1 + ρRNγRNB1,1)

B1,2 =
1

4Rs
(ρUEmidleB1,1 + ρRNγRNA1,1). (39)

The optimal relay deployment will be achieved at the solu-
tion to ∂f4TS(g)/∂g = 0, i.e.,

g4TS,opt =

(
A1,2

B1,2

) 2
α−2

. (40)

Therefore, the optimal relay deployment for the 4TS transmis-
sion is

d4TS
RN→UE =

(
A1,2

B1,2

) 2
α−2

d4TS
BS→RN. (41)

Substitute (37) into (39), we can obtain the explicit expressions
for A1,2 and B1,2 as in (15). Then, after substituting (15) into
(40), we can get the explicit expression for the optimal relay
deployment of the 4TS transmission in (13). �

APPENDIX B
PROOF OF THEOREM 2

Similar to the 4TS scheme, the achievable rate for the 3TS
scheme with the DF protocol is decided by the weakest link of
each direction. Thus, we have

RBS→UE,3TS

= min

{
1
3
B log2

(
1 +

|hBS→RN|2Pout,BS

σ2

)

1
3
B log2

(
1 +

|hRN→UE|2Pout,RN

σ2

)}
(42)

RUE→BS,3TS

= min

{
1
3
B log2

(
1 +

|hUE→RN|2Pout,UE

σ2

)

1
3
B log2

(
1 +

|hRN→BS|2Pout,RN

σ2

)}
(43)

where the pre-log factor 1/3 comes from the 3TS required in this
transmission scheme. The sum of the total power consumption
of the BS, the relay, and the UE in the 3TS scheme is calcu-
lated by

Ps,3TS =
1
3

(
ρBSγBS

√
Pout,BS + ρUEmidle

√
Pout,UE

+ ρRNγRN

√
Pout,RN

)
+ C3TS (44)

where C3TS = (PC,BS + PC,UE + PC,RN)/3 is the sum of the
constant power consumed by other parts beside the RF part
in the BS, the relay, and the UE in the 3TS transmission
scheme.

Then, the optimization problem in (11) for the 3TS scheme
turns into

min
g

ηECI,3TS =
Ps,3TS

Rs

s.t. RBS→UE,3TS = βRs

RUE→BS,3TS = (1 − β)Rs. (45)

Note that both RBS→UE,3TS and RUE→BS,3TS in (42) and (43)
rely on the same variable Pout,RN; thus, Pout,RN should be
larger such that it satisfies both of these two constraints in
(45). Thus, we have the expressions for Pout,BS, Pout,UE, and
Pout,RN as follows:

Pout,BS =A2
2,1

(
1

1 + g

)α

, Pout,UE = B2
2,1

(
g

1 + g

)α

Pout,RN =max

{
A2

2,1

(
g

1 + g

)α

, B2
2,1

(
1

1 + g

)α}
(46)

where the expressions of A2
2,1 and B2

2,1 are

A2
2,1 =

σ2

τ0dα0
Dα

(
2

3βRs
B − 1

)
,

B2
2,1 =

σ2

τ0dα0
Dα

(
2

3(1−β)Rs
B − 1

)
. (47)

Substitute (46) into the optimization objective function in
(45), we have

ηECI,3TS(g) = f3TS(g) = max {f3TS,1(g), f3TS,1(g)} (48)

where the expressions for f3TS,1(g) and f3TS,2(g) are

f3TS,1(g) =A2,2

(
1

1 + g

)α
2

+B2,2

(
g

1 + g

)α
2

+
C3TS

Rs

(49)

f3TS,2(g) =A2,3

(
1

1 + g

)α
2

+B2,3

(
g

1 + g

)α
2

+
C3TS

Rs

(50)

where the expressions for A2,2, B2,2, A2,3, and A3,3 are

A2,2 =
1

3Rs
ρBSγBSA2,1

B2,2 =
1

3Rs
(ρUEmidleB2,1 + ρRNγRNA2,1)

A2,3 =
1

3Rs
(ρBSγBSA2,1 + ρRNγRNB2,1)

B2,3 =
1

3Rs
ρUEmidleB2,1. (51)

Let f3TS,dif(g) denote the difference between f3TS,1(g) and
f3TS,2(g), i.e.,

f3TS,dif(g) = f3TS,1(g)− f3TS,2(g)

= (A2,2 −A2,3)

(
1

1 + g

)α
2

+ (B2,2 −B2,3)

(
g

1 + g

)α
2

. (52)
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Then, the threshold for f3TS(g) is the solution to f3TS,dif(g) =
0, i.e.,

g3TS,th =

(
A2,3 −A2,2

B2,2 −B2,3

) 2
α

. (53)

To decide when f3TS(g) = f3TS,1(g) and when f3TS(g) =
f3TS,2(g), the derivative of f3TS,dif(g) with respect to g is
calculated as follows:

∂f3TS,dif

∂g
= (A2,3 −A2,2)

(
1

1 + g

)α
2 +1

+ (B2,2 −B2,3)

(
1

1 + g

)α
2 +1

g
α
2 −1. (54)

From (54), we can conclude that ∂f3TS,dif/∂g > 0 for all g >
0, that is to say, f3TS,dif(g) is an increasing function. Thus, we
have the explicit expression of f3TS(g) as

f3TS(g) =

{
f3TS,2(g), if g < g3TS,th

f3TS,1(g), if g ≥ g3TS,th.
(55)

Based on (55), we can conclude that the optimal relay
deployment will be achieved at the extreme points of f3TS,2(g)
and f3TS,1(g) or the threshold g3TS,th. Thus, we have

g3TS,opt =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g2 =
(

A2,3

B2,3

) 2
α−2

, if g2 < g3TS,th

g1 =
(

A2,2

B2,2

) 2
α−2

, if g1 ≥ g3TS,th

g3TS,th =
(

A2,3−A2,2

B2,2−B2,3

) 2
α

, otherwise.

(56)

Therefore, the optimal relay deployment for the 3TS scheme is

d3TS
RN→UE = g3TS,optd

3TS
BS→RN. (57)

If we substitute (47) into (51), we can get the explicit expres-
sions for A2,2, B2,2, A2,3, and B2,3 as (21). If we substitute (21)
into (56), we can obtain the explicit expression for the optimal
relay deployment g3TS,opt in (17). Similarly, if we substitute
(56) into (55), we can get the explicit expression for ηoptECI,3TS

in (19), which is the ECI of the 3TS transmission at the optimal
relay deployment. �

APPENDIX C
PROOF OF THEOREM 3

In the 2TS scheme, the RN receives the signal from the
BS and the UE simultaneously, and the received signals
cannot be decoded with the traditional DF protocol. Thus,
Nam et al. [7] proposed the use of nested lattice codes and struc-
tured binning to encode and decode the signals. The achievable
rate of the proposed scheme in [7] is within 1/2 bit from the ca-

pacity region for each user. The expressions for the achievable
rates are

RBS→UE,2TS

= min

{[
1
2
B log2(ς1 + ς3)

]+

1
2
B log2

(
1 +

|hRN→UE|2Pout.RN

σ2

)}
(58)

RUE→BS,2TS

= min

{[
1
2
B log2(ς2 + ς4)

]+

1
2
B log2

(
1 +

|hRN→BS|2Pout.RN

σ2

)}
(59)

where [x]+
Δ
= max{x, 0}, and

ς1 =
|hBS→RN|2Pout,BS

|hBS→RN|2Pout,BS + |hUE→RN|2Pout,UE

ς2 =
|hUE→RN|2Pout,UE

|hBS→RN|2Pout,BS + |hUE→RN|2Pout,UE

ς3 =
|hBS→RN|2Pout,BS

σ2

ς4 =
|hUE→RN|2Pout,UE

σ2
. (60)

The sum of the total power consumption in the 2TS scheme is

Ps,2TS =
1
2

(
ρBSγBS

√
Pout,BS + ρUEmidle

√
Pout,UE

+ ρRNγRN

√
Pout,RN

)
+ C2TS (61)

where C2TS = (PC,BS + PC,UE + PC,RN)/2 is the sum of the
constant power consumed by other parts beside the RF part in
the BS, the relay, and the UE in the 2TS transmission scheme.
Then, the optimization problem in (11) for the 2TS scheme
turns into

min
g

ηECI,2TS =
Ps,2TS

Rs

s.t. RBS→UE,2TS = βRs

RUE→BS,2TS = (1 − β)Rs. (62)

From the constraints, we can derive the expressions for
Pout,BS, Pout,UE, and Pout,RN as follows:

Pout,BS =A2
3,1

(
1

1 + g

)α

, Pout,UE = B2
3,1

(
g

1 + g

)α

Pout,RN =max

{
A2

3,2

(
g

1 + g

)α

, B2
3,2

(
1

1 + g

)α}
(63)

where the expressions for A2
3,1, B2

3,1, A2
3,2, and B2

3,2 are

A2
3,1 =

σ2

τ0dα0

μ5

μ5 + μ6
(μ5 + μ6 − 1)Dα
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B2
3,1 =

σ2

τ0dα0

μ6

μ5 + μ6
(μ5 + μ6 − 1)Dα

A2
3,2 =

σ2

τ0dα0
Dα(μ5 − 1)

B2
3,2 =

σ2

τ0dα0
Dα(μ6 − 1) (64)

with μ5 = 22βRs/B and μ6 = 22(1−β)Rs/B .
Substitute (63) into the optimization objective function in

(62), we have

ηECI,2TS(g) = f2TS(g) = max {f2TS,1(g), f2TS,1(g)} (65)

where the expressions for f2TS,1(g) and f2TS,2(g) are

f2TS,1(g) =A3,3

(
1

1 + g

)α
2

+B3,3

(
g

1 + g

)α
2

+
C2TS

Rs

(66)

f2TS,2(g) =A3,4

(
1

1 + g

)α
2

+B3,4

(
g

1 + g

)α
2

+
C2TS

Rs

(67)

where the expressions for A3,3, B3,3, A3,4, and A3,4 are

A3,3 =
1

2Rs
ρBSγBSA3,1

B3,3 =
1

2Rs
(ρUEmidleB3,1 + ρRNγRNA3,2)

A3,4 =
1

2Rs
(ρBSγBSA3,1 + ρRNγRNB3,2)

B3,4 =
1

2Rs
ρUEmidleB3,1. (68)

Let f2TS,dif(g) denote the difference between f2TS,1(g) and
f2TS,2(g), i.e.,

f3TS,dif(g) = f2TS,1(g)− f2TS,2(g)

= (A3,3 −A3,4)

(
1

1 + g

)α
2

+ (B3,3 −B3,4)

(
g

1 + g

)α
2

. (69)

Then, the threshold for f2TS(g) is the solution to f2TS,dif(g) =
0, i.e.,

g2TS,th =

(
A3,4 −A3,3

B3,3 −B3,4

) 2
α

. (70)

To decide when f2TS(g) = f2TS,1(g) and when f2TS(g) =
f2TS,2(g), the derivative of f2TS,dif(g) with respect to g is
calculated as follows:

∂f2TS,dif

∂g
= (A3,4 −A3,3)

(
1

1 + g

)α
2 +1

+(B3,3 −B3,4)

(
1

1 + g

)α
2 +1

g
α
2 −1. (71)

From (71), we can conclude that ∂f2TS,dif/∂g > 0 for all g >
0, that is to say, f2TS,dif(g) is an increasing function. Thus, we
have the explicit expression for f2TS(g) as

f2TS(g) =

{
f2TS,2(g), if g < g2TS,th

f2TS,1(g), if g ≥ g2TS,th.
(72)

Based on (72), we can conclude that the optimal relay
deployment will be achieved at the extreme points of f2TS,2

and f2TS,1 or the threshold g2TS,th. Thus, we have

g2TS,opt =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

g4 =
(

A3,4

B3,4

) 2
α−2

, if g4 < g2TS,th

g3 =
(

A3,3

B3,3

) 2
α−2

, if g3 ≥ g2TS,th

g2TS,th =
(

A3,4−A3,3

B3,3−B3,4

) 2
α

, otherwise.

(73)

Therefore, the optimal relay deployment for the 2TS scheme is

d2TS
RN→UE = g2TS,optd

2TS
BS→RN. (74)

If we substitute (64) into (68), we can get the explicit expres-
sions for A3,3, B3,3, A3,4, and B3,4 in (28). If we substitute
(28) into (73), we can get the explicit expression for g2TS,opt in
(23). If we substitute (73) into (72), we can obtain the explicit
expression for ηoptECI,2TS in (26). �
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