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Abstract— VoxHenry, a fast Fourier transform (FFT)-
accelerated integral-equation-based simulator for extracting
frequency-dependent inductances and resistances of structures
discretized by voxels, is presented. VoxHenry shares many fea-
tures with the popular inductance extractor, FastHenry. Just like
FastHenry, VoxHenry solves a combination of the electric volume
integral equation and the current continuity equation, but with
three distinctions that make VoxHenry suitable and extremely
efficient for analyzing voxelized geometries: 1) it leverages a
carefully selected set of piecewise-constant and piecewise-linear
basis functions; 2) it exploits FFTs to accelerate the matrix–
vector multiplications during the iterative solution of system of
equations; and 3) it employs a sparse preconditioner to ensure
the rapid convergence of iterative solution. VoxHenry is capable
of accurately computing frequency-dependent inductances and
resistances of arbitrarily shaped and large-scale structures on
a desktop computer. The accuracy, efficiency, and applicability
of VoxHenry are demonstrated through inductance analysis of
various structures, including square and circular coils as well as
arrays of RF inductors (situated over ground planes).

Index Terms— Fast Fourier transform (FFT), FastHenry,
inductance extraction, magneto-quasistatic analysis, parasitic
extraction, partial element equivalent circuit, volume integral
equation (VIE), voxelized geometries.

I. INTRODUCTION

W ITH ever increasing operating frequencies and shrink-
ing electronic device sizes, postlayout parasitic extrac-

tion tools became indispensable for almost every digital design
explorations. Today, these tools are commonly used not only
for assessing functional verification and timing loop closure
but also for estimating power and checking electrical fault
(e.g., IR drop) [1]. Modern parasitic extractors are fast enough
for being used in iterative digital design exploration and
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sufficiently accurate for being employed in some analog design
flows. Nevertheless, these extractors were not developed
for handling high-performance mixed signal-integrated cir-
cuits, including high-accuracy analog-to-digital converters and
(near-) terahertz circuits [2]. To address the needs of mixed
signal designers, extractors were improved to handle complex
3-D geometries and extract dense coupling due to longer-range
inductive effects. However, the enhanced extractors are not
suitable to be conveniently used in rapid iterative exploration
of mixed signal designs.

Recent advances in computer graphics have ushered in
a new breed of process emulation tools that are fast and
accurate enough to be used in high-performance mixed sig-
nal design flows. These tools leverage voxel-based represen-
tations for visualization during unit process steps, exploit
the simplicity of manipulating voxels (i.e., cubes) for auto-
matically, quickly, and accurately generating 3-D structures
from process descriptions/layouts, and allow representing the
geometries with billions of voxels. Fortunately, such repre-
sentations of structures/geometries with voxels (i.e., voxelized
structures/geometries) are perfectly suitable for fast Fourier
transform (FFT)-accelerated volume integral equation (VIE)
simulators [3]–[8]. Nevertheless, no parasitic inductance
extractor for voxelized structures has been proposed so far.

In this paper, VoxHenry, an FFT-accelerated inductance
extractor for voxelized geometries, is presented. VoxHenry
shares many features with the popular FastHenry induc-
tance extractor [9]. Just like FastHenry, VoxHenry solves a
combination of electric field VIE and current conservation
equation simultaneously, but with three main distinctions as
follows.

1) VoxHenry uses a carefully selected set of divergence-
free basis functions consisting of three piecewise-
constant and two piecewise-linear basis functions to
represent the current in every voxel and to preserve
current continuity around the corners.

2) VoxHenry exploits FFTs to perform fast matrix vector
multiplications (MVMs) during the iterative solution
linear system of equations arising upon discretization of
the volume integral and current conservation equations.

3) VoxHenry leverages a sparse preconditioner to achieve
rapid convergence while iteratively solving the linear
system of equations.

VoxHenry is capable of efficiently and accurately extracting
inductances of large-scale and arbitrarily shaped structures
on a desktop computer. The capability, accuracy, and effi-
ciency of the VoxHenry simulator are demonstrated through
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Fig. 1. Geometry description of an example voxelized geometry: gray boxes
are nonempty (conductor) voxels, each of which has six nodes (indicate by
red dots) on its surfaces.

its application to the inductance analysis of various structures
including conductors with square cross section, round wires,
square and circular coils, and arrays of square coils and RF
inductors (situated above ground planes). It is worth mention-
ing that the FastHenry simulator is not suitable for inductance
extraction of voxelized geometries since its basis functions
are not sufficient to preserve the current continuity around the
corners in voxelized settings (as explained in Section II-B).
It should be noted here that the proposed VoxHenry inductance
extractor is described in detailed for the first time in this paper.
A presentation, which outlines the basic principles underlying
the simulator, was given at an earlier symposium [10].

II. FORMULATION AND DISCRETIZATION

Let V ′ denote the volume of a structure comprising of
conductor(s) with conductivity σ and residing in free space
with permittivity ε0 and permeability μ0. The conductor(s)
is/are excited by source(s) operated at angular frequencies
ωi = 2π fi , and i = 1, . . . , N f , where fi denotes the
frequency point and N f is the number of frequency points.

In a voxelized geometry setting (Fig. 1), the volume of
structure V ′ is enclosed by a bounding box that consists of
Kt voxels; Kt = Kx × Ky × Kz , where Kx , Ky , and Kz

denote the number of voxels along x-, y-, and z-directions,
respectively. In Fig. 1, while some of voxels are empty, the rest
of voxels are nonempty and enclosed by the conductor. Total
number of nonempty voxels is represented by K . Each voxel
has the size of �x , �y, and �z along x-, y-, and z-directions,
respectively. (Note that we assume �x = �y = �z through-
out this paper.) Each nonempty voxel has nodes defined on the
centers of its six surfaces. Some nodes are shared by adjacent
voxels and the total number of unique nodes on the structure
is M .

A. Integral Equations

The proposed VoxHenry simulator solves the mixed
potential electric VIE along with the current conservation
law [9], [11], which reads

J(r)
σ

+ jωμ0

∫
V ′

G(r, r′)J(r′)dv ′ = −∇�(r) (1)

∇ · J(r) = 0. (2)

Here G(r, r′) = 1/(4π |r − r′|) is the free space Green’s
function, r and r′ denote observation and source locations

Fig. 2. Realization of a square coil in FastHenry. The conductors around
corners are connected via either (a) nodes (indicated by red dots) or (b) tilted
conductors.

in V ′, and J(r) and �(r) represent the vector current density
and the scalar potential, respectively. Equations (1) and (2) are
solved simultaneously for the vector of current densities J(r),
and the vector of scalar potentials �(r) in order to obtain the
frequency-dependent inductance and resistance of a structure.

B. Basis Functions and Discretization

In the magneto-quasistatic case, currents within conduc-
tors are assumed to flow parallel to the conductor surfaces
while no charge accumulates on the surfaces [12]. Therefore,
FastHenry leverages (divergence-free) piecewise-constant
basis functions to approximate the current density and assure
no charge accumulation within or on the structure. However,
piecewise-constant basis functions are insufficient to represent
current flow around corners and additional basis functions
are needed to satisfy the current conservation law. To make
the current turn the corners “manually” in FastHenry, care
must be taken while defining the structure. For an example
scenario of a square coil, the conductors around the corners
are to be connected through either nodes [Fig. 2(a)] or “tilted”
conductors [Fig. 2(b)] to ensure the current continuity on the
corners. Note that both these special treatments require overlap
of the conductors. Nevertheless, none of these treatments are
applicable to voxelized conductors as voxels cannot overlap
due to their alignment on the structured 3-D grid.

To ensure the current continuity throughout the voxelized
conductors in VoxHenry, the current density is approximated
in terms of piecewise-constant and piecewise-linear basis
functions as

J(r) ≈
K∑

k=1

I x
k f x

k (r) + I y
k f y

k (r) + I z
k f z

k (r)

+ I 2D
k f2D

k (r) + I 3D
k f3D

k (r) (3)

where f x
k (r), f y

k (r), and f z
k (r) are the piecewise-constant basis

functions; f2D
k (r) and f3D

k (r) are the piecewise-linear basis
functions. I x

k , I y
k , I z

k , I 2D
k , and I 3D

k are their corresponding
unknown coefficients. The basis functions are defined as

f x
k (r) = x̂ f y

k (r) = ŷ f z
k (r) = ẑ (4)

f2D
k (r) = ((x − xk)x̂ − (y − yk)ŷ)/�x (5)

f3D
k (r) = ((x − xk)x̂ + (y − yk)ŷ − 2(z − zk)ẑ)/�x . (6)
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Fig. 3. Plot of piecewise-constant basis functions (a) f x
k (r) on xy cut,

(b) f y
k (r) on yz cut, and (c) f z

k (r) on xz cut. The plot of piecewise-linear
basis function f2D

k (r) on (d) xy cut, (e) yz cut, and (f) xz cut. The plot of
piecewise-linear basis function f3D

k (r) on (g) xy cut, (h) yz cut, and (i) xz cut.

Here (xk, yk, zk) are the coordinates of the center of kth
nonempty voxel. All basis functions are divergence-free and
orthogonal to each other, i.e.,

∇ · fα
k (r) = 0 (7)∫

Vk

fβ
k (r) · fα

k (r)dV = 0, α �= β (8)

where α, β ∈ {x, y, z, 2D, 3D}, Vk is the volume of
kth nonempty voxel. In Fig. 3, the basis functions are
plotted on cuts passing through the center of an example
voxel. Clearly, the piecewise-constant basis functions, f x

k (r),
f y
k (r), and f z

k (r), constitute 1-D currents inside the voxel
[Fig.3(a)–(c)], while the piecewise-linear basis functions,
f2D
k (r) and f3D

k (r), support 2-D and 3-D currents inside the
voxel [Fig. 3(d)–(i)], which make the current turn the corners
in a voxelized setting. It is worth mentioning here that the
current density in each nonempty voxel is represented by
five basis functions, resulting in N = 5K basis functions
to represent the current density on the structure. In case,
linear basis functions’ set presented in [13] was used, twelve
basis functions would be required to represent the current

density in each voxel. Therefore, the selected basis function set
appears to have minimal elements while allowing first-order
approximation to the current density.

Next, substituting (3) into (1), testing the resulting equation
with (4)–(6) and enforcing the continuity of the normal com-
ponent of the current density across M voxel surfaces yield a
linear system of equations with dimensions (N+M)×(N+M)
as

[
V
0

]
=

[
Z −A

T

A 0

] [
I
�

]
. (9)

Note that 1) the continuity condition of the current density’s
normal component is obtained from the integral form of (2)
and 2) differential form as given in (2) is satisfied every-
where (except the voxel surfaces) since all basis functions
are divergence free. In (9), the unknown current coefficient
vector I is constructed by concatenating the column vectors
of unknown coefficients pertinent to each group of basis
functions, i.e., I = [Ix ; Iy; Iz; I2D; I3D]. The entries of I are
provided in Appendix A. The discretization method used here
does not require the scalar potential to be represented in terms
of basis functions. The scalar potential is sampled at the center
of every voxel surface, where it is assumed constant. These
constants are represented by �m , m = 1, . . . , M , the entries
of unknown potential coefficient vector �. The entries of
excitation vector V are obtained using the procedure explained
in Section II-C. In (9), Z is the method of moments (MoM)
matrix and can be written explicitly as

Z =

⎡
⎢⎢⎢⎢⎢⎢⎣

Z
x,x

0 0 Z
x,2D

Z
x,3D

0 Z
y,y

0 Z
y,2D

Z
y,3D

0 0 Z
z,z

0 Z
z,3D

Z
2D,x

Z
2D,y

0 Z
2D,2D

Z
2D,3D

Z
3D,x

Z
3D,y

Z
3D,z

Z
3D,2D

Z
3D,3D

⎤
⎥⎥⎥⎥⎥⎥⎦

(10)

where Z is a complex symmetric matrix which can be
expressed as Z = R + jωL, R is a diagonal matrix of dc
resistances, and L is a symmetric matrix of partial inductances
[9], [14], [15]. The entries of the blocks in Z, which are
represented as Z

β,α
, β, α ∈ {x, y, z, 2D, 3D}, are obtained

by testing the left-hand side of (1) with fβ(r) after J(r)
is expanded in terms of fα(r) on all nonempty voxels,
as explained in Appendix A.

The matrix A is the incidence matrix with dimensions M ×
N and enforces the continuity of the current density’s normal
component across voxel surfaces [9], [11]. Each row of A
corresponds to one node while each column of A corresponds
to one basis function. The entry in mth row and nth column of
A is the contribution of the current modeled by the nth basis
function to the mth node. If no link exists between them, it is
zero. Otherwise the value of the A matrix entry is determined
due to the value of basis function at mth node and entrance/exit
status of the current associated with nth basis function. The
value of the entry is multiplied by −1, if the current exiting
from the node or +1 if the current is entering to the node.
(Note that the entries of A

T
, transpose of A, are also provided

in Appendix A.)
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Fig. 4. For an example scenario of a square coil, (a) port nodes that consist of
excitation nodes me and ground nodes mg and their ids and (b) modifications
in AR and −AT

R matrices for defining the boundary conditions.

To obtain inductance and resistance of the structure, the lin-
ear system of equations in (9) is solved iteratively for I and �.
During the iterative solution, the MVMs involving A is com-
putationally cheap as A is a sparse matrix with only a couple of
nonzero entries in each column. The computational complexity
of multiplications with A scales with O(N). On the other
hand, the MVMs involving Z is computationally expensive
as the blocks in Z, Z

β,α
, are full matrices with dimensions

K × K . The multiplication with each block Z
β,α

requires
O(K 2) operations, which is reduced to O(Kt log Kt ) via the
FFT acceleration technique explained in Section III-B.

C. Boundary Conditions and Excitation

In VoxHenry, excitations are defined by properly setting the
boundary conditions on the nodes. In general, either current
sources or voltage sources can be defined and connected to
the nodes in a port. Here, we focus on the implementation
of a voltage source as its implementation yields a symmetric
linear system of equations.

To define a voltage source in a port, port nodes and their ids
are identified first. For an example scenario of a square coil,
the port nodes and their ids are shown in Fig. 4(a). These
port nodes consist of excitation nodes and ground nodes; their
ids are stored in vectors me and mg , respectively [Fig. 4(a)].
Next, the matrices A and −A

T
are duplicated as AR and −A

T
R ,

respectively. For ground nodes, all rows in AR and all columns
in −A

T
R which correspond to ids in mg are removed from

AR and −A
T
R matrices. The same operation is applied for the

excitation nodes using me after adding all columns in −A
T
R

corresponding to ids in me to each other and assigning the
resulting column vector to V. (Note that the procedure to
obtain −A

T
R as well as V from the columns of −A

T
is detailed

in Algorithm I.) The modifications in AR and −A
T
R matrices

for defining boundary conditions in the example scenario of a
square coil are demonstrated in Fig. 4(b). It should be noted
that the modifications in AR and −A

T
R matrices allow preserv-

ing the symmetry in system matrix, and hence enable to use
a memory efficient preconditioner explained in Section III-A.
(Note that although the numbers of rows and columns in AR

and −A
T
R , respectively, are smaller than M , we assume them

as M in the rest of this paper for the sake of simplicity since
the number of port nodes is often very small compared to the
total number of unique nodes.)

Algorithm 1 Pseudocode for Generating −A
T
R and V

from −A
T

1 V = zeros(N + M, 1)
2 for k = 1 : length(me)

3 V(1 : N, 1) = V(1 : N, 1) − A
T
(:, me(k))

4 end for
5 −A

T
R(:, :) = −A

T
(:, :)

6 −A
T
R(:, [me(:) mg(:)]) = [ ]

7 return V and −A
T
R

In VoxHenry, the L×L magneto-quasistatic port admittance
matrix, YP , for an L port structure is computed one column
at a time for a given frequency. For the structures with single
port (L = 1), the self-resistance and self-inductance of the
structure are obtained by exciting the port by a voltage source
and computing the currents on the port. The admittance (and
hence impedance) of the structure is computed by multiplying
the column vector of the solution, [I; �], with row vector VT .
For the structures with L ports (L > 1), the impedance
matrix, ZP , (ZP = Y

−1
P ) tabulating the self- and mutual

resistances and inductances of all ports is obtained by L
number of simulations. In each simulation, the voltage source
is connected to one port while the nodes in the remaining ports
are connected to the ground. Then, the currents on all ports
are computed and one column of the admittance matrix YP

for the structure is obtained by multiplying the column vector
of the solution [I; �] with the row vector VT pertinent to
the considered port at each simulation. In a succinct way, this
operation can be expressed as

YP =
⎡
⎣ · · · VT

l · · ·
⎤
⎦

[
Z −A

T
R

AR 0

]−1

⎡
⎢⎢⎣

...
Vl
...

⎤
⎥⎥⎦ (11)

where l = 1, . . . , L, YP is complex symmetric since
AR and V are real and Z is complex symmetric. For
the structures with single conductor, defining a port and
connecting at least one node in the port to the ground
eliminates the static null space of dimension one, which gives
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rise to slow convergence of the iterative solution of the linear
system of equations in (9). For the structures comprising of
several separate conductors, the potential of one node on each
conductor has to be set to zero to eliminate the nullspaces
associated with each conductor.

III. NUMERICAL SOLUTION

A. Sparse Preconditioner

To ensure the rapid convergence of iterative solution of (9),
FastHenry utilizes a mesh-based approach in conjunction with
a local-inversion preconditioner [9] along with other positive
definite extensions. That said, implementation of mesh-based
approach for the VoxHenry appears to be nontrivial due to the
existence of the piecewise-linear basis functions in the basis
function set. Therefore, we here propose a sparse precondi-
tioner to accelerate the iterative convergence of VoxHenry,
which reads

P = O
−1 =

[
Y −A

T
R

AR 0

]−1

(12)

where Y is a diagonal matrix with entries corresponding to
magnitudes of diagonal entries of Z. During the iterative
solution of (9), the sparse preconditioner P is applied to both
sides of (9) as[

Y −A
T
R

AR 0

]−1 [
V
0

]
=

[
Y −A

T
R

AR 0

]−1 [
Z −A

T
R

AR 0

][
I
�

]
.

(13)

To perform the multiplications with sparse preconditioner,
the standard application of Schur complement [16] to the
solution of linear systems of equations can be leveraged. To do
that, let the column vector [a; b] represents the result of MVM
at the right-hand side of (9) at each iteration. The multiplica-
tion of the column vector with the sparse preconditioner results
in a column vector [c; d], i.e.,

[
c
d

]
=

[
Y −A

T
R

AR 0

]−1 [
a
b

]
. (14)

The resulting column vector [c; d] is obtained in two steps: in
the first step, d is obtained as

d = S
−1

(b − ARY
−1

a) (15)

where S is the Schur complement of the block Y of the
matrix O, i.e., S = ARY

−1
A

T
R . In the second step, c is

obtained using d as

c = Y
−1

(a + A
T
Rd). (16)

In (15) and (16), computing the inverse of Y is trivial as Y is
a diagonal matrix. In addition, inversion of Schur complement
S requires minimal computational resources when performed
with LDLT decomposition in Suitesparse package [17] since
S is a sparse, positive definite, and symmetric real matrix.
The effectiveness of the proposed sparse preconditioner is
demonstrated in the numerical example in Section IV-A4,
in which the number of iterations is a few at low frequencies
while that is around twenty at the maximum frequency.

B. FFT Acceleration

As discussed in Section II-B, the computational cost of
MVMs involving the blocks in Z, Z

β,α
, can be reduced

from O(K 2) to O(Kt log Kt ) by using FFTs. To do that,
the block Toeplitz tensors GGGβ,α, β, α = {x, y, z, 2D, 3D},
corresponding to the blocks of MoM matrix in (10), Z

β,α
,

β, α ∈ {x, y, z, 2D, 3D} are obtained. Next, each block
Toeplitz tensor GGGβ,α with dimensions Kx × Ky × Kz is
embedded in a block circulant tensor CCCβ,α with dimensions
2Kx × 2Ky × 2Kz ; the procedure to obtain each block Toeplitz
and circulant tensor is expounded in Appendix B. Once the
FFTs of all circulant tensors CCCβ,α corresponding to Z

β,α
are

computed and stored in C̃CCβ,α
, those are used to compute MVM

involving Z
β,α

, which is CCβ = Z
β,α

Iα , as

CCCCCCβ = cβIIIβ + IFFT

{∑
α

C̃CCβ,α ∗ ĨIIα

}
. (17)

Here ∗ and IFFT stand for tensor–tensor multiplication and
inverse FFT operator, IIIα is the tensor with dimensions 2Kx ×
2Ky × 2Kz that contains the unknown current coefficients
corresponding the basis function fα(r), and ĨIIα = FFT{IIIα}.
cβ is a constant which equals to 1/(σ�x) for β = {x, y, z},
1/(σ6�x) for β = 2D, and 1/(σ2�x) for β = 3D. Before
tensor–tensor multiplication, IIIα should be properly filled via
Iα and zeros. After the multiplication, the result CCβ should
be selected from the entries of CCCCCCβ . It is worth noting that

the memory required to store all C̃CCβ,α
scales as O(Kt ).

On the other hand, if the conventional MoM scheme was
used, the memory for storing all Z

β,α
would scale as O(K 2),

which is prohibitive for large-scale problems. To validate the
computational complexity and memory scaling of the FFT
accelerated simulator, the computational time required for the
MVMs involving Z and the memory requirement for storing all
circulant tensors in each numerical example of Section IV are
shown in Fig. 5(a) and (b). Needless to say, wall time for the
MVMs for all numerical examples scales with O(Kt log Kt )

[Fig. 5(a)], while the memory required to store all C̃CCβ,α
for all

numerical examples scales with O(Kt ) [Fig. 5(b)].

IV. NUMERICAL RESULTS

This section presents several numerical results that demon-
strate the accuracy, efficiency, and applicability of the
VoxHenry simulator. In all examples below, the conductivity
of the conductors is set to 5.8 × 107 S/m and the structures
are excited by voltage sources. When applicable, the results
obtained by VoxHenry are compared with those obtained by
FastHenry or analytical expressions. The discrepancy between
results are quantified through L2 norm error, which is defined
as

err =
√∑N f

i=1
|F( fi ) − F̃( fi )|2

/∑N f

i=1
|F̃( fi )|2 (18)

where F denotes the quantity of interest (e.g., inductance
and resistance) computed by VoxHenry while F̃ represents
the quantity of interest computed either by FastHenry or
analytical expression, unless stated otherwise. All simulations
are performed on an Intel Xeon CPU E5-2680 v4 processor.
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Fig. 5. (a) Computational time for MVM involving Z and (b) memory
requirement for storing all circulant tensors in numerical examples in
Section IV.

A. Validation Examples

1) Straight Conductor With Square Cross Section: Vox-
Henry and FastHenry are used to obtain frequency-dependent
resistance and inductance of a straight conductor with dimen-
sions 10 × 10 × 30 μm (width × height × length). The
structure is connected to a port from both ends and excited
at frequencies ranging from 1 Hz to 10 GHz (four equally
spaced frequency points at each decade). The structure is
discretized by voxels of size 0.25 μm, which gives rise to
N = 960 000 and M = 587 200. In Fig. 6(a) and (b), the
frequency-dependent resistance and inductance obtained by
VoxHenry are compared with those obtained by FastHenry.
Perfect agreement between results is observed; the L2 norm
error between the results is computed as 0.010 and 0.0013
for the resistance and inductance, respectively. Furthermore,
the current distribution on the structure at 2.5 GHz is shown
in Fig. 6(c) and the skin effect is clearly observed. It should
be noted that the VoxHenry computes the frequency-dependent
inductance and resistance at 41 frequency points in 20.5 min,
which shows the efficiency of VoxHenry for a structure
discretized with 192 000 voxels.

2) Wire: Next, the frequency-dependent resistance and
inductance of a wire with length 50 μm and radius 5 μm
are computed using VoxHenry and FastHenry. The struc-
ture is connected to a port from both ends and excited at
frequencies ranging from 1 Hz to 10 GHz (four equally
spaced frequency points at each decade). The structure is
discretized by voxels of size 0.2 μm (N = 2 470 000 and
M = 1 508 976), 0.25 μm (N = 1 264 000 and M =
775 664), 0.5 μm (N = 158 000 and M = 99 116), and
1.0 μm (N = 20 000 and M = 13 080). The frequency-
dependent resistance and inductance of the wire discretized
with voxels of size 0.25 μm are computed by the VoxHenry,
FastHenry, and analytical expressions [18] [Fig. 7(a) and (b)].
The L2 norm error (with respect to the analytical solution)
in resistance and inductance computed by the VoxHenry is
0.063 and 0.0062, and in those computed by the FastHenry
is 0.062 and 0.006, respectively. It should be noted here that

Fig. 6. Frequency-dependent (a) resistance and (b) inductance of a straight
conductor with square cross section computed via VoxHenry and FastHenry.
(c) Current distribution on the structure at 2.5 GHz.

for both simulators, L2 norm error, which is computed with
respect to analytical solution, does not decrease when the
voxel size is reduced to 0.2 μm. This can be explained by
the fact that the accuracy of the analytical expressions is
limited due to the approximations used during their derivation.
To this end, resistance and inductance values obtained by
the VoxHenry and FastHenry for the wire discretized with
voxels of size 0.2 μm are used as the reference solutions
[F̃ in (18)] to compute L2 norm errors. For the wire discretized
with voxels of size {1.0, 0.5, 0.25} μm, L2 norm errors in
resistance and inductance are found to be {3.02, 0.13, 0.11}×
10−2 and {4.18, 0.36, 0.04} × 10−3 for the VoxHenry and
{3.18, 1.33, 0.11} × 10−2 and {4.74, 2.64, 0.06} × 10−3 for
the FastHenry. The accuracy of the solutions obtained by
both of the simulators exhibit a similar convergence rate.
Simulation times required by the VoxHenry and FastHenry to
compute the resistance and inductance at 41 frequency points
are {0.20, 2.26, 33.12, 112.21} and {0.18, 3.43, 64.63, 202.45}
min, respectively. Furthermore, the memory requirements of
the VoxHenry and FastHenry are {0.03, 0.45, 11.12, 30.65}
and {0.06, 0.56, 5.45, 11.97} GB, respectively. It should be
noted here that the two simulators have implementation
differences. While the VoxHenry executes a multithreaded
MATLAB code, the FastHenry is built on a serial C code.
It should also be noted that the FastHenry is not applicable
to all voxelized structures (such as the one in Section IV-A6)
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Fig. 7. Frequency-dependent (a) resistance and (b) inductance of a wire
computed via VoxHenry, FastHenry, and analytical formula. (c) Current
distribution on the wire at 2.5 GHz.

since it cannot assign nodes on all faces of the voxels and
model the rotating currents on voxels due to corner issue
explained in Section II-B. Finally, Fig. 7(c) shows the current
distribution computed by the VoxHenry inside the wire dis-
cretized with voxels of size 0.25 μm. Fig. 7(c) clearly shows
the skin depth phenomenon.

3) Parallel Straight Conductors: Two parallel conductors
with dimensions 10 × 5 × 30 μm (width × height × length)
positioned 10 μm apart from each other (edge-to-edge) are
considered. The conductors lie parallel to the xy plane and
are connected to the ports from their ends. The structure
is excited at frequencies ranging from 1 Hz to 10 GHz
(four equally spaced frequency points at each decade) and
discretized by voxels of size 0.25 μm (N = 1 600 000 and
M = 985 600). In Fig. 8(a)–(d), the frequency-dependent
self-resistance, mutual resistance [19], self-inductance, and
mutual inductance of a conductor obtained by VoxHenry
and FastHenry are compared. Apparently, an excellent match
between the results is obtained; L2 norm error between the
results is computed as 0.01, 0.008, 0.001, and 0.0009 for the
self-resistance, mutual resistance, self-inductance, and mutual
inductance, respectively. In Fig. 8(e), the current distribution
on the structure at 2.5 GHz is plotted when it is excited from
one port; the skin and proximity effects [20] on the conductors
are clearly observed. Note that the VoxHenry completes the
simulation at 41 frequency points in 45.75 min.

Fig. 8. In a two parallel conductor structure, the frequency-dependent
(a) self-resistance, (b) mutual resistance, (c) self-inductance, and (d) mutual
inductance of a conductor computed via VoxHenry and FastHenry. (Note
that the frequencies below 10 kHz are not considered while plotting mutual
resistance as the mutual resistance at these frequencies is less than the machine
precision.) (e) Current distribution on both conductors at 2.5 GHz.

4) Square Coil: A square coil with length 100 μm, which
is formed by conductors with square cross section 5 × 5 μm,
is considered. The square coil lies on the xz plane and its lower
arm is formed by two conductors with length 49 μm. The
structure is connected to a port defined in the spacing between
the conductors in the lower arm. The structure is excited
at frequencies ranging from 1 Hz to 10 GHz (four equally
spaced frequency points at each decade) and discretized by
voxels of size 0.25 μm (N = 3 024 000 and M = 1 875 280).
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Fig. 9. Frequency-dependent (a) resistance and (b) inductance of a square
coil computed via VoxHenry and FastHenry. (c) Current distribution on the
square coil at 2.5 GHz. (d) Frequency versus number of iterations required to
reach to relative residual error 10−8 during iterative solution of linear system
of equations (with N = 3 024 000 and M = 1 875 280).

In Fig. 9(a) and (b), the frequency-dependent resistance and
inductance of the square coil obtained by VoxHenry and
FastHenry are compared. Clearly, a very good match between
the results is observed; L2 norm error between the results is
computed as 0.019 and 0.0038 for the resistance and induc-
tance, respectively. In Fig. 9(c), the current distribution on the
structure at 2.5 GHz clearly shows the skin and proximity
effects on the conductors. VoxHenry obtains the resistance
and inductance at 41 frequency points in 47 min. For each
frequency point, the number of iterations required to reach
to relative residual error of 10−8 during the iterative solution
of (9) is given in Fig. 9(d). Apparently, a couple of iterations
are needed at lower frequencies while 22 iterations are need
to obtain accurate solution at the highest frequency. The fast
convergence of the iterative solution shows the effectiveness
of the sparse preconditioner.

Fig. 10. Frequency-dependent (a) self-resistance, (b) self-inductance, and
(c) mutual inductance of a square coil computed via VoxHenry and FastHenry.
(d) Current distribution on both square coils at 3 GHz.

5) Two Parallel Square Coils: Two square coils with the
specifications given in the previous numerical example are
positioned parallel to each other and the spacing between
them (center-to-center) is varied from 6 μm to 600 μm.
Both coils are connected to ports defined in the spacing
between the conductors in their lower arms and excited at
3 GHz. The structure is discretized by voxels of size 0.5 μm
(N = 756 000 and M = 484 040). The frequency-dependent
self-resistance, self-inductance, and mutual inductance of one
square coil obtained by VoxHenry and FastHenry are shown in
Fig. 10(a)–(c). An excellent match between results is observed;
L2 norm error between the results is calculated as 0.0029,
0.0084, and 0.0058 for the self-resistance, self-inductance, and
mutual inductance, respectively. Furthermore, the current dis-
tribution on the structure is plotted when the distance between
coils is 20 μm [Fig. 10(d)]. For this configuration, VoxHenry
obtains the current distribution, resistance, and inductances
in 4.85 min.
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Fig. 11. (a) Frequency-dependent self-inductance of a circular coil computed
via VoxHenry with different voxel sizes and analytical formula. (b) Current
distribution on circular coil at 3 GHz.

6) Circular Coil: In the final validation example, a circular
coil with loop radius 150 μm and tube radius 5 μm is
considered. The coil is connected to a port defined in a spacing
formed between x = 155.0 μm and x = 155.0 + a μm in
the lower part of the coil, where a is the voxel size, and
excited at frequencies ranging from 1 Hz to 1 THz (four
equally spaced frequency points at each decade). The structure
is discretized by the voxels of size 0.5 μm (N = 2 969 300
and M = 1 867 528), 1 μm (N = 373 400 and M = 245 488),
and 2 μm (N = 47 695 and M = 33 988). The frequency-
dependent inductance of circular coil obtained by VoxHenry
with different voxel sizes and analytical formula [18] are com-
pared in Fig. 11(a). Perfect agreement between the VoxHenry
and analytical results is observed for the voxel size of 0.5 μm.
L2 norm error between the analytical result and VoxHenry
result for the voxel size of 0.5 μm, 1 μm, and 2 μm is obtained
as 8.09 × 10−4, 1.9 × 10−3, and 5.4 × 10−3, respectively.
Furthermore, the current distribution on the coil obtained by
VoxHenry for voxel size of 0.5 μm is shown in Fig. 11(b).
It is worth mentioning that VoxHenry computes the inductance
on 49 frequency points in 144, 13.5, and 2.7 min and requires
25.5, 2.64, and 0.3-GB memory for the voxel size of 0.5 μm,
1 μm, and 2 μm, respectively.

B. Large-Scale Examples
1) Square Coil Array: A 3-by-3 array of square coils with

center-to-center spacing 30 μm is considered [Fig. 12(a)].
Each square coil with length 20 μm is formed by conductors
with square cross section 4 × 4 μm and lies on the xy plane;
its lower arm parallel to x-axis is formed by two conductors
with length 9 μm and a port is defined in the spacing between
these conductors for each coil. The coils are excited (one at
a time) at frequencies ranging from 1 Hz to 10 GHz (four
equally spaced frequency points at each decade). Two different
scenarios are considered. In the first scenario, the coils are
discretized by voxels of size 0.25 μm (N = 2 856 960 and
M = 1 787 904). In the second scenario, the coils are situated
over a square ground plane with dimensions 100×100×2 μm
(width × length × height) and whole structure is discretized by

Fig. 12. (a) Geometry of square coil array. The frequency-dependent
(b) self-resistance and (c) self-inductance of the fifth coil when the ground
plane does not exist and exists. (d) Frequency-dependent mutual inductances
of fifth coil with the second, fourth, and sixth coils when the ground plane
does not exist and exists. The current distribution on the structure excited
from the fifth port at 2.5 GHz when the ground plane (e) does not exist and
(f) exists.

voxels of size 0.25 μm (N = 9 256 960 and M = 5 794 304);
the spacing between coils and ground plane is 2 μm.

The frequency-dependent self-resistance and self-inductance
of the fifth coil [i.e., the coil in the middle of array
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TABLE I

DETAILED BREAKDOWN OF THE MEMORY USAGE AND WALL TIME FOR
THE SQUARE COIL ARRAY EXAMPLE. UNITS FOR MEMORY AND

WALL TIME ARE GB AND s.

in Fig. 12(a)] obtained in both scenarios are shown
in Fig. 12(b) and (c). Furthermore, the mutual inductances
between fifth coil and second, fourth, and sixth coils computed
in both scenarios are shown in Fig. 12(d). In Fig. 12(b) and (d),
the effect of ground plane on the quantities of interest
is apparent. For the analysis at 2.5 GHz, the current dis-
tributions on the structure obtained in both scenarios are
shown [Fig. 12(e) and (f)]. In the same analysis, the detailed
breakdown of the memory usage and wall time is provided
in Table I. Apparently, wall time for MVM involving sparse
preconditioner P is nearly the same as that for MVM involving
MoM matrix Z in both scenarios.

2) RF Coil Array: A 2-by-2 array of RF coils with center-
to-center spacing 50 μm is analyzed by VoxHenry [Fig. 13(a)].
Each square RF coil with maximum length 40 μm is formed
by conductors with square cross section 3 × 3 μm; its arm
parallel to x-axis and below z = 0 is formed by two conductors
with length 7 μm and a port is defined in the spacing
between these conductors for each coil. The coils are excited
(one at a time) at frequencies ranging from 1 Hz to 10 GHz
(four equally spaced frequency points at each decade). Again,
two different scenarios are considered. In the first scenario,
the RF coil array is discretized by voxels of size 0.25 μm
(N = 4 089 600 and M = 2 590 656). In the second scenario,
a square ground plane with dimensions 110 × 110 × 2 μm
(width × length × height) is placed 2 μm below the bottom
of coils and whole structure is discretized by voxels of size
0.25 μm (N = 11 833 600 and M = 7 437 696).

The frequency-dependent self-resistance and inductance of
the first RF coil [i.e., the coil on the left bottom of the array
in Fig. 13(a)] as well as the mutual inductances between
the first RF coil and the remaining RF coils in the array
obtained in both scenarios are shown in Fig. 13(b)–(d). The
effect of ground plane on the quantities of interest is clearly

Fig. 13. (a) Geometry of RF coil array. The frequency-dependent
(b) self-resistance and (c) self-inductance of the first RF coil. (d) Frequency-
dependent mutual inductances of first RF coil with remaining coils when the
ground plane does not exist and exists. The current distribution on the structure
excited from the first port at 2.5 GHz when the ground plane (e) does not
exist and (f) exists.

seen in the figures. Furthermore, the current distributions
on the structure obtained in both scenarios are plotted for
the analysis at 2.5 GHz [Fig. 13(e) and (f)]. For the same
analysis, the detailed breakdown of the memory usage and
wall time is given in Table II. In the first scenario, wall time
for MVM involving P is the half of that for MVM involving Z.
In the second scenario, it is comparable with that for MVM
involving Z.

V. CONCLUSION

VoxHenry, an FFT-accelerated inductance extractor, was
presented for computing frequency-dependent inductances and
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TABLE II

DETAILED BREAKDOWN OF THE MEMORY USAGE AND WALL TIME
FOR THE RF COIL ARRAY EXAMPLE. UNITS FOR MEMORY

AND WALL TIME ARE GB AND s.

resistances of the structures discretized by voxels. VoxHenry
solves the electric volume integral and current conserva-
tion equations after discretizing the currents on structures
by a carefully selected basis function set, which allows
accurately modeling the currents on arbitrarily shaped vox-
elized structures. During the iterative solution of such equa-
tions, VoxHenry leverages FFTs to accelerate MVMs and
a sparse preconditioner to ensure the rapid convergence of
iterative solution. Numerical results showed the applicability,
accuracy, and efficiency of the proposed VoxHenry inductance
extractor. In specific, VoxHenry computed the frequency-
dependent inductance of a circular coil with three digit accu-
racy, showing its accuracy for arbitrarily shaped voxelized
structures. Furthermore, VoxHenry completed the simulation
of an RF coil array with ground plane for one frequency point
in 62 min, which involve the solution of a linear system of
equations with 19 271 296 unknowns; this demonstrates the
efficiency of the proposed VoxHenry-inductance extractor.

APPENDIX A
ENTRIES OF Z, A

T
, AND I

Assume that the basis functions f x
k (r), f y

k (r), f z
k (r), f2D

k (r),
f3D
k (r) are numbered between 1 and K , K +1 and 2K , 2K +1

and 3K , 3K + 1 and 4K , and 4K + 1 and 5K , respectively.
Then, the entries of unknown current coefficient vector IIk ,
k = 1, . . . , 5K , (N = 5K ) are

Ik =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

I x
k , 1 ≤ k ≤ K

I y
k , K + 1 ≤ k ≤ 2K

I z
k , 2K + 1 ≤ k ≤ 3K

I 2D
k , 3K + 1 ≤ k ≤ 4K

I 3D
k , 4K + 1 ≤ k ≤ 5K .

(19)

To obtain the linear system of equations in (9), first the
current density J(r) in (1) is expanded in terms of basis
functions fα

k (r), then the resulting equation is tested with
fβ
l (r), where α, β ∈ {x, y, z, 2D, 3D}. The resulting entries

of the blocks in Z and Z
β,α

, are

Z
x,x
lk = δlk

σ�x
− w

∫
Vl

∫
V ′

k

G(r, r′)dV ′dV (20)

Z
2D,2D
lk = δlk

σ(6�x)

− w

(�x)2

(∫
Vl

(x −xl)

∫
V ′

k

(x ′−xk)G(r, r′)dV ′dV

+
∫

Vl

(y−yl)

∫
V ′

k

(y ′−yk)G(r, r′)dV ′dV

)

(21)

Z
3D,3D
lk = δlk

σ(2�x)

− w

(�x)2

(∫
Vl

(x −xl)

∫
V ′

k

(x ′−xk)G(r, r′)dV ′dV

+
∫

Vl

(y−yl)

∫
V ′

k

(y ′ − yk)G(r, r′)dV ′dV

+ 4
∫

Vl

(z−zl)

∫
V ′

k

(z′−zk)G(r, r′)dV ′dV

)

(22)

Z
x,2D
lk = − w

�x

∫
Vl

∫
V ′

k

(x ′ − xk)G(r, r′)dV ′dV (23)

Z
y,2D
lk = w

�x

∫
Vl

∫
V ′

k

(y ′ − yk)G(r, r′)dV ′dV (24)

Z
z,3D
lk = 2w

�x

∫
Vl

∫
V ′

k

(z′ − zk)G(r, r′)dV ′dV (25)

Z
2D,3D
lk = w

(�x)2

(∫
Vl

(x − xl)

∫
V ′

k

(x ′ − xk)G(r, r′)dV ′dV

−
∫

Vl

(y−yl)

∫
V ′

k

(y ′−yk)G(r, r′)dV ′dV

)

(26)

where w = jωμ/(�x)4, δlk = 1 for l = k, otherwise δlk = 0.
We should note here that some blocks can be obtained from
the transpose of other blocks: Z

2D,x = (Z
x,2D

)T , Z
2D,y =

(Z
y,2D

)T , and Z
3D,z = (Z

z,3D
)T . Furthermore, many blocks

are the same: Z
x,x = Z

y,y = Z
z,z

, Z
x,2D = Z

x,3D
, Z

y,2D =
−Z

y,3D
, Z

2D,x = Z
3D,x

, Z
2D,y = −Z

3D,y
, and Z

3D,2D =
Z

2D,3D
. The integrals in (20)–(26) are evaluated using the

methods described in [21]–[23].
The entries of A

T
are obtained by testing ∇�(r) with fβ

l (r),
β ∈ {x, y, z, 2D, 3D}. Consider the volume integral resulting
from this testing operation〈

fβ
l (r)

�x2 ,∇�(r)

〉
= 1

�x2

∫
Vl

fβ
l (r) · ∇�(r)dV . (27)
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TABLE III

SIGNS OF BLOCK TOEPLITZ TENSOR FOR CONSTRUCTING EACH
BLOCK IN EACH CIRCULANT TENSOR

Applying the divergence theorem and invoking the divergence-
free property of fβ

l (r) yields
〈

fβ
l (r)

�x2 ,∇�(r)

〉
= 1

�x2

6∑
i=1

∫
Sl,i

�(r)fβ
l (r) · n̂l,i d S (28)

where Sl,i is the i th surface of Vl with outward pointing unit
normal n̂l,i and houses mth node, m ∈ {1, . . . , M}. Evaluation
of each surface integral (with nonzero integrand) yields the
value of �(r) on mth node and a constant. While the former
is the mth entry of �, the latter is an entry of A

T
as

A
T
lm =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

±1, β = x and n̂l,i = ±x̂

±1, β = y and n̂l,i = ±ŷ
±1, β = z and n̂l,i = ±ẑ

{0.5,−0.5}, β = 2D and n̂l,i = {±x̂,±ŷ}
{0.5, 0.5,−1}, β = 3D and n̂l,i = {±x̂,±ŷ,±ẑ}.

(29)

APPENDIX B
BLOCK TOEPLITZ AND CIRCULANT TENSORS

To obtain a block Toeplitz tensor GGGβ,α corresponding a
block Z

β,α
in (10), the voxels (empty and nonempty ones)

are numbered with indices k = (kx , ky, kz), kx = 1, . . . , Kx ,
ky = 1, . . . , Ky , and kz = 1, . . . , Kz . Then, the basis function
in the first voxel with the indices (1, 1, 1) is assigned as
the basis function. Finally, the entries of the Toeplitz tensor
GGGβ,α

kx ,ky ,kz
is obtained by sweeping over all testing functions

on all voxels with the indices (kx , ky, kz), kx = 1, . . . , Kx ,
ky = 1, . . . , Ky , and kz = 1, . . . , Kz , and evaluating the
corresponding integral in (20)–(26). [Note that δlk = 0
in (20)–(22) for (kx , ky, kz) = (1, 1, 1).] For example,
the entries of GGGx,x corresponding to the block Z

x,x
are

obtained by evaluating (20) after setting δlk = 0.
A block circulant tensor CCCβ,α corresponding to a block in

Z
β,α

in (10) is obtained by properly embedding the related
block Toeplitz tensor GGGβ,α in CCCβ,α. To this end, the procedure
explained in Appendix B of [3] is followed. The signs of the

Toeplitz blocks used to construct the blocks of circulant tensor
are assigned as in Table III. Note that this table corresponds to
of [3, Table V] and the blocks in circulant tensor are labeled
by L, M, N, LM, LN, MN, and LMN, as in [3].
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