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Equivalent Circuits for Nonsymmetric Reciprocal
Two Ports Based on Eigenstate Formulation
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Abstract— Equivalent circuit topologies for two-port reciprocal
nonsymmetric structures are proposed as an extension of the
well-known symmetric lattice network. An eigenstate formulation
approach that allows the separation of the eigenmodes in the
equivalent circuit, as in the symmetric lattice network, is adopted.
Four topologies based on series or parallel immittances with
the combined use of some transformers are proposed. Particular
cases, such as symmetric networks and parallel and series single
elements, are derived from the proposed topologies. Moreover,
power dissipation in these topologies is also analyzed. A modi-
fication in the reference planes is further introduced to achieve
power dissipation orthogonality in the two branches of the circuit,
as happens in the symmetric lattice network. Additionally, real
transformation ratios for the transformers and nonnegative real
parts for the immittances are obtained. Finally, the equivalent
circuit is extracted for a complementary strip slot with different
degrees of asymmetry. This illustrative example confirms the
usefulness of the proposed topologies, which can be regarded as
an extension of the symmetric lattice network, since they preserve
the eigenstate decomposition.

Index Terms— Asymmetry, eigenstates, eigenvectors, equiva-
lent circuit, lattice network.

I. INTRODUCTION

ALTHOUGH the use of the lattice network [1] for circuit
modeling was proposed many years ago, its use has

not been as widespread as other topologies like the T - or
�-networks. However, its application has been lately
encouraged in several fields, like artificial transmission
lines [2]–[4] or the modeling of coupled transmission
lines [5]. The important advantages of this network are
that it guarantees realizability of its elements [6, Sec. 4.7]
and it allows the separation of the even- and odd-mode
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excitations in the equivalent circuit, as stated in Bartlett’s
theorem [7]. Both features have been already exploited by the
authors: 1) to propose the lattice network for the modeling of
transmission line symmetric components and discontinuities
[8] and 2) to be able to use the even/odd mode power
dissipation independence for the radiation analysis of certain
symmetric structures [9].

Recently, the lattice network was proposed for the general
modeling of the unit cell of leaky-wave antennas scanning
through broadside [10]. In an attempt to generalize the
formulation of [10] to asymmetric unit cells, Otto et al.
[11] proposed an asymmetric circuit network that accounts
for the asymmetry by means of some transformers. They
derived this circuit from a representation of the symmet-
ric lattice network by including four ideal transformers.
Although it is clear that the asymmetric proposed network
leads to the symmetric lattice network in the symmetric case,
no additional explanation is provided for the derivation of
this generalized lattice network. Moreover, the transforma-
tion ratios of the transformers are eventually assumed to be
real, when in the mathematical formulation they are complex
numbers.

In order to avoid the problems (concerning passivity and
stability) of the pole-residue expansions applied to cast
Y - or Z-parameters in a �- or T -network, the network syn-
thesis of symmetric structures based on an eigenstate formula-
tion (even- and odd-mode contributions) was proposed in [12].
The equivalent circuit topology that allows this eigenstate-
based modeling is, indeed, the symmetric lattice network.

In this contribution, the eigenstate formulation approach
of [12] is adopted to propose general equivalent circuits for
asymmetric reciprocal structures, considering the general lossy
case. In fact, this derivation can be regarded as an extension
of the symmetric lattice network for asymmetric structures.
Unlike the work and topology in [11], the proposed topologies
preserve the property of symmetric lattice networks of being
decomposable in eigenstates. Moreover, power dissipation
orthogonality between the two branches of the circuit is also
achieved, thus successfully extending this property of symmet-
ric lattice networks [9] to asymmetric topologies. Additionally,
it is demonstrated how the circuit can be modified to achieve
real transformation ratios for the transformers and nonnegative
real parts for the resulting immittances, as desired for proper
modeling.

This paper is structured as follows. Section II contains
the derivation of the proposed equivalent circuits, derives
the symmetric lattice network as a particular case of the
proposed topologies, and analyzes the special cases of a single
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Fig. 1. Interpretation of the eigenvectors of the admittance matrix Y
in circuit terms, (a) for v1 = (1/(p2 + 1)1/2)[p 1]T and (b) for v2 =
(1/(p2 + 1)1/2)[−1 p]T .

series and a single parallel element. Section III deals with the
power dissipation in the proposed topologies and proposes a
modification in the circuit to achieve power dissipation orthog-
onality (and, additionally, real transformation ratios for the
transformers and nonnegative real parts for the immittances).
Section IV shows an example of application of the proposed
equivalent circuits to model an asymmetric complementary
strip–slot structure. Finally, Section V summarizes the main
conclusions.

II. THEORY AND DERIVATION

Given the admittance matrix of a general two-port passive
reciprocal network with y12 �= 01

Y =
(

y11 y12
y12 y22

)
(1)

its associated eigenvalues are

λ1 =
(y11 + y22) +

√
(y11 − y22)2 + 4y2

12

2
(2a)

λ2 =
(y11 + y22) −

√
(y11 − y22)2 + 4y2

12

2
(2b)

and its associated eigenvectors are, respectively, v1 =
(1/(p2 + 1)1/2)[p 1]T and v2 = (1/(p2 + 1)1/2)[−1 p]T ,
with

p =
(y11 − y22) +

√
(y11 − y22)2 + 4y2

12

2y12
. (3)

Then, by the definition of eigenvectors

Yv1 = λ1v1 (4a)

Yv2 = λ2v2 (4b)

which can be written as(
y11 y12
y12 y22

) (
p −1
1 p

)
=

(
λ1 p −λ2
λ1 λ2 p

)
. (5)

By interpreting (4a) and (4b) in terms of circuits, the eigen-
vector vi can be seen as the applied voltages (i.e., p volt
applied at port 1 and 1 V at port 2) that generate the
currents λ1vi , as shown in Fig. 1.

Note that (5) can be written as

Y V = (
λ1v1 0

) + (
0 λ2v2

)
(6)

1Please note that the derivation for y12 = 0 is straightforward: λ1 = y11
and λ2 = y22 and v1 = [1 0]T and v2 = [0 1]T with a trivial equivalent
network.

Fig. 2. Decomposition of the network into two subnetworks connected in
parallel.

Fig. 3. Proposed Topology 1 for (a) subnetwork Y a and (b) subnetwork Y b

of Fig. 2.

where V = {v1 v2} is the 2 × 2 matrix built with the
eigenvectors.

Then, the network can be decomposed into two subnetworks
connected in parallel (i.e., Y = Y a + Y b), as shown in Fig. 2,
so that

Y a = (
λ1v1 0

)
V −1 (7a)

Y b = (
0 λ2v2

)
V −1 (7b)

where Y a and Y b are the admittance matrices of the corre-
sponding subnetworks. By interpreting again (7a) and (7b)
in circuit terms, it can be asserted that the subnetwork
Y a is the resulting network under the excitation v1 =
(1/(p2 + 1)1/2)[p 1]T , and Y b the corresponding one under
the excitation v2 = (1/(p2 + 1)1/2)[−1 p]T .

From (7a) and (7b),

[Y a] = λ1

⎛
⎜⎜⎝

p2

p2 + 1

p

p2 + 1
p

p2 + 1

1

p2 + 1

⎞
⎟⎟⎠ (8a)

[Y b] = λ2

⎛
⎜⎜⎝

1

p2 + 1

−p

p2 + 1
−p

p2 + 1

p2

p2 + 1

⎞
⎟⎟⎠. (8b)

A circuit topology that fulfills (8a) must be found. Note that
both submatrices have similar expressions and the determinant
of both matrices vanishes, which indicates that the correspond-
ing topology cannot have impedance parameters. Additionally,
there are only two degrees of freedom, and thus the circuit
can have only two complex components. Different topologies
have been essayed, and only two alternative circuits have
been successfully found. The first one is shown in Fig. 3 and
consists of a series admittance cascaded with a transformer for
both subnetworks. The second one is similar, but for one of the
subnetworks, the locations of the admittance and transformer
are exchanged, as shown in Fig. 4.

In order to obtain the parameters of the proposed topologies
as a function of the original Y -parameters, the network is
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Fig. 4. Proposed Topology 2 for (a) subnetwork Y a and (b) subnetwork Y b

of Fig. 2.

Fig. 5. Excitation of the proposed network with the eigenvector v1.

analyzed when the eigenvectors v1 and v2 are applied as input
voltages. It is worth mentioning that, in this paper, the trans-
formation ratios are taken as the ratio between voltages and
currents [13, Sec. 8.6], instead of the alternative used by some
authors, who define the ratio between voltages as the complex
conjugate of the ratio between currents [14, Sec. 2.3].

Fig. 5 shows the first proposed two-port topology under
excitation v1 = (1/(p2 + 1)1/2)[p 1]T . The current only
flows to subnetwork A, on account of the eigenvector
orthogonality. Likewise, only the subnetwork B is excited
when the voltage applied at the ports of the total network
is v2 = (1/(p2 + 1)1/2)[−1 p]T . Therefore, the proposed
decomposition into subnetworks allows the simplification of
the circuit analysis. By solving the circuit network under
each eigenstate excitation (as shown in Fig. 5 for v1),
the parameters of the proposed networks can be obtained

Y1 = λ1 p2

1 + p2 = p2 y22 + y12 p

1 + p2 (9a)

n1 = −1

p
(9b)

Y2 = λ2

1 + p2 = py22 − y12

p(1 + p2)
(9c)

n2 = p (9d)

Y ′
2 = λ2 p2

1 + p2 = p
py22 − y12

1 + p2 (9e)

n′
2 = n2. (9f)

The same procedure can be applied to the impedance matrix

Z =
(

z11 z12
z12 z22

)
(10)

whose eigenvectors are u1 = (1/(r2 + 1)1/2)[r 1]T and u2 =
(1/(r2 + 1)1/2)[−1 r ]T with

r =
(z11 − z22) +

√
(z11 − z22)2 + 4z2

12

2z12
. (11)

Fig. 6. Proposed Topology 3 for (a) subnetwork Za and (b) subnetwork Zb

of Fig. 8.

Fig. 7. Proposed Topology 4 for (a) subnetwork Za and (b) subnetwork Zb

of Fig. 8.

Fig. 8. Decomposition of the network into two subnetworks connected in
series.

The following relationship between the eigenvectors of the
impedance and admittance matrices can be demonstrated:

r = −1

p
. (12)

Then, two additional topologies for the modeling of a recip-
rocal network are shown in Figs. 6 and 7, where Za and Zb

represent the two subnetworks connected in series, as shown
in Fig. 8. Please note that in this case, the eigenvectors
are identified with the current excitation and when u1 =
(1/(r2 + 1)1/2)[r 1]T is applied as currents, V1b = V2b = 0.
Analogously, voltages at subnetwork A ports vanish when
exciting with u2 currents.

The parameters of these two additional topologies can be
obtained in a similar way, thus leading to

Z1 = r2 z22 + z12r

1 + r2 (13a)

m1 = r (13b)

Z2 = r z22 − z12

r(1 + r2)
(13c)

m2 = −1

r
(13d)

Z ′
2 = r

r z22 − z12

1 + r2 (13e)

m′
2 = m2. (13f)

Therefore, the expressions for the parameters obtained for
the topologies shown in Figs. 6 and 7 are similar to the ones
for the topologies shown in Figs. 3 and 4, with the difference
that the former is expressed as a function of the Z-parameters
and the latter of the Y -parameters.
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Fig. 9. Different representations of the proposed Topology 1 for the
symmetric case. Degeneration in a lattice network. (a) Step 1. (b) Step 2.
(c) Step 3 (lattice network).

A. Symmetric Case: The Lattice Network

For a symmetric network (y11 = y22), p = 1, and thus the
eigenvectors v1 = (1/

√
2)[1 1]T and v2 = (1/

√
2)[−1 1]T

correspond to the odd and even excitations, respectively. Then,
according to Bartlett’s theorem [7], it can be expected that the
proposed circuit degenerates in a lattice network as shown
in Fig. 9 for Topology 1 (the same applies for Topology 2).
In fact, by applying symmetry to (9)

Y1 = y11 + y12

2
(14a)

Y2 = Y ′
2 = y11 − y12

2
(14b)

n1 = −1 (14c)

n2 = n′
2 = 1 (14d)

so that the obtained series-branch admittance 2Y2 and the
cross-branch admittance 2Y1 of the lattice network of Fig. 9(c)
agree with the general lattice expressions [1].

For Topologies 3 and 4 (with the impedance matrix), the
following parameters are obtained:

Z1 = z11 + z12

2
(15a)

Z2 = Z ′
2 = z11 − z12

2
(15b)

m1 = 1 (15c)

m2 = m′
2 = −1. (15d)

By converting the impedance parameters in (15) to admit-
tance parameters, the following relations between Topologies 1
(or 2) and 3 (or 4) can be demonstrated:

Z1 = 1

4Y1
(16a)

Z2 = Z ′
2 = 1

4Y2
. (16b)

Therefore, Topologies 3 and 4 also degenerate for the
symmetric case in a lattice network with series-branch
impedance 2Z2 and cross-branch impedance 2Z1.

Fig. 10. Topologies for the analyzed special cases. (a) Parallel element.
(b) Series element.

Fig. 11. Topology 3 for the special case of a parallel element. “s.c.” stands
for short circuit.

Fig. 12. Topology 1 for the special case of a series element. “o.c.” stands
for open circuit.

B. Special Cases: Series and Parallel Elements

In order to show the consistency of the proposed topologies
and expressions, two special cases are analyzed in this section:
the parallel, Z P , and series element, YS (Fig. 10). The fact
that the proposed topologies degenerate in its corresponding
equivalent circuits is shown in the following.

1) Parallel Element: In this case, it is straightforward to
demonstrate that the eigenvalues of the impedance matrix and
its corresponding eigenvectors are given by

λ1 = 2Z P λ2 = 0 (17a)

r = 1. (17b)

Then, for this particular case, Topology 3 results in the circuit
shown in Fig. 11, which certainly corresponds to the circuit
of Fig. 10(a).

2) Series Element: Likewise, for a series element, the result-
ing eigenvalues of the admittance matrix and its corresponding
eigenvectors are given by

λ1 = 2YS λ2 = 0 (18a)

p = −1. (18b)

Then, for this particular case, Topology 1 results in the
circuit shown in Fig. 12, which likewise corresponds to the
circuit of Fig. 10(b).
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III. POWER DISSIPATION

The power dissipated in any two-port network is given by

Pdis = 1

2
Re

{
V1 I ∗

1 + V2 I ∗
2

}
. (19)

Then, by applying the excitation given by the eigenvector
(1/(p2 + 1)1/2)[p 1]T to the two-port network of admittance
matrix [Y ], the dissipated power is

Pdis
a = 1

2
Re

{ |p|2 + 1

p2 + 1
λ1

}
. (20)

Likewise, by applying the excitation given by the eigenvec-
tor (1/(p2 + 1)1/2)[−1 p]T , the dissipated power is

Pdis
b = 1

2
Re

{ |p|2 + 1

p2 + 1
λ2

}
. (21)

An arbitrary excitation [V1 V2]T can then be written as a
linear combination of the two previous eigenvectors(

V1
V2

)
= A

(
p
1

)
+ B

(−1
p

)
(22)

from which A and B are obtained as

A = pV1 + V2√
p2 + 1

(23a)

B = pV2 − V1√
p2 + 1

. (23b)

The currents through ports 1 and 2 can then be written as(
I1
I2

)
= A

(
pλ1
λ1

)
+ B

(−λ2
pλ2

)
. (24)

Therefore, it is straightforward to obtain the power
dissipated in the two-port network, which results in

Pdis = 1

2

[
|A|2Re

{ |p|2 + 1

p2 + 1
λ1

}
+ |B|2Re

{ |p|2 + 1

p2 + 1
λ2

}]

+ 1

2
Re

{
AB∗ −p + p∗

p2 + 1
λ1 + A∗B

p − p∗

p2 + 1
λ2

}
(25)

which corresponds to

Pdis = |A|2 Pdis
a + |B|2 Pdis

b

+ Im{p}Re

{
j
−AB∗λ1 + A∗Bλ2

p2 + 1

}
. (26)

This result indicates that, in the general case, there is some
interaction between the two modes. It means that the power
dissipated in submatrix [Y a] when it is connected in parallel to
submatrix [Y b] (modeling a general admittance matrix [Y ]) is
different than when it is isolated ([Y ] = [Y a]), and the same
applies to [Y b]. However, when p is a real number, power
orthogonality of the modes associated with the eigenvectors is
achieved and, in addition, according to (9), the transformation
ratios of the transformers become real.

According to (3), the power orthogonality happens in each
of the following cases:

1) if [Y ] is purely imaginary (lossless case);
2) if [Y ] is purely real;
3) if [Y ] corresponds to a symmetric network.

Fig. 13. Required shift in the reference planes to guarantee power dissipation
orthogonality. The proposed equivalent-circuit extraction procedure is applied
to the resulting [Ỹ ].

The last case leads to the same conclusion as that stated
in [9] about the power dissipation independence in the
branches of a lattice network. In fact, the power orthogonality
applied to the symmetric case means that the power dissipated
in the part of the circuit corresponding to submatrix [Y a] (one
of the lattice branches) is independent on the value of [Y b]
(the other branch) and vice versa.

A. Enforcing Power Orthogonality

In order to force the transformation ratio to be real, and
hence, ensuring power dissipation independence, a phase shift
of the two-port parameters can be applied by changing the
reference planes accordingly. In the following, the details of
this process are presented for Topology 1, although the same
procedure can be applied to the other proposed topologies.

In order to obtain transformers with real transformation
ratios, p must be real according to (9). If p is expressed in
terms of the S-parameters (with a reference impedance Z0),
the following expression is obtained:

p =
(s11 − s22) −

√
(s11 − s22)2 + 4s2

12

2s12
(27)

which can also be written as

p = s11 − s22

2s12
−

√(
s11 − s22

2s12

)2

+ 1. (28)

Then, a sufficient condition for p to be real is that
(s11 − s22/2s12) is also real.

If the reference planes are moved along two ideal transmis-
sion lines of electrical lengths θ1 and θ2 at ports 1 and 2,
respectively, as shown in Fig. 13, the condition for a real
transformation ratio results

Im

[
s11e− j2θ1 − s22e− j2θ2

2s12e− j (θ1+θ2)

]
= 0 (29)

which has the following solution:
�θ = arg(s∗

12s11 + s12s∗
22) (30)

where �θ = θ1 − θ2 is the difference in electrical length
between the shifts of the reference planes. Please note that (30)
is indeterminate for the lossless case (i.e., �θ can take any
value). Therefore, the determination of �θ might be problem-
atic in the low-loss case. In fact, measurement errors could
lead to high variations in its value.
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Therefore, by choosing properly the reference planes of the
structure to model (transforming [Y ] into [Ỹ ], see Fig. 13),
transformers with real transformation ratios can be obtained.
Moreover, there is an extra degree of freedom, since only the
difference between the electrical lengths is imposed, but not
their independent values. Please note that the shift in the refer-
ence planes is equivalent to adding any two ideal transmission
line sections that satisfy (30)—with opposite sign for �θ—at
the input and output ports of the chosen topology. In this way,
if the reference planes are fixed, the final equivalent circuit
of [Y ] would consist of the chosen topology (Topologies 1–4
in Section II) along with the corresponding transmission line
sections.

B. Immittances With Nonnegative Real Parts

According to the energy theorem, the admittance and
impedance matrices must fulfill the following conditions
[1], [6]:

r11r22 − r2
12 ≥ 0 (31a)

r11 ≥ 0 (31b)

r22 ≥ 0 (31c)

where ri j is the real part of yi j , or equivalently the real part
of zi j .

The admittance parameters of the network in Fig. 2 with
Topology 1 can be easily obtained by circuit analysis as

ỹ11 = Y1 + Y2 (32a)

ỹ12 = −n1Y1 + 1

n1
Y2 (32b)

ỹ22 = n2
1Y1 + 1

n2
1

Y2 (32c)

in which the relationship n2 = −(1/n1) has been used.
By introducing (32) into condition (31a) and considering n1

real, (31a) is reduced to

Re[Y1]Re[Y2]
(

n1 + 1

n1

)2

≥ 0. (33)

Then, the following condition must be satisfied:
Re[Y1]Re[Y2] ≥ 0 (34)

which can be achieved with both Re[Y1] and Re[Y2] simulta-
neously positive or negative. However, introducing (32) into
conditions (31b) and (31c) leads to

Re(Y1 + Y2) ≥ 0 (35a)

Re

(
n2

1Y1 + 1

n2
1

Y2

)
≥ 0 (35b)

which forces the only solution to be Re[Y1] ≥ 0 and
Re[Y2] ≥ 0 simultaneously, thus guaranteeing admittances
with nonnegative real parts for the proposed topology.

In Topology 2, condition (31a) leads to

4Re[Y1]Re[Y ′
2] ≥ 0 (36)

which, together with (31b) and (31c), also forces Re[Y1] ≥ 0
and Re[Y ′

2] ≥ 0.

Fig. 14. (a) Symmetric (aligned) strip–slot structure. (b) Asymmetric
(misaligned) strip–slot structure.

By analogy, the same can be proven for Topology 3 and
Topology 4. In fact, the Z-parameters of Topology 3 are the
following:

z̃11 = Z1 + Z2 (37a)

z̃12 = 1

m1
Z1 − m1 Z2 (37b)

z̃22 = 1

m2
1

Z1 + m2
1 Z2 (37c)

in which the relationship m2 = −(1/m1) has been used. The
previous expressions are analogous to (32), and so are the
Z-Parameters of Topology 4 with respect to the Y -Parameters
of Topology 2.

IV. RESULTS

In order to illustrate the usefulness of the proposed topolo-
gies with a real structure, the aforementioned equivalent
circuits have been extracted for a planar structure called the
complementary strip–slot element. This structure has been
chosen, because its intrinsic equivalent circuit is a lattice
network, as demonstrated in [15]. It consists of a slot etched
on the ground plane of a microstrip line and its complementary
stub (or strip) aligned to it on the microstrip layer and
transversely fed by the microstrip (of characteristic impedance
Z0 = 1/Y0 = 50 �), as shown in Fig. 14(a). In [16],
the strip–slot structure was asymmetrized [through a horizon-
tal misalignment between the slot and the strip, as shown
in Fig. 14(b)] to be proposed as an alternative unit cell for
leaky-wave antennas scanning through broadside. However,
although the equivalent circuit for the symmetric structure
was demonstrated to be a symmetric lattice network, no such
equivalence was found for its asymmetrized counterpart at that
moment. Moreover, due to the association of the branches
of the symmetric lattice with the even and odd excitation
modes, the strip–slot modeled with this topology provides an
important physical insight, since the slot can be associated
with the odd mode and the strip to the even mode. Therefore,
the impedances of the lattice branches represent separately the
strip and the slot [9], [15].

A series of prototypes with dimensions as in [16], but
with different misalignments, were fabricated and measured
in the N5247A PNA-X Network Analyzer from Agilent
Technologies, using TRL calibration. Fig. 15(a) and (b)



4818 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 65, NO. 12, DECEMBER 2017

Fig. 15. (a) Partially backlit photograph of one of the prototypes taken from
the side of the strip layer, so that the slot etched on the ground plane is
noticeable. It corresponds to a degree of misalignment of d = 1080 μm. The
reference planes are located 15 mm away from the launchers, as indicated.
(b) Photograph of the measurement setup.

shows the photographs of the prototype with the strongest
misalignment (d = 1080 μm) indicating the location of the
reference planes and the measurement setup, respectively.
The TRL calibration was done with three “Lines” to cover the
whole band of interest. Some anomalies are expected at the
frequencies where the calibration switches from one “Line”
to another. The worst situation happens around 9.4 GHz.
Therefore, the most evident anomalies will be seen in the
following results around this frequency point.

Results obtained from the measurements for Topology 1 of
the strip slot with different degrees of asymmetry are provided
in the following. The values for the parameters of the other
topologies are omitted here, for simplicity. As a first step,
the results of (9a)–(9c) without shift in the reference planes are
shown in Figs. 16–19 (real and imaginary parts). It is worth
mentioning that a degree of misalignment of d = 540 μm
for the analyzed geometry makes the strip and the slot have
no overlapping area (they are adjacent elements loading the
microstrip), whereas d = 0 corresponds to the symmetric case.
The admittances respond to the natural behavior of the short-
and open-circuited stubs, which are the equivalent circuits
associated with the slot and the strip, respectively [15].

The transformation ratio of the corresponding
transformer, n1, is plotted in Figs. 18 (real part) and
19 (imaginary part). The simulation results (obtained

Fig. 16. (a) Real and (b) imaginary parts of the normalized Y1 for the
measured complementary strip–slot with different misalignments.

Fig. 17. (a) Real and (b) imaginary parts of the normalized Y2 for the
measured complementary strip–slot with different misalignments.

with HFSS) are also plotted here, in order to show how
the results would look like without the ripples due to
measurement errors. The same behavior is achieved for
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Fig. 18. Real part of n for the complementary strip–slot with different
misalignments. (a) Simulations. (b) Measurements.

Fig. 19. Imaginary part of n for the complementary strip–slot with different
misalignments. (a) Simulations. (b) Measurements.

both the simulations and measurements. Moreover, it can
be observed that the asymmetry mainly affects the real
part of the transformation ratio among all the parameters.

Fig. 20. Required differential shift in the reference planes �θ = θ1 − θ2
for realizability of the transformers for the complementary strip–slot with
different misalignments. (a) Simulations. (b) Measurements.

Fig. 21. (a) Real and (b) imaginary parts of the normalized Y1 with a shift in
the reference planes for the measured complementary strip–slot with different
misalignments.

Although the imaginary parts of the transformation ratios for
the analyzed misalignments are rather small, they are complex
numbers.
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Fig. 22. (a) Real and (b) imaginary parts of the normalized Y2 with a shift in
the reference planes for the measured complementary strip–slot with different
misalignments.

The admittance values of the branches of the equivalent
circuit are slightly sensitive to the asymmetry of the structure.
This is of relevant importance, since it means that, even with
significant misalignments of 100% (d = 540 μm) or 200%
(d = 1080 μm), the impedances of the proposed equivalent
circuit still represent properly the slot and the strip, separately,
as the cross and parallel branches in the symmetric case.
In fact, this is consistent with the property related to the
eigenstates for the derived topologies, since the slot can still
be associated with the quasi-odd-mode and the strip to the
quasi-even-mode excitations.

As demonstrated in Section III, power dissipation orthog-
onality (and transformers with real transformation ratios as
well as nonnegative real parts for the admittances) can be
guaranteed by introducing a shift in the reference planes.
Following (30), the required phase shift difference between
the two ports, �θ = θ1 − θ2, has been calculated for each
frequency and is plotted in Fig. 20. Although this parameter is
frequency-dependent, it has a smooth variation with frequency.
Anyway, it is important to point out that moving the reference
planes over frequency is customary in the extraction of equiv-
alent circuits, as, for instance, in [17] and [18]. As expected,
the more asymmetry is introduced in the structure, the higher
is the “asymmetry” in the reference planes required to com-
pensate the imaginary part of the transformation ratio. Both
simulations and measurements show again the same behavior.

In order to check whether the theory is correct and the
introduction of a specific difference in the shift of the reference
planes makes the transformation ratios real and the real parts

Fig. 23. Real part of n with a shift in the reference planes for the
complementary strip–slot with different misalignments. (a) Simulations.
(b) Measurements.

of the admittances nonnegative, Figs. 21–23 show the new
parameters for Topology 1 after applying the shift in the
reference planes given by Fig. 20. Since only the difference
θ1 − θ2 must be set, there is still a degree of freedom.
Thus, the shift has been applied only to one of the ports
leaving the other port without shift. The resulting admittances
have a similar behavior to those obtained without reference
shift. Nonnegative real parts for the admittances are obtained,
as predicted by the theory, over the whole bandwidth except
for a small region between 9 and 10 GHz, where the real
part of Y2 takes slightly negative values. However, Fig. 20(b)
shows that there is an anomalous behavior in the measurements
over this frequency region that does not appear in simulations
[Fig. 20(a)]. Therefore, it can be concluded that this response
is due to artifacts from the measurements, related with the
previously mentioned TRL calibration errors.

The main difference between the results with and without
shift in the reference planes is obtained in the transformation
ratio, since now real values are achieved for the whole band-
width. Imaginary parts for n in the order of 10−8 and 10−3

or below are obtained for the simulations and measurements,
respectively. Moreover, since the admittances do not change
significantly, it seems that it is essentially in the transformer
where the asymmetry is absorbed.

V. CONCLUSION

Novel circuit topologies have been proposed as an extension
of the symmetric lattice network for asymmetric structures.
The derivation of the proposed networks has been made
by using an eigenstate formulation approach. In this way,
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two connected (in series or in parallel) subnetworks are
obtained, each one associated with a different eigenstate. The
derived admittance matrix for these subnetworks constrains
the network topologies that can be used. Four topologies have
been proposed. These topologies degenerate in the symmetric
lattice network for symmetric immittance matrices and in
parallel and series elements for their corresponding matrices.

Since the eigenstate separation is implicit in the formulation,
the derived asymmetric topologies preserve this property of
symmetric lattice networks. The power dissipation analysis has
allowed the derivation of the independence power dissipation
property of symmetric lattice networks as a particular case.
Moreover, it has been shown that, by properly choosing
the reference planes, the feature of power orthogonality of
symmetric lattice networks is also achieved for the asymmetric
topologies. With this modification in the reference planes,
the transformation ratios for the transformers become real
and the real parts of the admittances nonnegative, as desired
for a proper modeling. Additionally, only the shift difference
between the reference planes at the input and the output is
imposed, which provides an additional degree of freedom to
set one of the reference planes wherever it is desired.

An illustrative example has been provided, extracting the
equivalent circuit of a complementary strip–slot with different
degrees of asymmetry. The symmetric structure has a sym-
metric lattice network as equivalent circuit, with the branches
representing the slot and the strip separately (odd and even
modes, respectively). This same separation is to some extent
maintained by the proposed topologies when the structure
is asymmetrized, being mainly the transformation ratios of
the transformers the parameters that change with the degree
of asymmetry. Although some differences are found in the
admittances of the asymmetric structures with respect to
the symmetric case, their behaviors are well preserved. The
proposed equivalent circuit shows a very good behavior with
smooth frequency variation of its parameters over a broad
bandwidth.

The derived theory is powerful, since it could be extended
to n-ports, except for the complexity in the mathematical
derivation. The difficulty will lie in finding the topologies
to implement the resulting subnetworks. Future work will
be carried out to apply the proposed topologies to other
asymmetric structures and check whether the transformation
ratios are the parameters where most of the effects of the
asymmetry can be accounted for.
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