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Abstract— Frequency-dependent dielectric properties of
3-D-printed structured dielectrics (dielectric crystals) with
engineered effective permittivity for micro- and mmWave
applications are studied. Different modeling and measurement
techniques for broadband dielectric properties of such
3-D-printed crystals are reviewed, their tradeoffs discussed,
and individual results compared. Numerically obtained results
from the plane wave expansion method (PWEM) and Floquet
port scattering are compared with traveling-wave measurements
in both guided and free-space setups. Furthermore, the
shortcomings of effective media theories (EMTs) and resonance
measurement methods are addressed and contrasted against
broadband methods. Individual simulation and measurement
setups are reviewed with respect to dielectric crystals with
simple cubic (SC) and face-centered cubic (FCC) symmetry,
with different unit cell sizes and volumetric infill fractions.
Extracted effective permittivity values from PWEM and Floquet
port simulations show excellent agreement with traveling-
wave measurements in both guided and free-space scenarios.
Furthermore, the discussed broadband methods predict and
measure frequency-dependent effects that are not covered
by EMTs and resonance measurement setups, highlighting
the necessity to adopt more sophisticated simulation tools
for the design of graded-index devices. It is shown that the
effective media bandwidth of dielectric crystals depends on the
respective unit cell symmetry and that FCC symmetry obtains a
significantly increased bandwidth compared with SC symmetry.

Index Terms— 3-D-printing, additive manufacturing (AM),
cutoff, dielectric crystals (DC), effective media, Floquet port,
Maxwell–Garnett, periodic dielectric, permittivity measurement,
permittivity modeling, plane wave expansion method (PWEM),
structured dielectric.

I. INTRODUCTION

DURING the last decade, the possibilities enabled by
additive manufacturing (AM) exploded, and researchers
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increasingly tried incorporating the additional degrees of
freedom offered by AM to design and manufacture new
microwave components [1], [2]. Due to the cumbersome
process of metalizing 3-D printed parts [3] and the large cost
and bad surface quality of additive manufactured metal [4],
many researchers have investigated all-dielectric approaches to
create high-frequency devices. The ability to create complex
shapes and periodic structures with different volumetric fill
fractions of some base materials is used to create composites
with engineered permittivity, further referred to as dielectric
crystals (DC). AM is especially well-suited to introduce spatial
variation to the volumetric infill fraction of a DC, which allows
the creation of graded-index (GRIN) devices with engineered
heterogeneous permittivity. This allows to introduce additional
degrees of freedom in the design of dielectric resonator
antennas [5], [6] [7], [8], [9], lenses [10], [11], substrates [12],
and dielectric frequency-selective surfaces [13]. The successful
design of DCs and subsequent GRIN devices requires solid
knowledge of the constituent materials’ permittivities, both as
bulk medium and as a function of volumetric infill fraction.
Furthermore, it is necessary to ensure that the DC behaves like
an effective material over the desired bandwidth of operation.
Due to the periodic nature of DCs, a natural cutoff frequency
arises where the propagating wave will experience internal
scattering, resulting in nonlinear dispersion. In literature,
a commonly used approximation is that the unit cell should
be ten times smaller than the smallest applied wavelength [7].
However, a more detailed study of this upper cutoff frequency
is missing in the relevant literature. Generally, modeling and
measurement techniques used to design and characterize DCs
often rely on effective media theories (EMTs) and resonance
measurement setups which are ill-suited to predict complex
dispersion of EM waves in periodic media. Individual works
have used more sophisticated methods to model the broadband
effective permittivity of DCs. The PWEM is used in [14] to
predict the permittivity tensor of a uniaxial anisotrop DC. Fur-
thermore, Floquet port scattering simulations in combination
with the Nicholsol–Ross–Weir method is used in [9] to model
anisotropic permittivity. However, no comprehensive discus-
sion of the different techniques together with a comparison to
different measurement techniques has been attempted yet.

This work intends to address this gap and investigates
frequency-dependent effective material parameters of additive-
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manufactured dielectric crystal lattices via several independent
computational and experimental techniques. The effect of
unit cell geometry, symmetry, and material on the effective
permittivity is studied over a large frequency range up to
effective media cutoff and beyond. Special attention is given
to the effective media upper cutoff frequency of the individual
DCs. It is worth highlighting that although the discussed
techniques have been used and reported on independently,
no comprehensive comparison of their respective predictions
and discussion of their limitations and tradeoffs have been
published yet. The presented techniques can be applied to
study effects of different crystal symmetries, effective material
bandwidths, and dispersion characteristics of DCs and GRIN
devices.
This contribution is structured as follows. Section II justifies
the need for broadband modeling of dielectric crystals and
introduces the PWEM and Floquet port scattering simulations
as valuable techniques for predicting the broadband behavior
of dielectric crystals. The broadband simulation methods are
contrasted against the Maxwell–Garnett approximation (MGA)
for several dielectric crystals with simple cubic (SC) and
face-centered cubic (FCC) symmetry, different unit cell sizes,
and volumetric infill fractions. Section III gives insight into
resonance, guided wave, and free-space wave measurement
methods and discusses the differences and tradeoffs of the
respective techniques concerning their capability of extracting
the relative permittivity of DCs as a function of frequency.
Representative setups for each measurement method are used
to extract the effective permittivity of DCs with SC and
FCC symmetry, different unit cell sizes, and infill fractions.
Furthermore, the extracted effective permittivities from mea-
surements are compared with the results from the various
simulation techniques discussed in Section II. Section IV
discusses the presented work and results, while Section V
provides a conclusion and suggestions for future research
work.

II. MODELING OF EFFECTIVE MATERIAL PARAMETERS

In this work, we consider unit cells of different sizes,
volumetric infills, and crystal symmetries created from a single
material with relative permittivity εr,i against the background
of free space. The cells under investigation are generated
via the method introduced in [15] and discussed in [16],
which uses superimposed spatial harmonics along the recip-
rocal lattice vectors of the desired symmetry to create the
geometry. The volumetric infill δi of the cells is controlled
via the inversely proportional related threshold parameter th.
Examples of generated cells in SC and FCC symmetry together
with a plot of the volumetric infill as a function of the threshold
parameter are depicted in Fig. 1. In the following, we first
provide reasoning for the necessity of using broadband mod-
eling and simulation techniques for DCs and further introduce
different methods to compute the DCs’ effective permittivity
εr,eff as a function of frequency and effective media cutoff.
We study the effect of lattice constant a, threshold th, base
material permittivity εr,i, and unit cell symmetry. The results
from the broadband methods are summarized and contrasted

Fig. 1. Unit cells created by thresholding superimposed spatial harmonics
in the direction of the reciprocal lattice vectors of the respective SC and FCC
crystal geometries. SC unit cells (a) th = 0.2, (c) th = 0.4, (e) th = 0.6, and
FCC unit cells (b) th = 0.2, (d) th = 0.4, (f) th = 0.6, and (g) their volumetric
fill fraction as a function of the thresholding th parameter.

against predictions obtained from MGA and summarized in
Table I.

A. Necessity of Broadband Modeling

Consider the simplest case of electromagnetic (EM) wave
propagation, a plane wave propagating through a linear, homo-
geneous, isotropic, and lossless material with permittivity ε

and permeability µ, for which the H -field is written as

H = H0eȷ(k·r−ωt) (1)

with ω representing the angular frequency, k = kk̂ denoting
the wave vector, and H0 is some constant vector in the
plane orthogonal to k. Plugging this field into Maxwell’s
equations, one obtains a relationship between frequency and
wave vector [17]

k =
ω

c0
= ω

√
εµ (2)
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TABLE I
COMPARISON OF SIMULATION RESULTS FOR THE EFFECTIVE PERMITTIVITY εR,EFF AND EFFECTIVE MEDIA CUTOFF FREQUENCY fC FOR DIELECTRIC

CRYSTALS WITH DIFFERENT LATTICE CONSTANTS a, THRESHOLDS TH, AND BASE MATERIAL PERMITTIVITY εR,I OBTAINED WITH THE MGA,
PWEM, AND FLOQUET PORT SIMULATION

called the dispersion relationship. Now assume an EM wave
traveling through an inhomogeneous periodic dielectric crystal
where the permittivity is a function of space and takes on the
form ε(r) = ε(r + R), where R is a linear combination of
the crystals’ primitive lattice vectors. According to the Bloch
theorem, the wave traveling through a periodic media can be
described via [18]

H = S(r)eȷ(β·r−ωt) (3)

where S(r) is a periodic function with the same periodicity as
the crystal and β is the Bloch vector [equivalent to the wave
vector k as in (1)]. Due to the now periodic (inhomogeneous)
nature of the medium the wave is propagating in, there is
no simple solution for the dispersion relationship as for the
homogeneous media in (2). Solutions need to be found by
solving the wave equation

∇ ×

(
1

ε(r)
× H(r)

)
=

(
ω

c0

)2

H(r) (4)

which for the given Bloch vectors can be formulated as
an eigenvalue problem with the eigenvalues ((ω/c0))

2 corre-
sponding to the eigenmodes H(r). Most works dealing with
additive manufactured dielectric crystals do not consider the
complex nature of the dispersion in periodic media but assume
that the material can be modeled as a homogeneous effective
media with linear dispersion according to (2). However, this
assumption does only hold for sufficiently large wavelengths.
As the frequency of the propagating fundamental mode in the
lattice increases and its wavelength shrinks with respect to
the lattice constant a, this assumption falls apart, implying an
upper cutoff frequency for the effective medium approximation
in the DC.

B. Maxwell–Garnett Effective Media Approximation

EMTs are the algebraic formulas with which the effective
permittivity of composites and mixtures can be calculated.
One effective media theory, commonly used for modeling
the effective permittivity of additive-manufactured structured
dielectrics, is the MGA. It models the very idealized case of
a two-component mixture with spherical inclusions of relative
permittivity εr,i and volume fraction δi, in a host medium with
relative permittivity εr,m. The MG rule gives the algebraic
relationship for the effective permittivity of the mixture as [19]

εr,eff − εr,m(
εr,eff + 2εr,m

) = δi
εr,i − εr,m(
εr,i + 2εr,m

) . (5)

Despite reports that the MG rule lacks accuracy at higher
volume fractions [20], it has been used successfully to predict
effective permittivities of DCs [16] and GRIN devices [21].
Fig. 2 displays the relationship between the computed effective
permittivity εr,eff for an SC and FCC unit cell. The unit cell
consists of material with relative permittivity εr,i ∈ [4, 9] and
loss tangent tanδ = 0.01, in a host media εr,m = 1 (free-space).
The MGA is not suitable to predict any broadband material
characteristics, and more complex numerical methods must
be used to model dielectric crystals’ dispersion accurately.
Numerical values for the computed effective permittivity are
listed and compared with the results obtained from PWEM
and Floquet port simulation in Table I.

C. Plane Wave Expansion Method

The PWEM is an efficient Fourier space technique to solve
(4) with periodic boundary conditions with low to moderate
dielectric contrast as an eigenvalue problem [22]. The PWEM
computes the modes (eigenvectors) that fit the phase boundary
condition imposed by the chosen Bloch vector β and their
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Fig. 2. Effective relative permittivity of SC and FCC dielectric crystals with
εr,i ∈ [4, 9] and loss tangent tanδ = 0.01 as a function of th obtained via the
MGA.

Fig. 3. Brillouin zones of (a) SC and (b) FCC crystals with visualization of
the IBZ and its respective key points of symmetry.

respective wave numbers k0 (eigenvalues). A complete analysis
of the crystal with this method requires a dense sampling of
the Bloch vectors in the Brillouin zone of the crystal, which is
computationally demanding. Therefore, the PWEM is usually
evaluated for the Bloch vectors on a path between the key
points of symmetry, around the boundary of the irreducible
Brillouin zone (IBZ) of the crystal as depicted in Fig. 3 [23].
The results of this reduced analysis are usually presented
via band diagrams that display the eigenfrequencies of the
individual modes as a function of the Bloch vector around
the IBZ. The band diagram with the first ten modes for a
unit cell with SC and FCC symmetry, created via N = 3
spatial harmonics and a threshold of th = 0.5, is depicted in
Figs. 4(a) and 5(a), respectively, together with the light line of
the fundamental mode. The light line represents the dispersion
of the crystal if it is made from homogenous material with the
effective material parameters exhibited by the periodic crystal
geometry.

The fundamental modes for both the SC and FCC lattice
show a linear dispersion characteristic for low-magnitude
Bloch vectors (around the 0 key point of symmetry) as
assumed by EMTs. However, for increasing Bloch vector
magnitudes and wavelengths approaching the size of the unit
cell, the assumption of linear dispersion for the dielectric
crystal does not hold. In the band diagram, this is visible via
the divergence of the bands from the light line. We arbitrarily
define a normalized cutoff frequency ωn,c, for which the
divergence with respect to the light line is less than 1%. Fre-
quencies below ωn,c are shaded in green in Figs. 4(a) and 5(a),
respectively. For the case of linear dispersion, the effective

Fig. 4. Simulation of dielectric crystals with SC symmetry via the PWEM
method. (a) Band diagram εr,i = 9, th = 0.5. (b) Fundamental modes of
SC dielectric crystals with different εr,i and volumetric infill fractions th.
(c) Extracted relative permittivities from results in (b).

material refractive index neff can be extracted from the slope
of the dispersion curve via

neff =
|β|

k0
=

√
εr,effµr (6)

which for purely dielectric media (µr = 1) is the square
root of the effective relative permittivity. The effect of crystal
permittivity and the threshold is studied via the fundamental
modes of SC and FCC dielectric crystals with thresholds th ∈

[0.35, 0.5] and εr,i ∈ [4, 9] together with their respective light
lines (dashed lines), and normalized cutoff frequencies (dotted
lines) that are plotted in Figs. 4(b) and 5(b), respectively.
Furthermore, their effective permittivities, computed via (6),
are displayed in Figs. 4(c) and 5(c), respectively, and effective
permittivity values represented with solid lines indicate values
where the linear dispersion approximation gives less than 1%
error. Already within the arbitrarily defined effective media
theory cutoff of 1% divergence from the light line, one can
observe a drastic change in the effective permittivity values.
An interesting observation is the increased cutoff frequency
of the linear dispersion in the FCC crystal at ωn,c ≈ 0.4,
compared with the SC crystal where the cutoff already appears
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Fig. 5. Simulation of dielectric crystals with FCC symmetry via the PWEM
method. (a) Band diagram εr,i = 9, th = 0.5. (b) Fundamental modes of
FCC dielectric crystals with different εr,i and volumetric infill fractions th.
(c) Extracted relative permittivites from results in (b).

at ωn,c ≈ 0.25. Generally, the cutoff is shifted to lower
normalized frequencies for increasing values of the dielectric
crystal material permittivity εr,i and decreasing thresholds
th (increasing volumetric infill fraction). This observation
can be explained by the higher effective permittivity of the
dielectric crystal εr,eff for increasing εr,i and decreasing th,
and the resulting shorter wavelength of a wave propagating
in the crystal. The unit cell size does not influence the shape
and behavior of the bands with respect to the normalized
frequency. Numerical values for the estimated cutoff frequency
and extracted effective permittivity for a normalized frequency
corresponding to 2 GHz are listed and compared with the
results obtained from MGA and Floquet port simulation in
Table I.

D. Floquet Scattering

While the PWEM is a useful tool, approximations of 3-D
infinite lattices and plane waves are difficult to approximate in
experimental setups. A widely used method to circumvent this
problem when dealing with the characterization of periodic
structures is to compute the scattering of a 2-D infinite slab

Fig. 6. Schematic of a Floquet port simulation of a dielectric unit cell with
inhomogeneous permittivity ε(r).

via a Floquet port simulation. Modeling the material in terms
of reflection and transmission parameters is favorable because
these quantities are relatively easy to obtain with real-world
measurement setups. For the simulation, the unit cell is set
up with periodic boundary conditions along two axes and
Floquet excitation along the third, as depicted in Fig. 6.
This setup allows the simulation of scattering of a semi-
infinite slab of the material under test (MUT) with variable
angles of incident and polarization. Based on the scattering
parameters S11 and S21, one is able to extract effective param-
eters based on the Nicholson–Ross–Weir (NRW) method [24],
[25]. Although the NRW method can extract both complex
permittivity and permeability of an MUT, the extraction of
both complex quantities causes ill-behavior of the procedure
at frequencies corresponding to one-half wavelength in the
sample [26]. As this work only deals with dielectric materials,
the assumption µr = 1 is generally imposed on the used NRW
procedure. The definition of all-dielectric materials leads to a
more accurate and stable computation of the MUT’s complex
permittivity [26]. Floquet port simulations have been carried
out for SC and FCC crystals with εr,i ∈ [4, 9] and loss
tangent tanδ = 0.01, thresholds th ∈ [0.35, 0.5], and unit
cell sizes a ∈ [7.5 mm, 10 mm]. The unit cells in simulations
were oriented such that the wave is propagating along the
0 − X direction. The scattering parameters from simulations
have been used to compute the effective material permittivity
εr,eff which are displayed for the different crystal symmetries
and unit cell sizes in Figs. 7 and 8 respectively. For all the
simulations, a constant effective permittivity is observed for
lower frequencies. However, at higher frequencies, resonances
start to appear in the extracted effective permittivity values,
corresponding to the cutoff frequency where the effective
media approximation breaks down. Generally, one is able
to observe a much-increased cutoff for FCC crystals which
is in accordance with the observations in the previous sec-
tion, where the behavior of the crystal was studied via the
PWEM method. Furthermore, the same conclusions as from
the PWEM investigation about the effect of crystal permittivity
εr,i and threshold th can be drawn from the Floquet port sim-
ulations. The cutoff shifts to lower frequencies for higher εr,i
and lower th (higher volumetric infill). In addition, the effect
of the unit cell size is clearly visible as it does not change
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Fig. 7. Effective permittivity values of SC dielectric crystals with different
material permittivities εr,i and thresholds th for unit cell sizes 10 mm (solid
lines) 7.5 mm (dashed lines), computed with the NRW method adapted for
non-magnetic materials.

Fig. 8. Effective permittivity values of FCC dielectric crystals with different
material permittivities εr,i and thresholds th for unit cell sizes 10 mm (solid
lines) 7.5 mm (dashed lines), computed with the NRW method adapted for
non-magnetic materials.

the values or behavior of the extracted material parameters
but only shifts them in frequency. Numerical values for the
estimated cutoff frequency and computed effective permittivity
are listed and compared with the results obtained from MGA
and the PWEM method in Table I.

E. Comparison of Simulation Methods

To give a better overview of the results of the individual
simulation methods, the results with respect to computed
permittivity and estimated effective media theory cutoff fre-
quency are summarized in Table I. Effective permittivity val-
ues obtained from the Floquet port simulations are displayed
for the lowest simulation frequency of 2 GHz. To compare
effective permittivity values obtained via the PWEM to the
results extracted from the Floquet port simulations, the values
are computed at normalized frequencies ωn corresponding to
2 GHz. The effective media cutoff frequency fc is computed
from the PWEM results with the 1% divergence point from
the light line. For the Floquet port results, the effective media
cutoff frequency is determined via the local maximum of the
imaginary part of the effective permittivity at the first visible
resonance.

While the results obtained via the PWEM and Floquet
port simulations agree reasonably well with each other, one
can observe a rather large discrepancy with respect to the
results obtained via the MGA method. The error in the results
obtained with the MGA method seems to be worse with
decreasing threshold th or increasing volumetric fill fraction,
which is an effect also observed in [20]. The obtained cutoff
frequencies agree reasonably well with each other for the
SC crystals. However, they show significant disagreement for
FCC crystals where the Floquet port simulation shows very
high cutoff frequencies. However, this issue can be explained
by the ill-suited definition of the cutoff frequency in the
Floquet port simulations via the local maxima of the effective
permittivities’ imaginary part. This definition was chosen for
simplicity because these were easily identifiable. A more
suitable definition of the cutoff shall be investigated in future
work.

III. MEASUREMENT METHODS

In general, the measurement of dielectric material param-
eters proves to be quite difficult. The field encompasses
many measurement techniques for different frequencies and
material types. There are several tradeoffs to consider when
selecting a measurement approach, and an excellent overview
of the topic is given in [27]. Two classes of measurement
approaches suitable for high-frequency characterization can
be distinguished: resonator and traveling-wave techniques.
Resonance methods are generally used for measuring the
loss of low-loss dielectrics. They work by placing an MUT
in a resonator cavity and comparing the empty and filled
cavity measurements. The material parameters are extracted
based on the shift in resonance frequency and quality factor.
Resonance methods can obtain very high resolution, especially
for low-loss materials. However, they deliver results only at
one frequency point in contrast to broadband measurement
techniques [28]. Traveling-wave methods provide the main
benefit of broadband material characterization and can further
be distinguished into guided and free-space methods. While
in guided wave methods, the MUT is inserted into a waveg-
uide structure, in free-space approaches, the MUT is placed
between two directive antennas. Both the methods rely on the
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Fig. 9. Additively manufactured dielectric crystal samples for material
characterization. (a) Sample for measurement in a suspended microstrip
measurement system, from left to right: bulk sample, SC sample, and FCC
sample. (b) SC sample and (c) FCC sample for characterization in a free-space
traveling-wave setup.

measurement of reflection and transmission coefficients from
material samples and extract the material parameters based
on the NRW method as introduced in Section II-D. They are
not as well-suited to measure low-loss materials as resonance
methods but provide the main benefit of delivering broadband
results. In this work, we consider one experimental setup for
the resonant, guided, and free-space methods, respectively,
to characterize SC and FCC dielectric crystals with different
threshold th and unit cell size a. The results are compared with
predictions from the different simulation techniques discussed
in Section II. Details and tradeoffs of the three individual
setups are discussed below.

Manufacturing of measurement samples for all the methods
is done with an Ultimaker 3 FDM AM machine using the Ulti-
maker white polylactic (PLA) filament. All the samples were
manufactured with identical material and printing parameters1

to ensure consistency of bulk material properties throughout
the measurements. SC and FCC dielectric crystal samples
are designed according to the method discussed in [16] with
N = 3 spatial harmonics, with grating vectors equal to the
individual reciprocal lattice vectors of the SC and FCC sym-
metries. Prior to measurements of dielectric crystal samples,
printed bulk samples of the selected material were subjected
to measurements with the resonative setup, and it was found
that it obtained a relative permittivity of εr = 2.66 and a loss
tangent of tanδ = 0.0062. Examples of the bulk, SC, and FCC
samples used in the resonance and free-space traveling-wave
setup are depicted in Fig. 9. Measurements were carried out
with samples oriented such that propagating waves through the
samples would travel along the 0 − X path of the crystal.

1Layer height 0.15 mm; nozzle diameter: 0.4 mm; nozzle temperature:
195 ◦C; bed temperature: 60 ◦C; max. printing speed: 50 mm/s.

Fig. 10. Extracted effective permittivities of (a) SC and (b) FCC dielectric
crystals with different thresholds obtained with a suspended microstrip res-
onator compared with the results obtained via the MGA, PWEM, and Floquet
port simulations.

In the resonance measurement setup, the sample was oriented
with the 0 − X path normal to the microstrip ring resonator.

A. Resonance Setup

The resonance measurement setup used in this work is based
on a suspended microstrip ring resonator which has already
been introduced in [29] and used for the characterization
of 3-D-printed dielectric crystals in [16]. Here, we use the
resonant setup to test predictions about the effective permit-
tivity obtained from the MGA theory, PWEM, and Floquet
port simulations. For this, multiple lattices in SC and FCC
with thresholds th ∈ {0.35, 0.4125, 0.475, 0.5375, 0.6}

were manufactured with a lattice constant of a = 5 mm in a
cubic volume of 70 × 70 × 10 mm3. The extracted effective
permittivity results for the individual samples at the resonance
frequency of the system fres are listed in Table II as well as
plotted together with the simulation results as a function of
th in Fig. 10 for SC and FCC samples, respectively. Care
was taken that simulation results obtained via PWEM and
Floquet port simulations are represented at frequency points
corresponding to fres of the measurements. Obviously, for
PWEM data, no imaginary part of the effective permittivity
is reported. While PWEM and Floquet port results show a
better agreement with respect to the real part of the measured
effective permittivity, the MGA theory produces more accurate
results concerning the measured imaginary part. For the SC
samples, the predictions by PWEM and Floquet port simu-
lations agree with the measurements well while the relative
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Fig. 11. Measurement setup for reflection and transmission measurements
in rectangular waveguides.

permittivity values obtained with the MGA produce a larger
error. For the FCC, no favorable simulation technique can be
identified from the presented data.

B. Traveling-Guided Wave Setup

One option to circumvent the shortcomings of a resonance
approach is to use a traveling-guided wave measurement
system, where an MUT sample is fit into a waveguide and sub-
jected to reflection and transmission measurements. This work
uses a measurement system based on rectangular waveguides
as depicted in Fig. 11. Prior to the measurement of material
samples, the setup is calibrated using a through–reflect–line
approach. The measurement is performed by inserting an
MUT sample into the waveguide sample holder and record-
ing transmission and reflection coefficients via a VNA. The
effective material parameters are computed in postprocessing
via the NRW method. Although traveling-guided wave setups
are considered broadband, they are usually only used in the
fundamental mode of the used waveguide. Therefore, this
work makes use of several consecutive rectangular waveguide
standards, as listed in Table III, to cover a wide frequency
range. This implies a high effort as many different-sized
samples needed to be machined with high precision, and
individual calibrations for consecutive waveguide standards
had to be carried out before measurement.

SC and FCC dielectric crystal samples were manufactured
with two different thresholds th ∈ [0.35, 0.5] and unit cell
sizes a ∈ [7.5 mm, 10 mm]. The initial samples were
printed in the dimensions of the WR284 waveguide standard
with a thickness of two unit cells. Samples for measurements
in consecutively smaller waveguide standards, as listed in
Table III, were cut from the original sample to reduce errors
produced over multiple print jobs. Accurate machining of the
MUT samples is essential since gaps between the sample and
waveguide walls can cause significant errors in the extracted
material parameters [30]. The precise machining is an error
source that gets more significant with increasing frequency
as the waveguide dimensions get consecutively smaller, but
machining tolerances stay the same. Therefore, waveguide
measurements were carried out up to 12.4 GHz, and the
resulting extracted complex effective permittivities are plotted
as a function of frequency in Figs. 12 and 13, respectively.

Fig. 12. Effective permittivities of dielectric crystal samples with SC symme-
try, different unit cell sizes, and volumetric infills extracted from Floquet port
simulations and measurements in consecutive rectangular waveguide standards
via a modified NRW method. (a) a = 10 mm. (b) a = 7.5 mm.

Extracted permittivity values across consecutive waveguide
standards show excellent agreement with each other and with
the results obtained via the HFSS Floquet port simulations.
The measurement of the SC sample with unit cell size
a = 10 mm in Fig. 12(a) is especially interesting since
the measurement frequency range covers the first resonance
of the crystal lattice. Although the simulated and measured
resonance peak shows a slight offset of about 1 GHz, the
simulation accurately predicts the shape and size of the
resonance peak in the measurement. One is able to observe
several sharp peaks in the extracted imaginary part of the
effective permittivity that is not predicted by simulations and
is most likely caused by small manufacturing and machining
imperfections.



HEHENBERGER et al.: BROADBAND EFFECTIVE PERMITTIVITY SIMULATION AND MEASUREMENT TECHNIQUES 4169

TABLE II
CHARACTERIZATION OF ADDITIVELY MANUFACTURED DIELECTRIC CRYSTALS WITH SC AND FCC GEOMETRIES IN TERMS OF THEIR DIELECTRIC

PERMITTIVITY AND LOSS TANGENT VIA A RESONANT MEASUREMENT SETUP COMPARED WITH PREDICTIONS OBTAINED VIA THE MGA, THE
PWEM, AND FLOQUET PORT SCATTERING

TABLE III
RECTANGULAR WAVEGUIDE STANDARDS USED IN THIS WORK FOR

EFFECTIVE PERMITTIVITY MEASUREMENT OF ADDITIVE
MANUFACTURED DIELECTRIC CRYSTALS

C. Traveling Free-Space Wave Setup

Another option to measure broadband material parameters
is to use a free-space wave measurement system, where an
MUT sample is placed between two directive antennas and
subjected to reflection and transmission measurements. The
experimental setup used in this work, as depicted in Fig. 14,
consists of two horn antennas with wideband focusing lenses
on opposite sides of a probe iris, surrounded by absorbing
materials to avoid measurement artifacts due to scattering off
of foreign objects. The system is calibrated via a line-reflect–
line approach prior to measurements to compensate for the
lens-spillover loss and other system errors. For measurement,
the sample is fixed within the probe iris and is illuminated
by EM radiation. The reflection and transmission parameters
are recorded by a vector network analyzer and stored for
postprocessing. Measurements in the Cx-, X-, Ku-, K-, and
Ka-bands with different feed horns were carried out to cover
a wide frequency range from 6 to 40 GHz. Four different
dielectric crystal samples in SC and FCC geometry with
two different thresholds th ∈ [0.35, 0.5] and unit cell sizes
a ∈ [7.5 mm, 10 mm] were manufactured as cylindrical
disks with a diameter of 200 mm and a thickness of two unit
cells. The individual samples, fixed in the probe iris, were
subjected to reflection and transmission measurements, and
the resulting extracted effective permittivities are depicted as
a function of frequency in Figs. 15 and 16, respectively. Mea-
surements across consecutive frequency bands show excellent
agreement with each other and with the simulation results
obtained from the HFSS Floquet port simulations. Oscillations

in the extracted permittivity values in the Cx-band are due
to the measurement setup reaching a lower frequency limit.
As the wavelength gets too large with respect to the used
sample size, the diffraction effects around the sample start to
play a significant role and distort the measurement. For SC
samples, the first resonance’s position, shape, and magnitude
are accurately predicted by the HFSS Floquet port simulations.
However, for frequencies above 25 GHz, some simulation
artifacts are visible, especially in the data for the SC dielectric
crystal with a unit cell size of a = 10 mm. The measurement
of FCC crystals shows some minor deviations from simulated
behavior; most notably, the FCC crystal with a = 7.5 mm
exhibits a relatively strong resonance at around 30 GHz, which
is not well predicted by simulations.

IV. DISCUSSION

It has been demonstrated that EMTs like the MGA pro-
vide good results for lower volumetric fill fractions and
lower permittivity contrasts. However, they lack accuracy
for high relative infill and moderate to high permittivity
values. In addition, they lack the capability to predict any
broadband behavior of graded dielectrics. Similar restrictions
apply to dielectric characterization via resonance measurement
setups. To address the limitations of EMTs and resonance
measurement methods, two alternatives for both modeling
and experimental verification are discussed in this work. For
modeling and simulation of dielectric crystals, the PWEM and
Floquet port simulations have been shown to be powerful tools
for predicting the effective material parameters and broadband
effects like cutoff frequencies in the graded materials. The
PWEM gives insight into the EM behavior of an infinite
lattice via computing the dispersion for a given wave vector
through the lattice. However, the PWEM can be computation-
ally demanding depending on the complexity of the unit cell
and the number of wave vectors considered in the analysis.
Furthermore, as a Fourier space technique, it suffers from the
Gibbs phenomenon, which limits its accuracy for unit cells
with high permittivity contrast. However, the insights provided
by the PWEM are of tremendous value, not only for predicting
the effective permittivity values of graded dielectrics but also
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Fig. 13. Effective permittivities of dielectric crystal samples with face-cen-
tered symmetry, different unit cell sizes, and volumetric infills extracted from
Floquet port simulations and measurements in consecutive rectangular waveg-
uide standards via a modified NRW method. (a) a = 10 mm. (b) a = 7.5 mm.

to study bandgaps and exotic dispersion effects such as self-
collimation. Floquet port simulations have the main benefit of
not considering the infinite lattice but modeling the scattering
of a semi-finite slab of the MUT. The results of this scattering
analysis are more easily comparable to the quantities obtained
with real-world traveling-wave measurement equipment. For
experimental verification, traveling-wave techniques in both
a guided and a free-space setup have been used to confirm
predictions on the broadband effective permittivity obtained
from the PWEM and Floquet port simulations. While both the
methods delivered results in satisfying agreement to simula-
tions, several tradeoffs between the methods can be identified
that are worth considering when selecting a measurement
approach. The main drawback of the guided wave method
is that the MUT samples need to be precisely machined to
fit the cross section of the used waveguide, as small air

Fig. 14. Measurement setup for reflection and transmission measurements
consisting of feed horn antennas with focusing lenses, connected to vector
network analyzer, on opposite sides of a probe iris.

Fig. 15. Effective permittivity in real (top) and imaginary parts (bottom)
extracted from free-space traveling-wave measurements of SC dielectric
crystals with different unit cell size a and threshold th.

gaps between the sample and waveguide walls can already
cause significant errors in the retrieved material parameters.
This issue of precise machining gets more significant with
increasing frequency as the MUT sample size gets smaller
while machining tolerances stay the same. A further drawback
of guided wave methods is the inability to measure the same
sample in different polarizations. The advantage, on the other
hand, is the small sample size (with respect to the wavelength)
necessary, which is especially beneficial for measurements
at larger wavelengths (below 10 GHz). In contrast to the
guided wave setup, the free-space method has the drawback
that the sample needs to be quite large compared with the
wavelength to limit the influence of diffraction effects in the
measurement. Furthermore, a free-space measurement setup is
more difficult to calibrate and needs more careful consideration
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Fig. 16. Effective permittivity in real (top) and imaginary parts (bottom)
extracted from free-space traveling-wave measurements of FCC dielectric
crystals with different unit cell size a and threshold th.

of its environment, as radio sources or reflections from objects
in the near vicinity can cause significant errors in the recorded
scattering parameters. However, the free-space method bears
the advantage that one sample of the MUT is sufficient to mea-
sure a wide frequency band and arbitrary polarizations planes.

V. CONCLUSION

This work presents novel insights into periodic dielectric
structures (dielectric crystals), which are usually used to syn-
thesize a wide range of relative permittivity values with varied
volumetric infill in the design of GRIN devices. An investiga-
tion of the effect of different unit cell sizes, base material
permittivity, volumetric infill, and crystal symmetry on the
effective permittivity and upper cutoff frequency of the effec-
tive material bandwidth is presented. This is done by review-
ing and applying different computational and experimental
methods to extract frequency-dependent effective permittivity
values over a wide range of samples and frequencies. It is
worth emphasizing that although the discussed techniques have
been used and reported on independently, no comprehensive
comparison of results on comparable samples and discussion
of their limitations and tradeoffs have been published yet.
Predictions from the considered numerical methods agree
excellently with extracted permittivities obtained via indepen-
dent measurement methods. We demonstrate that the periodic
nature of the engineered dielectric crystals results in an upper
cutoff frequency above which the assumption of an effective
media is not applicable. Furthermore, we show that this upper
cutoff depends on the crystal’s periodicity, volumetric infill,
symmetry, and constituent materials. We conclude that the
commonly used approximation, that unit cell size should be ten
times smaller than the applied wavelength, is severely lacking.
Generally, it is difficult to give a straightforward unit cell size
to wavelength ratio as a design limit because such a limit
depends on the used unit cell symmetry and the permissible
dispersion in the desired material properties. Based on the
presented work, several topics for future work are identified:

1) Cut-off : Simulation and measurement methods con-
sidered in this work clearly showed the existence of
upper cutoff frequencies and their dependency on unit
cell size, fill fraction, and crystal symmetry. However,
no definition or detailed investigation of this upper cutoff
has been carried out yet.

2) Anisotropy: Due to the nature of the AM process, (un-
) intentional anisotropic material properties might arise
that have yet to be investigated. The simulation and
measurement methods discussed here can be extended
to include polarization-dependent effects to model and
experimentally verify the effective permittivity tensor of
such dielectric crystals.

3) Optimization: The difference between the simple and
FCC unit cells implies a considerable potential for
further unit cell optimization in terms of bandwidth or
linearity of the volumetric infill ratio concerning the
threshold.
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