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Sliding Non-Conforming Interfaces for Edge
Elements in Eddy Current Problems
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In this work, a flexible discretization technique for the approximate solution of electromagnetic field problems with rotating
parts, based on non-conforming (NC) interfaces of Nitsche-type, is investigated. This approach enables the use of edge elements
of the first and second kind for the discretization of the magnetic vector potential without posing severe restrictions on gaps and
overlaps of elements on both sides of the rotating interface. It improves the computational efficiency, compared to other NC interface
formulations because no additional unknowns are introduced, and edge elements of different polynomial order can be coupled with
this approach. The applicability is shown in two numerical examples, involving a cylindrical NC interface between a stationary and
a rotating domain.

Index Terms— Eddy current problem, Nédélec elements, Nitsche method, non-conforming (NC) interface.

I. INTRODUCTION

S IMULATING rotating and moving parts applying the
finite element method is becoming increasingly important,

especially in the subject of electromobility and the need
for electric machines. For simple geometries of the rotating
domain, a conforming quasistatic approximation can be used,
via the well-known Minkowski transformation, which equips
the weak form with a convective term u × B, where u
denotes the velocity and B the magnetic flux density. The
downside of this method is that it does not apply to complexly
shaped rotating regions. In this case, a transient simulation
must be used with physically rotated meshes. Although there
are well-known methods to handle moving interfaces such as
lockstepping [1], non-conforming (NC) interfaces have some
significant advantages. This is mainly due to the increased
flexibility in mesh generation, especially for complexly shaped
domains. Furthermore, it enables to simulate arbitrary posi-
tions of the domains with relative motion, as long as they are
connected via the interface. In general, methods for NC inter-
faces aim to transport a particular quantity from one side of the
mesh to the other across the interface. For the relative motion
of domains, coupled with these interfaces, there are different
approaches, such as interpolation techniques, which are well
investigated for rotating (sliding) interfaces in magnetostatics
as well as for the eddy current problem, see in [2] and [3].
Another concept consists of introducing additional degrees of
freedom on the interface in the form of Lagrange multipliers,
representing the flux of the primary unknown, which means
that the strong continuity of the primary unknown is replaced
by a weak one, also called Mortar methods. Toward 3-D
electromagnetics, special care has to be taken to achieve
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appropriate Lagrange multipliers, described, see in [4] for
magnetostatics as well as [5] and [6] for the eddy current
case in electric machines. A promising approach, based on
biorthogonality relations from [7], is presented in [8] and
[9], where the Lagrange multiplier is eliminated by a discrete
projection operator.

In this work, the emphasis is on another type of NC inter-
faces based on a symmetric interior penalty (discontinuous)
Galerkin formulation (SIPG) for edge elements in the magnetic
vector potential formulation. It is based on the work of [10],
where the fact is used that there are no jumps of the solution
quantity between the elements of each conforming subdomain,
leading to a locally (subdomain-wise) conforming formulation
with an SIPG formulation for the NC interface. This type of
interface formulation circumvents specific difficulties of other
methods, especially regarding the flexible mesh generation
process where no special care has to be taken to gener-
ate well-shaped intersection elements or local refinements,
as would be the case, e.g., for Mortar methods. Furthermore,
all the applications in this work are simulated with Nédélec
edge elements of the first kind and linear geometry elements.
However, special care has to be taken, where the interface is
placed, as described in [11].

II. PROBLEM DEFINITION

The set of problems, considered in this work, consist of
a certain number of stationary and moving subdomains con-
nected via NC interfaces. To state the problem, let us consider
the domain, depicted in Fig. 1, consisting of two disjoint and
non-overlapping domains with closure � = �1 ∪�2, in which
�1 is rotating and �2 is stationary. Both subdomains share a
common interface �I = (�1\�1)∩(�2\�2). Since Maxwell’s
equations are used in a Lagrangian formulation in this work,
the transformation (rotation) operation x(t) = R(x(0)) is used,
where R : �1 → �1 is the rotation operator, rotating the
domain by the angle of � = ωt and R−1 : �1 → �1 is the
inverse rotation operator, simply rotating the domain �1 back
to its initial configuration.
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Fig. 1. Computational domain with two subregions �1 and �2.

The well-known eddy current problem, considered in this
paper, can be derived by neglecting displacement currents in
Maxwell’s system of equations and introducing the magnetic
vector potential A leading to the following formulation per
subdomain �k = {�1,�2}

∇×ν∇×Ak(x, t) + κ Ak(x, t) = J i (x, t) on �k (1)

where the parameter κ = {ξ, γ̃ ∂/∂ t} determines the analysis
type {static, transient}, ν the magnetic reluctivity and J i the
impressed current density. For the magnetostatic case, a small
artificial conductivity ξ is applied for regularization purposes
as well as in the transient case for non-conducting regions, via
the definition

γ̃ =
{

γ, for γ �= 0

ξ, for γ = 0
(2)

where γ denotes the electric conductivity. Furthermore,
the following interface and boundary conditions have to be
fulfilled, including the rotation transformation:

n1
(
R−1(x, t), t

) × A1
(
R−1(x, t), t

)
= −n2(x, t) × A2(x, t), on �I (3)

ν1∇×A1
(
R−1(x, t), t

) × n1
(
R−1(x, t)t

)
= −ν2∇×A2(x, t) × n2(x, t), on �I (4)

n2 × A2

= 0, on ∂� (5)

which are of importance when defining the jump- and average-
operators. The inverse rotation operator R−1 is necessary
because of the formulation of Maxwell’s system of equations
in Lagrangian (material-) description, where the unknowns are
defined on the mesh, which moves according to the rotation of
the domain �1. Since �1 has moved a certain angle at time
t , the quantity A1(x, t) is the value of the magnetic vector
potential associated with the material point, which was in x
at time t = 0. Therefore, A1(x, t) is rotated to the initial
configuration �1(t = 0), denoted as A1(R−1(x, t), t) in (3)
and (4), in order to use the Lagrangian formulation, see [6]
for further details on this operation.

The physical domain � is discretized into non-overlapping
elements T ∈ Th of the mesh Th (see Fig. 1). A face F is a
facet1 of element T and part of the set of all faces F ∈ Fh .
In 3-D domains, Fh are surfaces (triangles or quadrilaterals),
whereas in 2-D Fh consists of lines.

The jump [·] of the solution A and its tangential component
respectively, across a common interface facet FI of two,

1For example, in Fig. 2, tetrahedron T1 has four faces, whereas one face
belongs to the interface facet, denoted as FI .

Fig. 2. Quantities on both sides of the interface facet FI , corresponding
to the adjacent elements T1 and T2, needed for the definition of the jump
operators.

not necessarily conforming, elements T1 and T2 at a certain
timestep, depicted in Fig. 2, is defined as

[A] := A|T1

(
R−1(x, t), t

) − A|T2(x, t)

[n × A] := n × A|T1

(
R−1(x, t), t

)−n × A|T2(x, t) (6)

with n as the common normal vector (either n1(R−1(x, t), t)
or n2(x, t)). Furthermore, the average operator {·} is defined
as

{A}ν := ν̃1 A|T1

(
R−1(x, t), t

) + ν̃2 A|T2(x, t) (7)

with the coefficients, based on [12]

ν̃1 := ν1

ν1 + ν2
, ν̃2 := ν2

ν1 + ν2
(8)

where ν1 and ν2 denote the magnetic reluctivity of domain �1

and �2.

III. INTERIOR PENALTY NC-INTERFACE FORMULATION

The starting point of the formulation is Nitsche’s original
idea [13] of penalizing the jump of quantities over an interface
and incorporating Dirichlet BC’s in a weak sense, which is the
fundamental principle for most DG formulations. However,
contrary to these classical DG methods, remark 1 from [10]
can be used, which shows that all jumps of the solution
quantity A across interior faces in the conforming domains
vanish. The only remaining jumps occur between neighboring
conforming domains across their common interface �I , see
Fig. 1. In order to properly define the formulation of the eddy
current problem on the interface, the following function space
needs to be defined, based on [14]

H (curl,Th) :={A ∈ (
L2(�)

)3 : ∀T ∈ Th : A|T ∈ H (curl, T )}
(9)

which means that the global solution A is in (L2(�))3,
whereas the local element solution on element T ∈ Th ⊂ R

3

is in H (curl, T ), defined in (10). This approximation space
(9) is curl-conforming in whole �1 and �2 but broken across
the NC interface facets FI . If there was no non-conformity
of the mesh at the interface, there would be no jump of the
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solution quantity in the whole domain and the solution would
be in the standard (conforming FEM) global function space
H (curl,�), defined as

H (curl,�) := {A ∈ (
L2(�)

)3 : ∇×A ∈ (
L2(�)

)3}. (10)

Equipped with these definitions and spaces, the weak form of
the NC interface formulation of problem (1) can be stated as:
Find Ah ∈ Wh := {A ∈ (L2(�))3 : ∀ T ∈ Th : Ah |T ∈
N I,I I

k and Ah ∈ H (curl,�) on �i, for i ∈ {1, 2}} such that
∀A


h ∈ Wh

2∑
i=1

((
ν∇×Ah, ∇×A


h

)
�i

+ (
κ Ah, A


h

)
�i

)

−
∑

FI ∈F I
h

(�{∇×Ah × n}ν,
[

A

h

]�FI

+��{∇×A

h × n}ν, [Ah]�FI

+β
〈ν p2

E

hE
[n × Ah],

[
n × A


h

]〉
FI

)

=
2∑

i=1

(
J i , A


h

)
�i

(11)

where (·, ·)T , (·, ·)�i , and �·, ·�FI denote the volume- and
surface integral over element T , subdomain �i and surface
area of the interface facets FI , respectively, with a dot product
between its arguments2 and β as the penalization parameter
(Nitsche factor), acting as the “glue-strength,” which keeps
the broken function space together. The parameter � is chosen
to be � = −1, resulting in a symmetric interior penalty
Galerkin method (SIPG). To approximate the solution in the
two conforming domains, H (curl)-conforming Nédélec edge
elements of the first and second kind (N I

k , N I I
k ) are used. In

order to account for different polynomial orders of the edge
elements, pE is introduced, which represents the polynomial
order of the edge element basis function, whereas hE is the
characteristic size of the intersection element, e.g., minimum
bounding circle.

IV. ELEMENT INTERSECTION AND INTEGRATION

An important task is the correct handling of the surface
terms in (11), where the integration has to be carried out on
the actual interface facets FI ∈ F I

h . There are several ways to
accomplish this integration, e.g., using smooth B-splines as in
[15] or re-meshing the interface surface. However, these meth-
ods will fail if there are local concentrations of the solution
quantity in the interface’s vicinity, which need to be resolved
finely. A more stable approach is to use an intersection mesh,
which already includes local mesh refinements, and no special
care has to be taken to generate a well-resolved interface
mesh.

Since this work focuses on rotating interfaces, the intersec-
tions are not coplanar anymore, and for a general mesh, vol-
ume elements are intersecting, resulting in gaps and overlaps,
which complicates the intersection process, depicted in Fig. 3.
A pair-wise mapping of the elements resolves this issue.

2For example (a, b)T = ∫
T a·b dx and �a, b�F = ∫

F a·b ds, with a, b ∈ R
3,

dx and ds as an infinitesimal volume and surface element, respectively.

Fig. 3. Interface intersection operation of two tetrahedral elements T1 and
T2. The first step is to project facet F1 onto F2 in normal direction n2 and
the perform the intersection.

It consists of mapping the surface elements of one side to
the other side along the normal vector, also used in [16].
In the current implementation, the facet F1 of element T1 is
projected in normal direction n2 onto the facet F2 of element
T2, shown in Fig. 3. This projection of the surface elements
of one side to the surface elements of the other side results in
strictly planar intersection candidates, which are then handled
by the open-source library CGAL [17] to perform polygon
intersections and triangulate the resulting intersection mesh,
to avoid “non-computable” elements (2-D polyhedrons with
more than four nodes). In the next step, the integrals over
the interface can be considered in terms of standard Gauss
quadrature, where the intersection elements are solely used
as an auxiliary geometrical entity. They act as a source for
integration points on the interface and do not carry any degrees
of freedom by themselves. The edge element basis functions
of both interface sides �1 and �2 need to be evaluated at
the interface-element’s (FI ) integration points to compute the
surface integrals numerically.

An important consideration, especially when dealing with
ordered homogeneous (structured) meshes in a transient sim-
ulation with moving interfaces, is the number of timesteps
per element, defined in the next section. With the described
intersection approach, artificial oscillations can be introduced
if the mesh is too coarse or the timesteps are too small. These
oscillations seem to occur mostly in time-derivative quantities
like the electric field strength, described as E = ∂ A/∂ t
because of the sudden jumps of intersection normals, when F1

reaches a new facet element F2. This issue will be considered
in the following numerical example, where the penalization
parameter β in (11) is used to smoothen the oscillations in
the time derivative of the magnetic vector potential, without
severely deteriorating the potential itself.

V. NUMERICAL EXAMPLE I: ROTATING COIL

In the first example, a current-driven coil rotates with an
angular velocity of ω = 62.8 s−1 inside a copper shield,
analog to the case presented in [3], with the dimensions given
in Fig. 4. It consists of a stationary non-rotating copper shield
�shield with electric conductivity σCu = 5.7 · 107 Sm−1 and
relative permeability of 1. Inside this copper shield, there is
a small air layer �air,stationary, such that the NC interface �I

is located between this region and the rotating air domain
�air,rotating. The impressed current density in the circumferential
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Fig. 4. Rotating cylindrical coil with stationary copper shield, all dimensions
in millimeters.

direction of the coil is modeled as a ramp function

Ji(t) =
{

Ji(t)/(t2) 0≤ t ≤ t2
Ji t2 < t ≤ T

(12)

where t2 = 16.0 ms, T = 50.0255 ms and the steady state
current Ji = 1 · 106 A/m−2.

The steady-state solution can also be obtained without
physically rotating the mesh, by merely using the convective
term u × B in the eddy current formulation. This formulation
is applicable since the volume of the moving domain has
an invariant cross section at the right angles to the direction
of motion, as pointed out in [3]. To quantify the numerical
behavior of the Nitsche interface approach, we evaluate the
magnetic energy

Emag =
∫

�shield

H · B =
∫

�shield

ν (∇×A) · (∇×A) (13)

as well as the power of the eddy currents

Peddy =
∫

�shield

J · E =
∫

�shield

γ
∂ A
∂ t

· ∂ A
∂ t

(14)

in the copper shield region. The analysis is preferred over
local evaluations since they represent L2 norm-like quantities.
The former one (13) represents the behavior of the solution
quantity itself (no time derivatives). In contrast, the lat-
ter one (14) is used to investigate the temporal effects of
the Nitsche approach on the solution, respectively, its time
derivative.

A. Mesh/Timestep Correlation

Since both the rotating and stationary domains have struc-
tured hexahedral mesh, depicted in Fig 5, the timesteps can
easily be correlated with a certain number of passed elements.

Fig. 5. Stationary copper shield and rotating coil with structured hexahedral
mesh and depicted eddy current distribution.

Fig. 6. Power of the eddy currents integrated over �shield volume for different
timestep sizes (Nitsche factor 200).

In the following the ratio of number of timesteps per element
is denoted as

n = ω �t

(2π)/nel
(15)

where �t is the timestep size and nel is the total number of
elements in circumferential direction on the interface. For a
ratio of one timestep per element (n = 1), the intersection
mesh remains the same for all timesteps if the surface meshes
on both sides of the NC interface are structured and have
the same size, resulting in a lockstep method. In this case,
the time resolution is restricted by the element size, and if
a finer temporal resolution is needed, the mesh needs to be
refined as well. One of the benefits of the presented Nitsche
approach is that the timesteps can be altered independently of
the mesh, due to the mesh intersections in every timestep,
without introducing additional computational difficulties of
performance issues. Therefore, it is possible to simply increase
the number of timesteps per element and resolve the temporal
events as accurately as needed, shown in Fig. 6, where one
timestep per element is not enough to resolve the sharp peak
in the power curve.
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Fig. 7. Magnetic energy integrated over �shield volume for different timestep
sizes (Nitsche factor 200).

Fig. 8. Variation of the Nitsche factor β for a time resolution of three
timesteps per element.

B. Oscillation Handling of Structured Meshes

The downside of the presented approach is the snapping
of interface normals, as described at the end of Section IV,
which leads to oscillations, especially in the time-derivative of
the solution quantity. When considering the magnetic energy
(non-time-derivative), the oscillations are not directly evident,
see Fig. 7 because they “hide” in the more sensitive time-
derivatives, clearly visible in Fig. 8. However, the oscillations
can be drastically decreased by adapting the penalization para-
meter β in (11), without significantly deteriorating quantities,
containing a time derivative of the primal solution quantity,
as shown in Fig. 7. This parameter consideration is the
significant difference to coplanar interfaces, where numerical
instabilities are the limiting factor on the upper end of the
penalization parameter range. For curved interfaces, the limit-
ing factor is the occurring oscillations in the time-derivative of
the primal solution quantity, which originates from the mesh.
A finer or a non-structured mesh decreases the oscillations as
well, as shown in the second numerical example in Section VI.

A possible explanation for this behavior is the increased
“gluing strength” for larger penalization parameters, coupling
the solution quantities of one side of the interface to the other
side. If the “glue” is too strong, the snapping becomes dom-
inant and deteriorates the solution quantity’s time derivatives,

Fig. 9. Setup of the gear wheel sensor with a NC interface between the
stator and rotor and unstructured mesh on both sides.

especially for structured meshes, where all normals snap to
the next element at the same timestep.

VI. NUMERICAL EXAMPLE II: GEAR WHEEL SENSOR

In the second example, a gear wheel sensor is simulated to
demonstrate the practical applicability of the Nitsche approach
and shows that a fine enough resolved mesh overcomes the
oscillation issues encountered in the previous example.

The gear wheel sensor consists of a rotor �wheel made of
iron with an electric conductivity of σFe = 1.0 · 107 Sm−1

and relative permeability of 5000, rotating with nwheel =
60 s−1, and a permanent magnet �perm with a prescribed
magnetization. The rotor’s diameter is chosen to be 44 mm
with 20 teeth and the distance between the rotor and the
permanent magnet is 0.1 mm. The NC interface is placed
in the air gap, resulting in an interface with air on both
sides, depicted in Fig. 9, similar to the interface placement
in Section V.

The mesh in the vicinity of the interface is significantly
finer than in the rotating coil example because the mesh was
built with the primary objective to resolve eddy currents,
which also results in a well-resolved mesh for the rotating
interface. It is meshed in an unstructured way with varying
element sizes on the interface, which also prevents oscillations
because the “snapping” of the interface elements does not
occur all at once, as it would do in a structured homogeneous
hexahedral mesh, observed in Section V. To demonstrate
the applicability, the integrated power (14) in the rotating
domain �wheel is evaluated, and no oscillatory behavior is
observable, see Fig. 10. Even when increasing the penalization
parameter β to a range, where oscillations occurred in the
time-derivative quantity in the previous example, the solution
remained smooth, and no difference between β = 200 and
β = 2000 could be observed.

From this application example, it can be concluded that
especially for unstructured meshes, which are regularly
encountered in real-world problems, the oscillatory behavior
has negligible influence and does not limit the applicability of
the Nitsche approach.
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Fig. 10. Power of the eddy currents integrated over �wheel volume for two
different Nitsche factors.

A. Conclusion

In this paper, a formulation of NC interfaces of Nitsche
type for edge elements in H (curl) was presented, includ-
ing implementational aspects of relative motion across the
interface. The main idea behind this approach is an inte-
rior penalty discontinuous Galerkin’s description of the
general eddy current problem, obtained from Maxwell’s
equations, with the computational domain consisting of con-
forming parts, “glued” together via NC interfaces. For the
conforming parts, a classical continuous finite element dis-
cretization was applied, and the jump of the solution was taken
care of via penalty surface integral terms on the interface.

With the presented intersection handling via pair-wise map-
ping of the surface elements along a common normal vector
in Section IV, it is possible to handle gaps and overlaps of
volume elements, occurring in curved interfaces. An advantage
of this method is that it automatically propagates volume
mesh refinements onto the intersection mesh, which reduces
preprocessing time, compared to, e.g., locally refined B-spline
meshes on the interface. This intersection mesh, although it
is triangulated, can potentially contain severely distorted ele-
ments. However, for the Nitsche approach, this is not a limiting
factor, as it would be for Mortar methods with Lagrange
multipliers on the interface, discussed, see in [18], because
this intersection mesh only serves as a source for integration
points. The flexibility of this approach regarding the mesh
generation has the downside of choosing the penalization
parameter β. From a theoretical point of view, this parameter
has to be chosen “sufficiently large” (citation from [13] and
[19]) to ensure convergence. For coplanar interfaces, it was
heuristically shown in [11] that this Nitsche factor could be
chosen in a large range without deteriorating the solution
significantly. For curved interfaces, this range is narrowed,
as shown in the two numerical examples in this work and
also dependent on the mesh size and type (structured or
unstructured). There was no significant difference between the
solution with β = 200 and β = 2000, using unstructured
meshes in Section VI, contrary to the structured mesh example
in Section V, where the parameter had to be decreased in order

to prevent oscillations in the time-derivative of the solution. It
can be concluded that the presented approach works well for
application-oriented geometries, which are nearly exclusively
meshed in an unstructured way, due to the complex shapes,
involved in industrial designs. In this case, no special attention
has to be paid to the correct choice of the Nitsche factor.
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