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Compensation of Current Transformers’
Nonlinearities by Tensor Linearization

Adam J. Collin

Abstract— With the proliferation of harmonic sources in power
systems, current transformers (CTs), which are the most widely
used current transducers in power systems, will have to measure
and monitor signals with increasing levels of distortion. The
accuracy of the measurement can be affected by the nonlinear
response of the CT, which is dependent on the distortion in
the measured signal, but nonlinear mathematical models can
be used to compensate the measured value. In this paper,
the complex ratio of the CT is modeled using a frequency domain
model based on tensor linearization, obtaining a real-valued
compensation matrix. An accurate measurement setup has been
built to characterize the CTs performance in distorted conditions.
Experimental results using the proposed compensation technique
are presented and discussed for two commercial CTs of accuracy
class 0.5 and 1. It is demonstrated that the proposed technique
can accurately reconstruct the harmonic components (up to
several kilohertz) of the CT primary current from the measured
CT distorted secondary current.

Index Terms— Current transformer (CT), frequency coupling
matrix (FCM), harmonics, nonlinearity compensation, phase-
dependent characteristics, power quality, power system measure-
ments.

I. INTRODUCTION

HE measurement of harmonics and power quality, in gen-
eral, is an essential task, particularly in the new context
of smart grids with a high penetration of nonlinear loads and
energy production from renewable sources. Nowadays, current
and voltage instrument transformers (CTs and VTs) are still
the most commonly installed current and voltage transducers
in power systems, at all voltage levels. As a consequence,
most measuring instruments for power system applications
(power/energy measurement, power quality measurement, pha-

sor measurement unit, etc.) use CTs and VTs.
Some recent scientific literature [1]-[6] has experimentally
demonstrated that even high accuracy class CTs and VTs (i.e.,
accuracy class better than 0.5) may suffer from nonlinearity
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effects. Due to these effects, the accuracy of the CT/VT is
strongly dependent on the amplitude, phase angle, and the
order of harmonic content of the input waveform. Therefore,
the measurement of harmonics by CTs and VTs could present
an accuracy which is much lower than the accuracy class of
the instrument transformer used in the measurement chain.
Accordingly, accurate measurement of harmonics by the CT
or VT requires the use of a nonlinear mathematical (either
analytic or numerical) model for the instrument transformer,
which is able to accurately reconstruct the primary quantity
(i.e., current for CTs and voltage for VTs) from the measured
secondary quantity.

Different techniques for mathematically describing the non-
linearity of instrument transformers have been proposed in
the scientific literature, e.g., [6]-[9]. These approaches are
essentially based on modeling the saturation and eddy currents
phenomena in transformers. However, the performances of the
proposed techniques have not been verified when harmonic
distortion is present in the primary quantity. Only in [6], non-
sinusoidal operating conditions are accounted but the distortion
introduced by the CT at the secondary is considered dependent
only on the fundamental primary amplitude.

Another approach to model nonlinear devices, commonly
used for power system harmonic penetration studies in the
frequency domain, is the frequency coupling matrix (FCM)
approach [10]-[20]. FCMs are based on the theory of small
signal analysis and are used in this research to relate the
generic harmonic components of the secondary current to the
variations of all of the considered harmonic components of
the primary current. FCMs are a powerful tool: they are able
to model the nonlinearities in power system components for
both traditional devices (i.e., power transformers, ac motors,
cables, and so on) as well as modern devices based on
power electronic technologies. FCMs can be obtained both
analytically or by numerical or experimental tests.

In [21], the FCM approach was applied to model the
complex ratio of a class 0.5 CT in order to compensate the
nonlinearity of the CT behavior. The FCM was derived and it
was shown that by inverting this matrix, the harmonic content
of the primary current can be accurately identified from the
measurement of the secondary current.

This paper builds on and significantly extends the initial
work presented in [21] by providing: 1) further analytical
details about the FCM derivation; 2) the description of the
new, and much more accurate, test setup built; 3) an extension
of the frequency range from 1 to 10 kHz; 4) the character-
ization of a new CT with lower accuracy class; 5) a new
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Fig. 1. Block diagram of the measurement setup for CT characterization [3].
set of experimental tests for the verification of the proposed
methodology; 6) the introduction of one additional method
for comparing the performance of the proposed compensation
technique.

The paper is organized as follows. Section II analytically
describes the proposed CT compensation technique. Section III
presents the experimental setup and describes the experimental
tests performed to characterize the CT. Section IV shows the
derivation of the FCM of the two CTs under study. Section V
discusses the use of the proposed compensation technique in
a practical case comparing its performance with two other
methods presented in the literature. Conclusions are given in
Section VI.

II. CT COMPENSATION TECHNIQUE

Under the hypothesis of time-periodic signals, the secondary
current of a current transformer (CT) i*(¢) is a function of the
primary current i” ()

i*(1) = g(i? (1)) M

where g is a function which accounts for the nonlinearities
related to the nonideal operation of the CT itself.

Under small-signal operation, any device can be linearized
around proper operation base points i () and i 11: (t). Evaluating
the complex Fourier series of the quantities (italic fonts are
used for complex numbers) involved gives

[AP]1=[I - ] =G([1" - I/']) = G(AI"]) ()

where AI® and AI? are vectors of harmonic phasors and the
function G is a complex function.

If G is linear, it may include linear cross-coupling and
phase dependence between harmonics [10]. However, when
linearizing general nonlinear devices, representation by a sin-
gle matrix of complex numbers is not possible. The general
representation is

A =GTAI? + G~ AIP* 3)

where G and G~ are two matrices of complex numbers
that couple AI” and its conjugate AIP*, respectively, to give
AT° [18]-[21].

In real terms, G is able to take into account the cross
coupling between primary and secondary harmonic currents,
while G~ takes into account the dependence of the secondary
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current harmonics on the phase angle of the primary current
harmonics. For example, a linear device will have a diagonal
constant G matrix and a nil G~ matrix. These concepts will
be addressed in more detail in Section IV.

Equation (3) can be elegantly and efficiently rewritten using
a real-valued rank 2 tensor representation as in the following
equation:
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where H and K are the maximum harmonic order considered
in the matrix derivation; the generic element of the matrix in
(4) is a real valued rank 2 tensor evaluated by the following

expression:
+ + - -
[ghrkr ghrkii| _ [gmq _%_hkii| + |:gh_kr Ehki i| (5)
Ehikr  Bhiki ghki  Ehkr ghki " 8hkr
where g;:kr and g;:ki (gpkr and g;) are the real and imaginary
parts of the generic complex element g;{k (gyy) of the matrix
G™ (G™) in (3), which can be written in a more compact form

[AI] = [GP[AIP] (6)

where G@ is a matrix whose elements are tensors of rank 2.
If G@ is invertible, the following relation can be written:

[ATP] = [GP1 HAT'] = [RP][AT]. 7
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The ratio compensation matrix R® in (7) can be used to
compensate for the measured secondary current spectrum.

In practice, as R® is derived at a specific operating point,
the CT should be characterized at several expected operat-
ing points and the appropriate compensation matrix selected
basing on the observed operating condition. Alternatively, the
computational burden can be reduced by considering that as
R® is a real-valued matrix, it is mathematically possible
to obtain a single, averaged matrix from these individual
matrices. The error introduced by either approach will depend
on the specific CT characteristics and the number of discrete
intervals defined.

III. MEASUREMENT SETUP
A. Hardware Description

The block diagram of the setup for CT characterization
is shown in Fig. 1. Current generation is obtained through
the Fluke 52120A transconductance amplifier (up to three in
parallel, each rated up to 120 A, up to 10 kHz), remotely
controlled through IEEE 488. It is driven by the NI PXI
(PCI eXtension for Instrumentation) 5422 arbitrary waveform
generator (AWG) (£12 V, 200 MHz maximum sampling rate,
16 bit, onboard memory 256 MB).

The AWG is housed in a PXI chassis and the 10 MHz PXI
clock is used as the reference clock for its high-resolution
phase-locked loop circuitry. The generation frequency of the
AWG is therefore chosen to be an integer multiple of the
generated fundamental frequency.

Another AWG is used to generate a 12.8 MHz clock, which
is used as the time base clock for the comparator [22], [23],
remotely controlled through a LAN connection. This is based
on the NI cDAQ chassis with two different acquisition mod-
ules: NI 9239 (£10 V, 24 bit, and 50 kHz) and NI 9238
(£500 mV, 24 bit, and 50 kHz). In this way, generation and
acquisition are synchronized.

The current reference value is obtained by means of a set of
calibrated current shunts (REF in Fig. 1), Fluke A40B series,
1/0.8, 5/0.8, 20/0.8, and 100/0.8 A/V. They are among the
most accurate current shunts, with an input frequency range
up to 100 kHz, available on the market, with the best accuracy
of some parts per million. The output current of the CT is
sensed through a LEM NORMA TRIAX Shunt (SH in Fig. 1),
30/300 A/mV (0.03% up to 100 kHz).

B. CT Testing Procedure

In order to characterize the CT performance in the pres-
ence of distorted signals, an event-based state machine has
been developed in LabVIEW. A large choice of signal types
may be selected, for example, sinusoidal, fundamental plus a
harmonic tone (FH1), fundamental with N harmonics (FHN),
and fundamental with an interharmonic (FI1).

Once the signal is generated, the software waits for a
variable time interval, depending on the setup configuration,
in order to ensure that all of the devices are at the correct
operating temperature. Then, the output waveforms of the
REF and the CT under test (CT in Fig. 1) are simultaneously
sampled and stored in files. The sampling frequency is set to
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50 kHz. The samples stored in the files are then postprocessed
in the MATLAB environment.

The CT complex frequency response is determined at every
frequency component that is generated: as the sampling is
synchronous with generation, the phasors of primary and
secondary currents are obtained by means of discrete Fourier
transform (DFT). Following the calculation of all the phasors,
the ratio error and phase error, defined in the following
equations, are evaluated for each harmonic component of

order j:
K|
AR; = (W - 1)- 100 ®)

AQj = @] — @] ©)

where K is the rated ratio of the CT, |/7| and ¢ are the
amplitude and phase angle of the primary current, and |]jS_|
and (pj. are the amplitude and phase angle of the secondary
current, obtained, respectively, from the output of the reference
shunt and the shunt at the CT secondary winding.

In order to evaluate the performance of the proposed
compensation technique, the ratio and phase errors are also
evaluated with the compensated secondary current

AR = (|7j ) 100
FCM,; —

17|
Agrem,j = @] — @}

where |I ]p | and (pr are the amplitude and the phase angle of

the primary current obtained by compensating the secondary

current with the FCM.

(10)

(1)

C. Characterization of the Measurement Setup

The evaluation of the equations (8)—(11) requires the knowl-
edge of the complex gain of the CT, i.e., the ratio of
the secondary to primary current phasors. Following Fig. 1,
the complex gain jS.T of the CT, for the jth harmonic
component, can be expressed as

s REF y/SH 1 0 ~REF
GCT_i_ii_ﬁiGj (12)

j T 7P T yREF oSH ~ 0 o1 ~SH

Iy Vi Gy ViG; G

where VJREF (V].SH), G(]). (G}), and V]Q (le) are, respectively,
the phasor of the voltage at the output of the shunt REF
(SH) acquired by channel O (channel 1) of the comparator,
the complex gain of the channel O (channel 1) and the
measured phasor by the channel O (channel 1). G?EF and G?H
are the complex gains of shunt REF and SH.

Therefore, the measurement of GJC.T, and thus the measure-
ment of the quantities in (8)—(11) is affected by the systematic
errors introduced by the quantities

AGSOMP = L (13)

AG§ =t _ (14)
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TABLE I

SYSTEMATIC RATIO AND PHASE ERRORS, AND RELATIVE EXPANDED
UNCERTAINTY (99%), INTRODUCED BY THE COMPARATOR AT 50 Hz
AND 10 KHz FOR SIGNALS OF 10% OF THE INPUT RANGE

50 Hz 10 kHz
Systematic U Systematic U
Error (99 %) Error (99 %)
Ratio Error (uV/V) 2 1 170 15
Phase Error (prad) 2 3 120 70

which, in turn, have to be measured and compensated.
These quantities have been measured by performing tests of
type FHI1.

A G]C.OMP is linked to the accuracy of the comparator, whose
characterization has been extensively discussed in [22]. The
systematic ratio and phase errors, and the relative expanded
uncertainty (99% confidence level), introduced by the com-
parator at 50 Hz and 10 kHz, for input signals equal to 10%
(i.e., 0.7 V) of the full-scale range, are summarized in Table 1.

AG?% represents the mismatch between the frequency
responses of the primary (reference) and the secondary shunts
of the CT. As different reference shunts are used, different
AGJS. have been evaluated for each, using the same measure-
ment setup shown in Fig. 1 (excluding the CT under test
and making the primary current flow into both REF and SH
shunts).

Another important feature of a calibration setup for instru-
ment transformers is the accuracy of the generated current
value. The accuracy of the generated current depends both on
the stability and on the repeatability of the AWG and of the
amplifier. Specific tests (of type FH1) have been performed
to evaluate the stability and the repeatability of the generated
current. The stability, evaluated as the standard deviation of
the amplitude and phase of the current during a specific test,
was very good, lower than five parts per million. However, the
repeatability, evaluated as the standard deviation of amplitude
and phase of current generated over several repetitions of each
FHI1 test, was in the order of 0.05% and was considered not
acceptable for the application at hand.

Therefore, in order to improve the repeatability of the
generated current, a closed loop generation has been used:
for each test, the desired waveform is generated and acquired.
If the amplitude and phase of the generated tones differ
from the desired values, the waveform is regenerated until
both values are within 10 ¢A/A and 10 urad. In this way,
a very precise and accurate signal is obtained up to 10 kHz.
In particular, the gain and phase errors of the generation
system are below 10 ¢ A/A and 10 urad up to 10 kHz; the
expanded uncertainties (95% confidence level) are 8 ¢ A/A and
11 urad at 47 Hz and 92 uA/A and 2.2 mrad at 10 kHz.

D. Current Transformers Under Test

The previously described system has been used to char-
acterize the behavior of two commercial CTs. The first CT,
named CT1, is a window type 100/5 A/A CT, with a rated
ratio of 20, accuracy class of 1 and rated burden of 3 VA.
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Fig. 2. CTI: Values of the main diagonal elements of the matrix G in p.u.
of the rated ratio of the CT.

The second CT, named CT2, is a wound 10/5 A/A CT, with
a rated ratio of 2, accuracy class of 0.5, and rated burden
of 5 VA. For both of the CTs, the operating frequency is
50/60 Hz. For CT1, one additional primary turn is used in
order to increase the equivalent measured primary current.
In this way, CT1 becomes a 50/5 A/A CT, with a ratio equal
to 10. Regarding the burden, all tests have been performed
with only shunt SH connected to the secondary terminals of
the CTs; as it has a resistance of 10 mQ, it corresponds to a
burden of 0.25 VA, i.e., 8% burden for CT1 and 5% for CT2.

IV. COMPENSATION MATRIX DERIVATION

The compensation matrix calculation process begins with
the derivation of the gain matrices G™ and G~ (3) and then
the ratio compensation matrix RO is computed using (4)—(7).

Various tests of type FHI have been performed on both
CTs. Three amplitudes, 120%, 100%, and 50%, of the CT’s
rated value /" and zero phase angle have been used for the
fundamental tone. For the fundamental frequency, a value
of 47 Hz was chosen to avoid interference with the power
system frequency. An amplitude of 10% of the CT’s rated
value, 30 log-spaced frequencies from 2nd to 213th order (i.e.,
about 10 kHz) and 13 phase angles from 0 to 2z have been
used for the sweeping harmonic tone. For each test waveform,
a sampling frequency of 50 kHz was used and 50000 points
acquired (i.e., 1 s). Measurements with each test waveform
were repeated ten times.

A. Current Transformer CTI

Fig. 2 shows the magnitudes of the main diagonal elements
of the gain matrix G* in (3) for CT1, normalized with the
gain measured at the fundamental frequency (dotted black
line), versus the harmonic order, for the three fundamental
magnitudes analyzed with a superimposed harmonic of 10%.
The maximum deviation between the three operating points
(~0.2%) is about one order of magnitude lower than the
declared accuracy class limit. The two curves corresponding
to Ilp = 100% and 120% of I" are almost coincident. It is also
possible to observe that due to the effect of stray parameters
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Fig. 4. CT1: Values of the matrix G~ in p.u. of the rated ratio of the CT versus the harmonic order for the three fundamental currents considered.

(leakage inductance and coupling capacitances between the
turns), when the harmonic order increases (above ~10 kHz),
the gain trend is likely to exit from the declared accuracy class.
Fig. 3 shows the magnitudes of the off-diagonal elements of
the gain matrix G* that takes into account the cross coupling
between harmonics of the primary current with harmonics
of the secondary current of different orders (cross-coupling
gains) due to the nonlinearities present. The harmonic order is
limited to 14, as the values beyond this range are of such small
magnitude that they have little effect on the CT response.
Fig. 4 shows the magnitudes of the elements (diagonal and
off-diagonal) of the gain matrix G~ that takes into account the
phase angle dependence between harmonics of different orders
due to the nonlinearities present (phase-dependent gains).
Values greater than 0.3 are marked in the matrix plots.
From Figs. 3 and 4, it is possible to observe the following.
1) The main coupling is between the adjacent harmonics
along the matrix diagonals; this coupling decreases with
frequency (Fig. 3).
2) The coupling for 111’ = 50% is slightly higher but there is
not a large difference between the three working points.
3) The values of such gains (Fig. 3) are about three orders
of magnitude lower than those of the main diagonal
(Fig. 2), demonstrating an overall linear behavior of
the CT.
4) The phase dependence (Fig. 4) is almost negligible,
as the elements of the matrix G~ are about one order of
magnitude lower than those of G, except for the second
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Fig. 5. CTI1: Exemplar magnitudes first five harmonic orders of the secondary
current for the 12 phase angle considered in the tests.

on itself (primary versus secondary) and on the third and
fourth harmonics.

The cross coupling and the phase dependence modeled by the
matrices GT and G~ can be better appreciated in Fig. 5, which
reports the magnitudes of the first five harmonic orders of the
primary /7 and secondary current /¥ observed for the 12 phase
angles considered during an FH1 test with 100% fundamental
tone and 10% second harmonic.
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When the (approximately) constant second-order harmonic
is superimposed on the primary side fundamental component
I? [Fig. 5(a)], the other harmonics are almost nil [Fig. 5(c)],
demonstrating the very good performance of the generation
system.

However, the second-order harmonic on the secondary side
I* [Fig. 5(b)] is shifted up by 1- 1073 p.u. (c.f. the gain
on Fig. 2 at the second-harmonic order) and oscillates with
an amplitude of about 1 - 1073 p.u. due to the phase angle
dependence on itself (1.2 - 1073 p.u. in the corresponding
square of Fig. 4). The cross-coupling effect is evident around
the third—fifth harmonics [Fig. 5(d)], which show amplitudes
comparable to the corresponding gain values of Fig. 3, with
oscillations with amplitudes comparable to the corresponding
gain values of Fig. 4.

B. Current Transformer CT2

Figs. 6, 7, and 8 are equivalent to Figs. 2, 3, and 4.
From Fig. 6, it is possible to observe that the values of
the main diagonal elements of the matrix G increase with
frequency, showing a possible resonance at frequencies over
10 kHz. Moreover, for a primary current of 50% of the rated
current, the gain exits from the accuracy class (i.e., it exceeds
1.005 p.u.) around the 120th harmonic order (i.e., around
5.7 kHz). From Fig. 8, it is evident that CT2 exhibits a similar
trend to CT1, i.e., the main coupling is between the adjacent
harmonics along the matrix diagonals, this coupling decreases
with frequency and the values obtained for the three operating
points are similar, despite the difference in the main diagonal
response. However, the magnitudes of the matrix elements are
smaller than those of CT1; comparing Figs. 3 and 7, it is
seen that values in Fig. 7 are almost half the magnitude of
those in Fig. 3. Concerning the phase dependence (Fig. 8),
it is evident that it is almost negligible, except for the second
harmonic on itself.

V. VERIFICATION BY MEANS OF RANDOM SIGNALS

An experimental case study using 100 synthetic waveforms
applied to the CTs was used to assess the performance of the
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compensation matrixes derived. The waveforms consist of a
fundamental tone I” = 100% of I" and harmonics across the
entire frequency range considered; however, the total harmonic
distortion (THD) is fixed at 10% and the harmonic magnitudes
and phase are randomly allocated based on this constraint.

Three different ratio and phase errors have been compared:
a) those calculated with (10) and (11), i.e., using the FCM
approach; b) those calculated with (8) and (9) i.e., with a
constant ratio (CR) measured at fundamental frequency; and c)
those calculated with (10) and (11) but using only the inverse
of the elements of the main diagonal of GT (DRY), of the
derived matrix, to compensate the secondary current. The DR
method is equivalent to using a linear model for the CT, which
makes use of a complex gain variable with frequency [see Figs.
2 and 6], to compensate the secondary current.

A. Current Transformer CTI

The results in Figs. 9 and 10 show the ratio and phase
errors [see (8)—(11)] versus the harmonic order for CT1 using
the three different methods considered by means of boxplots.
For each box, the central mark is the median, the edges of the
box are the 25th and 75th percentiles, and the whiskers extend
to the most extreme data points (£2.7¢ and 99.3% coverage
if the data are normally distributed) not considering outliers.
The declared accuracy class borders (1% and 1.8 crad) are
also marked.

It is possible to observe the following.

1) The proposed FCM method accurately compensates the
nonlinearities of the CT for the entire considered fre-
quency range, maintaining both ratio and phase errors
within one accuracy class below the declared value.

2) The CR and DR™ approaches, as they assume a linear
model for the CT, are not able to compensate the
nonlinearities, which are responsible for the very high
amplitude of the whiskers, especially at low frequencies.

3) The ratio error of the CR approach is outside the
accuracy class for the first four harmonics (around £5%
at the third harmonic) and reaches the lower boundary
of the accuracy class at the end of the frequency range
considered.

4) The phase error of the CR approach is outside the
accuracy class for the first two harmonics and also exits
the lower border boundary around the 95th harmonic
(4.5 kHz).

5) The ratio and phase errors of the DR™ approach are
similar to those of the CR approach but, after the fifth
harmonic, they remain within the declared accuracy
class range as, unlike the CR method, the DR approach
evaluates the ratio and phase errors using a complex gain
variable with frequency.

B. Current Transformer CT2

Figs. 11 and 12 are equivalent to Figs. 9 and 10 but for CT2.
The declared accuracy class borders (+0.5% and £0.9 crad)
are also marked. It is possible to observe the following.
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CR, and DRT versus the harmonic order.

1) Again, the FCM method allows the CT to remain in the
declared accuracy class for the entire frequency range

of interest.

2) The CR and DR approaches are not able to compensate

the CT nonlinearities.

4)

3) The first two harmonics are largely outside from
the declared class limit for both the CR and DR™

approaches, with values up to +3.5% ratio error and
43.5 crad phase error observed for the second and third
harmonics.

The CR approach also exits from the class accuracy
at the highest frequency, i.e., 10 kHz, analyzed in this
paper; however, unlike CT1, the phase error of the higher
order harmonics is maintained within the accuracy class.
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5)

Similar to comment 5) in Section V.A, DR™ performs
better than CR, allowing the ratio and phase error
to remain within the declared accuracy class for the
frequency range of interest, beyond the fourth harmonic
order.

VI. CONCLUSION

This paper has presented a new approach for the compensa-
tion of the nonlinearities of a CT by modeling its complex ratio

using

a frequency domain model based on the FCM approach

and tensor linearization.

An

accurate measurement setup has been built to character-

ize CTs performance in distorted conditions up to 10 kHz. Two
commercial CTs belonging to two different accuracy classes
have been characterized and modeled.

The proposed compensation technique has been applied to
the two CTs using a set of 100 random signals.

The main outcomes of this paper are as follows.

1y

It provides a methodology to test a CT and to analyze its
nonlinearity, quantifying the cross-coupling effects and

2)

3)

4)

5)

the phase dependence between primary and secondary
current harmonics of different orders.

It proposes a new compensation technique that allows a
CT to maintain its accuracy class, or to improve it, for
every kind of distorted primary current and in a wide
frequency range, up to several kilohertz.

The computational load of the proposed approach is low
since it consists of simple summations and multiplica-
tions between real numbers.

This compensation technique can be easily implemented
even on low-cost power and power quality measuring
instruments, typically characterized by low computa-
tional performance, thus improving their accuracy in a
wide frequency range.

As the proposed methodology is fully digital, it can
be easily implemented in IEDs (Intelligent Electronic
Devices, e.g. merging units and digital relays) [24], [25],
which are key components of the new digital substations,
to improve the performance of both measuring, as well
as protection devices.
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