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Broadband Permittivity Measurements up to
170-GHz Using Balanced-Type Circular-Disk
Resonator Excited by 0.8-mm Coaxial Line

Yuto Kato and Masahiro Horibe, Senior Member, IEEE

Abstract— This paper describes the broadband permittivity
measurements up to 170 GHz of plate samples by using a
balanced-type circular-disk resonator (BCDR) excited by a
0.8-mm coaxial line. Because only the TM0m0 modes are
selectively excited in the BCDR and their resonant frequencies
largely change by changing the size of the circular disk
that constitutes the resonator, the BCDR method provides
permittivity measurements at an almost arbitrary frequency
across a wideband. We have increased the maximum measurable
frequency of the BCDR method to 170 GHz by developing a
BCDR excited by a 0.8-mm coaxial line and by improving the
analysis method. We demonstrated that highly stable and rather
simple permittivity measurements up to 170 GHz can be realized
by the BCDR method by confirming that the measured complex
permittivities of a low-loss material from 11.3 to 167 GHz at
59 frequency points obtained with five circular disks of different
radii are consistent within the uncertainties.

Index Terms— Millimeter-wave, mode-matching analysis,
permittivity measurements, resonator method, uncertainty.

I. INTRODUCTION

THE accurate measurement of complex permittivity is
essential to the design of microwave circuits and devices.

The knowledge of the permittivity of low-loss materials is
of utmost importance to engineers designing transmission
lines. Permittivity measurements at millimeter frequencies are
becoming increasingly important with the growing demand for
millimeter-wave applications, including automotive radars and
next-generation wireless communications (WiGig). In addi-
tion, it is necessary to know the broadband material properties
for the design of digital signal transmissions.

For permittivity measurements in the millimeter-wave band,
free-space transmission/reflection methods using antennas
can be used for high-loss materials [1]–[3], but they have
insufficient sensitivity in determining the loss tangent of
low-loss materials. On the other hand, resonant methods
can provide accurate permittivity measurements of low-loss
materials [4]–[6], but there are some problems with applying
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them at millimeter frequencies. First, as the frequency of the
fundamental mode of the resonator increases, the dimensions
of the resonator and the sample inserted into it become smaller
in inverse proportion to the frequency; thus, the resonator and
sample cannot be machined with sufficient accuracy when the
frequency of the fundamental mode reaches the millimeter-
and submillimeter-wave bands. Second, when the higher order
modes of the resonator are used for permittivity measurements,
the interference effect or mode identification error caused by
overlaps with other unwanted modes can cause a large error
in the measurement results. Open resonator methods [7]–[9]
are superior to typical closed resonator methods in the
millimeter-wave band because they can evaluate planar
samples without requiring a specific diameter or cross-
sectional shape, and their resonant spectra are less dense
than those of typical closed resonators. However, it should
be pointed out that open resonators have disadvantages over
closed resonators in that they are larger in size and sensitive
to vibrations and ambient environmental changes such as
temperature. Furthermore, although their modes are sparser
than those of typical closed resonators of similar size, open
resonator methods still suffer from the interference problem,
in which higher order resonant TEMlmn modes can overlap
with the fundamental TEM00n-mode that is used for the
measurements.

To overcome these issues, a multifrequency measurement
method for the complex permittivity of low-loss materials
has been proposed that utilizes the higher order modes of
a balanced-type circular-disk resonator (BCDR) [10]–[15].
The BCDR method has two noteworthy features. First, it can
provide broadband permittivity measurements from less than
20 GHz up to over 100 GHz with a single resonator because
only the TM0m0 modes are selectively excited in the res-
onator. Second, the resonant frequency of each mode in the
BCDR can be drastically changed by altering the size of a
single expendable part of the resonator, namely, the circular
disk. These features indicate that the broadband permittivity
measurements at almost arbitrary frequency points can be
performed by using this method with a single resonator and
expendable parts. We have experimentally demonstrated the
frequency variability of the BCDR method up to 70 GHz by
measuring the relative permittivity (�r ) and loss tangent (tan δ)
of the same low-loss dielectric sample by the BCDR method
with multiple circular disks of different radii [15].
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In the future, the operating frequencies of communication
and radar technologies are expected to further increase up to
D-band frequencies (110–170 GHz) to realize an increased
data rate. A 120-GHz band wireless transmission system
has been studied for next-generation ultrahigh-definition
television broadcasting [16]. Recently, a CMOS 140-GHz
radar on-chip system with integrated antennas using standard
28-nm technology has been developed for radar-based sensor
applications [17]. In order to promote the development of
these emerging technologies and counter spurious radiation
in existing millimeter-wave applications, it is necessary to
develop an accurate permittivity measurement technique up
to the D-band.

The maximum measurable frequency of the BCDR
method is limited by the following three cutoff frequencies:
1) cutoff frequency of the coaxial lines used to excite the
resonator f Coax

c ; 2) that of the excitation holes f Hole
c ; and

3) that for the radial radiation through the dielectric samples
f Rad
c . f Hole

c can be designed to be much higher than the other
two frequencies, and for low-dielectric and thin samples,
f Coax
c determines the maximum measurable frequency of the

BCDR method. For example, f Rad
c is 230 GHz for a sample

of �r = 2 and thickness t = 0.2 mm [see (1)], whereas f Coax
c

is 133 GHz for a 1-mm coaxial airline. We developed the
BCDR excited by a 1-mm coaxial line and demonstrated
permittivity measurements up to 110 GHz [13], but this does
not cover the entire D-band.

In this paper, we present a BCDR excited by a 0.8-mm
coaxial line that can measure the complex permittivity up to
170 GHz. By changing the excitation line from a 1-mm coaxial
line ( f Coax

c = 133 GHz) to a 0.8-mm coaxial line ( f Coax
c =

166 GHz), the BCDR method is now able for the first
time to perform permittivity measurements in the entire D-
band. In addition, we have developed an improved analytical
formulation for determining the permittivity from the resonant
frequency, where the effective radius of the circular disk is
rigorously calculated by mode-matching analysis. We have
clarified that this new analysis method is indispensable for
accurate permittivity measurements with the BCDR method
in the millimeter-wave band.

The remainder of this paper is organized as follows. The
BCDR method and measurement system used in this paper
are explained in Section II. The improved analysis for the
BCDR method is introduced in Section III. The measurement
results and uncertainty evaluation are discussed in Section IV,
where we demonstrate the usefulness of the proposed analysis
and verify the frequency variability of the BCDR method up
to 170 GHz by measuring the same low-loss dielectric sample
using the BCDR with five circular disks of different radii.
The validity of the proposed analysis method is verified by
full-wave electromagnetic simulations in Section V, where
we investigate the effect of the shim used in the experi-
ments to ensure the alignment of the circular disk in the
resonator. The BCDR method is used to measure a pair of
dielectric plate samples with the same thickness and dielectric
properties. The effect of differences in the sample pair is
considered in Section VI. Finally, conclusions are presented in
Section VII.

Fig. 1. (a) and (b) Photographs and (d) schematic of the BCDR used in this
paper. (c) Five circular disks with different radii (2R = 9, 12, 15, 18, and
21 mm).

II. MEASUREMENT SYSTEM

A. BCDR

Photographs and schematics of the BCDR are shown
in Fig. 1. A thin circular conductor disk with the thickness
tc = 0.06 mm is sandwiched between a pair of dielec-
tric plate samples to be measured. The dielectric samples
are sandwiched between two parallel conductor plates. The
resonator is excited and detected by 0.8-mm coaxial lines
through excitation holes of diameter 2a = 0.93 mm and length
M = 1.5 mm located at the center of the resonator. Only
the TM0m0 modes are selectively excited because they have
an electric field at the center of the resonator. The complex
permittivity at each resonant frequency is determined from
the measured values of the resonant frequency and unloaded
Q-factor for the TM0m0 modes by considering the resonant
condition of the BCDR, which will be explained in detail in
Section III.

We prepare five circular disks of different sizes with the
diameters 2R = 9, 12, 15, 18, and 21 mm, as shown
in Fig. 1(c). The resonant frequencies of the BCDR can
be drastically changed simply by switching in disks with
different diameters. Fig. 2 shows the relationship between
the resonant frequency f0m0 for the TM0m0 modes and the
relative permittivity �r of a sample with the thickness t =
0.2 mm for the BCDR used in this paper (2a = 0.93 mm
and M = 1.5 mm) with the five circular disks. It can be
seen from Fig. 2 that the resonant frequencies of the BCDR
and the resonant frequency interval between adjacent modes
largely depend on the diameter of the circular disk. Therefore,
the relative permittivity and loss tangent can be measured at
various frequency points by using multiple circular disks of
different radii. Note that the dashed lines in Fig. 2 signify the
cutoff frequencies f Rad

c at which the radiation of the electric
field in the radial direction through the sample becomes
prominent, as given in [10]

f Rad
c = c

4(t + tc/2)
√

�r
(1)
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Fig. 2. Relationship between the resonant frequencies and relative permittiv-
ity �r of a sample with the thickness t of 0.2 mm for the BCDR used in this
paper (2a = 0.93 mm and M = 1.5 mm) with five circular disks of 2R = 9,
12, 15, 18, and 21 mm and tc = 0.06 mm.

where c is the velocity of light in free space. f Rad
c is higher

than 170 GHz for samples with t = 0.2 mm and �r < 3.67.
The alignment between the circular disk and excitation holes

is critical for measuring the complex permittivity with high
accuracy. To ensure this alignment, we use a donut-shaped
thin film made of the cyclic olefin polymer (COP) with the
thickness of 0.05 mm as a shim [not shown in Fig. 1(d) for
clarity]. We can find the misalignment by detecting resonances
of unwanted modes because the misalignment not only shifts
the resonant frequencies of the TM0m0 modes but also excites
other unwanted modes. In the measurement results shown
in Section IV-A, the resonances for unwanted modes are
much smaller than those for adjacent TM0m0 modes, i.e., by
10 dB or more.

B. Samples Under Test and S-Parameter
Measurement Systems

In this paper, we measure one low-loss sample and one
middle-loss sample: COP (ZF16, Zeon) with t = 0.251 mm
and a glass-reinforced hydrocarbon/ceramic material with
t = 0.2542 mm (RO4350B, Rogers), respectively.

S21 of the BCDR for the two samples is measured from
5 to 70 GHz with Keysight vector network analyzer (VNA)
N5227A at a 100-Hz IF bandwidth, where the resonator and
VNA are connected by 1.85-mm coaxial cables and adapters.
After we measure the entire band at 6501 frequency points,
we perform high-resolution measurements near each resonant
frequency at the interval of 1 MHz by using the segment
mode of N5227A in order to accurately obtain the resonant
parameters [18].

Fig. 3. Schematics of the analysis geometries of the BCDR used for
(a) considering the effect of the excitation hole and (b) determining the
effective radius of the circular disk.

The low-loss COP sample is measured from above 70 GHz
up to 170 GHz. For S-parameter measurements higher than
70 GHz, we use the Keysight VNA N5222A with OML fre-
quency multipliers and waveguide to 0.8-mm coaxial adapters
to connect them to the resonator [see Fig. 1(b)]. W -band
and D-band waveguide measurement systems are used from
70 to 110 GHz and from 110 to 170 GHz, respectively. The
frequency interval and IF bandwidth of both measurements are
10 MHz and 500 Hz, respectively.

III. IMPROVED ANALYSIS FOR THE BCDR METHOD

The analysis geometry of the BCDR with the excitation
hole is shown in Fig. 3(a). Region I represents the dielectric
sample, and region II represents the excitation hole (air).
Because of the symmetrical structure of the BCDR, we only
need to consider half of it. By assuming the magnetic wall
condition at the boundary of region I at r = R + �R and the
electric or magnetic wall condition at the top of the coaxial
line at z = −M in region II, the resonant condition can be
derived from mode-matching analysis and is represented by
the following characteristic equation [10], [11]:

detH (�r , f0m0, t, R + �R, a, M) = 0 (2)

where the matrix components are given in [10]. It was found
from the calculation that the terminal conditions of the bound-
ary of region II have negligibly small effect on the resonant
condition [10] and we assume the electric wall condition in
the subsequent analyses.

The relative permittivity �r is derived from the measured
resonant frequency and dimensional parameters by solving (2).
The loss tangent tan δ is obtained from the unloaded Q-factor
of the BCDR resonator Qu by using the following equation:

tan δ =
(

1

Qu
− 1

Qc

) (
1 + W1

W2

)
(3)

where Qc is the Q-factor due to the conductor loss. W1 and
W2 are the electric energies stored in the dielectric region
(region I) and excitation hole region (region II), respectively.
W1 and W2 can be calculated from mode-matching analy-
sis [19], and Qc can be approximated by [10]

Qc = t

δs
= t

√
π f0m0μ0σ (4)

where δs is the skin depth of the conductor in the conductor
wall, σ is the conductivity, and μ0 is the permeability of free
space.
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The boundary of region I is located at r = R + �R, which
is larger than the radius of the circular disk R by �R because
of the effect of the fringing field at the disk edge. In previous
studies on the BCDR method, the following approximate
expression for �R, derived based on the electrostatic theory,
was utilized [12], [20]

�R = t

π

[
2b

t
ln

(
b

t
+ 1

)
−

(
b

t
−1

)
ln

{(
b

t

)2

− 1

}]
(5)

where b = t+tc/2. As clarified later, this formula is only valid
for lower order modes, and the relative permittivity derived
from (2) and (5) deviates from that of the sample �r for higher
order modes.

To make it possible to determine the relative permittivity
with high accuracy by the BCDR method with higher order
TM0m0 modes, we derive a new analytical formulation that
rigorously calculates �R by using mode-matching analysis.
To determine �R, we consider the analysis geometry shown
in Fig. 3(b), where the excitation hole is ignored because
a � R. Note that we assume all of regions I and III are
filled with the dielectric material to be measured (�r , tan δ),
whereas an actual sample has a finite size (>5R in this
paper) and t < z < t + tc/2 in region III is actually not
occupied by a sample but by a donut-shaped shim and air.
This assumption may not be acceptable for high-permittivity
samples and is verified by the full-wave electromagnetic
simulations described in Section V.

From the symmetry of the BCDR and the assumption that
the electric field at the center of the resonator is nonzero,
the electric Hertz vectors in regions I and III have only
z-components of the form

�I =
∞∑

p=1

A p J0(kIpr) cos[βIp(z − t)] (6)

�III =
∞∑

q=1

Bq K0(αIIIqr) cos(βIIIq z) (7)

where A p and Bq are the expansion coefficients, Jn is the
Bessel function of the first kind of order n, Kn is the modified
Bessel function of the second kind of order n, and

k2
Ip = �r k2

0 − β2
Ip, α2

IIIq = −�r k2
0 + β2

IIIq (8)

where k0 = 2π f0m0/c.
The field components in regions I (E I

r , E I
z , H I

θ ) and III (E III
r ,

E III
z , H III

θ ) are calculated from the electric Hertz vectors. From
the electric and magnetic wall conditions on the boundaries
of regions I and III, respectively, E I

r (r, z = 0) = 0 and
H III

θ (r, z = t + tc/2) = 0; thus

βIp = π

t
(p − 1), p = 1, 2, · · · (9)

βIIIq = π

t + tc/2

(
q − 1

2

)
, q = 1, 2, . . . (10)

Imposing the boundary condition that Ez and Hθ be continu-
ous at r = R gives

Ez(z) = E I
z(r = R, z) = E III

z (r = R, z) (11)

Hθ (z) = H I
θ(r = R, z) = H III

θ (r = R, z). (12)

By applying the orthogonality of the cosine functions,
we obtain the following integral equation:

J1(kIp R)

kIp J0(kIp R)

∫ t

0
Ez(z) cos(βIpz)dz

=
∞∑

q=1

K1(αIIIq R)

αIIIq K0(αIIIq R)

2

t + tc/2
Ppq

×
∫ t

0
Ez(z) cos(βIIIq z)dz (13)

where

Ppq = (−1)pβIIq

β2
IIq − β2

Ip

sin(βIIq t). (14)

To solve (13) with the Ritz–Galerkin method, Ez(z) is
expressed by the following sum of a series:

Ez(z) =

⎧⎪⎨
⎪⎩

∞∑
l=1

El cos(βIl z), (0 ≤ z ≤ t)

0, (t ≤ z ≤ t + tc/2).

(15)

By substituting (15) into (13), we obtain [Glp][El] = [0],
where the matrix elements Glp are given by

Glp = δlp(1 + δp1)
t J1(kIp R)

2kIp J0(kIp R)

+
∞∑

q=1

K1(αIIq R)

αIIq K0(αIIq R)

2

t + tc/2
Ppq Plq (16)

where δlp is the Kronecker delta. Thus, the resonant condition
is given by the following characteristic equation:

detG(�r , f0m0, t, tc, R) = 0. (17)

We let �G
r ( f0m0, t, tc, R) be the relative permittivity obtained

by solving (17). Note that �G
r deviates from the relative

permittivity of the sample �r because of the effect of the
excitation hole. We define the effective radius of the circular
disk RG enlarged by the fringing field by the following
formula [19]:

RG = R + �R = 2π f0m0
√

�G
r

cx0m
(18)

where x0m is the mth root of J ′
0(x) = 0. The relative

permittivity �r is determined by substituting �R obtained
from (18) into (2).

IV. MEASUREMENT RESULTS AND

UNCERTAINTY EVALUATION

A. Measurement Results of Resonant Traces

Fig. 4 shows S21 of the BCDR with circular disks of
2R = 9, 12, 15, 18, and 21 mm for the COP sample from
5 to 170 GHz and for the RO4350B sample from 5 to 70 GHz.
f0m0 is indicated by downward arrows. We can confirm from
Fig. 4 that TM0m0 mode resonances are clearly observed and
other resonances are sufficiently suppressed for all circular
disks up to 170 and 70 GHz for the COP and RO4350B
samples, respectively.
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Fig. 4. Measured S21 of the BCDR with circular disks of 2R = 9, 12, 15,
18, and 21 mm for the (a) COP sample from 5 to 170 GHz and (b) RO4350B
sample from 5 to 70 GHz. The resonant frequencies for the TM0m0 modes
are indicated by downward arrows.

Fig. 5. Measurement results of the relative permittivity with the BCDR
method according to three different analyses. (a) COP. (b) RO4350B.

B. Comparison of Analyses

To demonstrate that the proposed analysis derived in
Section III is superior to the conventional analysis, we calcu-
late the relative permittivity of the COP and RO4350B samples
from the measurement results of f0m0 for the BCDR with the
circular disk of 2R = 18 mm according to the following three
analyses.

1) Equation (2) with (18) (proposed analysis considering
the excitation hole).

2) Equation (2) with (5) (conventional analysis considering
the excitation hole).

3) Equation (17) (analysis without considering the excita-
tion hole).

The results are summarized in Fig. 5. We can see from
the figure that the relative permittivity obtained from (17)
(= �G

r ) is lower than those corresponding to the other two
analyses, especially for higher order modes. This suggests
that the relative permittivity is underestimated when the exci-
tation hole is not considered. The comparison of the results
obtained from (2) with different �R of each sample show
that they are nearly equal at lower frequencies (i.e., lower

order modes). At higher frequencies (i.e., over 70 GHz for
the COP sample and over 50 GHz for the RO4350B sample),
the relative permittivity derived with �R from (5) increases
with the frequency, whereas the derived relative permittivity
with �R from (18) is almost flat or slightly decreases over the
entire frequency range for both samples. Because the relative
permittivity generally decreases as the frequency increases at
microwave and millimeter-wave frequencies [21], we can con-
clude that the relative permittivity can be obtained with higher
accuracy by using the proposed analysis in the millimeter-wave
range. Note that the difference in �R [ (18) or (5)] has little
effect on the calculation of the loss tangent with (3).

C. Uncertainty Evaluation

The uncertainties of the relative permittivity and loss tangent
are evaluated by considering the uncertainty propagations
of the measured quantities: the resonant frequency f0m0,
Q-factor Qu , sample thickness t , radius R and thickness tc
of the circular disk, radius a and length M of the excitation
hole, and conductivity of the conductor wall of the resonator σ .
We also consider the effect of the finiteness of the number of
terms used in the mode-matching analysis when solving (2)
(relative convergence error). The uncertainty evaluation of
each quantity is discussed in the following.

1) Resonant Frequency and Q-Factor: The uncertainty
sources for the resonant frequency and Q-factor are divided
into three factors: uncertainty propagation of the uncertainty of
S21, measurement repeatability, and source resulting from the
interval between discrete frequency points in measurements
(frequency resolution). The uncertainty propagation of u(S21)
is evaluated using Monte Carlo calculations [18].

2) Dimensional Parameters: The nominal thickness and
associated uncertainty are t = 0.251 ± 0.002 mm for the
COP sample and t = 0.2542 ± 0.0008 mm for the RO4350B
sample. The difference in thickness of the sample pair is less
than 0.001 mm and is included in the thickness uncertainty.

We let the uncertainties of R, tc, a, and M be 0.0025, 0.002,
0.01, and 0.5 mm, respectively.

3) Conductivity of the Conductor Wall: The conductivity
is measured with the two-dielectric resonator method [22] at
10 GHz, and the result is σ = (5.63 ± 0.18) × 107 S/m.

4) Relative Convergence Error: Mode-matching analysis
becomes rigorous if an infinite number of terms is used in
the series expansion. However, the actual calculations are
performed with a finite number of terms N . We set N = 100
(H is a 100 × 100 square matrix) to solve (2). As N is
increased, both �r and tan δ change slightly, and we evaluate
the relative convergence errors by the derivations of �r and
tan δ for N = 100 from those for N = 50.

We ignore the relative convergence error when solving (17)
because it only affects �R, and we conservatively set u(R)
as 0.0025 mm instead of rigorously evaluating the uncertainty
of �R.

D. Measurement Results of the Complex Permittivity for
Five Circular Disks

Fig. 6 shows the measurement results of �r and tan δ for
the COP and RO4350B samples obtained from the BCDR
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Fig. 6. Relative permittivity, loss tangent, and their uncertainties (95% confidence interval) of the (a) COP and (b) RO4350B samples obtained from the
BCDR measurements with circular disks of 2R = 9, 12, 15, 18, and 21 mm.

TABLE I

UNCERTAINTY BUDGET OF �r AND tan δ FOR THE COP SAMPLE AT 167 GHz MEASURED BY USING THE 10TH MODE RESONANCE OF

THE BCDR WITH A CIRCULAR DISK OF 2R = 12 mm. (NOMINAL VALUES: �r = 2.325, tan δ = 6.3 × 10−4)

measurements with circular disks of 2R = 9, 12, 15, 18,
and 21 mm by using the proposed analysis introduced in
Section III. �r and tan δ are measured at 59 frequency points
from 11.3 to 167 GHz for the COP sample and at 28 frequency
points from 9.35 to 67.7 GHz for the RO4350B sample.
We plot the measured values with two-sided 95% confidence
intervals. We can confirm from the figure that the measurement
results obtained using each circular disk are consistent with
each other within the uncertainties for the two samples for all
resonant modes, which strongly suggests the validity of the
measurement system and analysis method. In addition, �r of
the two samples is nearly flat over the entire frequency range,
which also supports the adequacy of the measurement results.

To verify the measurement results of the COP sample,
we measure the same sample with the split-cylinder res-
onator (SCR) method [18], [23], [24]. Note that the BCDR and
SCR methods measure the complex permittivity normal and
tangential to the plate sample, respectively. The COP sample is

expected to be isotropic, whereas the RO4350B sample should
have large anisotropy depending on the orientation of the
glass fibers. Therefore, we compare the measurement results
of the BCDR and SCR methods for the COP sample only.
The resonant frequency for the TE011 mode without a sample
in the resonator is 23.89 GHz for the SCR used in this paper.
The results are shown in Fig. 6(a) as black crosses. The results
obtained by the two methods are confirmed to be consistent
within the uncertainties.

Tables I and II present the uncertainty budgets of �r and
tan δ for the COP and RO4350B samples, respectively, at the
highest measured frequency. These are 167 GHz for the COP
sample, which is measured by using the 10th mode resonance
of the BCDR with the circular disk of 2R = 12 mm, and
67.7 GHz for the RO4350B sample, which is measured by
using the sixth mode resonance of the BCDR with the circular
disk of 2R = 15 mm. The largest uncertainty source for the
uncertainty of �r is the uncertainty of a for both samples.
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TABLE II

UNCERTAINTY BUDGET OF �r AND tan δ FOR THE RO4350B SAMPLE AT 67.7 GHz MEASURED BY USING THE SIXTH MODE RESONANCE OF

THE BCDR WITH A CIRCULAR DISK OF 2R = 15 mm. (NOMINAL VALUES: �r = 3.404, tan δ = 4.3 × 10−3)

Fig. 7. (a) Schematic of the analysis geometry of the BCDR used in the
simulations. (b) Deviations in the simulated resonant frequencies normalized
by the analyzed frequencies for the TM0m0 modes. (c) Deviations in the
analyzed sample permittivities normalized by the set values calculated from
the simulated resonant frequencies of the TM0m0 modes.

The second-largest source is the uncertainty of t and that
of f0m0 for the COP and RO4350B samples, respectively.
For the uncertainty of tan δ, the effects of the uncertainty of
Qu dominates the total uncertainties for both samples.

We should note that the loss tangent of the COP sample
increases with frequency and becomes flat at approximately
70 GHz. Then, it increases again, although this trend is almost
within the range of the uncertainties. This result may be
attributed to the reduction in the conductivity σ with the
frequency; we assume that σ does not change from the value
at 10 GHz over the entire frequency band. Another reason may
be the difference between the thicknesses of the sample pair,
as discussed in Section VI.

V. NUMERICAL VERIFICATION OF

THE PROPOSED ANALYSIS

We make three assumptions to construct the proposed
analysis of the BCDR method. First, we solve the boundary
condition problem for determining the relative permittivity by
combining the two approximate analysis geometries shown
in Fig. 3(a) and (b). Second, we assume that the circular
disk is surrounded by the dielectric material to be measured,
as shown in Fig. 3(b); in the experiments, the shim and air
gap are actually placed between the upper and lower samples,
as shown in Fig. 7(a). Third, we assume that the upper and

lower samples are exactly the same in terms of the com-
plex permittivity and thickness. Although the validity of the
proposed analysis is experimentally verified by obtaining the
reasonable measurement results, as discussed in Section IV-D,
additional verification of the above-mentioned assumptions is
required. The influences of the approximation on the analysis
geometry and of the shim are discussed here, and the influence
of the difference between the upper and lower samples is
considered in Section VI.

To investigate the influence of the assumptions on the
analysis, we perform full-wave electromagnetic simulations
with the HFSS eigenmode solver. In the simulations, dielectric
samples with a relative permittivity of �

sample
r and thickness

of t = 0.25 mm are set in the BCDR used in this paper
(2a = 0.93 mm and M = 1.5 mm), which has a circular
disk of 2R = 18 mm and tc = 0.06 mm and a donut-
shaped shim with a relative permittivity �shim

r = 2.3 and
thickness ts = 0.05 mm [see Fig. 7(a)]. Note that an air gap
of tc − ts = 0.01 mm exists between the upper and lower
samples. Both loss tangents of the sample and shim and the
conductor loss are assumed to be zero in order to reduce the
computational time.

First, we consider the case of �
sample
r = �shim

r in order
to focus on the effect of the air gap and approximate han-
dling of the boundary condition problem. Table III presents
the simulated resonant frequencies of the TM0m0 modes
(m = 1, 2, . . . , 15) for the case of �

sample
r = �shim

r = 2.3.
The analytically calculated results obtained from the proposed
analysis are also presented in Table III. It can be seen from
the table that the simulated results are consistent with the
analyzed results within the numerical errors in the simulations.
Therefore, we can conclude that the proposed analysis is
sufficiently accurate up to 170 GHz for measurements using
a shim with the same relative permittivity as the sample to be
measured (cf. the measurements of the COP sample in this
paper).

Additional simulations for the case of �
sample
r �= �shim

r are
performed to study the effect of the shim. The simulated
resonant frequencies of the TM0m0 modes (m = 1, 3, 5, 7) for
the sample with �

sample
r = 2, 3, 5, 7, 9 are shown in Fig. 7(b),

where the difference between the simulated and analyzed
results is plotted against the sample permittivity �

sample
r . Let

�anal
r be the sample permittivity calculated by using the

proposed analysis and the simulated resonant frequencies.
Fig. 7(c) shows the difference between the analyzed per-
mittivities and set values, (�anal

r − �
sample
r )/�

sample
r , plotted

against �
sample
r . It can be seen from Fig. 7(c) that the relative
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TABLE III

SIMULATED AND ANALYZED RESONANCE FREQUENCIES OF THE

TM0m0 MODES OF THE BCDR WITH �
sample
r = �shim

r = 2.3

permittivity is underestimated when �
sample
r < �shim

r , whereas
it is overestimated when �

sample
r > �shim

r , and the deviation
ratio increases as the difference between the permittivities of
the sample and shim increases. This result can be attributed to
the influence of the electric field leaking to the shim. As the
mode number (i.e., frequency) increases, the deviation ratio
decreases when �

sample
r > �shim

r , whereas it increases when
�

sample
r < �shim

r . This trend can be explained by the fact that
the electric field is more concentrated in the high-permittivity
region with increasing frequency.

It should be noted that the uncertainty evaluation described
in Section IV-D does not include the effect of the shim. The
shim has no effect on the measurement of the COP sample
because the sample and shim are made of the same material.
However, it affects the measurements of the RO4350B sam-
ple, especially with regard to the relative permittivity. Thus,
we revise the uncertainty evaluation of the relative permittivity
given in Table II. We assume that the uncertainty of the relative
permittivity due to the effect of the shim follows a uniform
distribution. By using the results in Fig. 7(c), the uncertainty
is set as 6.8 × 10−3 (0.2 % of �r = 3.404) /

√
3 = 3.9 × 10−3

for the measurements of the RO4350B sample with the TM060
mode resonance. The expanded uncertainty that includes the
effect of the shim and other uncertainty sources described
in Table II is 2.1 × 10−2, which is 8% larger than the value
in Table II.

VI. EFFECT OF DIFFERENCES IN THE SAMPLE PAIR

In the analysis of the BCDR method, we assume that the
relative permittivity �r , loss tangent tan δ, and thickness t
of the two plate samples (sample pair) are equal. In this
section, we evaluate the effect of the difference in the sample
pair. We let �r , tan δ, and t of the two plate samples be
(�r 1, tan δ1, t1) for samples 1 and (�r 2, tan δ2, t2) for
sample 2. The resonant frequency and Q-factor corresponding
to samples 1 and 2 are denoted as ( f 1

0m0, Q1
u ) and ( f 2

0m0, Q2
u ),

respectively, and defined as the solutions of (2) and (3)
with (�r = �r 1, tan δ = tan δ1, t = t1) and (�r = �r 2,
tan δ = tan δ2, t = t2), respectively. For a BCDR composed of
samples 1 and 2 with slightly different characteristics, S21 near
the resonant frequencies is given by the sum of two Lorentzian
functions [18]

S21 = d1

1 + 2 j Q1
l

(
f − f 1

0m0

)/
f 1
0m0

+ d2

1 + 2 j Q2
l

(
f − f 2

0m0

)/
f 2
0m0

(19)

where d1 and d2 are the resonant strengths, and Q1
l and Q2

l
are the loaded Q-factors that can be expressed for a weakly
coupled resonator as [4]

Q1,2
l = Q1,2

u (1 − d1,2). (20)

The effective resonant frequency and Q-factor are determined
by treating S21 calculated from (19) as a resonant trace con-
sisting of a single Lorentzian function. The effective relative
permittivity �BCDR

r and loss tangent tan δBCDR obtained from
the BCDR method are calculated from the effective resonant
parameters with (2) and (3). It can be expected that the
difference in the sample pair should broaden or split the
resonance; this would deteriorate the Q-factor and cause the
loss tangent to be overestimated.

In order to evaluate this tendency quantitatively, we calcu-
late �BCDR

r and tan δBCDR under the condition that the samples
differ for one of the three parameters (�r , tan δ, t), while
the other two parameters are equal for both samples. The
set values of the parameters for sample 1 are �r 1 = 2.3,
tan δ1 = 4 × 10−4, and t1 = 0.25 mm, which are similar to
those for the COP sample used in this paper. The set values
of the parameters for sample 2 are as follows.

1) �r 2 = (1 + �)�r 1 (� = 0.01, 0.02, 0.05, 0.1%),
tan δ2 = tan δ1, t2 = t1.

2) �r 2 = �r 1, tan δ2 = (1 + �) tan δ1 (� = 1, 2, 5, 10%),
and t2 = t1.

3) �r 2 = �r 1, tan δ2 = tan δ1, and t2 = (1 + �)t1 (� =
0.1, 0.2, 0.5, 1%).

We set d1 = d2 = −40 dB and the diameter of the circular
disk 2R = 18 mm.

Under each calculation condition, we calculate �BCDR
r and

tan δBCDR and consider the differences between the calculated
values and the averages of the set values: �r = (�r 1 + �r 2)/2,
tan δ = (tan δ1 + tan δ2)/2. Fig. 8 plots the deviations of
the calculated values (�BCDR

r , tan δBCDR) from the set values
(�r , tan δ) normalized by the set values against the mode num-
ber. Fig. 8(a)–(c) and (d)–(f) shows the deviations obtained
for the relative permittivity and loss tangent, respectively, and
Fig. 8(a) and (d), (b) and (e), and (c) and (f) shows the results
for the calculation conditions 1, 2, and 3, respectively.

According to Fig. 8(a)–(c), the deviations in the relative
permittivity obtained from the BCDR method because of
the difference in the sample pair is rather small when the
differences in �r , tan δ, and t are less than 0.1%, 10%, and 1%,
respectively. On the other hand, the loss tangent from
the BCDR method is overestimated when the differences
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Fig. 8. Deviations in the calculated values normalized by the set values for the (a)–(c) relative permittivity and (d)–(f) loss tangent plotted against the mode
number. Results for the deviations between the sample pair in terms of the (a) and (d) relative permittivity (� = 0.01, 0.02, 0.05, 0.1%), (b) and (e) loss
tangent (� = 1, 2, 5, 10%), and (c) and (f) sample thickness (� = 0.1, 0.2, 0.5, 1%).

in �r and tan δ are more than 0.05% and 0.5%, respectively,
and slightly underestimated when the difference in tan δ is
more than 5%. Note that f 1

0m0 = f 2
0m0 for calculation con-

dition 2 (�r 1 = �r 2 and t1 = t2); therefore, no split of the
resonant trace occurs. For the other two calculation conditions,
f 1
0m0 > f 2

0m0 and the resonant trace broadens, which reduces
the effective Q-factor and causes the loss tangent to be
overestimated.

For the COP sample used in this paper, we confirm that
the difference between the sample thicknesses of the pair is
approximately 0.4%. Therefore, the increase in the loss tangent
in the D-band shown in Fig. 6(a) may be partly due to the
difference in sample thicknesses of the pair.

Note that the contribution of the difference between the
samples in the pair is not included in the uncertainty evaluation
presented in Section IV-D. Let us consider the effect of the
difference in thickness between the samples in the pair on the
uncertainty of the loss tangent for the COP sample in Table I.
When the difference in thickness is 0.4%, the deviation in
the loss tangent is estimated to be less than 23%. We assume
that the uncertainty of the loss tangent due to the difference in
thickness follows a uniform distribution and set it to 1.4×10−4

(23 % of tan δ = 6.3×10−4) /
√

3 = 8.4×10−5. The expanded
uncertainty including the effect of the thickness difference and
other uncertainty sources described in Table I is 2.6 × 10−4.
Thus, the uncertainty presented in Section IV-D is a slight
underestimation because it does not consider the effect of
differences between the samples in the pair.

VII. CONCLUSION

We have developed a BCDR excited by a 0.8-mm coaxial
line to increase the maximum measurable frequency of the
BCDR method to 170 GHz. In addition, we have proposed
a new analysis method to derive the permittivity with the

BCDR method, where the effective radius of the circular
disk is rigorously determined by mode-matching analysis.
We clarified that the improved analysis plays an essential role
in using the BCDR method to measure the relative permittivity
in the millimeter-wave band with high accuracy.

By using the developed resonator and proposed analysis,
we have demonstrated that the BCDR method has the
possibility to perform significantly broadband permittivity
measurements at a large number of frequencies with a
single resonator by measuring the two-dielectric samples.
Our resonator with five circular disks of different radii
provided complex permittivities of the COP sample from
11.3 to 167 GHz at 59 frequency points and of the RO4350B
sample from 9.35 to 67.7 GHz at 28 frequency points.
We confirmed that the measured relative permittivity and
loss tangent obtained with five circular disks were consistent
within the uncertainties over the entire frequency range.

We evaluated the measurement uncertainties for this method
by considering the uncertainty propagations of the resonant
frequency, Q-factor, dimensions of the resonator and samples,
and conductivity of the resonator and by estimating the effect
of errors in the mode-matching analysis. The total uncertainty
of the relative permittivity was less than 0.8% for the two
samples at all frequencies. The total uncertainty of the loss
tangent decreased with increasing frequency. For the highest
measured frequency, the total uncertainty of the loss tangent
was 31% at 167 GHz for the COP sample and 7.1% at
67.7 GHz for the RO4350B sample.

In addition, we verified the proposed analysis by performing
full-wave electromagnetic simulations. We clarified that the
proposed analysis is sufficiently accurate up to 170 GHz when
the sample and shim are made of the same material. We also
confirmed that the BCDR method can overestimate or under-
estimate the relative permittivity when the sample has lower
or higher permittivity, respectively, than the shim.
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Furthermore, we evaluated the effect of the difference
between samples in the sample pair used in the BCDR method.
We clarified that the BCDR method can overestimate the loss
tangent, especially for measurements at higher frequencies,
if there was a difference in the relative permittivity or sample
thickness in the sample pair.

It should be noted that the uncertainty evaluation presented
in this paper might be underestimated for several reasons:
1) the effect of the shim is not included; 2) the samples
of the pair are assumed to be exactly the same; and 3) the
frequency dependence of the conductivity of the resonator is
not considered. These factors should be studied in greater
detail in the future research in order to derive correction
formulas for them and/or integrate them into the uncertainty
evaluation.
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