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I-Perfect Codes Over the Quad-Cube

Pranava K. Jha

Abstract— A vertex subset S of a graph G constitutes a
1-perfect code if the one-balls centered at the nodes in S effect
a vertex partition of G. This paper considers the quad-cube
CQn, that is a connected (m + 2)-regular spanning subgraph
of the hypercube Q4. 2, and shows that CQ,, admits a vertex
partition into 1-perfect codes iff m = 2% — 3, where k > 2.
The scheme for that purpose makes use of a procedure by Jha
and Slutzki that constructs Hamming codes using a Latin square.
The result closely parallels the existence of a 1-perfect code over
the dual-cube, which is another derivative of the hypercube.

Index Terms— Graph theory, error-correction codes, quad-
cubes, hypercubes, Hamming codes, metacube, perfect dominat-
ing set, error-detection codes.

I. INTRODUCTION

1-PERFECT code has the capability to correct a sin-

gle error, and detect two or fewer errors. Applications
abound in areas such as communication systems, network
systems, multiprocessor systems, and computer architecture in
the wide digital world. Not surprisingly, the topic commands
a rich literature [10]. Among various codes, the 1-perfect
Hamming codes and 3-perfect Golay codes based on the
topology of the hypercube, are the foremost [10], [15].

A quad-cube (formally defined below) is a special version of
a more general network topology called the metacube, devised
by Li et al. [19], that itself is derivable from the hypercube.
The basic idea is to mitigate the problem of the rapid increase
in the degree of the hypercube when the node size exceeds
several million. It retains most good characteristics of the
hypercube, notably, efficient collective communication, high
connectivity, fault tolerance, low diameter, and easy rout-
ing [19]. This paper adds another significant property to that
list, viz., a vertex partition of the graph into 1-perfect codes.
In an analogous study, the author [14] earlier presented a
perfect code over the dual-cube that is another (relatively
simpler) version of the metacube.

Motivation: Assuming that there is a maximum of one
error, any possible word in a message transmission can,
in a unique way, be corrected to one of the words in a
1-perfect code. Optimal resource placement in an intercon-
nection network is another area of application. In particular,
elements of a 1-perfect code may be viewed as nodes that
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house (expensive) resources such as power sources, function
libraries and algorithmic information, whereas other nodes
are users of the resources. Since every user node is adjacent
to a unique resource node, optimality is achieved in the
number of resource nodes. A closely related concept is that
of domination. Indeed, a 1-perfect code corresponds to a
smallest (independent) dominating set in the graph in an
obvious way. Other applications include construction of an
efficient backbone for routing and partition of a network into
small clusters.

A. Related Studies

Apart from the study of perfect codes on hypercube-like
networks, there have been a number of such studies in other
settings, too. For example, Biggs [2] presented codes on the
topology of general graphs, and Kratochvil [17], [18] later
followed with several useful results. The stimulus comes from
applications of the idea in engineering, computer science and
the related disciplines.

Products of graphs [6] are natural candidates where to
seek perfect codes. Not surprisingly, they command a rich
literature. In particular, the famous r-perfect Lee metric codes
by Golomb and Welch [7] are over the Cartesian product
of finitely many cycles. For later studies in this area, see
gpacapan [22] and Mollard [21]. For r-perfect codes over
the Kronecker product (also known as direct product and
tensor product) of finitely many cycles, the author [11]-[13]
presented several results that eventually led to a complete
characterization by Zerovnik [25]. For analogous studies over
the strong product and the lexicographic product, see Abay-
Asmerom et al. [1] and Taylor [23], respectively.

Perfect codes have been a topic of study in several
other contexts, notably, Cayley graphs and circulant graphs
[4], [9], [20], Towers-of-Hanoi graphs [3], and Sierpinski
graphs [16]. See Heden [8] for a survey of 1-perfect binary
codes.

B. Definitions and Preliminaries

A graph connotes a finite, simple, undirected and connected
graph. Let G be a graph, and let dist(u, v) denote the (shortest)
distance between vertices « and v in G [24]. Further, let dia(G)
denote the diameter of G, i.e., the largest of the distances
between any two nodes in G.

For a vertex subset S of a graph G, let (S) denote its closed
neighborhood, i.e., S U {z € V(G) | = is adjacent to some
vertex in S}. S is said to constitute a dominating set of G
if (S) = V(G). If, in addition, the distance between any two
distinct elements of S is at least three, then S constitutes a
1-perfect code. Thus the closed neighborhoods of the vertices
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TABLE I
AN ILLUSTRATION OF DEFINITION 1.1 FOR0 < z < 23 —1

H 2(0) ‘ 21 ‘ 2(2) ‘
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in a l-perfect code are mutually exclusive and collectively
exhaustive.

The problem of obtaining a smallest dominating set is
NP-complete, and so is the problem of deciding whether or
not a graph admits a 1-perfect code [18]. For any undefined
term, see West [24].

For n-bit binary strings x and y, let Ham(x,y) denote
the Hamming distance between the two, i.e., the number
of bit positions in which they differ from each other. The
n-dimensional hypercube @Q,, (also called the n-cube) is the
graph on the vertex set {0,1}", where nodes x and y are
adjacent iff Ham(z,y) = 1.

Let z - y (or xy) denote the concatenation of the binary
strings x and y, and for sets X and Y of binary strings, let
XeY :={zy|2z € X andy € Y}. Meanwhile leta := 1—a,
where a € {0,1}.

Definition 1.1: For an n-bit binary string x = b,_1...bg
(s0 0 < <2™—1 in decimal), let z(*) be the n-bit integer
obtainable from z by replacing b, by b,, where 0 < a < n—1.

It is clear that (9, ... 2("=1) are precisely the neighbors
of x in @,,. See Table I for an illustration, where n = 3, and
T, x(o),x(l), and 2 are in decimal.

Definition 1.2: For n-bit binary strings « and y, let z ¥V y
denote the n-bit string obtainable by the bitwise XOR oper-
ation between x and y. Further, for integers r and s, where
0<r,s<2"—1,let V¥ s denote the integer N (b(r) ¥ b(s)),
where b(r) and b(s) are n-bit strings that represent r and s,
respectively.

Note: A precise definition of N () appears below,  being
a binary string.

Proposition 1.1 (Gale [5]):

1) Y is commutative as well as associative.

2) (Cancelation law) z Y y=a V z iff y = z.

3 z=yVYziffy=2 V 2.

Remark: The XOR operation between two bits is viewable
as an addition modulo two.

Proposition 1.2: Let z and y be n-bit binary strings, and
let 0 <a,b<n—1.Then

1 2@ =g Vv 20
2) Ham(z,z(®) = 1.
3) If a # b, then Ham(2(®), 2(®)) = 2.
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Definition 1.3: For a set X of n-bit strings, let X(*) =
{x(“)|xEX},0§a§n—1.

Proposition 1.3: Let X and Y be sets of n-bit strings of
equal cardinality. Then

D X@ =Y iff Y@ = X, and
2) If X(@ = Y, then there exists a “perfect” matching
between X and Y, given by z « (¥,
Definition 1.4: For m > 1, the quad-cube CQ,, is a
spanning subgraph of the hypercube Q4,,12. Its edge set is
given by Fy U Fy U Ey U E3 U Ey, where

1) Eo = {{u200,uz00}, ..., {uz00,uz™=D00} | u €
{0,1}3™ and z € {0,1}™}

2) By = {{uvz01,uv@201},. .., {uvz0l, uv™ Vz01} |
u € {0,1}*™ and v,z € {0,1}™}

3) By = {{uwvz10,uv®z10},. .., {uvz10, uv™ Vz10} |
u,v € {0,1}™ and z € {0,1}*™}

4) By = {{uz1l,u@z11},... {uzll,u™ Vzl1l} | u €
{0,1}™ and = € {0,1}*™}, and

5) Ejy={{u00,u01}, {u00,u10}, {u01,ul11}, {ul0,ull}]
u € {0,1}4m}.

Definition 1.5: The nodes of C'Q,, are distinguishable into

four types, as follows:

o Type 0: those that are of the form w00 (binary) or 4i 4 0
(decimal)
o Type 1: those that are of the form u01 (binary) or 47 + 1
(decimal)
o Type 2: those that are of the form «10 (binary) or 47 + 2
(decimal), and
o Type 3: those that are of the form w11 (binary) or 4i + 3
(decimal).
Let e € E(CQp,). Call e an edge of Type i if e € E;,
0 < i <3, and call e a cross edge if e € E,. See Figure 1
for a depiction of the five edge types. Meanwhile, a node of
the hypercube/quad-cube is viewable both as a binary string,
say,  and as the corresponding nonnegative integer N (z).
A formula for the latter appears below.

0 ifz=0
ife=1
2VIN(u) + N(v) if 2 =uwv, and |ul, |v| > 1.

Theorem 1.4 ([19]): CQ,, is a regular graph of degree
m + 2, and its diameter is equal to 4(m + 1).

Corollary 1.5: If CQ,, admits a I-perfect code, then
m=2F—-3,k>2.

Proof: CQp, is a regular graph of degree m + 2, so the
closed neighborhood of each vertex in it consists of m+3 ver-
tices. In that light, the existence of a 1-perfect code requires
that m + 3 divide |V (CQ,,)| = 221, i.e., m + 3 must be a
power of two. Hence the result. 0

The central objective of this paper is to prove that the
converse of Corollary 1.5 holds true. For the special case of
CQ,, see Figure 2, where nodes that are circled constitute
a l-perfect code of the graph. It is further clear from the
depiction that this graph admits a vertex partition into such
codes.
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Fig. 1. The five edge types of C'Qy,, vide Definition 1.4.
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Fig. 2. The quad-cube CQ;.

Proposition 1.6 ([19]): C'Q,, admits a vertex partition into
a total of 23™%2 m-cubes, segregated into four kinds as
follows.

o Collection 0 (based on the nodes of Type 0) in which
the i-th cube is on the vertex set {2™72i+4a |0 < a <
2m — 1}, 0 <4 <23 — 1,

o Collection 1 (based on the nodes of Type 1) in which
the i-th cube is on the vertex set {22™+2¢ + 4r + 1 +
220 |0 < a < 2™ — 1}, where 0 < i < 23 — 1,
q= LQJ and r = ¢ mod 2™.

\

o Collection 2 (based on the nodes of Type 2) in which
the i-th cube is on the vertex set {23™2¢ + 4r + 2 +
22mt2q 10 < a < 2™ — 1}, where 0 < i < 23™m — 1,
q= |32, and r = i mod 2%™.

o Collection 3 (based on the nodes of Type 3) in which
the i-th cube is on the vertex set {4i + 3 4 23" +2¢ |0 <
a<2m—1}0<qi<2%m 1,

See Figure 3 for a set of certain 5-cubes in C'Qs.

Definition 1.6: For an integer 7 and a set S of integers, let

i+ S denote the set {i + = | z € S}.
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Not all edges are shown.
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Fig. 3. A set of certain 5-cubes in CQs.

C. A Special Latin Square

An r X r Latin square is a matrix, in which each of 0,. ..,
r — 1 appears exactly once in each row and each col-
umn. Let r be a power of two. For a permutation

(;ollln. —1,

po'pr!'o prog !
square, defined below.

L(p2i, p2it1) = ( Poi 1 P2t

, let L(po,...,pr—1) be the Latin

P2i+1 |, P2i
L(p()a"'vpsfl) ; L(psa"'aprfl) >
LPos... proy) = (-2 B0 Pemt) 1 2Py Proy) ,
(pU P 1) < L(psa"'apr—l) ! L(pOa"'7ps—1)

where r = 2¥; s =r/2; and k > 2.
It is not difficult to see that L(po,. ..
defined, symmetric matrix.
Definition 1.7: Let M, = L(0,...,r —
Latin square on the identity permutation.
See Table II for M, and Msg.
Proposition 1.7 (Gale [5], p. 192): M,[i,j] =i Y j, where
0<i,j<r—1

,Pr—1) is a well-

1), i.e, the r x r

D. A Permutation Function w

Definition 1.8: Let r be a power of two, 7 > 4, and let

0 1=20
Dm@=95 -,
1 1=3
and
WT(i) OS@S(T/Q)_
2) mop(i)=< 1T+ (i —r/2) r/2<i<(3r/2)—
(i — 1) 3r/2 <i<2r—1.

/ : d+\
15d+ 23d+3y9d+3 0d+3

7d+3 lld+3 19d+3 13d+3 21d+3  25d+3 14d+3 22d+3 26d+3 28d+3

7|

10d+3 18d+3 12d+3 20d+3 24d+3

3d+3 5d+3 9d+3 17d+3 6d+3

d+3 2d+3 4d+3 8d+3 6d+3

(iv) A 5-cube of Type 3

TABLE II
LATIN SQUARES M4 AND Mg AS PER DEFINITION 1.7

0 1|2 3

1 0|3 2

2 3]0 1

3 2(1 0
0 1.2 3|4 5/6 7
1 0,3 2[5 4,7 6
2 30 1|6 714 5
3 211 0[7 615 4
4 516 7]0 112 3
5 4,7 6|1 0,3 2
6 7!4 5[2 370 1
7 615 4|3 211 0

Here is how the mg.-array is obtainable from the
Tp-array:

o Copy the elements in the leftmost r/2 cells of the
me-array to the leftmost cells (indexed 0 to (r/2) — 1)
of the oy, -array

o Copy the elements in the rightmost /2 cells of the
m-array to the rightmost cells (indexed 3r/2 to 2r — 1)
of the my,.-array, and
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Fig. 4. Recursive structure of Ps, vis-a-vis P.

e Add r to each element of the m,.-array, and systemat-
ically copy the resulting elements to the cells in the
“middle” segment (indexed r/2 to (3r/2) — 1) of the
Toy-array.

Let P, = L(m,). See Figure 4 for the recursive structure
of Ps,. vis-a-vis P,. Further, my, mg and w1 appear in
Equation (1), shown at the bottom of the page, whereas P, and
Ps appear in Table II1.

Lemma 1.8: The i-th element and the (r — 1 — )-th ele-
ment of the 7,.-array differ in exactly the rightmost bit, i.e.,
(m(1))© = 7.(r —1 — i), where 0 < i <r — 1 and r = 2F,
k> 2.

Proof: Use induction on 7. For r = 4, the claim follows
by an inspection of m4. For the induction step, recall the
construction of the 7o,.-array from the 7,.-array that follows
Definition 1.8, and make use of the fact that (r + ,.(7))(®) =
r+ (m,(1))©), since 7 = 2%, k > 2. O

Observe next that the way P, is obtainable from m, is
identical to the way M, is obtainable from the identity
permutation, hence the following result.

Proposition 1.9: P.[i,j] = m (M,[i,j]) =
where 0 <4,7 <r—1.

(i Y g),
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TABLE III
LATIN SQUARES P4 AND Pg, AS PER DEFINITION 1.8

0 3]2 1
3 0(1 2
2 1/0 3
1 23 0
0 3.4 7|6 5,2 1
3 0,7 4/5 6,1 2
4 70 32 116 5
7 413 0|1 215 6
6 512 1|0 3.4 7
5 6,1 2|3 0,7 4
2 1'6 5[4 770 3
1 215 6[7 413 0

Lemma 1.10: If r = 2%, k > 2, and 0 < i < r — 1, then
(me ()@ = m(i ¥ (r = 1))
(mr (i) = (i ¥ (r = 2)).
Proof: First observe that ¢ ¥ (r — 1) = r — 1 — 4, since
r—1=11...1 (binary). By Lemma 1.8 then, (m,(i))(®) =
(|

k1ls
(i Y (r—1)).

For the second identity, use induction on r to show that
P.Ji,r—2] = (m,.(i))). To that end, first check to see that the
following hold with respect to Py (that appears in Table III):

e P4[0,0] =0, and P4[0,2] =2 = 0()

o Py[1,0] =3, and Py[1,2] =1 = 3V

e P4[2,0] =2, and P4[2,2] =0 =2M), and

o Py[3,0] =1, and P4[3,2] =3 =10,

Consider P,, whose structure appears in Figure 4(a), and
notice that each of L and L' is an (r/2) x (r/2) matrix, where
r is a power of two. The following properties are immediate:

1) P,[i,0] = L[i,0] and P.[i,r—2] = L'[i,r/2—2], where

0<i<(r/2)—1, and

2) P.[i,0] = L'[i — r/2,0] and P.[i,r — 2] =

r/2,7/2 — 2], where r/2 <i <r—1.

Examine P», next, whose structure appears in Figure 4(b).

1) For 0 < i < (r/2) — 1, P[i,0] = L[i,0] and

Py, [i,2r—2] = L'[i,r/2—2]. Let Py,[i,0] = j, whence

Lli —

_[(i0,1,2,3,
T4 = lglgtoll!

o (10.1]2:3,4,5|6,7,
" \osfariels[21

ey

0,1,2,3|4,5,6,7,8,9,10,11[12,13,14,15,
ﬂ- p—
P o34 78Il 12715 14'13710' 9 [ 65 271
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L[i,0] = j. By induction hypothesis, L'[i,r/2 — 2] =
. Accordingly, Px,.[i,2r — 2] = j1).

2) Forr/2 <i<r—1, Py[i,0] =r+ L[ —r/2,0] and
Py li,2r =2 =r+ L'[i—r/2,7/2—2]. Let Py,[i,0] =
r + x, where L[i —r/2,0] = x. It is clear that 0 < x <
r — 1. By induction hypothesis, L'[i — r/2,r/2 — 2] =
(M Tt follows that Py,.[i, 2r—2] = r4+2(1) = (r42)1),

3) Forr <i<3r/2—1, P5[i,0] =r+ L'[i — r,0] and
Py, [i,2r — 2] = v+ L[i — r,7/2 — 2] The rest of the
argument is similar to that in (2) above.

4) For 3r/2 <i < 2r —1, Py [i,0] = L'[i — 3r/2,0] and
Py [i,2r — 2] = L[i — 3r/2,r/2 — 2]. The rest of the
argument is similar to that in (1) above. U

Corollary 1.11: If r = 2%, k > 2, then {m,.(i), (m,())°,

(@)} N {m(i Y 1),...,m(i ¥ (r — 3))} = 0, where
0<i<r—1.

Corollary 1.12: If r = 2% k > 2, then (i) Y1 =m-(i V¥

(r—1))and 7, (1) Y2 = m(: ¥ (r—2)), where 0 < i < r—1.
Proof: Observe that 7,.(i) ¥ 1 = m,.(:))? and 7,.(i) ¥ 2 =
7-(i))!. The claim is then immediate from Lemma 1.10. [

E. A Distinguishing Function ¢

Let k> 3 and m = 2F — 3.

Definition 1.9: Let py = 0, and let py,...,py,—i be the
integers between 1 and m that are not powers of two.

The statement of Definition 1.9 itself is well-defined in
view of the fact that there are exactly k& integers between
1 and m that are powers of two, viz., 20, ...,2F=1 Here are
Po,P1y-- s Pm—k for k = 4:

Po P1 | P2 | P3| P4 | P5 | P6 | P | P8 | P9
0 3 5 6 7 9 10 ) 11 | 12| 13

Definition 1.10: let ¢ : {0,...,2m % — 1} — {0,...,
2% — 1} be the map, where ¢(r) is equal to

e 0ifr=20

e Ppy1ifr=2"and 0 <z <m-—k—1, and

¢ Doyl Yoo Y pp g ifr =2% 4 2%y > >

z1>0and 2<d<m—k.

where p1,...,pm—k are as in Definition 1.9.

It is easy to see that ¢ is well-defined. Next, ¢(2%¢ + ...+
271) = ¢(2%4) V... VY ¢(2%1). See Table IV for an illustration.

Lemma 1.13: Tf 0 <7 < 2™ % — 1, then ¢(r®)) = ¢(r) ¥
Pat1, Where 0 <z <m —k — 1.

Proof: Note that r(*) is equal to either r + 2 or r — 2%,
First suppose that 7(*) = r 4+ 2% then ¢(r*)) = $(r) ¥ ppy1.
Next suppose that 7(*) = r — 2% Then r = (*) + 2% whence
¢(r) = ¢(r™) ¥ p,11. By Prop. 1.13), ¢(r(™)) = ¢(r) V
D1 U

Lemma 1.14: If 0 < r < 2™~% — 1, then ¢(r) # ¢(r®),
where 0 < a2 <m—k—1.

Proof: By Lemma 1.13, ¢(r(®*)) = ¢(r) V¥ p,1. Further,
Pr+1 > 0 for all z > 0. O

Lemma 1.15: If r1 # 1o and ¢(r1) = ¢(r2), then
Ham(ry, 7o) > 3, where 0 < ry, 7o < 2mF — 1.

Proof:  Proceed by contradiction. First suppose that
Ham(rq, 72) = 1, in which case |r; — r3| = 2! for some
t, 50 B(r1) = 6(r2) ¥ prs1. Therefore, ¢(r) # o(ra).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 10, OCTOBER 2022

TABLE IV
ILLUSTRATING DEFINITION 1.10

k=3(m=25)
r ] o(r)
00
113
2|5
31 ¢(1) Yop(2)=3Y¥Y5=6
k=4(m=13)
r | o)
0|0
113
2|5
4|6
8|7
16 | 9
32 | 10
64 | 11
128 | 12
256 | 13
3[o(1) Y ¢(2)=3V5=6
5 ¢(1) Yop(d)=3Y6=5
6| d(2)Yop4)=5Y6=3
71 (1) Y p(2) Y p(4)=3Y5Y6=0
9| p(1) Y p(8) =3V T7=4
10 | ¢(2) Y ¢(8) =5V T=2
11 | ¢(1) Y ¢(2) Y ¢(8) =3 V5V T=1
12 | p(4) Y ¢(8) =6 VY T7T=1
13 | p(1) Y p(4) Y ¢p(8) =3 V6V T=2
14 | ¢(2) Y ¢(4) Y ¢(8) =5V 6V T7T=4
15 | ¢(1) ¥ ¢(2) ¥ p(4) Y ¢p(8) =3V 5V6YVT=T
511 | ¢(1) ¥ ¢(2) Y ¢(4) ¥ ¢p(8) ¥ ... ¥ ¢(256) = 14

Next suppose that Ham(ry, r2) = 2. Without loss of
generality, let 1 and 7o differ in the rightmost two bits. Then
r1 = zab (binary) and ro = xab (binary), where a, b € {0,1}.

e Let a =0 and b = 0. Then r; = 4x and ry = 4z + 3.

In that light, ¢(r1) = ¢(4x) and ¢(r2) = ¢(4x) ¥V pa ¥ py,
whence ¢(71) # ¢(r2).

e Leta=0andb=1.Thenr; =4z +1and ro = 4x+2.

In that light, ¢(r1) = ¢(4dx) ¥ p1 and ¢(r2) = ¢(4x) ¥ pa,
whence ¢(r1) # ¢(r2).

The other two cases are similar. O

F. Method of Attack

The evolution of the 1-perfect code in this paper crucially
relies upon a number of concepts and results. To that end, let
n=2F—-1k>3,and m=n—2.

At heart of the code construction is a scheme [15] that
constructs Hamming codes using a Latin square. See Section II
for the scheme itself. In a nutshell, it returns a partition
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Fig. 5. Top-level vertex partition.

of V(Q,) into Hamming codes, say, Vj,...,V,, each of
cardinality 2"~*.

Other major concepts/results employed are as follows:

1) Amappingé:{0,...,2"—1} — {0,...,2%¥—1}, where
d(j) = i iff j € W;, where W itself is the collection of
the numerically smallest first quarter of the elements of
V; (see Definition 3.1)

2) A quadripartition of each V; into equal-size sets A;,
B;, C; and D;, based on elements of V; distinguishable
modulo four (see Definition 3.2), and

3) Relationships among Vj,...,V,, (vide Results 3.1
through 3.9, particularly Theorem 3.7).

Section III presents the theoretical foundation of the over-
all procedure. It systematically builds upon the scheme of
Section II, and derives a number of results that are crucial
to the correctness of the claims in the sequel.

The code construction itself relies on a vertex partition
of CQ,, into 2™ subsets, each of cardinality 2m+2  where
exactly 2™ %+2 elements of each such subset are carefully
designated as code elements, which themselves come from a
set among Vp, ..., Vi, 4o. Figure 5 depicts this idea.

The foregoing vertex partition is further refined in
Section IV that also presents the scheme itself. (See Figure 10.)
The four sections that come next are then devoted to proving
that the set returned by the main scheme is indeed a 1-perfect
code of the graph.

Section IX takes the final step of proving that C'Q,,, admits
a vertex partition into 1-perfect codes, whereas Section X
presents certain concluding remarks.

II. A SCHEME TO CONSTRUCT HAMMING CODES

This section recapitulates a scheme [15] that builds
Hamming codes over @,,. See Algorithm 1.

Theorem 2.1: [15] Forn = 2F — 1, k > 2, Algorithm 1
returns a partition, say, (Vp,...,V,) of V(Q,) having the
following properties:

D |[Vi|=2"/(n+1),0<i<n,and

2) Every pair of two distinct elements in each set is at

a Hamming distance of at least three, and the set is
maximal with respect to this property.

|

Algorithm 1 A Scheme to Construct Hamming Codes

clethk>2andn=2F-1
. if (k = 2) then
return ({000, 111}, {001, 110}, {010, 101}, {011, 100})
end if
: assume that, for some k > 2, (Uy,...,U,) is a sequence
of sets constituting the partition of V' (Q,,) into Hamming
codes, where U; = {u;0,...,u;r—1}, 0 < i < n, where
r= 2"/(71 + 1) — 2n—k
: for (: =0 to n) do
let Cz = {’ui’o . bi,O; ey U -1 bi’rfl} and
let D; = {uio '1_71',07 ceey Ujp—1 'Ei,rfl},
where b; ; = 0 if u; ; is of even parity,
10: and b; ; = 1 if u; ; is of odd parity
11: end for
12: Comment: The sets Cy,...,C,, and Dy, ...
constitute a partition of V' (Qp41).
13: let T' = (¢; ;) be the (n+1) x (n+ 1) Latin square on the
identity permutation, vide Definition 1.7
14: return the sequence of sets (Vp, ..., Vap41), wWhere
V;‘ = (CO.U{»7U)UU(C7«L.U{>7W)
= (CO [ ] U1y0)UU(Cn [ ] Uq;yn)
Vatiti = (Doe U )U...U(Dn e U, )

e (Do.UZ\_/O)U...U(Dn.U’L!n)
where 0 < i <n

15: Comment: Correctness of the second equality for each of
Vi and V414, at Step 14 follows from an application of
Prop. 1.7.

S

R

, D,, together

Whereas any (n + 1) x (n + 1) Latin square (at Step 13
of Algorithm 1) would lead to a partition of V(Q,) into
Hamming codes, the schemes in this paper exclusively employ
the Latin square on the identity permutation, viz., M,.. (See
Definition 1.7 and Table II in Section I-C.) Further, the
resulting vertex partition (Vp,...,V,,) of @, is referred to
as the canonical partition, where V; = {vw, . ,vq;m_l}, r=
2" /(n+1) and 0 < i < n. Additionally, each V; is deemed to
be sorted into the ascending order. See Tables V, VI and VII
that illustrate the working of the algorithm.
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TABLE V

SETS AT STEPS 2 - 4 AND STEPS 6 - 11 (N = 3) OF ALGORITHM 1

Uo = {0,7} Uy = {1,6} Us = {2,5} Us = (3,4}

Co={0,15} | [Ci={3,12} | [Ca={510} | | C5={6,9}

Do = {1, 14} Dy = {2,13} Dy = {4,11} Ds = {7,8}
TABLE VI

BUILDING THE CANONICAL PARTITION OF V (Q7) USING ALGORITHM 1

Vo= (Coelp) U(CieUi) U (Caelsz) U(Cs0Us)
Vi= (CoelUy) U(CrelUp) J(CaeUs) |J(CseUs)
Vo= (Coels) J(CreUs) | J(CaelUy) |J(CseUy)
‘/3: (COOU3 U(CloUg) U(CQOUl) U(Cg.Uo)
Vi= (DoeUp) U(D1eUs) U(D2eUsz) (DseUs)
Vs= (DoeU) U(D1eUs) U(D2eUs) U(Ds3eUs)
Vo= (DoelUs) U(D1eUs) U(D2elUp) U(DseUn)
Vi= (DoeUs) | J(DreUs) |J(DyeUr) J(DseUyp)

TABLE VII

THE CANONICAL PARTITION OF V(Q7) USING ALGORITHM 1

i Elements of V;

0l 017 1253042145151 152|75:76182 185 97 1102 1 120 | 127
1] 16 24,3143 44,50 ,53|74,77,83,84| 96 , 103, 121 | 126
2 215 27284047 49 5473178 80 !87 ] 99 ! 100! 122 ! 125
3] 314 126129[41146 14815572179 181186 98 1101 1123 1 124
4] 8 115117 12234137159 16067168190 :93]105 110 1 112 | 119
50 9 14,16 ,23[35,36,58,61]|66,69,91,92]| 104, 111 , 113 | 118
610,13 19 /20 |32 39 57 62|65, 70 8 95| 107 108 114 | 117
7][11 17121718 172133 138 156163 | 64171189 194106 ' 109 1 115 ' 116

Remark: Algorithm 1 is extendable to a scheme that leads
to an upper bound on the (independent) domination number
of the hypercube that is within twice the optimal [15].

III. THEORETICAL FOUNDATION
This section derives a number of useful properties relating
to the canonical partition (Vp, ..., V;). Let k > 3, n = 2F—1,
and m = n — 2 throughout.
Lemma 3.1: There exists a “perfect matching” between
each pair of distinct V; and V.

Proof: Let v € V;, where 0 < ¢ < n. Because of the
distance-three property of each V; and the degree of v being
equal to n, it is easy to see that v has a unique neighbor in
each Vj, j #i. O

Lemma 3.2: Let U;, C; and D; be as in Algorithm 1, 0 <
i+ < n. Then
1) Ci(o) = D, (hence Dgo) = (;), and
2) 1t U™ = U, then ¢“*Y = D; and D"V = ¢,
where 0 < a <n — 1.

Proof: Letr = 2" and let U; = {uig,...,%ir—1},
where |u; | =n,and 0 < k <r —1.

1) It is clear that there exists a matching between sets C;
and D; given by u; i - bi i < uiy - b, where b; €
{0,1}, 0 < k <r — 1. Accordingly, CZ.(O) D;.

2) Let Ul-(a) = Uj, and note that C; = {U@o '_bq',70,/lti71 .
bity. s Uip—1 - biy—1} and Dy = {ujo - bjo,uj1 -
bji,. . Ujr—1-bjr—1}. It is clear that u; and wuj
differ in exactly the a-th bit position, so they are of
different_parities. Therefore, b; ), = 0 iff b; . =1, i_.e.,
bqk = bj7k’. It follows that (R b@kx and Uj ke bj,k
differ in precisely the (a + 1)-st bit position. Accord-

ingly, Ci(“ﬂ) D;. By a symmetrical argument,

Dt — ¢y, O
Lemma 3.3: For 0 <a<n—1, (C;eU;) =C; e UJ@
and (D; e U;)(*) = D; e U;“), where C;, D;, and U, are as

in Algorithm 1, and where 0 < 4,5 < n.
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Matching Edge type
Uy 0o 7 Uy 2 5 ylc
o L Ll DL
Up: 0o 7 U 1 s )ij
S I R B
Up 0 7 U 16 )Ic
Uy 3><4 U, 2><5 @

Fig. 6. Sets Ug, Uy, Uz and Uz (vide proof of Theorem 3.7).

Proof: Each binary string in C; (resp. D;) is of length
n+1, whereas that in Uj is of length n. The claim then follows
from the fact that a is between 0 and n — 1. (I

Lemma 3.4: Forn < a < 2n, (C; e Uj)(“) = C’i(afn) o U;
and (D; o U;)(®) = DE‘V”) e U;, where C;, D;, and U, are
as in Algorithm 1, and where 0 < 1,57 < n.

Lemma 3.5: If 0 <d,i <n=2F—1, then

D (Cavo ® Uivo)U...-U(Cavn ® Uivy) =
Uivavo)U...U(Cr o U;vgvy), and

2) (Davo ® Uivo)U---UDgvn o Uivyp) = (Do
Uivavo)U..-UDn e Usvavy).

Proof: First note that each of (d ¥ 0,...,d ¥ n) and
(1Y 0,...,7Y n)is a permutation of (0,...,n). Next observe
that Cyyv . uniquely “conjugates” with U; v ., in the expression
(Cavo e Uivo)U...U(Cavy @ Uivy), where 0 < d,z <
n. Accordingly, Cyv (qv,) (that is equal to C.) uniquely
conjugates with U;v (qv 5. (1) follows. The argument for (2)
is similar. ]

Lemma 3.6: If 0 < z,y < n,then (zx+n+1) Yy =
(n+1)+(z Y y).

Proof: Notethatn+1=2"<(z+n+1)<2n+1=
2k+1 _ 1, s0  + n + 1 = lu (binary), where u is a k-bit
number that is equal to x (decimal). On the other hand, y = Ov
(binary), where v is a k-bit number that is equal to y (decimal).
In that light, (z +n+1) ¥ y = (1lu) ¥ (0v) = 1(u ¥ v)
that (in decimal) is equal to 2% + N(u Y v) = (n + 1) +
(x V). O

The following is a key result.

Theorem 3.7: Vi(a) = Viv(as1), where 0 < i < n; 0 <
a<n—T1;andn=2%—1,k>2.

Proof: Use induction on n, and make use of the notations
as in Algorithm 1. For n = 3, see Figure 6, where U; —(*)
U; stands for Ui(t) =U;.

The induction hypothesis states that Ui(a) = Uiv(at1)»
where 0 < ¢ < nand 0 < a < n — 1, whereas the
induction step calls for proving that Vi(a) = ViV (a+1), Where
0<i<2n+1land 0 <a < 2n.

There are four cases.

(Co o

Y

2)

3)
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State diagram

Let0 <i<nand 0 <a<n-—1 Then V;=(Cp e
Uivo)U---U(Cr e Uivy), so Vi(a) is equal to
=(CoeUvo)DJ...lU(Cr e Uivy)®
= (CoeUY)U...U(C, 0 U ) by Lemma 3.3
=(CooUivova+n) U -UCn @Uiv v ay1))

by induction hypothesis
= (Coo Uy (ar1)yvo) U - UCn o Uiy (at1))vn)
= ViV (a41) vide Step 14 of Algorithm 1.
Note here that each of ¢ and a + 1 is between 0 and
n = 2% — 1, so each is a k-bit number, hence so must
be i Y (a+ 1). It follows that ¢ ¥ (a 4 1) is between
0 and n.
Let 0 <i<nandn <a < 2n. Then Vi(a) is equal to
(CO L4 Ui!O)(a) U cee U(Cn L4 Ui\_/n)(a)
= (C" ™ e Usvo)U...UCY ™ o Uiy )

by Lemma 3.4.
It turns out that Céa_") = D(4—n)va, where 0 < d < n.
A reasoning follows.

o First suppose that a — n = 0. By Lemma 3.2(1),
C((ia_n) =Da=D@-—n)va-

e Next suppose that 1 < (¢ —n) < n, so 0 <
(a —n —1) < n — 1. By induction hypothesis,
U™ = Uly_pyva. By Lemma 3.2(2) next,
Ctglain) = D(afn)\_/d~

In that light, Vi(a) is given by
(Dia—nyvooUivo)U...U(Da—n)vn ®Uivy)
=DoeUpu-nyvivo)U.--UDrn eUw—n)vivn)

by Lemma 3.5(2)
= Vint1)+(i ¥ (a—n)) vide Step 14 of Algorithm 1
= Viv(at+1) by Lemma 3.6.
Note that ¢ ¥ (a + 1) in this case is of the form lu
(binary), where w is a k-bit number. Therefore, i ¥ (a+1)
is between n + 1 and 2n + 1 (decimal).
Letn+1<i<2n+1and 0 <a <n-—1.Then V; is
equal to
(Do e Upi—(nt1y)vo)U---UDn @ Ui—(ns1))vn)

vide Step 14 of Algorithm 1
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Case 1

Case 3

Illustrating various cases in the proof of Theorem 3.7.

= (DO L4 UjYO) U cee U(Dn 4 Uj!n)»
where j =i— (n+1),s00<j <n.

Accordingly, Vi(a) is equal to

(Do @ U;‘QO) U...UDy e U;‘Qn) by Lemma 3.3

= (DooUjv@atnyvo)U..-UDn e Ujv (ag1)vn)
by induction hypothesis

= Vin41)+G Y (a+1)) by Step 13 of Algorithm 1

= Vin414j) ¥ (a41) by Lemma 3.6

=Viv(at1)-

Analogous to (2) above, i ¥ (a + 1) in this case is

between n + 1 and 2n + 1.

Letn+1<i:<2n+1and n < a < 2n. Then V; is

equal to

(Do @ Ui (ny1yyvo) U - U(Dn @ Ui (ni1)y vn)

- (DO o UjYO) U cee U(Dn L4 Uj!n)»
where j =i— (n+1),s00<j<n.

In that light, V') is equal to

(Do e ijo)(“) U...UD, e ijn)(a)

=(DF ™ e Ujvo)U...UDE ™ o Ujvn)
by Lemma 3.4

= (C(a—n) vo® Uj\_/O) U cee U(C(a—n) Vi ® UJ\_/n)
by a reasoning as in (2) above

= (CO ° U(afn) v !0) U S U(Cn ° U(afn) Vi !n)
by Lemma 3.5(1)

= ‘/(a—n) Vi

= Via—n) ¥ (i—(n+1))-

Case 4

Notice at this point that ¢ and a + 1, in this case, are
representable in binary as 1u and 1v, respectively, where
u and v are k-bit numbers that denote (i — (n + 1))
and (a — n), respectively. In that light, i ¥ (a + 1)

(1u) Y (1v) = u Y v that is equal to (i—(n+1)) Y (a—n).
It follows that V) = V; v (4 1). Meanwhile, i ¥ (a+1),
in this case, is between 0 and n. O

Figure 7 illustrates the four cases in the proof of Theo-
rem 3.7 for the collection (Vp,...,V7) with respect to Q7.
(See Table VII in Section II for descriptions of Vg, ..., V7.)

Lemma 3.8: V;(a) = Vi(b) iff a = b, where 0 < 7 < n;
0<a,b<n-—1; andn=2F—-1,k>2.

Proof: Assume that V') = V"), By Theorem 3.7 then,
Viv (a41) = Viv (b41)- Itis clear that each of (i ¥ (a+1)) and
(t ¥ (b+1)) is between 0 and n. Also, z = y iff V, =V,
where 0 < z,y < n. It then follows that i ¥ (a + 1) =
i Y (b+1). By Prop. 1.12),a+1=5b+1,ie., a ="b. The
converse is obvious. U

Theorem 3.9: For 0 < a < 2" %=2 _ 1, each “horizontal”
block (v; 44, Vidat+1, Vidat+2, Vidats) Oof four consecutive
nodes in each V; contains one element each of Type 0, Type 1,
Type 2, and Type 3 (not necessarily in that order), where
0<i<n.

Proof: Use induction on n. For n = 7, the claim follows
by an inspection of the sets in Table VII in Section II.
Using the notations as in Algorithm 1, each element of V;
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Fig. 8. An illustration of the statement of Theorem 3.10.

is of the form wu - v (binary), where u € C, (or u € D))
and v € U, for some p and ¢, with |[u| = n + 1 and
|v| = n. Notice that N (uv) = 2/*IN(u) + N(v), and that
0 < N(v) < 2"l =1 < 21"l Accordingly, N (uv) = i (mod 4)
iff N(v) =4 (mod 4), where 0 < ¢ < 3. By induction hypoth-
esis, every block of four nodes (starting at an index divisible
by four) in U, has the stated property. That property is, in turn,
inherited by the set C, e U, (or D, eU,) and the union of such
disjoint sets. (]

The next result shows that the elements in each V; are
uniformly “spread out.”

Theorem 3.10: For 0 <1 <n, let

e Wi={veV,|0<v<2m2 -1}

e X;={veV|2n2<v<2.2"2 1}

e YVi={veV;|2-2"2<v<3-2"2 -1}, and

o Zi={veV;|3-2"2<p<4.2"2 -1},

Then [W;| = |X;| = |Yi| = |Z] = 1|Vil.

Proof: Recall that each element of each V; is between
0 and 2™ — 1. Therefore, the sets W;, X;, Y; and Z; are well-
defined. (See Figure 8 for an illustration.)

To prove the claim, use induction on n, the basis being clear
from the sets that appear in Table VII in Section II. For the
induction step, first examine the sets C; and D; in the “for”
loop at Steps 6 — 11 in Algorithm 1, where 0 < ¢ < n. The
elements in each such set are between 0 and 271 — 1.

By induction hypothesis, each of Uy, ..., U, (appearing at
Step 5 of the algorithm) has the stated property. Note next that

1) If x € U, then either 20 € C; and 2z + 1 € D,,
or 2z +1 € C; and 22 € D;, and

2) For 0 <t < 3,if t2m <z < (t + 1) 2™ — 1, then
t2mtl <2p <224+ 1 < (t4+1)2mH — 1,

It follows that each C; or D; admits a partition into four
(sub)sets in which the elements range (i) from 0 to 2"~ — 1,
(i) from 27! to 2-27~1 —1, (iii) from 2-2" ! to 3-2" "1 —1,
and (iv) from 3 - 277! to 4-2"~! — 1, respectively.

Consider next the sets C, ® U, and D, e U, that appear in
the unions at Step 14 of Algorithm 1, where 0 < a,b < n,
and note that

1) © € C, (resp. D,) and y € Uy iff 2"z +y € C, o U,
(resp. D, o Uy),

2) if x is in the first quarter (resp. second quarter, third
quarter or fourth quarter) of C, or D,, and y € Uy,
then 2™z + y is in the respective quarter of C,, @ U;, or
D, e U,.

It follows that each of C; U, and D, e U, admits a partition
into four subsets having the stated property. Finally, this
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property is seamlessly inherited by each union appearing at
Step 14 of Algorithm 1. O

Corollary 3.11: Wi(a) = Wi!(a—i—l)’ where 0 < 7 < n and
0 < a < n— 3, and where W; is as in the statement of
Theorem 3.10.

Remark: The sets W, ..
the rest of the paper.

Definition 3.1: Let § : {0,...,2™ — 1} — {0,...,2F — 1}
be given by d(i) = j iff i € W.

See Figure 9 for an illustration of Definition 3.1.

Corollary 3.12: If §(z) = 6(y), = # vy,
Ham(z,y) > 3.

Lemma 3.13: 6(i®D) = §(i) ¥ (t + 1), where 0 < i <
2Mm —land 0 <t <m— 1.

Proof: Note that 7 is an m-bit integer, so i) itself is an m-

bit integer, which is in W(;(i(f,>), vide Definition 3.1. Next, 7 is

., W, appear pretty frequently in

then

in W), s0 i is in ngg) — Wi(i) v (1+1)» by Corollary 3.11.
Note further that each of §(i), §(iV)), and ¢ 41 is less than or
equal to m + 2 = 2% — 1. Therefore, 0 < (6(i) ¥ (t+ 1)) <
2F — 1. 1t follows that (i) = §(i) ¥ (t + 1). O

Corollary 3.14: If §(i) = 4(j), then 6(i'@) = §(j(®),
where 0 < 7,7 <2 —land 0 <a<m—1.

Definition 3.2: For 0 <1¢ < m + 2, let

D A={zeV;|x= 0(mod 4)}

2) Bi={zeVi|z= 1(mod4)}

3) Ci={zxeV;|z= 2 (mod 4)}, and

4) D;={xcV;|z= 3(mod4)}.

By Theorem 3.9, |A;| = |B;| = |Ci| = |Di| = 1|Vi| =
2™ /(m43) = 2™~F, Table VIII presents the sets A;, B;, C;,
and D;, where m = 5 and 0 < ¢ < 7. Since each element
in each V; is between 0™%2 and 1™*2 (binary), or between
0 and 2™*2 — 1 (decimal), so is each element in each of A;,
Bi, C,L and Dl

Remark: The sets C; and D; appearing in Definition 3.2
have nothing to do with those in the description of
Algorithm 1.

IV. THE MAIN SCHEME

This section presents the main scheme that returns a
1-perfect code of CQ,,. See Algorithm 2. The scheme itself
relies on successive vertex partitions of the graph, depicted in
Figure 10 that, in turn, is viewable as a refinement of the
partition that appeared in Figure 5 in Section I. As stated
earlier, the smallest unit in the vertex partition is a set of
the form 2™ 2z + {0,...,2m%2 — 1}, of which a sub-
set 220 4+ Vs designated as a set of code elements,
0<ax<25m 1.

The next four sections are devoted to proving that the set
returned by the main scheme is indeed a 1-perfect code of the
graph.

V. STEP 1

This section focuses on the innermost two loops of the
main scheme, which themselves appear in Algorithm 3 for
a quick reference. It builds a code set that is a subset of

k m
Ui=51 ( 3=0_1T0,0,c,d), where Tg pcq 18 as at Line 12 of
Algorithm 2. As usual, m = 2k 3, k> 3.
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Fig. 9. An illustration of Definition 3.1 (m = 5).

SETS A;, B;, C; AND D; (m =5),0<i<m+2

.

A;

B;

|

C;

D;

{0,52,76,120}

{25,45, 85,97}

{30,42, 82,102}

{7,51,75,127}

{24, 44, 84,96}

{1,53,77,121}

{6,50, 74,126}

{31,43,83,103}

{28, 40,80, 100}

{5,49,73,125}

{2,54,78,122}

{27,47,87,99}

{4,48,72,124}

{29,41,81,101}

{26, 46, 86, 98}

{3,55,79,123}

{8,60,68, 112}

{17,37,93,105}

{22,34,90,110}

{15,59,67,119}

{16, 36,92, 104}

{9,61,69, 113}

{14,58,66,118}

{23,35,91,111}

{20, 32,88, 108}

{13,57,65, 117}

{10, 62,70, 114}

{19,39,95,107}

N| |G| W|N|—|O

{12,56,64,116}

{21, 33,89, 109}

{18, 38,94, 106}

{11,63,71,115}

Algorithm 2 Main Scheme

Require: & > 3 and m = 2F — 3
I:ZZQ]
2: for (a =0to 2™ — 1) do

3 let P, =23m+24 4 {0,...,23m+2 _ 1}

4. Comment: |P,| = 23""2; and Py, ..., Pam _1 constitute a partition of V(CQ ,,) = {0,...,24mT2 —1}.
5: for (b=0to 2™ % —1)do

6: let Q(L, b= 23m+2 a+ 227n,+k’+2 b + {O, s 227n,+k’+2 _ 1}

7: Comment |Q o, = 2*™*2; and Q40,...,Q 49m—« _ 1 constitute a partition of P,.

8 for (c =0 to 2 — 1) do

9: let Ry p o = 2512 q 4 22mFk+2p 4 22mH2 04 £, ..., 22mF2 — 1}

10: Comment: |R g, c| =2*""2; and R p,0,..., R4 p ox 1 constitute a partition of Q 4, p.

11: for (d=01to 2™ —1) do

12: let T pe.a=2"T2q+ 22mHht2p 4 22m+2, 4 omH2g 4 [0 ... 2mF2 1}

13: Comment: Ty p ¢ al = 2™%2; and Ty p ¢ 05 -+, La,b,c,2m —1 constitute a partition of R p .
14: Z =7 U (23m+2 a4 22 Tkt2p 4 92mA2 0 g gmt2 g 4 V.,r((;(a) Vb)YV 5(@))

15: Comment: Vj, ..., V42 are the sets as in the statement of Theorem 2.1 (vide Algorithm 1).
16: end for

17: end for

18:  end for

19: end for

20: return /

Lemma 5.1: If0 < c<2¥—1and 0 <d <2™—1, then
<2m+2 (2Me+d) + Aoy 5((1))> consists of the following sets
that are mutually disjoint:

1) 2mP22me+d) 4+ (Arevs(a) v o) YCr(e v s(d) ¥ (mt1)) U

2) 2722 e+ d)+ (Arev s v1) U An(eva(@yvayU. ..U

Proof:

L2k - ),
5(d) ¥ 0),...,7(c

2))) is a permutation of

so  must be (w(c VY

Br(evs(d) ¥ (m+2)))» and §(d) Y (m+2))).

AW(CX S(d)y¥Ym))-

5(d) is between 0 and 2% — 1, and so is
¢ ¥V 6(d), hence ((cV (d)) VO0,....(cVd(d)V(m +
| I |

and

\

Let © € (2"72(2Mc 4+ d) + Ax(cvsay)- Then 0 < o <
(22m+2+k 4 92m+2 _ 1) Next, each element of A, being less
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{0, ...,2

dm+2

1}

2" 1

3m+2>< 3m+2

2

@"-1n+1{0,....2 1}

Mk

2m+k+2
X

m—k

Q" koy+q, . 2k

1}

2m+2

(-1y+10,...,2 1)

m+2

2 0+40,..,2"m 2

m+2

(2" -1+1{0,...,2

1}

Fig. 10. Successive vertex partitions of C'Qy, (vide Algorithm 2).

Algorithm 3 Innermost Two Loops of Algorithm 2
1. S = (Z)

2: for (¢ =0 to 2 — 1) do

3 for (d=0to 2™ — 1) do
4 S=5U (22m+2 c+2mt24 + Vw(cy(s(d)))
5. end for
6
7
8

b2k 1 =m+2

: end for
: Comment: At this point, | S| = 22m+2,
: return S

ir2m+2(2mc+d)+4v+0 ,
(.0 Jo.olc] « | + Jo
[ —ent i [e—n —e—n —| 2 ¢

Fig. 11.

Structure of the element x, vide proof of Lemma 5.1.

than or equal to 2m+2 _ 1 (where 0 < r < m + 2), it is
clear that x = uv00 (binary), where u = 2c + d (decimal),
|u| = m + k; [v] = m and v00 € Ay (v ;). The structure
of x appears in Figure 11. Note that z = 0 (mod 4). Here are
the m + 2 neighbors of uv00 in CQ,,, vide Definition 1.4:

e uv0l and wvl0 (binary), and
o uv(900, ..., uv™=100 (binary).

Observe that v00 € V(v sa)), S0 (’UOO)(O) = 901 is in
Vw(?c)w(d)) that is equal to Vi (.vs(a))v1, by Theorem 3.7.
Next, v01 = 1 (mod 4), so v01 € Br(cvs(q))v1- Similarly,
(UOO)(U =010 € Cﬂ.(cyé(d))xg.

By Corollary 1.12, 7(¢ Y §(d)) V1 = 7w(c Y 6(d) ¥ (m+2))
and m(c ¥ 6(d)) ¥ 2 = w(c ¥ 6(d) ¥ (m + 1)). In that
light, v01 € Br(cvs(d) v (mt2)) and v10 € Crev 5(d) ¥ (m+1))-
By an argument as in the proof of Lemma 3.1, v00 is
not adjacent to any other node in Vivs) v (m+1))
or Vi(eves(d)V (m+2))- Accordingly, <A7,(C¥5(d)> is disjoint
from Aﬂ.(cxé(d) v (m+1)) UA-rr(cX(S(d) v (m+2))- Therefore, each

of v(900,...,0(™=D00 belongs to a unique set among
Ar(evs@ vy, Axevsd)yym)- It is easy to see that the
sets involved are pairwise disjoint. The claim follows. 0

Figure 12 illustrates the argument in the proof of Lemma 5.1
for the case where m = 5, and where X — Y stands for
(the binary relation) “Set Y is dominated by Set X.”

Corollary 5.2: (2m+2(2mc + d) + Aw(c\_/ 5(d) Y (m+1))) and

2mF2(2M e+ d) 4+ Ar(evs(d)v (m+2))) are not dominated by
27n,+2(27n,c+d) +A7r(c\_/6(d)))~

Corollary 5.3: (2™72(2™Mc + d) + Ar(cvs(a))) is a subset
of (2m2(2mc+d) +{0,...,2mF2 —1}).

Corollary 5.4: 1f 0 < ¢1, co < 28 —1and 0 < dq, do <
2™ — 1, where ¢; # ¢y or di # da, then (2772(27¢y +
dl) + A-rr(cl Yé(dl))> and <2m+2(2m62 + dg) + Aﬂ.(c2 Xé(dg))>
are mutually disjoint.
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: 2'2%c+d) ey sy v 0)

L n7n5
22t D)+ Crovsave 3

7.5
> 2 (et DBy sy vy |
|

gty ey byt gyt gty bl by
I

/»27(2% D Ay s v
n(c ¥ 8(d))
‘ N7 2% + d) + 4

2+ d)+ 4
n(c ¥ d(d) ¥ 2)
>27(2c + d) ey s "

n(c ¥ d(d) ¥ 4)

>0 (c+d)+ 4
‘ 7,45
2 Qetd Ay sy vs) |

Fig. 12.  An illustration of the argument in the proof of Lemma 5.1.
Proof: 1f ¢1 # co, then 2™cy + dy # 2™cy + do. This
is because 2" > dy, ds. An identical conclusion is reached if
c1 = ¢o and dy # ds. The claim then follows from Lemma 5.1
and the fact that each element of each A,, B, or C, is smaller
than 2"%2, where 0 < z, 7,2 < 2F — 1. O
Lemma 5.5: f0<¢<2F—1and 0 <d < 2™ — 1, then
<2m+2 (2™c+d) + Brev 5(d))> consists of the following sets
that are mutually disjoint:

1) 22mF2c4 2™ 244 (Br(ev () v 0) UDr(e v 5(d) ¥ (mt1)) U
Ar(ev 5(d)¥ (m+2)))> and

2) (22m+26 + (2m+2d(0) +
Brevs@yo) ) (22"’*% + (2mt2m-b 4
Br(ev sy vo)) )-

Proof: Let x € (2m+2(2mc +d) + Bw(c!&(d)))- Then
2 = w01 (binary) where u = 2™c+d (decimal); |u| = m+k;
|v| = m; and v01 € By (.v s(q))- The structure of z is similar
to that of the node that appears in Figure 11, with the trailing
“00” replaced by “01”. Note that z = 1 (mod 4). Here are the
m + 2 neighbors of uv01 in CQ,y:

e uvll and wv00 (binary), and
o (2mF2(2me 4+ d©) + 001), (2mF2(2me + dV) +
v01), ..., (2m*+2(2mc + dm=) +001).

Note that v01 € Vicvsay), O (o) = vll €

(1) _
Va(ev sy Vaevs@yve = Vreves)y (m+1)) Next,
vll = 3 (mod 4), so vll € Dw(c\_/é(d)!(erl))» and

each element of Dy (.v 5(d)v (m+1)) being smaller than 2mt2,
woll € (2m72(2m¢ + d) + Da(evs(a)y (m+1)))- Similarly,
uv00 € (2m+2 (2mc+d) + Aw(c! 5(d) v (m_;,_g))).

Notice next that d is an m-bit integer, hence so must be each
of d ... d™=1 In that light, (2™*2(2"¢c + d®)) + v01)
belongs to (2M2(2mc+d ") + Br(ovsay). 0 <t <m—1.
Finally, it is easy to see that the sets involved are mutually
disjoint. U

Figure 13 illustrates the argument in the proof of Lemma 5.5
for the case where m = 5. Meanwhile, the following result is
analogous to Corollary 5.4.

Corollary 5.6: If 0 < ¢1, co < 28 —1and 0 < dy, do <
2M — 1, where ¢1 # ¢y or dy # da, then (2™F2(2™¢; +
dy) + Bﬁ(cl v 6(d1))> and <2m+2 (2Mco +do) + B,r(c2 v 6(d2))>
are mutually disjoint.
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2'@c+d)+B,

1
(cxd(dvo) |
7.5 |
2@t Dyvsayve |3
1
1
1
]

7.5
2@ et T Ay sayv )

(¢ ¥ 5(d) ¥ 0)
(c ¥ 8(d) ¥ 0)
7.5 2

@e+a ))+Bn(cM6(d)!0)

7.5 3
@ +a ))+Bn(clﬁ(d)¥0)

[\
~
Py
[\
[
o
+
U
=
=
~
+
:lbo

Fig. 13.  An illustration of the argument in the proof of Lemma 5.5.

Proof:  First note that each element of (2m+2d + (B U
D, U Az)) is smaller than 22™%2 and so is each element
of (2m*+2d" + B,), where 0 < z,y,z < 2" — 1; and 0 <
t < m — 1. In that light, if ¢; # co, then <2m+2(2mcl +
1) + Br(c, vé(ay))) and (27F2(27 ¢y + da) + Br(e, v 5(a2)))
are mutually disjoint, vide Lemma 5.5.

Let ¢; = ¢ and dy # dy next.

1) If §(di) = d(d2), then Ham(dy,d2) > 3
(vide Corollary 3.12), so {ds, dgo),dgl), ceey dgmfl)} N
{da, d(QO), dél), . d(Qm_l)} = (), and the claim follows.

2) If6(dy) # 6(dz), then d; = dét) (for some t) is a distinct
possibility; however, By (c, v 5(a,)) N Br(c, vo(ds)) = 0
Also, Dir(c, v 5dy) Y (m+1)) N Dr(ea v 5(da) ¥ (m+1)) = 0
and A, vo(dy) Y (m+2)) N An(es Vo(ds) Y (mt2)) = 0,
and the claim is immediate. O

Corollary 5.7: 0 < ¢ < 2F —1and 0 < d < 2™ — 1,
then (2" 2(2™c+d) + Br(cvs(a))) is a subset of 22" 2¢ 4
{0,...,22m+2 _ 1},

Proof: Each of 2™%24 and 271240 om+24()
2m+2q(m=1) is less than or equal to 2™*2(2™ — 1) Accord-
ingly, each of (2"*2d+B,), (2" T2d+D,), and (2" 2d+A,)
is a subset of {0,...,22m*+2 —1}, and so is (2™2d®) + B,),
where 0 < z,y,2z < 2k —1;and 0 < t < m — 1. The claim
follows. O

Corollary 5.8: If0 < ¢<2¥—1and 0 < d < 2™ —1, then
27H2(2M et d) 4 Br(cv s(ay v ¢y is dominated by 2™ +2(2™ ¢+
d(til)) + Bﬂ.(cxé(d)xﬂ, where 1 <t < m.

Proof: Let 1 <t < m. By Lemma 5.5,

o 2mF2(2mc 4+ d'7V) + B (.vs)) is dominated by
2MF2(2M¢ 4 d) + Br(ev s(a))-

Like d, each of d©,...,d™=1 is between 0 and 2™ — 1.
Also, (d*=1V)(t=1) = d. Therefore, the statement obtainable
by substituting d*~1) for d in () holds. The claim then fol-
lows by an application of the following identity: §(d*~) =
o(d) Y t. O

Figure 14 illustrates the argument in the proof of
Corollary 5.8 for the case where m = 5. As stated earlier,
“X — Y7 stands for (the binary relation) “Set Y is
dominated by Set X.”
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. |
! 745
ey (Y1) -->: 2/@c+ad)+B,

-§->27(25c +d)+B
1

2'@c+d@y+B CYSDYD

745 (1)
2Ze+d )T Br v sayv ) (e ¥ 3(d) ¥ 2)
I 7.5
L@t DBy sy |m
H 1
|

7.5

(e 3(d) ¥ 4) -!->2 2 c+al)+B7t
705

cyiys) Z2@erd B

22+ a?®)y By sy 3)

@ +d)+ B, (e v 3(d) ¥ 4)

2@ +a®) +B, (e v 3(d) ¥ 5)

Fig. 14.  An illustration of the argument in the proof of Corollary 5.8.

7.5
2@ erd+Crvsay v o)

2 (Pc+d)+4

w

(e ¥ 8(d) ¥ 6)

7,45
2@t DDy y sy )

7.5 (0)
Q%+ d+ Crey s0ay 2@ 7D+ Creysayv o)

7R Vray+c,

=

(c ¥ 3(d) ¥ 0)

7@ P+ ay+ Cote v 50y ¥ 0)

> 2% 127 vy + Cate v 5(d) v 0)
m

16, 47,75
> 222t Cr v gy v o)

Fig. 15. An illustration of the argument in the proof of Lemma 5.9.

Lemma 5.9: f 0 < c<2¥ —1and 0 < d < 2™ — 1, then
(2m+2(2™c+d) + Cr(ev s(ay)) consists of the following sets
that are mutually disjoint:

1) 2m72(2mc+d) + (Criev sy v 0y Y An(e v s(d) ¥ (m+1)) U
Dr(evsayy (mt2))
2) (2m22me®)  +  d)  + Crevs@vo))s-- -
22 (2m b1 4 d) + Cr(evs(ayvo))» and
3) (2%mAR2 4 2mR2(2me 4 d) 4 Creva@)vo))s -+
923m-+1 + 2m+2(2mc + d) + Cvr(c\_/é(d)!O))-
Proof: Let x € (2m+2(2mc +d) + Cﬂ(cyg(d))). Then
x = uwvl0 (binary), where u = 2™c + d (decimal), [v] = m
and v10 € Cr(.vs(a)). The structure of z is similar to that
of the node that appears in Figure 11, with the trailing “00”
replaced by “10”. Note that « = 2 (mod 4). Here are the
m + 2 neighbors of wv10 in C'Q,,, vide Definition 1.4:

o uv00 and uv1l (binary)

o (27%2(27mc© +d) +v10), ..., (27227 4+ d) +
1)10), the count being k, and

o (22mFRTZ 4 omET2(2me 4 d) + 010),..., (28™F 4
2mF2(2m¢ + d) + v10), the count being m — k.

Since ¢ is a k-bit integer, so must be each of
O e¢*=1D The rest of the argument is similar to that
in the proof of Lemma 5.5. (]

Figure 15 illustrates the argument in the proof of Lemma 5.9
for the case where m = 5.

Corollary 5.10: If 0 < ¢, co < 28 —1and 0 < di, do <
2™ — 1, where ¢1 # ¢y or dy # da, then (2™F2(2™¢; +
dy) + Cﬁ(cl Xé(dl))> and <2m+2(2m02 +ds) + CTF(C2 y(;(dQ))>
are mutually disjoint.
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7.5 (0
22 c()+d)+cn(c¥6(d)xl)_‘

@M+,

7.5
> 22t )T Cro v gy vy

7.5
vy T 2@t TCrivsayva ! k

> 2+ dy+C

7.5 2
@ ra+c e v 3(d) ¥ 4)

(e ¥ 3(d) v 4) 1

? =22+ + Crie v 8(d) v 3)

2> 2 c+d)+ Crte v 8(d) ¥ 5)

Fig. 16. An illustration of the argument in the proof of Corollary 5.11.

745
> 2@+ Dy y s v o)

7,45
—> 2/ )+ By 50 v e 3

7.5
> 22+ d) T Crvsiayv )

i —>217+27(25c+d)+Dn(6X5(d)!0)
2@t D Doy sy < 4 18, 705
> 284270+ )+ Dy s v o)

19 7,45
> 2 +2' @+ d) Dy sy o)) ™

20, 5755
> 27 +2°(2 c+d)+Dn(c!8(d)xO)

21 7.5
> 27 +2°(2 C+d)+Dn(c¥6(d)X0)

Fig. 17. An illustration of the argument in the proof of Lemma 5.12.

Proof.' First let d; 75 d>. Then 2m+2(2m61 + dl) 7é
2m+2(2Mey + dy), since 2MF2(2Mey + dp) mod 227F? s
different from 2™%2(2™cy + dp) mod 22"*2. This and
the fact that each element of C,, D, or A, is smaller
than 2™+2 together imply that 2"+2(2"p + d;) + X and
2m+2(2mg + dy) + Y are disjoint, even if X = Y, where

(0) (k=1) (0) (k—1)
p € {ci,e77,...¢; '}, and ¢ € {ea,057,..05 )
Similarly, 22mtk+2+t 2m+2(2m61 +di)+ C,T(Cl v §(dy)) and
22mARTITL 4 9mF2(2M ey + dy) + Chr(ey v o(dy)) are disjoint,
where 0 <t <m—k—1.

Next let ¢; # ¢ and di = da. Then 7(c; ¥ §(dy)) and
m(co Y 6(ds)) are necessarily distinct. The claim follows. [J

Corollary 5.11: If 0 < ¢ < 2F _ 1, and 0 < d < 2™ —
1, then 2™%2(2™¢ + d) + Cp(t-1) v () is dominated by
2m+2(2mc(t71) —+ d) + Cﬂ.(c(f,—l) v §(d))> where 1 S t S k.

Proof: Similar to that of Corollary 5.8. g

Remark: The expression ¢(*~) may be replaced by ¢V 2t~
vide Prop. 1.2(1).

Figure 16 illustrates the argument in the proof of
Corollary 5.11 for the case where m = 5, where ‘?” indicates
that the respective sets are yet to be dominated.

Lemma 5.12: If 0 < ¢ <2F —1and 0 < d < 2™ — 1, then
<2m+2(2mc +d)+ Dw(c!,;(d)» consists of the following sets
that are mutually disjoint:

1) 2m%2(2™c + d) 4+ (Da(eve(ay) Y Br(evs(d) v (m+1)) U

Cre(ev §(d) ¥ (m-2))) and
2) (23m+2+2m+2(2mc+d)+Dﬂ_(c! 6(d))) Uu...u (24m+1+
222" + d) + Dr(evs(ay)-

Proof: Let x € (2™72(2™c + d) + Dy(cvs(ay))- Then
x = wwll (binary), where u = 2™c + d (decimal), [v] = m
and v1l € Dr(.vs(q))- The structure of z is similar to that
of the node that appears in Figure 11, with the trailing “00”
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7.5
2(2c+d)+c(cV8(d)V6) @t d) Ay v
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L 7,05 7.5
@+ d)+B wevddyr) < 2@ cetdrA 5 2@ et d* Crevgay T > @ ctd) Dy siayv 7
: A A ;
]
| ¥ ¥ !
Qe+ dy+4 - '
"@etd+ A,y a7, h_%_(_zcw_)jf;_(”“f’l)__ 2(20+d)+D__(_V6(d)) —_E—>2(2c+d)+Cn(c¥5(d)!7)
7.5
2(20+d)+D(cV6(d)V6) 2@ et d T By 5a)ve)
Fig. 18. A depiction of the statements of Lemmas 5.1(1)/5.5(1)/5.9(1)/5.12(1).

replaced by “11”. Note that # = 3 (mod 4). Here are the
m + 2 neighbors of wvll in CQ,,, vide Definition 1.4:

e uvl0 and wv01 (binary), and
(28mF2 4 2mt2(2me 4 d) 4+ wll),...,

(24m+1 +
2mF2(2m¢ + d) + v11), the count being m.

The rest of the argument is similar to that in the proof of
Lemma 5.9. (]

Figure 17 illustrates the argument in the proof of
Lemma 5.12 for m = b5, whereas Figure 18 depicts the
statements of Lemmas 5.1(1)/5.5(1)/5.9(1)/5.12(1) for m = 5.
Based on the distance-three property, (2™*+2(2™c + d) +
Vw(cXé(d))> is equal to the union of (2™T2(2™c¢ + d) +
Ar(exs(ay)s (227 +d) + Brievsay)» (2"H(2Me +

+ Cﬂ(cyg(d))>, and <2m+2(2m0 +d)+ DW(Cyg(d))>. Fig-
ure 19 depicts (27 x 0+ Vp).

Corollary 5.13: If 0 < ¢q, 5 < 2k _1and 0 < di, ds <
2™ — 1, where ¢1 # c3 or di # da, then (2™T2(2™¢y +
d1) + Dy, vo(ayy)) and (2™ F2(2™cy + d2) + Di(ey v 6(da)) )
are mutually disjoint.

Proof: Similar to that of Corollary 5.10.
Theorem 5.14: Algorithm 3 the Uikzgl
(2120_1 (2mT2(2mc 4+ d) + Viev 5(d)))) that dominates the
following sets that are mutually disjoint:

O

returns set

1) The set of all elements of Type 0 between O and
22m+k+2 _ 1 the count being 22 +F,

2) The set of all elements of Type 1 between 0 and
22m+k+2 1, the count being 22 **

3)  a) U2 -1 ( 2" —1 (2m+2(2mc+ d) + (51 U 52)))’

where

) S1 = (Crevs@voy YU Crevsd) Y (m1)) U
Cr(c v s(d) Y (m+2))

i) Sy = (Cr(evaovsayV. . -UCx(evar-1vsay)
i.e., (3+k)-22™ elements of Type 2, between 0 and
92m+k+2 _ 1 and
b) (22mFTR+2 4 S)yu... U (23™mFL + S), where S =
k m
Uiso! (Uizo ' (2722 e+ d) + Crev 6<d>>))»
ie., (m — k) - 22" elements of Type 2, between
22m+k+2 and 23m+2 1.
k
4) a Ui:gl ( 57—1 (2m+2(2mc+d) ( w(cY 8(d)) U

Dr(cvsdyy (my1)) U Dﬂ'(c!&(d)\_/(erQ)))))» ie.,

3 - 22m elements of Type 3, between 0 and
22m+k+2 _ 1 and
b) (23m+2 4 S)u U (24m*+t + S), where S =
k_ —
Ui g i (2m+2(2mc+d)+D cv5(d))))
i.e., m2°™ elements of Type 3, between 23m+2 and
24m+2 1.

Proof: Let0<c¢<2F—land 0<d<2™—1.

1) By Lemmas 5.1(1-2), 5.9(1) and 5.5(1), 2m*2(2™¢ +
d)+ (Arevs@voyU. - -UAricvs(a)y (mi2)) is dom-
inated by 2" 2(2™ ¢ +d) + (An(c v 5(a)) Y Br(cv s(a)) U
Cr(cvs(ay) that is a subset of 2mT2(2™c 4 d) +
Vi(evs(a))- At this point, note that (w(c ¥ 6(d) Vv

0),...,m(c ¥ &6(d) ¥ (m + 2))) is a permutation
of (0,...,m + 2). Accordingly, 2m*2(2™¢c + d) +
(Ap U ... U Apyo) is dominated by 2m2(2™c +

d) + V(Cvg(d)) Finally, it is easy to see that
k
U2t (U2t (2m+2(2mc+d) (AOU...UAm+2)))

c=0

is equal to U?:o (2m+2] + (Ag U ... U Anpy2)),
which consists of all elements of Type 0 between 0 and
22m+k+2 _ 1 the count being 22" +F,

The set 2m+2(2mc + d) + (Bw(c!zi(d) voy U
Br(evs(d) ¥ (mt1)) Y Br(ev sy (m+2))) is dominated
by 2mt2(2"¢ + d) 4+ (Br(evs) Y Dr(evey Y
A,T(Cy(;(d))), vide Lemmas 5.5(1), 5.12(1) and 5.1(1).
In that light, it suffices to show that each of
(2m%2(2™¢c + d) + Br(evsa)vy))---» (27T2(2me +
d) + Bﬁ(cxg(d)ym)) is dominated by a subset of the
set returned by the algorithm.

By Corollary 5.8 and the fact that §(d*~1) = §(d) Y t,
2MH2(27M¢ 4 d) + Br(cvs(a)v 1y is dominated by
2m+2(2mc + d) + Brvsay v 1)-

2)

2mF2(2™m¢ 4 d) + Br(cvs(d) v m) is dominated by
2m+2(2mc 4 d(m—l)) + Bw(c\_/é(d) Vm)-

It follows that 2m+2(2mc + d) + (BW(C\_/ s(dyv1) Y
... U Br(evs)vm)) is dominated by (2m72(2™c +
d(o)) + Vﬂ(cyg(d) v 1)) U . U (2m+2(2mc + d(m_l)) +
V(v 5(d)vm))- )
Finally, observe that Uizgl (

(BoU...U Bm+2))) consists of all elements of Type 1
between 0 and 22™+F+2 _ 1, the count being 22" +F.

2m—1

im0 (2mTE(2me+d)+
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Ay=1{0,52,76,120} B, ={25,45,85,97}
C,= {30,42,82,102} D= {7,51,75, 127}
r o 1b+25
| o 2b+25
| o 4b+25
| o 8b+25
I t [ 160425
: I | o 10445
I 20 48 116 | I o 2b+45
I 36 | 60 | I o 4b+45
I I o 8b+45
52 i 53 o 16b+45
| ~ 44 —|J—I 45
I | I ! e 1b+85
I 12 72 108 | I e 2b+85
| 68 | 92 I | ® 4b+85
I | e 8b+85
| 76 —— 77 e 16b+85
| 84 —1 85
I I < | e o7
| s6 104 124 1| e 2b+97
I I o 4b+97
I I o 8b+97
I 121 i 16b+97
: : 49 73 125 :
let102 s 78 12 i 27 47 87 99 o 100127
2c+102 11 o 2d+127
4c+102 11 o 4d+127
8c+102 126 4 127 e 8d+127
16c+102 |1 o 16d+127
103 |
1c+82 % 71 75 o 1d+75
20+82 | o 2d+75
4c+82 [T o 4d+75
8c+82 50 - (51 o 8d+75
16¢+82 I o 16d+75
L, I
le+42 6 41 (5 o 1d+51
2c+42 |1 o 24451
4c+42 5 o 4d+51
8c+42 |1 o 8d+51
16c+42 || e 16d+51
1
1c+30 o 11 o 1d+7
2c+30 o 11 o 2d+7
4ct30 o Type 2 | Type 3 * 4d+7
8ct30 o yp : | yp e 8d+7
16c+30 o | | | | o 16d+7
7 12 17
b=2", ¢c=2", d=2
Fig. 19. Depicting (27 x 0 + Vp).

3) a) By Lemmas 5.9(1), S5.1(1) and 5.12(1), 4) a) By Lemmas 5.12(1), 5.5(1) and 5.9(1),
2m2(2me + d) 4+ (Creve@vo U 2mt2(2me¢ + d) +  (Dreve@voy U
Crevs@yms1) Y Crevs@y(my2))) 18 Drevs@y ms1) Y Drevs@y(my2))) 18
dominated by 2™*2(2™c¢ + d) + Vi(evs(ay- dominated by 2"7%(2"¢c + d) + Vy (v 5(ay)-

By Corollary 5.11  mnext, (2m+2(2mc + b) Immediate from Lemma 5.12(2).

d + Cﬁ(c(ffl)ié(d))) is  dominated by It is easy to see that the sets involved are mutually
(2m+2 (27”’C(t_1) + d) + Cﬂ(c(t—u v é(d))) , disjoint, ]
1 <t <k Itis clear that 0 < ¢~V < m + 2. Corollary 5.15: Among elements between and
Finally, ¢(*~1 = ¢ V 2¢=1 vide Prop. 1.2(1). 22m+k+2 _ 1 those in the following sets are not dominated

b) Immediate from Lemma 5.9(3). by the set returned by Algorithm 3:
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1) 2"”""2(27”(3 + d) + (Cﬂ(cv(g(d) vp) Y ... U
Cr(cvs(d)Ypn_r)), the number of elements being
equal to (m k)22"’ nd

2) 2M2(2™c+d) 4 (Drev sy v 1)Y- - -UDr(cv 5@y vm))»
the number of elements being equal to m22™,

where 0 < ¢ < 28—l and 0 < d < 2™ —
D1, .- Pm—k are as in Definition 1.9.

Remark: Theorem 5.14 (3b and 4b) enumerates the elements
outside of {0, ...,22™+k*2 _1} that are dominated by the set
returned by Algorithm 3.

1, and where

Example: Let m = 5, and consider the set
PR (@@ + d) + V s
Uizo (27(2% + d) + Vievoy)), say, S
Figure 20 deplcts the elements within {0,...,2'2 — 1} that

are dominated by S in the light of Theorem 5.14.

VI. STEP 2

The objective of the present section is to slowly “spread the
wings” beyond what appeared in Section V. See Algorithm 4
that subsumes Algorlthm 3. In particular, it returns a code set
that is a subset of U2 . ( 3:51 T0,b,c,d), Where 0 < b <
2m=F _ 1. (See Line 12 of Algorithm 2 for the definition of
Tub.c.a-) As usual, k > 3 and m = 2k — 3.

Algorithm 4 Innermost Two Loops of Algorithm 2

Require: Integer b between 0 and 2% — 1
1. S =0

2: for (¢ =0 to 2 — 1) do >2F —1=m+2

3 for (d=0to 2™ — 1) do

4 S — SU (227r1,+k’+2 b + 22m,+2 c+ 2m,+2 d
5: + Vo) vevs))

6: end for

7: end for

8: Comment: At this point, |S| = 22m+2,

9: return S

—_

0: Comment Fix b = 0 in this algorithm, and what results is
Algorithm 3.

Theorem 6.1: For an arbitrary but fixed integer b
between 0 and 2™ %k — 1, Algorithm 4 returns the

k m
set Ui:gl( 3 1(22"’+"+2b + 2m+2(2mc + d) +

Vo) ycm(d)))) that dominates the following sets that are
mutually disjoint:
1) The set of all elements of Type O between 22m+k+2p
and 227 +F+2 (b + 1) — 1, the count being 227" +F,
2) The set of all elements of Type 1 between 22 ++2p
and 227 F+2 (b 4+ 1) — 1, the count being 227 +F,
3) a) 22m+k+2b + U2 -1 ( Z '—1 (2m+2(2mc+ d)

(S1 U Sg))), where

o 51 = (Cr(sw)vevs@voy U
Cr(p(v) Y e ¥ 5(d) ¥ (m+1)) U
Cr(p(v) Y e ¥ 5(d) ¥ (m+2))

o S = Crob)vevaovs@y) U

Cr(g(b) Yev 21 v §(a)) U U
Cr(o(b) eV 2k-1v5(d)))-
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Algorithm 5 Innermost Three Loops of Algorithm 2
Require: m = 2% — 3, k >3

1S =0

2: for (b =0 to 2™ F —

1) do

32 for (c=0to 2" —1) do

4 for (d=0to 2™ — 1) do

5 S = SU (22m+k+2 b+ 922m+2 + om+2 g
6: + Vi) vev )

7 end for

8:  end for

9: end for

10: Comment: At this point, |S| = 23m~F+2,
11: return S;

e., (3 + k) - 22" elements of Type 2 between
22m+k+2p and 22m+HF+2 (b 4 1) — 1, and
b) (22m+k+2 b(0)+S)U ) .U(22m+k+2 b(mfkfl)_’_s)’
k m
= UL (UL (@m2@me + d) +
Cr(pb) VeV 5(d)))) ,ie., (m—k)-22™ elements of
Type 2 between 0 and 23m+2 1,

where S

4) a) 92m+k+2p + U2 -1 ( Z =1 (2m+2(2mc 4 d)
S)), where
S = (Dr(gyvevs@voy U

Dr(gv) v ey s(d) ¥ (m+1)) U
Dﬂ.w(b) VeVs(d)Y (m+2)))’ ie., 3-22™ elements of
Type 3 between 227 +++2p and 22m+++2 (h4-1) -1,
and

b) (25mF2 + S)u...u (2 + S), where S =

92m+k+2p + U2 *1 ( 2™ *1 (2m+2(2mc + d)

DW(¢(b)!Cy5(d)))), ie., mZ2m elements of Type

3 between 23"+2 and 24m+2 — 1.
Proof: The arguments in this case are practically identical
to those in the proof of Theorem 5.14. 0

The following is analogous to Corollary 5.15.

Corollary 6.2: Among the elements between 22 %+2p and
22m+k+2(p 4 1) — 1, those in the following sets are not
dominated by the set returned by Algorithm 4:

1) 22m 42 4 24227 ¢ 4 d) + (Cr(p(b) Yo ¥ o(d) Y pr) U
Cr(g(b) Y e ¥ 5(d) Y pa) Y- - - UCr(9(b) Y e ¥ 5(d) Y i) ) » the
number of elements being equal to (m — k)22™, and

2) 22mHR2h 4 2mH2(2M e - d) + (D) vevo vy U
Doy vevs@yvzy Y .- U Dagmyvevsavm) the
number of elements being equal to m22™,

where 0 < b < 2™k _1.0<c<2F—1;0<d<2m—1,

and py,...,Pm—k are as in Definition 1.9.
VII. STEP 3
This section focuses on the inner three loops of

viz., Algorithm 2 of Section IV.

the main scheme,

In the process, kit builds a code set that is a subset
of U2 T (U (UR  Toe)). See Algorithm 5.
As usual, & > 3 and m = 2F — 3.

See Figure 21 for the basic element used in Algorithm 5.
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2’X0 %1 %31 2’%0 X1 2% 31
4y 4o 4 By By By
4 4 4 By By By
4 4, 4 B, B, B,
43 4 4 By By By
4, 4, 4, B, B, B,
As s s Bs Bs Bs
4g 4s g Bg Bg Bg
4 4 4 B, B, B,
2 2i 2 2 i i i i

i=0,7,2530 i=1,6,24,31 i=2,527,28 i=3,4,26,29

i=8,15,17,22 i=9,14,16,23 i=10,13,19,20i=11, 12, 18,21

G G G < G e
e c c c e e
c, G, G, ¢ c, G
oA TN oA oA oA G
o o ¢, o G c,
¢, C cs C C cs
¢ ¢ C G ¢ €
c, c, c, c, c, ¢
2 2 2 2i i i i i

i=0,7,2530 i=1,6,24,31 i=2,527,28 i=3,4,26,29

i=8,15,17,22 i=9,14,16,23 i=10,13,19,20i=11, 12, 18,21

Dy Dy Dy
D D, D,
D, D, D,
Dy Dy Dy
D, D, D,
Dy Dy Dy
Dy Dg Dy
D, D, D,

Fig. 20. Depicting the statements of Theorem 5.14(1, 2, 3(a), and 4(a)).

M2 (M + d) + dv +x

(o0 V7 (1 « [ - |-

|l e—n —>ent >k |[e«—n—>le—n—>] 2 |«

Fig. 21.  Structure of an element used in Algorithm 5.

Lemma 7.1: f 0 < b < 2mF _ 1,0 < ¢ < 2F — 1;
and 0 < d < 2™ — 1; then <22m+k+2b + 2mF2(2me +
d) + Az () ch(g(d))> consists of the following sets that are

mutually disjoint:

1) 22mHkt2p 4 2m+2(2m e + d) + (An(g(v) veva@) voy) U
Cr(g(v) ¥ e ¥ 5(d) ¥ (m+1)) UBr(g(b) Y e v (d) ¥ (m+2)) )» and
2) 92m+k+2 + 2m+2(2mc + d) +
(Ut Anoy vevs@ vi)-
Proof: Similar to that of Lemma 5.1. O
Corollary 7.2: If 0 < by, by < 2m=k _ 1.0 < ¢1, 0 <
28 —1;and 0 < dy, dy < 2™ — 1; where (by # by or ¢; #
co or dp 7é dg), then <22m+k+2 by + 2m+2(2m61 =+ dl) +
Aﬂ.w(bl) Ve v 6(d1))> and <22m+k+2 b2 —+ 2m+2(2m02 + dg) +
Ar(p(ba) Y co ya(d2))> are mutually disjoint.
Proof: If by # bo, then the claim follows from the fact
that 22m+5+2 5 greater than 2™+2(2™c + d) for all ¢ and
d, where ¢ < 28 — 1 and d < 2™ — 1. On the other hand,
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if by = by and (¢ # ¢ or dy # ds), then the claim follows
from the proof of Corollary 5.4. (]
Lemma 7.3: If0 < b < 2™k _ 1.0 < ¢ < 2F — 1,
and 0 < d < 2™ — 1; then (22mFTFF2p 4 2mH+2(2me 4
d) + Br(sv) ycy(j(d))> consists of the following sets that are
mutually disjoint:
1) 22mtk+2p 4 2m+2(2mc +d) + ( r(b(b) Y eYs(d)voy U
Dr(gp)vev sy <m+1>>UAw<¢<b Ve vsgdw (m42) »and

2) 92m+k+2 4 92m+2. (2m+2d t) 4
Br(o(v) v v s(a)))
Proof: Similar to that of Lemma 5.5. U

Corollary 7.4: 1f 0 < by, by < 2m=k _1:0 < ¢1, 00 <
28 —1;and 0 < dy, dy < 2™ — 1; where (by # by or ¢; #
co or di # dp), then (22mFhE+2p) 4 2mH2(2mey 4 dy) +
B7r(¢(b1) VeV 5(d1))> and <22m+k+2 b2 + 2m+2(2m02 + dg) +
BW(¢(b2) Vs \_/5(d2))> are mutually disjoint.

Proof: Make use of an argument as in the proof of
Corollary 7.2, and invoke Corollary 5.6. (]

Lemma 7.5: If0 < b < 2™k _ 1.0 < ¢ < 2F — 1;

and 0 < d < 2™ — 1; then <22m+k+2b + 2mF2(2me +

d) + Cr(p(b) Y e vg(d))> consists of the following sets that are
mutually dlS]OlI’lt
o X(bye,d) = 2¥mEREZy 4 omA2(ome @)

+  (Crpyvevs@vo) Y Ano®)Yevsd Y (mt1)
U Do) ¥ e Y () Y (m+2))
o Y(be,d) = 92m+k+2p 1 Ui:()l (2m+2(2mc(t) + d)+

Cr(o(b) Y v 5(d)v0)), and

o Z(bc,d) =" (22m k2 p(=) pomt2(9me 4 d) 4
Cr(o(b) Y eV o(d >zo>
Proof: Similar to that of Lemma 5.9. U

The following result is analogous to Corollary 5.8.
(By Lemma 1.13, ¢(b“~1)) = ¢(b) ¥ p;, t > 1.)

Corollary 7.6: If 0 < b < 2™k —1; 0 < ¢ < 2F — 1;
and 0 < d < 2™ — 1; then (22mFh+2p 4 omH2(9me 4
d)+cﬂ(¢(b(t—1)) VeV 5((1))) iS dominated by (22m+k+2 b(t71)+
2m+2(2m0+d)+cﬂ.(¢(b(t—1))ycyé(d))), where 1 S t é m—k.

Corollary 7.7: Tf 0 < by, by < oam—k _ 1.0 < c1, ca <
28 —1;and 0 < dy, dy < 2™ — 1; where (by # by or ¢; #
co or di # dp), then (22mFhF2p, 4 9mF2(2mey 4 dy) +
Cr((br) Y er Vo(dy)) ) and (22MTFF2 by 4 9mF2(9mey 4 dy) +
Crr(é(b2) ¥ 2 ¥ 6(ds)) ) are mutually disjoint.

Proof: First note the following:

o If by = by (in which case ¢; # co or dy # ds), then the
claim follows from Corollary 5.10.

o If by # by and Ham(by,b2) > 3, then
(01,8, bR A by 60 bR DY 2,
and the claim is immediate.

In what follows, let 1 < Ham(by,b2) < 2, and assume
that <22m+k+2 b1 + 2m+2 (2mC1 + dl) + Cﬂ(¢(b1) Ve Y §(dy))
and <22m+k+2 ba + 2m+2(2m02 +ds) + Cﬂ(¢(b2) Ve ¥ §(da))
are not disjoint. Using notations as in the statement of
Lemma 7.5 and the fact that by # bo, it is easy to see that
X(bl, c1, dl) U Y(bl, c1, dl) is diSjOiIlt from X(bg, c2, dg) U
Y (ba, ca,d2). Accordingly, there are two essential possi-
bilities: (1) X (b2, co,d2) N Z(b1,c1,d1) # O and (2)
Y(bg, Ca, dg) n Z(bl, cy, dl) # 0.
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1) Let X(bg, c2, dg) n Z(bl, cq, dl) 7é (0. Then there exists
some s, where 0 < s < m — k — 1, such that
(22mHRF2 by 4 2mF2(2M ¢y 4+ dg ) + Cr(p(ba) Y ea ¥ 5(d2)) )
is equal to (22mHkt2p(") L gmi2(ome, 4oy 4
Cﬂ(¢(b1)ycly5(dl))). The conditions on various para-
meters are such that the following hold: by = b(ls);
co = cp; and dy = dy. In addition, (¢(b2) Ve V
6(dz)) = (é(b1) Y ¢ ¥ 6(dy)) that, in turn, means that
6(b2) = p(b1), ie, H(bY)) = B(b1), 50 B(b1) ¥ pet1 =
¢(b1), which leads to ps41 = 0, a contradiction, vide
Definition 1.9. (Notice that Ham(by,b2) = 1 in this
case.)

2) Let Y(ba,ca,d2) N Z(by,c1,dr) # 0. Then there exist
some s and ¢, where 0 < s < m — k — 1 and
0 <t < m+2, such that (22m+k+2py 4 2mF2(2mcy 4
d2) + Cﬂ(¢(b2)!52 yg(dz))) is equal to (22m+k+2b§8) +
2m+2(2mcgt) + dl) + Cﬂ(¢(b1) Ve !é(dl)))' Again, the
conditions on various parameters are such that the
following hold: by = bgs); Ccy = cgt); and do = dj.
In addition, ((b(bg) VgV 5(d2)) ((b(bl) Ve v 5(d1))
Note that by = b; (s) implies that ¢(b2) = ¢(b1) Y psi1,
and ¢y = c( ) implies that co = ¢; ¥ 2¢. In that light,
(¢(b1) ¥ps+1 v C1 v 2t \ 5(d1)) = (gf)(bl) v C1 v (5(d1))
For this equality to hold, psy1 = 2¢. However, ps.1 is
not a power of two, vide Definition 1.9; a contradiction.
(Notice that Ham(b, b2) = 2 in this case.) O

Lemma 7.8: If0 < b < 2mF _ 1,0 < ¢ < m+2;
and 0 < d < 2™ — 1; then <22m+k+2b + 2mF2(2me 4
d) + D (p() cha(d)» consists of the following sets that are
mutually disjoint:

o X(bye,d) = 2¥mEREZy 4 omA2(ome 4 ()

+  (Dr@p)vevsavo) Y Ba(s)Yevs) Y (mt1))
U Cﬂ((i)(b)\_/c!zi(d)\_/(m+2)% , and

e Y(be,d) = U, (23m+2+t + 22mtkt2p

2mT2(2mc + d) + Dr(pb) v evsd)vo))-

Proof: Similar to that of Lemma 5.12. (|

Corollary 7.9: If 0 < by, by < 2m=k _ 1.0 < ¢1, 0 <
m+2; and 0 < dy, do < 2™ — 1, where (by # by or ¢1 #
co or di # dp), then (22mFEF2ph) 4 2m¥2(2mey 4 dy) +
DW(¢(b1) Ve YV §(dy)) and <22m+k+2 ba + 2m+2(2m02 + dg) +
D (¢(by) v es v 5(dy)),) are mutually disjoint.

Proof: 1f by = by (in which case ¢ # ¢5 or dy # ds), then
the claim follows from Corollary 5.13. On the other hand, if
by # by, then the claim follows from the fact that 22 +++2 g
greater than the maximum of 2™ 2(2™¢c+d) +2™+2 —1; and
om+t2 g greater than each element of D, B, or C,, where
0<c<2F—Tland0<d<2m™-1. O

Thekorem 7.10: Algorithm 5  returns the set

5’:”0 -1 (22m+k+2b+ U2 -1 ( dio_l (2m+2(2mc+ d) +

Vﬂ.(¢(b)ycy(5(d))))) that dominates the following sets that

are mutually disjoint:
1) The set of all elements of Type 0, between 0 and
23m+2 _ 1, the count being 23™.

2) The set of all elements of Type 1, between O and
23m+2 _ 1, the count being 2°™.
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3)

4)

The set of all elements of Type 2, between 0 and
25m+2 — 1, the count being 2°™.
m_q (2m o

o S 0
2mc + d) + S))), where S =

(Dr(g(0) v e v s(ay v 0) U Dr(o() Y ev () ¥ (mt1)) U
D) ¥ eV 5(d) ¥ (m42)))s 1-€., 3 - 23m=Fk elements
of Type 3, between 0 and 2‘3m+2 — 1, and

b) (23m+2 + S) U (23m+3 + S) U U (24m+1 + S),

where S = Uimghl (22m+k+2b i
UL (U ereere + a4
Dﬂ(¢(b)!c!5(d))))), ie, m2% % elements
of Type 3, between 2312 and 24m+2 — 1,

Proof:

1)

2)

3)

Let S = Az@gpyvevsa) YU Brm)vevsay Y
Cﬁ(¢(b)v vs(d))- For 0 < b < 2m~k _ 1, the set
g2mht2y 4 (20 ( ot (2t eme + d) + S))
dominates all elements of Type 0 between 227 tk+2y
and 227+F+2(h 4 1) — 1, the count being 22m*k,
This follows by an application of Lemmas 7.1, 7.3(1),
: 2" -1 (oom4kt2
and 7.5(1). Accordingly, J,_, (2 b +

Uik:;l ( Fi (2mT2(2mc+d) + S))) dominates all
elements of Type 0 between 0 and 2°™*2 — 1, the count
being 25™.

Let S = Brwvevs@) Y Drop)vevea) U

A m(p(b) Y eV s(d))- For 0 < b < 2™~k _ 1, the set
g2tz 4 (2 ( S0t (2mt2me + d) + )

dominates all elements of Type 1 between 227" tk+2y
and 227+tF+2(h 4+ 1) — 1, the count being 22m*k,
This follows by an application 0£ _L;emmas 7.3, 7.8(1),
and 7.1(1). Accordingly, J7_, ' (22m+k+2b +

UL (Ui 2mi2eme+d) +9))
elements of Type 1 between 0 and 232 —
being 23™.

The set returned by Algorithm 5 is a superset
of that returned by Algorithm 4. Next, of the
m + 3 sets, viz., (22mFTEF2p 4 2mT2(2me 4+ d) +
Cr(o) Yev s vo))s --- (22MTFH2p 4 2mF2(ame 4
d)+ Cr(p(v) Ve v s(d) v (m+2)) ) the following are exactly
those not dominated by the set returned by Algorithm 4,
vide Corollary 6.2(1):

2zm+:+zb + 2m+z(2m0 +d) + Cr(p) Y e ¥ 5(d) ¥ pr)
22mARE2Y 4 2mF2 (2™ e + d) + Cr(p(b) Yo ¥ 5(d) ¥ p2)

) dominates all
1, the count

22mAk+2p 2m+2(2m0 + d) + Cﬂ(q;(b) VeV §(d)Y po_i)
In that light, it suffices to show that the foregoing sets are
dominated by the set returned by Algorithm 5. To that
end, use Corollary 7.6 and the fact that ¢(b(*=1)) =

o(b) Y p; (vide Lemma 1.13), whence

. (22m+k+26+2m+2(2mc+d)+0 (b)YeY §(d) Y ;Dt))
is dominated by (22m+k+2p(t= 1)+2m+2(2mc+d)+
CTr(¢(b)¥CX5(d)¥pt))’ where 1 <t <m — k.
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The disjointness of the sets in this case follows from
Corollary 7.7.
4) a) Immediate from Lemmas 7.8(1), 7.3(1) and 7.5(1).
b) Immediate from Lemmas 7.8(2).
The disjointness of various sets in this case follows from
Corollary 7.9. 0

Figure 22 presents the count of the elements of Type 3,
dominated by the set returned by Algorithm 5. Meanwhile the
following is analogous to Corollary 5.15 and Corollary 6.2.

Corollary 7.11: Among the elements between O and
24m+2 _ 1 the following are not dominated by the set returned
by Algorithm 5, vide Theorem 7.10:

1) The set of elements of Type 0 between 25™*2 and
24m+2 _ 1 the count being 23mT2(2m — 1)

2) The set of elements of Type 1 between 23"*2 and
24m+2 _ 1, the count being 23 F2(2m — 1)

3) The set of elements of Type 2 between 23™+2 and
24m+2 _ 1, the count being 2™ *2(2™ — 1), and

4) The set of elements of Type 3 between 0 and 24712 —1,
other than those appearing in the statement of Theo-
rem 7.10(4), the count being 23™+2(2™ — 1).

VIII. STEP 4

This section zeroes in on the main result. See Algorithm 6
that is a miniature of Algorithm 2 in Section IV. Further,
see Figure 23 for the element used in this section. As usual,
k>3 and m = 2F — 3.

Algorithm 6 Main Scheme (Algorithm 2) in a Miniature Form
1. Z =0

2: for (a =0to 2™ — 1) do

3 for (b=0to 2™ % —1)do

4 for (c =0 to 2 — 1) do

5: for d=0to 2™ — 1) do

6: 7 = ZU (23m+2 a -+ 22m+k’+2 b + 22m+2 c

7.

8

9

+ 2772 d + Vi(s(a) ¥ o(5) e ¥ 8(a)))
end for
end for
10:  end for

11: end for
— 24m7k+2

13: return Z;

Lemma 8.1: f 0 < a < 2m —1;0 < b < 2m~k _1;
0<c<2"—1;and 0 < d < 2™ — 1; then (25™+2q +
Q2mtk+2 b+2m+2(2mc+d) + Aﬂ.(g(a) v (b) Xclé(d))> consists
of the following sets that are mutually disjoint:

1) 23m+2a + 22m+k+2b + 2m+2(2mc + d) +

(Ar(5(a)vorb)veva(@)v,0) CUuP Cr(s(a)Lm)¥ers@y(m+1))
U Bw(é(a)Vd)(b)VcVé(d)V(m+2>))’ and
2) 23mt2q 4 22mAREZy 4 gmE2(me 4 d) 4
(U1 Ar(sa)vomvevsave)-
Proof: S1m1lar to that of Lemma 7.1.

Corollary 8.2: f 0 < a1, a2 < 2™ —1; 0 < by, by
om—k _ 1. 0 < c1, ca < 2k — 1; and 0 < dy, do
2™ — 1; where (a1 # ag or by # by or ¢1 # ¢

S INIAN O
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|<_ 23m*k _>|<_ 2?sm*k _>|(_ 2?sm*k _>|

22500 o M2 (20 +1)-1: _ (23”’ B kelements)

P2l o P2 Ix R -1 _(23’"’kelements)

23m+2><2m—1 to 23m+2><(2m_1+1)71: _ (23m_kelements)

Fig. 22.  Count of the elements of Type 3, vide Theorem 7.10(4).

XM ERAL M2 oM gy dy + x

! "2 QM+ dy+ v+ x
cI d I v Ix

(—m—)|(—m*k-> k |(—m—)|(—m—)| 2 |(—

a I b

Fig. 23.  Structure of an element used in Algorithm 6.

dy 75 dg), then <23m+2 a1 +22m+k+2 by +2m+2(2m61 +d1)+
Ar(g(ar) Y o(br) Yer Yo(ar))) and (2772 ay 4 222 by 4
222 ey + d2) + An(5(az) ¥ é(b2) Ve ¥ 5(dz))) T mutually
disjoint.
Proof: Similar to that of Corollary 7.2. (]
Lemma 83: If 0 < a < 2™ —1;0 < b < 2mFk _1;
0<c¢<2"—1;and 0 < d < 2™ —1; then (25™+2q +
22mAk T2 4 2mH2(2Metd) + Br(s(a) v é(b) Ve v 6(d)) ) CONSISts
of the following sets that are mutually disjoint:

1) 23m+2a + 22m+k+2b + 2m+2(2mc 4 d) 4
(Br(s(a)veb)vevs(@vo) Y Dr(s(a)ve®)vevs(@yy(m+1)) U
Ar(5(a)¥o(b)¥e¥s(d)Y (m+2)))» and

2) 23mH2q 4 92mAk+2p 4 92mA2, 4 U;”:?)l (2m+2d(t) +
Br(s(a)o(b) evo(d))-

Proof: Similar to that of Lemma 7.3.

Corollary 84: It 0 < a1, a0 < 2™ — 1; 0 < by, bo
2m=F _ 1,0 < ¢, < 28 —1;and 0 < dy, do
2™ — 1; where (a1 # ag or by # be or ¢1 # ¢
dy 75 dg), then <23m+2 a1 +22m+k+2 by +2m+2(2m61 +d1)+
Br(s(a) Y o(br) Y ey Yo(dr))) and (2772 ay 4 222 by 4
2MF2(2™ ¢y + da) + Br(s(as) Y ¢(bs) Y s ¥ 6(dy)),) are mutually
disjoint.

Proof: Similar to that of Corollary 7.4. (]

Lemma 8.5: f 0 < a < 2™ —1;0 < b < 2m~Fk _ 1;
0<c¢<2"—1;and 0 < d < 2™ —1; then (25™+2q +
22mtk+2p 4 2m+2(2mc+ d) +Cﬂ.(5(a) Vb)YV 6(d))> consists
of the following sets that are mutually disjoint:

S INIA O

1) X(a,b,c,d):=23m+2q 4 22m+h+2 4 om+2(9me 4 ()
+ (Cr(s(a)vab)vevs(d)vo)y U An(s(a)Ve(s)Vevs(d)y (m+1))
U Di(5(a)Ye(b)YeVs(d)Y (m+2))

2) Y(a,b,e,d) = 28mt2q 4 22mikt2y o]
(2:+2(2m0(t) + d) + Cra@a)veb)vevsa))
an

3) Z(a,bye,d) = 2872 4 [k (2221 4
2m42(2m ¢ 4 d) + Cr(s(a)ve(b)vevs(d)))-
Proof: Similar to that of Lemma 7.5.

Corollary 8.6: If 0 < aq, a2 < 2™ —1; 0 < by, by
2m=k _ 1,0 < e1,60 < 28 —1; and 0 < dy, do
2™ — 1; where (a; # ag or by # by or ¢; # ¢
d1 7é dg), then <23m+2 ay +22m+k+2 bl +2m+2(2m01 +d1)+
Cr(5(ar) Y o) Y er v o(a)) ) and (272 ay 4 220TETED, o
2227 ¢y + da) 4 Cr(s(as) ¥ é(b) Y ea ¥ 6(dz))) are mutually
disjoint.

Proof: Similar to that of Corollary 7.6. 0
Lemma 8.7: f 0 < a < 2™ —1;0 < b < 2mFk _1;
0<c<m+2and 0 <d < 2™ —1; then (252 q +
Q2mtk+2 b+2m+2(2mc+d)+Dﬂ.(5(a) v $(b) v cYé(d))> consists
of the following sets that are mutually disjoint:
° 23m+2 a-+ 22m+k+2 b + 2m+2(2mc+ d)—|—
(D(s(a) ¥ ¢(b) ¥ e ¥ 5(d) Y 0)
U Br(5(a) Y é(b) Y e Y 5(d) ¥ (m+1))
U Cr(5(a) ¥ 6(b) Y c ¥ 5(d) ¥ (m+2))

° (23m+2 a(O) 4 22m+k+2 b+ 2m+2(2mc + d)-l—
Dir(6(a) ¥ 6(5) Y c ¥ 5(d)))

° (23m+2 a(l) 4 92m+k+2 b+ 2m+2(2mc 4 d)—l—
Dr(s(a)¥ 6(b) ¥ e ¥ 6(d)))

S INIAN O

° (23m+2 a(mfl) + 22m+k+2 b + 2m+2(2mc+ d)+
D (5(a) ¥ g(b) Y eV 5(d)) ) -
Proof: Similar to that of Lemma 5.12. O

The following result is analogous to Corollary 5.8 as well
as Corollary 7.6.

Corollary 8.8: f 0 < a <2M™ -1, 0 < b < om—k _ 1.
0<c<2"—1;and 0 < d < 2™ —1; then (252 q +
22mARAZ b 4 922 + d) 4+ Dr(s(a) v g(b) ¥ eV o(d) ve)) 18
dominated by (23m+2 q(t=1) 4 22mAh+2 4 omA2(9me 4 ) +
Dﬂ_(é(a(t—l)) Y¢(b)¥c¥5(d)))7 where 1 S t S m.
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Corollary 8.9: If 0 < aj,as < 2™ —1; 0 < by, bo
2m=k _ 1,0 < e1,60 < m+2; and 0 < dy, do
2™ — 1; where (a1 # ag or by # by or ¢ # ¢ or
d1 # dg), then <23m+2 ay +22m+k+2 bl +2m+2(2m61 +d1) +
Drx(s(ar) ¥ obr) Vor vo(dy))) and (2°7F2 ag 4 22mHEF2 b, 4+
222 ¢y + d2) + Dr(5(as) ¥ (ba) ¥ e ¥ 6(dy)),) are mutually
disjoint.

Proof: If a1 = as (in which case by # bs, or ¢; # ca,
or di # ds), then the claim follows from Corollary 7.9. On the
other hand, if a1 # a9, then the claim follows from the facts
that (i) 2%™*2 is greater than the maximum of 227" +++2p 1
2mF2(2me 4 d) + 2m+2 — 1, (ii) 22™HK+2 is greater than the
maximum of 2"+2(2™¢ 4 d) + 2™m*2 — 1, and (iii) 2™ "2 is
greater than each element of D,, B, or C;, where 0 < b <
2m=k _1,0<c<2F-1,and0<d<2™m — 1. O

Theorem 8.10: Algorithm 6 returns the set Z that is equal

<
<

0
Uzi”;“fl (23m+2 a  + ( ij’ghl (22m+k’+2 b+
k m
Uiy’ Uizo ' (27F2(27e + d) *
Vie(5(a) ¥ é(b) Y e v 6(d))))))) having cardinality 24™~**+2_and

that dominates all vertices of C'Q,,.

Proof: The set Z dominates all vertices of Type 0, Type 1
and Type 2. This follows by arguments similar to those in the
proofs of Theorems 7.10(1), 7.10(2), and 7.10(3), respectively.
In what follows, consider the vertices of Type 3, and let
0<a<2m-—1;0<b<2™"F_1,0<e¢<2F—1;
and 0 < d < 2™ — 1. By Lemmas 8.7, 8.5 and 8.3, the set

(23m+2 a + 22m+k+2b + 2m+2(2mc 4 d))+
(D) v o) vevs@voy Y Dasi@)veo®) vevsdy (m+1)
U Dr(5(d) ¥ ¢(b) ¥ c ¥ 5(d) ¥ (m+2))
is dominated by

(23m,+2 a +
(Dr(a(d) ¥ o) ¥ e v 5(a)) U
U Br(5(d) Y é(b) ¥ eV 5(d)))-

The sets that remain are as follows:

° (23m+2 a+ 22m+k+2b + 2m+2(2mc 4 d)+

Dr(5(a)¥ ¢(b) ¥ eV 5(d) V1))
° (23m+2 a -+ 22m,+k’+2b + 2m,+2(2m,c 4 d)-l—
Di(5(a)¥ ¢(b) ¥ eV 5(d) v 2))

22m,+k’+2b T 2"’""2(27”(: + d))_|_

Cr(5(d) ¥ ¢(b) Y eV 5(d))

° (23m+2 a -+ 22m+k’+2b + 2m+2(2mc + d)—l—
Dr(5(a) Y 6(8) Y ¥ 5(d) Y m) ) -

By Corollary 8.8, (23712 q22m k2 om+2(9m ey )+
Dw(é(a) V(b)Y s(d) Y t)) is dominated by (23m+2 a1 4
22mARYZ b 4 2mH2(2Me 4 d) 4 Dis(att-1) Y p(b) ¥ eV (d)))»
where 1 < t < m. Observe that the latter set is a subset of

the set returned by Algorithm 6. (]
Corollary 8.11: 1) CQ,, admits a 1-perfect code.

2) The (independent) domination number of C'@Q,,, is equal
to the theoretical minimum of 247 —%+2,

IX. VERTEX PARTITION OF THE QUAD-CUBE
INTO 1-PERFECT CODES

It turns out that the main scheme admits a generalization.
See Algorithm 7, where a new parameter ¢t has been intro-
duced, 0 <t < 2F — 1.
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Algorithm 7 The General Algorithm

Require: m =2% —3, k>3, and t € {0,...,2% — 1}
1. Z =0

2: for (a =0to 2™ — 1) do

3 for (b=0to 2™ % —1)do

4: for (¢ =0 to 2 — 1) do

5: for (d =0to 2™ — 1) do

6: 7 = ZU (23m+2 a -+ 22m+k+2 b + 22m+2 c
7: + 22 d + Vi(s(a) Y d(b) VeV 6(d) Vt))
8: end for

o: end for

10:  end for

11: end for

12: Comment: At this point, |Z| = 24m=k+2,
13: return Z;

Theorem 9.1: Algorthm 7 returns a l-perfect code
of CQyp,.
Proof: ~ Algorithm 7 differs from Algorithm 6 at

Step 7, where Vi(sa)v o) vevsd)) has been replaced by
Vas@) Yo Yevs@dve, 0 <t < 2F — 1. It is easy to see
that 0 < 7(d(a) ¥ ¢(b) Y c Y 6(d) ¥ t) <2k — 1.

By symmetry, every claim relating to the set returned by
Algorithm 6 holds true with respect to the set returned by
Algorithm 7. Hence the result. 0

Corollary 9.2: If m = 2% — 3, k > 2, then CQ,, admits a
vertex partition into 1-perfect codes.

Proof: See Figure 2 in Section I for a vertex partition
of CQy (m = 3 and k = 2) into 1-perfect codes. In what
follows, let & > 3.

For every quadruple (a,b,c,d), if t1 #  to,
then m(0(a) ¥ ¢(b) Y ¢ ¥ §(d) Viq) is different
from m(0(a) ¥ (b)) Y ¢ Y §(d) Yia), hence

Vi) Yoy Yevo@ye) — and  Viga)ves) ey sd)ves)
are disjoint, where a,b,c,d are as in Algorithm 7 and
0 < ti,ts < 2¥ — 1. In that light, run Algorithm 7
systematically for ¢ ranging from 0 to 2¥ — 1. Each time,
it returns a 1-perfect code of the graph, vide Theorem 9.1.
Further, the 2% sets thus obtainable are vertex-disjoint. It is
easy to see that the codes collectively constitute a vertex
partition of the graph. 0

X. CONCLUDING REMARKS

A quad-cube C'Q,, is a special case of a more general
topology, called the metacube [19] that itself is derivable from
the hypercube. This paper presents a vertex partition of CQ,,
into 1-perfect codes, where m = 2k _ 3, k > 2. In an earlier
study [14], the author presented an analogous result over the
dual-cube that is a simpler version of the metacube.

There exist other more complex versions of the metacube,
notably, the oct-cube that merit a similar study.
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