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Shrinkage Priors for Nonparametric Bayesian
Prediction of Nonhomogeneous Poisson Processes

Fumiyasu Komaki*™', Member, IEEE

Abstract— We consider nonparametric Bayesian estimation
and prediction for nonhomogeneous Poisson process models with
unknown intensity functions. We propose a class of improper
priors for intensity functions. Nonparametric Bayesian inference
with kernel mixture based on the class improper priors is
shown to be useful, although improper priors have not been
widely used for nonparametric Bayes problems. Several theorems
corresponding to those for finite-dimensional independent Poisson
models hold for nonhomogeneous Poisson process models with
infinite-dimensional parameter spaces. Bayesian estimation and
prediction based on the improper priors are shown to be
admissible under the Kullback-Leibler loss. Numerical methods
for Bayesian inference based on the priors are investigated.

Index Terms— Admissibility, Dirichlet process, gamma process,
kernel mixture, predictive density.

I. PREDICTION BASED ON MODELS WITH FINITE
DIMENSIONAL PARAMETER

TATISTICAL modeling and data analysis based on non-

homogeneous Poisson point processes have various appli-
cations (e.g. [31], [33]). We consider nonparametric Bayesian
inference with kernel mixture for nonhomogeneous Poisson
processes from the viewpoint of predictive density theory. In
the present paper, it is shown that Bayesian procedures based
on a class of improper priors provide reasonable estimation
and prediction. Several theorems concerning admissibility cor-
responding to those for finite-dimensional independent Poisson
models are shown to hold for the nonhomogeneous Poisson
process model.

In this section, we summarize the basic framework of
predictive density theory mainly studied for finite-dimensional
models. Suppose that we have an observation z from a
probability density p(« | 6) that belongs to a parametric model
{p(z | 6) | & € © € R?}. The objective is to predict an
unobserved random variable y distributed according to p(y | 0)
using a predictive density ¢(y; z).

Manuscript received June 7, 2020; revised May 8, 2021; accepted May 12,
2021. Date of publication June 3, 2021; date of current version July 14,
2021. This work was supported in part by the Ministry of Education,
Culture, Sports, Science and Technology (MEXT) KAKENHI under Grant
16H06533, in part by the Japan Science and Technology Agency (JST)
CREST under Grant JPMJCR1763, and in part by the Japan Agency for Med-
ical Research and Development (AMED) under Grant JP21dm0207001 and
Grant JP21dm0307009.

The author is with the Department of Mathematical Informatics, The
University of Tokyo, Tokyo 113-8656, Japan, also with the RIKEN Center
for Brain Science, Wako 351-0198, Japan, and also with the International
Research Center for Neurointelligence (IRCN), The University of Tokyo,
Tokyo 113-0033, Japan (e-mail: komaki@mist.i.u-tokyo.ac.jp).

Communicated by R. Balan, Associate Editor for Detection and Estimation.

Digital Object Identifier 10.1109/TIT.2021.3084062

We adopt the Kullback—Leibler loss

) ply | 0)
D{oy | 0)-a(wia)} = [ ply | 0)10g By,
from the true density p(y | 6) to a predictive density
q(y;x). A predictive density q(y;z) is said to dominate
another predictive density ¢'(y;z) if the risk of ¢(y;z) is
not greater than that of ¢'(y;x) for all 6 and the strict
inequality holds for at least one point € in the parameter
space. A predictive density ¢(y;x) is said to be admissible
if there does not exist a predictive density dominating g(y; x).
See [5] and [28] for basic frameworks of statistical decision
theory concerning admissibility and its relationship with Bayes
theory.
Many studies recommend Bayesian predictive densities

o — LW O)p( | 0)m(9)d6
Pl L) = [o()0

based on a prior 7(¢) rather than plug-in densities p(y | 6(z))
(e.g. [1], [11], [19]), where @ is an estimated value of 6. This
is because there exist Bayesian predictive densities dominating
plugin densities in many examples.

It is important to construct prior distributions for Bayesian
inference when we do not have specific prior information about
unknown parameters. Such a prior is called a noninformative
prior or an objective prior. The Jeffreys prior is a theoretically
important objective prior. Let = (61, ..., 64) be an unknown
parameter of a finite dimensional parametric statistical model
and I(f) be the corresponding Fisher information matrix.
Then, the Jeffreys prior is defined by

73(0)d0y - - - dbg = |1(0)[*/2d; - - - dby,

where |I(0)] is the determinant of I(¢). Noninformative priors
such as the Jeffreys prior often becomes improper, i.e. the
total mass of the prior is infinite. The Bayes theorem cannot
be directly applied to improper priors because they are not
probability distributions, whose total masses are 1. However,
formal application of the Bayes theorem to improper priors
sometimes gives useful prediction and estimation. Statistical
decision theory concerning admissibility provides a basis of
such generalized Bayesian procedure based on improper priors
(e.g. [5D.

Bayesian predictive densities based on shrinkage priors
often dominate the Bayesian predictive densities based on the
Jeffreys prior when the dimension of the parameter space is
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large. Shrinkage priors assign more weight to parameter values
close to a subset in the parameter space than the Jeffreys
prior. In particular, Bayesian prediction based on shrinkage
priors for finite-dimensional models such as the multivariate
Normal model and the multidimensional independent Poisson
model have been investigated. See [10] for recent develop-
ments of parameter estimation theory based on shrinkage

priors.
First, consider the d-dimensional Normal model. Suppose
that z; (i = 1,...,d) are independently distributed according

to N(pi,0?) and that y; (i = 1,...,d) are independently
distributed according to N(y;, 72), where N(y;,07) is the
Normal distribution with mean y; and variance o2. Here,
w = (p1,...,1q) is the unknown parameter and o and
7 are known positive constants. We consider prediction of
Yy = (ylvaa BREE) yd) llSiIlg r = (xla L2y, xd) under
the Kullback—Leibler loss. The Bayesian predictive density
ps(y | x) based on the prior ms(p) = |~ =
(3", 1i?)~(@=2/2 introduced by [32] dominates the Bayesian
predictive density pj(y | «) based on the Jeffreys prior
my(p) = 1 ( [20]). This corresponds to the widely known
result that the generalized Bayes estimator based on Stein’s
prior 7s (1) dominates the best invariant estimator 7 = « when
d > 3. See [12] for sufficient conditions for general priors
other than the Stein prior and [7] for admissible predictive
densities for Normal models. The asymptotics of minimax risk
of predictive density estimation for non-parametric regression
is studied by [34].

Next, consider the d-dimensional Poisson model, which
is closely related to the nonhomogeneous Poisson process
models considered herein. Intuitively speaking, nonhomoge-
neous Poisson process models are infinite-dimensional Poisson
models. Suppose that z; (i = 1,...,d) are independently
distributed according to Po(s);) and that y; (i =1,...,d) are
independently distributed according to Po(t);), where Po(s\;)
is the Poisson distribution with mean s\;, A := (A1,...,Aq)
is the unknown parameter, and s and ¢ are known positive
constants. We consider prediction of y = (y1,92,.-.,Yd)
using x = (x1, T2, ..., xq) under the Kullback—Leibler loss.

A natural class of priors ilncludin% the Jeffreys
prior  w3(A)dAy---dAg = A2 A, 2dA - -dNg s
Ta(N)dA--dAg = AP MG T A - d)g, where
a; >0 (i=1,...,d). A class of improper prior densities

Ty (A dArdA - - - dAg

>\(1y1_1>\32_1"'>\3d_1
= dAdAg - - dA 1
Oa T b g e (D

with > .05 —v > 0O and oy > 0 (1 = 1,2,...,d) is
investigated and Theorems 1 and 2 below are obtained ( [21]).

Theorem 1 ([21]): When Zz a; —y > 1 and o >
0 (i=1,2,...,d), the Bayesian predictive density pq (v |
x) based on 7, () is dominated by the Bayesian predictive
density ps 5(y | ) based on 74 5(X), where 5 := " a; — 1
and a = (6&1,6&2, AN ,dd) = (0&1,0&2, AN ,Oéd).

Theorem 2 ([21]): For every d > 1, the Bayesian predictive
densities based on the priors in the class {mq,(A) 1 0 <
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S ai—y<1,0;>0(i=1,2,...,d)} defined by (1) are
admissible under the Kullback-Leibler loss.

In particular, when d > 3, the Bayesian predictive den-
sity pr(y | «) based on the shrinkage prior mg(\) :=
Ta=(L,...3),y=4-1(A) dominates the Bayesian predictive
density pn,(y | ) based on the Jeffreys prior and is
admissible under the Kullback—Leibler loss. Parameter esti-
mation can be regarded as infinitesimal prediction under
the Kullback—Leibler loss in the multivariate Poisson model
([22]). Intuitively, infinitesimal prediction means prediction
for infinitely near future.

In the present paper, we generalize the results for
finite-dimensional independent Poisson models to the results
for nonhomogeneous Poisson models. The remainder of the
present paper paper is organized as follows. In Section 2,
a class of improper shrinkage priors for nonparametric
Bayesian inference with kernel mixtures for nonhomogeneous
Poisson models is introduced. Several theorems concerning
admissibility of Bayesian predictive densities and Bayes esti-
mators for nonhomogeneous Poisson models corresponding to
those for finite-dimensional models are proved. In Section 3,
numerical methods to evaluate Bayesian predictive densities
and Bayes estimators are investigated. Finally, conclusions are
presented in Section 4.

II. NONPARAMETRIC BAYESIAN INFERENCE FOR
NONHOMOGENEOUS POISSON PROCESSES

We consider nonhomogeneous Poisson processes on a
region U in the Euclidean space RY. The results in the
following can be generalized to those for nonhomogeneous
Poisson processes on general spaces such as a Polish space.

Basic properties of nonparametric inference of nonhomoge-
neous Poisson processes using gamma process priors are given
by [24] and [26]. Corresponding results for probability density
estimation are given by [25]. Various estimation methods
of intensity functions of nonhomogeneous Poisson process
models have been studied (e.g. [4], [18]).

Conventional statistical decision theory mainly deals with
problems with finite dimensional parameters. In the present
paper, we show that the framework of statistical decision
theory is effectively applied to prediction and estimation for
nonhomogeneous Poisson process models with infinite dimen-
sional parameter spaces. The results suggest that decision
theoretic approach is also useful for other infinite dimensional
problems.

A. Bayes Estimators and Bayesian Predictive Densities

Let A(u) be a positive function of uw € U satisfying
JyAMu)du < oo. We observe & = (N,z1,22,...,2N)
distributed according to the nonhomogeneous Poisson process
Ps(sA) with intensity function sA (s > 0). Here, N is the
number of the observed points and x1,...,xy are observed
points in U. We introduce a known constant s > 0 for later
use. Let X(B) = #{x; | 2, € B (1 < i < N)} and
AB) := [z Mu)du for BC U.If X(B;) (i =1,...,k) are
independently distributed according to the Poisson distribution
with mean sA(B;) for an arbitrary partition (B, ..., By) of
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U, x is said to be distributed according to the nonhomo-
geneous Poisson distribution with intensity function sA. The
function \ is the unknown parameter.

The likelihood for the nonhomogeneous Poisson process
model is given by

{ﬁS)\(xi)}exp{—S/x\(a:)dx}
={

.

3

4::12

X(mz)}(sw)N exp(—sw) 2)

N P (-

1

,’:]z

sw) =:pa(x), (3
n N!

where w = [A| := [, Mu)du and X := M/w (see e.g. [8]
p. 22). We identify A w1th (w, ). The probability density
(3) of the observed points (z1,...,2y) multiplied by N!
coincides with (2). These two representations do not make
essential differences in the following discussions. We mainly
use (3) in the following.

Let y = (M,y1,y2,...,yn) be a sample independent of
@ from the nonhomogeneous Poisson process Z2(t)\), where
t > 0 is a known constant. We investigate estimation of A
and prediction of y using x. In Subsection II-D, estimation is
formulated as a limit of prediction.

First, we consider estimation of A. From (3), the
Kullback-Leibler divergence from the probability density
pa(y) corresponding to the intensity ¢\ to another probability
density py (y) corresponding to the intensity ¢\ is

(T | cxp( )

Myi) ]
Ny
= tw (% —1- 1og%, +/)\( )log )\((ZZ)) y> 4)

= [(¥w -2 amoe a0
Suppose that a prior density 7(d\) is adopted and observa-
tion x is given. Let p,(dA | ) be the posterior distribution.
If the posterior mean of A has a density A o(u) with respect
to the Lebesgue measure on U, the posterior mean of the
Kullback-Leibler loss of an intensity estimator \ is

M
=E, [tw'—tw—i—Mlog%—i—Zl

i=1

/ D(pa(®). px () pr(dA | 2)

—t//( Y) + Ay )log%>dypﬁ(d/\|w)

= f//{ (X(y) = Ara () + Arz(y) log %y()y))

5307
¢ AA@,(;)) }

and is minimized when \ = Ar 2. Here, we assume that the
integral exists. Thus, the Bayes estimator of \ is the posterior
mean Ar 5 given observation x.

If the posterior is decomposed as p, (dw dA | &) = pr(dw |
x)py (dX | ), then the Bayes estimators of w, 2\, and )\ based
on the prior 7 are given by

ww7w=/wpﬁ(dw|w), Xﬂ7w=/Xpﬁ(dX|w),

+ </\7r,m(y) —Ay) +A(y) lo
X pr(dX | x)dy

and
/\Tr,a: = ww,wxﬂ-,wv
respectively.
Next, we consider predictive densities of y. The

Kullback-Leibler divergence from the probability density
pa(y) corresponding to the intensity ¢\ to another probability

density q(y) =q(M,y1,....ynm) = q(M)q(yr, ..., yn | M)

1S

tog P OD T Aw:)
Q(nyla' 7yM)

where pto (M) := {(tw)™ /M!} exp(—

son probability density with mean tw.
Since the posterior mean of the Kullback-Leibler divergence

D(pa(y), q(y)) = Ex

(6)

tw) denotes the Pois-

( i)}

y1 - dyppx(dw dX | z), (7)

ptw(M)H A(w)d
(M,yl,...,ij)

the Bayesian predictive density minimizing (7) is

x log

Myl,...

e

If the posterior is decomposed as pr (dw d\ | z) = pr(dw |
x)pr(dX | x), then the Bayesian predictive density based on
the prior 7 is given by

7yM|w)

H)\ (yi }pﬂ(dwd)\ | ).

pw(Maylv"'vyM | :13) :pﬂ'(M | w)pﬂ'(ylv"'vyM | Maw)a
(8)
where
pe(M | @) = [ B2 )ps(dw | )
and

M
pr(y1, - ym | M) = /{H }pﬂ dX | ).
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B. Kernel Mixture Models

We need to adopt a prior for A in order to use
Bayesian methods. First, we consider the gamma process
prior %a(«, ), where «o(u) is a positive density function
of u and [ is a positive scalar that does not depend
on u. Then, for an arbitrary partition (Bi,...,By) of U,
wi = p(B;) (¢ = 1,...,k) are independently distributed
according to the gamma distributions Ga(«;, ) with densities
(/i) 01 /304 exp(—j1;/ ), where a; = a(B;) —
[ B, u)du. The mixture of the nonhomogeneous Poisson
process ﬂo(t)\) with respect to the prior %a(«, 3) for X is
the negative binomial process Ae%i(«,t5/(1 + t53)). For
NeRBi(a,t3/(14t3)) and an arbitrary partition (B, ..., By)
of U, the numbers N; of points in B; (i = 1,...,k) are
independently distributed according to the negative binomial
distribution with density (N +a’_1){tﬁ/(1 +tB3)Vi{1/(1 +
t3)}*i. The posterior with respect to the prior 4a(a, 3) and
observation x is 4a(a+)_; 0., 1/(s+1//)) (see [26]). Then,
the posterior means of w, A, and \ are

a0,
la| + N

(la] + N), a3

wa,ﬁ,ﬂz‘ = 1+56 o, 0,

)
and

p
A =——(a 0z,),
a,B,x 1+85( +Z,L: T/z)
respectively, where d,., denotes the Dirac measure at ;. Thus,
the Bayesian predictive density based on the gamma process
prior %a(c, 3) and observation x is

(s+1/8)"tt >
1+ (s+1/8)""

JV&@L<0¢ +) .,

, 28
- (o 2 )

Although the gamma process prior is a conjugate prior for
the nonhomogeneous Poisson model, it is not natural to use
this prior directly for A because the measure o+, 0, is not
absolutely continuous with respect to the intensity measure \.
In fact, the Kullback—Leibler loss of the posterior mean Ay 3,4
with respect to observation x and the gamma prior %a(c, 3)
is

D(f)\, t/\aﬂ@)

—tw{—wa’ﬁ -1~
w

_tw{m_l
w

+/)\ log_ ,[3 w)(y)dy}
2edy [Rw) Jlog 2
+log<1 + %)},

where |a| = [, a(u)du and @ := «/|al. The amount
of information concerning A included in « increases as s
increases. However, when s goes to infinity and ¢ is fixed,
N and the divergence D(t\, %\, 3) diverges to infinity. Here,
Wa, 5 converges to w with probability 1. However, Ay 5. does

not converge to A in the Kullback-Leibler sense, although
Ao, g. Weakly converges to \.

dy
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In order to overcome the difficulty caused by the fact that
a+>,; d; is not absolutely continuous with respect to A, kernel
mixture models are widely used. A nonnegative function % :
U x U — Rxq satisfying [ k(y,u)dy = 1 is called a kernel
function. Suppose that an intensity function \ is represented
by

My) = k(y, p) == /k'(y,U)u(dU%

where p(du) is a finite measure on U. Then,

w== [Awats= [[ Koy
:/u(dy) = lul-

We identify ;o with (w,7z), where & := u/|p|. Then, we have

Aly) = Al(A‘I/') k(y, ;) = / k(y, w)p(du).

We hereinafter consider kernel mixture models because
these models are reasonable under the Kullback-Leibler loss.
The results in the following can be generalized to the setting
in which the kernel function has an unknown parameter by
introducing a prior for the unknown parameter.

Example: The Gaussian kernel

1 1 )
= exp{—ﬁ@—u) }

is frequently used in applications. For simplicity, we assume
that o > 0 is known. O

Assume a gamma process prior %a(a,3) for p. Then,
7 = p/w is distributed according to the Dirichlet process
Pi(a) (see e.g. [13] p. 96). For every partition (By, ..., By)
of U, (a(B1),...,f(By)) is distributed according to the k-
dimensional Dirichlet distribution Di(a(B1), . .., a(By)). The
weight parameter w is distributed according to the gamma
distribution Ga(|a/|, 3) independently of 7z. Thus, the simulta-
neous distribution of w and 1 is given by

pZHAR) pl 5(w) du, )

where pZ(dfi) denotes the Dirichlet process measure and

p s(w) = {1/T(|a])} (w71 /5l exp(—w/B) is the

gamma probability density.

k(y,u) =

(y,u € R)

C. Improper Priors

It is difficult to determine the scale parameter § from the
viewpoint of objective Bayes. Let ¢ be an arbitrary positive
constant for time scale change. Then, H%(s\) = (5)),
where 5 := cs and A := \/c. Inference for \ is equivalent to
inference for \ because the time scale change does not affect
the essence of the problem. Thus, the objective prior should
be (relatively) invariant with respect to the time scale change.
However, the gamma process prior %a(a, 3) is not relatively
invariant if 3 is finite. One method by which to construct an
invariant posterior is to adopt the improper prior

o (p)dp = p (A7) pfi o (w) duw, (10)
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which could be intuitively denoted by 1~ 'dy, that is obtained
by taking the limit 5 — oco. The posterior based on the prior
T, 1s invariant with respect to the time scale change. The
prior (10) is a natural generalization of the improper prior
Hle(u;”"_ldui) discussed by [21] for the finite-dimensional
independent Poisson model.

Here, we consider a generalization of the gamma process
prior (9). Let

T, (Ap) := pZH () pi3i ., 5(w) duw, (11)

where v < |a|. We consider

= P (dm) it oo (w) du,
(12)

Tay (dpt) = Ta, g=c0(dp)

which is a generalization of (10), by taking the limit 8 — o0.
We denote the distributions of A(u) = [ k(u,v)u(dv) cor-
responding to (11) and (12) by Wa’ﬁ’,y(d)\) and Ta,~(dA),
respectively, by abuse of notation without confusion.

We investigate Bayesian inference based on the prior 7, 3 .
From (3) and (11), the posterior distribution of p with respect
to prior 7, g~ and observed data @ is proportional to

N N
{TTbtesm oitam S esp(-sulofi, p(w) o
=1 N
x {H k(xi, 1) }pgi(dﬂ)pﬁfW+N,ﬁ/(sﬁ+1)(w) dw.

13)

Thus, the posterior and the Bayesian predictive density for the
kernel mixture models have more complex forms than those
for the simple Gamma—Poisson processes.

The posterior mean of \ given x is

Aa,ﬁ,v,m(y) _ fk(y,ﬁ){l_[f\il
el = LY W o

}p

xzv

Xa,ac(y) =
(14)

not depending on (3, -y, or s. For precise treatment of quantities
related to posterior distributions based on disintegration, see
e.g. [17].

The posterior means of w and A are

1
Wia|—,5,N = [Aa,g 2| = m(w —v+N) (15
and
_ 1 _
Aa,ﬁ,’Y,w = w‘a|—’)’757N>‘a,a; = WOOA -7+ N))\a,aca
(16)

respectively. Since the posterior density of w depends on «
and v only through |o| — v and on * = (N,z1,...,zN)
only through N, we denote the posterior mean of w by
Wia|—y,8,N = [Aa,gy .l

From (13), the Bayesian predictive density is given by

pf/E(;HsH/g),w_7+N(M)pa(y1, conym | M, x),
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where
p(y(ylw"ayj\f'M w)
_ f{H;\i1 y]v }{Hz 1 xi,ﬁ }p?(du) 17
f{Hizl Ti, }p
and

NB
Py (stt+1/8) Jad—y+N (M)
_ I'(M+ N+ |a| —7)
M!TC(N + |a| — )
s+1/8

n M o] —=y+N
X<t+s+1/ﬁ> <t+s+1/ﬁ> '

Here, P}/ 4116y o]y in (M) is the negative binomial dis-
tribution with success probability ¢/(t+ s+ 1/3) and number
of failures |a| — v + N. We can evaluate the posterior mean
(16) of A and the predictive density (17) using Markov chain
Monte Carlo (MCMC) methods as discussed in Section III.
By taking the limit 3 — oo, we obtain the Bayes estimate
and the Bayesian predictive density based on the improper
prior 7, ~. From (13), the posterior with respect to the
improper prior 7, ~ and observation « is proportional to

{ﬂk (s, 7) }Pf"(dﬁ) (ow

)N

exp (—sw)pﬁf“_%w (w) dw

N
{Hkx“ } HA)P{a] s n,1 s (w) dwo.

The posterior means of )\, w and A with the improper prior
o,y Are

[ R, B{ITL, k(i 1) }pZ(dR)

Aoa(y) = . . (18)
JAIIY, k@i, 1) }p2i(dp)
1
Wa|—y,N = [Ny, = g(|04| -7+ N), (19)
and
_ 1 _
Aaye = Wal—y,NAae = (lo] =7+ N)rae,  (20)

respectively.
The Bayesian predictive density with the improper prior
Ta,y 1S given by

prl‘/\l/]?t+s),|&\—7+N(M)pa(yla s YMm | M, w)v

where

NB
Pi/(i+s) o]+ (M)

CI(M+N+lal—v) [ ¢ \M [ s N
 MII'(N+lal—v) \t+s t+s '
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D. Estimation as Infinitesimal Prediction

For the finite-dimensional independent Poisson model,
Bayesian parameter estimation under the Kullback-Leibler
loss is formulated as infinitesimal Bayesian prediction
([22], [23]). We derive the corresponding results for nonhomo-
geneous Poisson processes. Using this formulation, an integral
representation of the Kullback—Leibler risk of a predictive
density is obtained. This representation provides a unified
framework for prediction and estimation and is a basis for
later discussions. Intuitively, for the nonhomogeneous Poisson
model, estimation is infinitesimal prediction and prediction is
cumulative estimation.

Let z = (N + M, xq,..
sity of z is

S IN,Y1,-.-,Ym). Then, the den-

N+M N+M

21

Since the conditional density

) = pa(, 2) _ pA(z)pa(Y)
Pa(z) pa(z)

_(NMY (s NN,

_( N )(S——H) (s+t> (22)
does not depend on A, z is a sufficient statistic when & and
y are observed. We denote px(z | z) by p(x | z). Let
pr(x,z) = [pa(x, z)m(dN) and pr(z) := [pa(z)m(dN),
where 7(d\) is a prior. Then, we have

pa(z | 2

Pl | 2)pe(2)

23
pr(@) (23)

pr(y | @) = pr(z | @) =
We consider a nonhomogeneous Poisson process z, =
(N, z1,...,2znN,) distributed according to (7 A) on U with
time 7 > 0. When we need to explicitly specify time 7,
z; 1s denoted by z,;. For a,b > 0, the difference between
Zayb = (Nagbs 21, -+, ZN,4,) and zq = (Ng, 21, ..., 2N, ) is
defined by 2414 — 24 = (Nays — Na, 2N, 415 - - -5 2N, )- For
all a,b > 0, z, and z,1p — 2, are independently distributed
according to %(a)) and I%(b)), respectively. This spatial
point process z, on U is called a pure immigration process.
Then, the simultaneous distribution of  and vy is identical to
that of z¢ and z,4, — zs. The probability density of z, is
denoted by py -(z,). From (23), the Kullback—Leibler risk is
represented by

—E, [log p)\,s+t(zs+t):| —E, [log PA,S(ZS)]
pﬂ',s-l-t(zs-i't) pw,s(zs)

s+t
= / EEA {log LMT(ZT)] dr,

or P, (Z7) 24

where pr -(z;) = [pa-(z7)7(d\). Here, we assume that
the expectation Ej [log{px,-(2:)/p=-(2-)}] exists and is
differentiable with respect to 7 € [s, s + t].
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In order to evaluate the integrand of (24), we prepare
Lemma 2, which is a generalization of Lemma 1 below, which
is essentially used in [23].

Lemma 1: Suppose that N, (7 > 0) is distributed accord-
ing to a Poisson distribution with mean 7w, where w is
a fixed positive real number. Let h be a function from
the nonnegative integers to the real numbers. Assume that
oo o |h(n)] (6™ /n!) exp(—0) < oo for all § > 0. Then,

diTE[h(NT)} - [(% - w)h(Nr)]

- wE[h(NT +1)— h(NT)].

The proof is straightforward.

Lemma 2: Suppose that z, = (N, z1,...,2zn,) is dis-
tributed according to the nonhomogeneous Poisson process
Ps(TA) (T >0).

Let h, (n = 0,1,2,...) be functions from U"™ x R>q
to R, where U° := () and hg is a constant. Every function
hn(21,y ..., 2n,7) is symmetric with respect to zi,..
and is differentiable with respect to 7 > 0 for every fixed
21,...,%n. Let h be a function from (USL,U™) X R>o to R
defined by h(z,7) = h(n,z1, ..., 2n,7) := hp(21, - .-, 20, T)s
where z = (n, 21, ..., 2,). Assume that f(r, s) := E[h(z,, s)]
exists and is differentiable with respect to (r,s) € R2, in a
neighborhood of every 7 = s > 0 and that ZE[h(z,,s)] =
E[aﬁh(zr, s)].

S

Then,

4 Blh(z,.r)] = /U AWIE[h(z, +8,) — h(zr)]dy

dr

where z, + d, := (N; +1,21,...,2n,,Y).

The proof is given in Appendix A.

Now, we have an integral representation of the risk of a
Bayesian predictive density.

Theorem 3: Suppose that z, = (N, z1,...,2N,) is dis-
tributed according to the nonhomogeneous Poisson process
Ps(t\) (1 > 0).

Assume that

<5 2n

Oh
+E [E(zﬂ r) (25)

f(r.s) =E [1gm7<>}

ps,ﬂ'(zr)

exists and is differentiable with respect to (r,s) € R2, in a
neighborhood of every » = s > 0 and that

a Ds )\(Zr) a DPs )\(Zr)
—FE [log—"—%| =E | =1 : )
Ds [ngmzr) 95 % pon(zr)

Then,

E

>

et

pwy|ﬁc)
t

s+
_ E 1 w7"72777'
- A Wr oz, r —W—WIOG ————
. w

+w/UX(y) log j\idy dr

Arozn 7 (Y)
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/:H Ex [/U{/\w,zm(y) — ()
+A(y)log %}dy] dr.

The proof is given in Appendix A.

Since the integrand (26) multiplied by ¢ coincides with the
Kullback—Leibler loss (5) for the intensity estimator Ar . -,
Bayes estimation under the Kullback—Leibler loss for the non-
homogeneous Poisson model can be regarded as infinitesimal
Bayesian prediction as in the finite-dimensional independent
Poisson model.

When the prior is decomposable as m(d\) = 7(dw)m(dN),
the assumption in Theorem 3 and Theorem 4 in the next

subsection can be easily verified in many problems. If w(d\) =
m(dw)mw(dX), then

(26)

Hﬁv 1 AM(2r,) exp(—sw) ]
r,s)=E
fr.s) A f]_[ N (zy,;) exp(—sw’)w(dN)
HN 1 wN" exp(—sw) ]
=E, |lo L
' ng], N exp(—sw)(du)
T12 Mera)
E | 27
B TPy zr,m(dm] 7

The first term in (27) can be explicitly evaluated for our
priors. The second term in (27) is represented by

H?:l X(ZJ)

ilr) =B IOg{fH:::meam }1
— exp(—ruw) i_oj D o), (28)
where - ~
/ /{szl}bg{fnknﬁﬁ()])( >}

< dzy,.

Here, ¢(n) is the cumulative Kullback-Leibler risk when we
predict zi,...,z, independently distributed according to a
probability density X usmg the simultaneous Bayesian pre-
dictive density | H N (2 ) (dN).

Therefore, in order to verify the assumption in Theo-
rem 3, it is sufficient to show that (28) converges for every
0<r<oo.

In many problems, we can verify that (28) converges for

every 0 < r < oo using the inequality
+f vr(dm}, 29)
B

where B is an arbitrary measurable set in the space of intensity
functions. The inequality (29) is used to define the index of
resolvability by [3] (see also [2]). Thus, a sufficient condition
is that there exists B such that sup;.p D(X\, A\z) < oo and
m(B) > 0. For example, the nonhomogeneous Poisson model
with the gamma prior and without a kernel discussed in
Subsection II-B does not satisfy this condition.

sup D(\, Ap)
fEB

0 < c(n) §n{
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If the power series of r in (28) converges for all 0 < r < oo,
we have

d > )
drh( r) = —wexp(— Z
- i ) o)
exp(—rw) 2 (n—l) c(n
= wexp(— Z _ cln+1)—c(n)} (30)
— wEy { / Ay) log;(y()y) dy] ,
because
(n+1)—c(n)
- [3w [ [{I]3e}
) Ty A=)
lo = = dzy---dz,d
: g{f&(y) I, H(Zi)ﬂ'(dﬁ)} !

dzy---dz,
S Au(zi)ﬁ(dﬁ)}

Ay) log _/\&dydzl <o dap,
>\7r,z" (y)

€1V

where

Ao (y) = JILZs Xz day) 7(d)

J L= Xalz)m(dFi)

Thus, the difference (31) between ¢(n+1) and ¢(n) is the indi-
vidual Kullback-Leibler risk of the Bayesian predictive den-
sity for predicting z,41 using zi,..., 2,, where z1,..., 2p41
are independently distributed according to probability density
. The power series of 7 in (28) converges for 0 < r < oo if
and only if the power series in (30) converges for 0 < r < oo.

E. Shrinkage Priors Dominating the Prior w, and Their
Admissibility

We propose shrinkage priors dominating 7, (dp) = p® tdu
when |a| > 1. We prove admissibility of Bayes estimators and
Bayesian predictive densities based on the shrinkage priors.

Although few studies on admissibility concerning
infinite-dimensional models have been carried out, we
show that Blyth’s method with a convex loss is useful for our
infinite-dimensional problem because the method works even
when the support of the prior is a small subset of the whole
parameter space. The key idea is to decompose the problem
into two sub-problems: a one-dimensional problem with an
improper prior, and an infinite-dimensional problem with a
proper prior.
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Theorem 4: Suppose that z, = (N, z1,...,2y,) is dis-
tributed according to the nonhomogeneous Poisson process
Ps(TA) (1 >0).

Assume that

Ps )\(Zr)
f(r,s) :=E {1og’7]
( ) Ps,w (zr)
exists and is differentiable with respect to (r,s) € R2, in a
neighborhood of every r = s > 0 and that

0 Psa(Zr) 9 . psalzr)
ZE |log 222 B | = Jog ZeAE )
Ds {ngm(zr) s 8 parlzr)

1) When |a] — v > 1, the Bayesian predictive density
Pa~(y | ) based on 7, (dy) is dominated by the
Bayesian predictive density p.5(y | @) based on
Ta,5(dp), where 7 := |af — 1.

2) When |a| —« > 1, the generalized Bayes estimator of
A based on 7, ~(du) is dominated by the generalized
Bayes estimator of A based on 7, 5(du), where 4 :=
la] — 1.

The proof is given in Appendix A.

In particular, if |« > 1, the Bayesian predictive density
based on 7, (dp) = 7o y—o(dp) = p*~dy is dominated by
the Bayesian predictive density based on 7, 5—|q|—1(dp).

Lemma 3: Let X be a Poisson random variable with mean
6 > 0, and let ¢ be an arbitrary positive constant. Then,

OEq |log(X +1+c¢) —log(X +1)| < c—cexp(—0) < c.

The proof of Lemma 3, which is used in [21], is given in
Appendix A for self-containedness.

Next, we prove admissibility of Bayes estimators and
Bayesian predictive densities based on our shrinkage priors.

Suppose that the parameter space A is a set of finite
measures that are mutually absolutely continuous with respect
to the Lebesgue measure on U C RY. We assume that if
A = (w,\) € A, then (w',\) € A for all w' > 0. Thus,
A = Rt x A, where Rt is the set of positive real numbers and
A is a set of probability densities that are mutually absolutely
continuous with respect to the Lebesgue measure.

Note that the support of a prior for the kernel mixture model
only covers a small subset of the whole parameter space A
if A is a large set as in ordinary settings for nonparametric
inference.

Let <7 be the space of all finite measures on U such that
the measure is mutually absolutely continuous with respect
to the Lebesgue measure. For estimation of A\, we choose
an intensity estimate from 7. Let & be the space of all
probability measures on Uy~ _,U™ such that the marginal
probability P(m) of P € & is positive (i.e. not equal to 0) for
every nonnegative integer m and the conditional probability
P(- | m) on U™ has density with respect to the Lebesgue
measure on U™ C R™ for every m. For prediction problem,
we choose a probability density from £2.

We assume that [ k(y,u)f(du) € A with probability 1 if
i is distributed according to Zi(«). This condition is natu-
rally satisfied in ordinary settings for nonparametric intensity
estimation.
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Theorem 5:
1) The Bayesian predictive density based on
Tan~(du) = pg*'((iﬁ)plci‘r“‘_7 o(w)dw is admissible

under the Kullback-Leibler loss if |a| — 1 < v < |a.
2) The generalized Bayes estimator A, .. based on
Tan(dp) = pZi(dE)piit ., (w)dw is admissible
under the Kullback—Leibler loss if |a| — 1 <~ < |a.
The proof is given in Appendix A.
In particular, if |a| > 1, then the Bayesian predictive density
based on 7, y—|q—1 dominating that based on 7, = 4 y=0
is admissible.

III. NUMERICAL EVALUATION OF PREDICTIVE DENSITIES
AND ESTIMATORS

In this section, we explore numerical methods by which to
evaluate Bayesian predictive densities and Bayes estimates.

In the posterior (13) with respect to the prior
Tapo(di) = pZ(dM)pS_ J(w)dw, w and T are
independently distributed. The posterior distribution of w is
pﬁ7—7+N,ﬁ/(sﬁ+l)(w) dw. The posterior distribution of 7 is
proportional to a Dirichlet process mixture

=1
- / ) /{ﬂ ka1, ul)}pSR(dup ~ooduy), (32)
=1

where

pSR(dulv ce 7duN) = /{ﬂﬁ(dul)}p?(dﬁ)
=1

is the distribution of the Chinese restaurant process with mea-
sure o (e.g. [27] p. 193). If random variables w1, ug, ..., un
are distributed according to a Chinese restaurant process
PSR (duy,...,duy), then they are sequentially distributed
according to

1
PSR (duy) = ma(dul)

and

PSR(dU]H_l | Uy - - -

- 1
ol +k

auk)
k

{a(dukH) + Z Ou, (duk+1)}

i=1

(k=1,2,...,N —1), see e.g. [27].

We can numerically evaluate quantities concerning the
posterior density of A such as the Bayes estimate of A\
and Bayesian predictive density of y given & using MCMC
based on the representation (32). Various MCMC methods for
density estimation (e.g. [27]) based on nonparametric Bayes
with Dirichlet priors can be applied to our problem.
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True intensity
Non-shrinkage estimate
Shrinkage estimate

Fig. 1. Bayesian estimates of A based on non-shrinkage prior m,—1
indicated by the vertical ticks at the bottom are located at 0.29, 1.55, 2.06,

From (18), the posterior mean \ with respect to 7, 5., and
observation x is

_ SR AL, k(e m)bpd (dm)
JLIIN, k(1) }pZi(dm)

_ [/"'/k(yquJrl){ﬁk(thl)}

X pSR(dul, ..., duy, duN_H)]

/ { [/ {llj_:[lk(ﬂ?huz)}pgp‘(dul,...,duN)}

— [//k(yqu+1)pSR(dUN+1 |U17...;UN)
N

o,z

< ][ B, w)}pS™ (dua, ... ,duN)}

/{/'''/{llj_\[[lk(ﬂvhUal)}‘pSR(dul,...,duN)}7 (33)

which does not depend on [ or 7. Thus, the posterior mean
of A with respect to the prior 74 g, i Aa,z, Which does not
depend on (3 or 7.
We can obtain the Bayes estimates of A based on 7, g~
and Tq , = Ta, =00,y Using (15), (16), (19), (20), and (33).
Example: We consider intensity functions on a unit circle
[0,27) for simplicity. Let the true intensity function be

Au) = sin(u) + 2.

We obtain Bayes estimates of A\ based on priors
and  To—1 g—ooy—|a|—1- Then, |a

a(u)du = 2m > 1. We adopt the von Mises kernel

Ta=1,8=00,7=0
f27r
0

exp{kcos(z — u)}
271'[0(%)

with k = 5. The observation time length s is set to be 1.

F (s p) =

B=o00,y=0 and shrinkage prior Ty—1, g—co,y=|a|—1- The (sorted) observed points
2.85,2.87,3.60, 5.55,5.61, 5.65, and 6.01.

In Figure 1, Bayesian estimates of A based on
non-shrinkage  prior ~ 7Ta—1,3=cc,y=0 and  shrinkage
prior  Ma—1 g—oo,y=|a|—1 With Tespect to observation

(0.29,1.55,2.06, 2.85,2.87, 3.60, 5.55, 5.61, 5.65,6.01)  are
shown. The Bayesian estimates based on the non-shrinkage
prior and the shrinkage prior are Aoy—1 0.z = (N +27) Ao >
and Ao—1 y—ja|-1,2 = (N + 1) Aoz, respectively, where Ay
is numerically evaluated by MCMC.

From Theorem 4, the estimator based on the shrinkage prior
dominates that based on the non-shrinkage prior. Specifically,
the Kullback—Leibler risk of the estimator based on the
shrinkage prior is smaller than that of the estimator based
on the non-shrinkage prior for all A\. This example illustrates
how shrinkage priors improve Bayes estimators based on
non-shrinkage priors.

IV. DISCUSSION AND CONCLUSION

A class of improper shrinkage priors for nonparametric
Bayesian inference of the nonhomogeneous Poisson processes
with kernel mixture is investigated. The Bayesian predic-
tive densities and the Bayes estimators based on the priors
are admissible under the Kullback—Leibler loss. The class
of improper priors could be useful as objective priors for
nonhomogeneous Poisson models.

The information theoretic properties of the Kullback—
Leibler loss play essential roles in our theory. Our results
can be easily generalized to various methods for intensity
estimation including models based on kernels with parameters.

Although few studies on admissibility of Bayesian
prediction and inference based on improper priors for
infinite-dimensional models have been carried out, our
approach could be useful for various infinite-dimensional
problems.

One important direction of future research is the general-
ization of the present results for nonhomogeneous Poisson
process models to those for other stochastic process models
such as nonhomogeneous negative binomial process models.
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For finite dimensional models, [15], [16] extended the theory
for finite dimensional Poisson models to finite dimensional
negative binomial models and negative multinomial models.
These generalizations require techniques not used in the theory
for the Poisson models.

Hazard rate models closely related to nonhomogeneous
Poisson models are widely used in applications and kernel
mixtures with general random measures have been investigated
([9], [17]). The use of various random measures other than
the gamma random measure has been studied. The relation
between theories on hazard rate models with general random
measures and the present study is also an important topic for
future study.

Nonhomogeneous Poisson process models have a variety
of applications. For example, they have recently been used in
neural information processing ( [29], [30]). The development
of data analyzing methods for such applications based on the
theory presented here is also a future challenge. In applications
such as survival analysis, weighted gamma processes are often
used as priors. By extending the theorems in [23] to those for
infinite-dimensional models, we could generalize our results
to improve the limits of weighted gamma process priors.

Furthermore, estimation and prediction with infinite dimen-
sional statistical models based on Brownian motions could be
studied in line with the approach adopted in the present paper.

APPENDIX A
PROOFS OF THEOREMS AND LEMMAS

Proof of Lemma 2: Since
f(r,s) = E[h(z,«7 s)}
= Z [(rw)" exp(—rw)

2|l
></~-~/{Zf[1X(zz)}h (21, 2n, 8)d2n --dzn]
and ZE[h(z,,s)] = E[Zh(z,,s)], we have
L plntzr, 7)) = L1,
= 5| g
_ i[((;w_)”mt exp(—Tw)

oy Zn, T)dzg - dzn]

oy Zn, T)dzy - dzn]

+ 88 E[h(zT, )} _

- / Ay)Ex [h(zT + 6y, 7) — h(zr, T)} dy
U
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(27,7)

oh
+E |5

|

Proof of Theorem 3: Let

ps,/\(zr)

hlzr, ) = pea )

log

>
—

IS
3
~

—sw')mw(d\)—

From Lemma 2, the integrand of (24) is represented by

d
log/{NT ))\:((jjf;}exp(—rw')ﬂ(d/\')] -

X(y)
M) PO

d
—E,\ |1
dr 2 {Og

w')w(d\)

—

i=1

/ HX 27,i) } exp(—7w’)m(dN)

eXp(—Twl)W(d/\l)] dy

—E —w

A
/{ Hl X(zm')} exp(—7w’)w(d\)

:_/ A(y) log Aryz, 7 (Y)
U

dy + wﬂ',zm‘r —w
Aly)
— w—wlog

wﬂ-7z7'!7-

3 )
+w/U)\(y) 1ogmd

From (24) and (34), we have the desired result. O
Proof of Theorem 4: We prove the first part (1) for
Bayesian predictive densities. The second part (2) for Bayes
estimators can be proved in a similar manner.
Since (18), the posterior mean of \ based on Ta,y coincides
with that based on 7, 5. Therefore, from Theorem 3, we have

= Wr z.,7

Y- (34)

Ex [ D@y | V), pan (¥ | 2)]| ~Ex[ Doy | N, pas(y | 2))]

t
w,
— [ wE, B
N w

t ~
—/wE,\{M—l—logw’%}dT
s w w

—1—log QVT] dr
w
(35)

where wq .7 = Wq y,z(r),7- From (19), the posterior means
of w with respect to priors T, = 7o =0 and 7o 7—|a|-1
are Wo,r = (N; +|a])/7 and wy 5-(a|-1, = (Nr +1)/7,
respectively, when we observe N.
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Thus, the integrand of (35) with vy =0 and 4 = |a| — 1 is

wEA[%—l—logwa’T}
w w
Weo y=|a|—1,7 Weo y=|a|—1,7
_wEA[ elal-Lr g o Wad=lal-L ]
w
N, 1 N, +1
:M—wE,\ [bg%]—;—kwE,\ [bg :— ]

1
— ;{|a| —1—7wE, [log(NT + |a|)}
+rwEy [log(NT + 1)} } (36)

From Lemma 3 below, (36) is positive.
Proof of Lemma 3:

> 9"+1
c— Z exp(—0) " {1og(n +1+c¢)—log(n+ 1)}
n=0
> ot ¢

oo

D

n=0

cexp(—@){eXP9 - %}

=cexp(—0) > 0.

L
Proof of Theorem 5: We prove the first part (1) for
Bayesian predictive densities using Blyth’s method with a
convex loss. Blyth’s method is widely used to prove admissi-
bility usually for problems with a finite-dimensional parameter
space. The method with a convex loss also works for our
infinite-dimensional problem. The second part (2) for Bayes
estimators can be proved in a similar manner.

By the assumption, the distributions py(x) (A € A) are
absolutely continuous with respect to each other. The action
space & is convex because aq(y) + (1 — a)¢'(y) € £ if
both ¢(y) and ¢'(y) belong to & and 0 < a < 1. The
Kullback-Leibler loss

L(\ q) :=Ej |log

pA(Maylw' 'aij):|
Q(nyla' "ay]\l)

is a strictly convex function from ¢ € & to [0, o] for every
fixed \.

We use a monotonically increasing sequence of proper
priors defined by 7l (dp) = Ty (dp) 3hi(w) (1
1,2,..), where moq(du) = pZ(dA) PG (w)dw =
pZ-(dm) w!*!=7='dw and

1 if 0<w<1
1
hi(w) = —E)g; if 1<w<l
0 if 1< w.

Function sequences of this kind were introduced by [6]
and are used to prove admissibility of linear estimators
([14]) and admissibility of predictive densities ([21]) for
finite-dimensional independent Poisson models. Then, W[oi]"y <
Ty forall 1 =1,2,.... Let C := {(w,\) |0 <w < 1,\ €
A}. Then, 7(C) > 0 and drl!l /d7 = 1/2 if p € C.
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In order to prove admissibility of p, (y | ) based on 7, -
with 0 < |a] — v < 1, it suffices to show

Jim [l (@) {EA[D@A®). pan(y | )]
~ Ex[D(pa(w), ol (w | 2))] } = 0, (37)

where pl!! is the Bayesian predictive density based on wg]ﬁ.
The proof of the sufficiency of (37) for admissibility is given
in Appendix B.

Wesetc = v—Jaf+1 (0 < c < 1), and g(w)
(1/2)h?(w). From Theorem 3 and (35), we have the expres-
sion

/ 75 @A {EA DGy | V), pasy | 2))]

—EA[D(p(y | V)0l 5y | w))}}

/ - I gz(w)wc{g:oexp(—m)

1-— 1-—
X (u — W+ (n)—wlog M) }dw] dr,
T ’ TW;, (1)
where

(Tw)"
!

n

(38)

(tw)™
n!

(Tw)™

n!

exp(—7w)(Tw)" ¢ g (w)dw

wexp(—Tw) w™ g (w)dw

~

Wy, (n) = Jo
e () Iy~ exp(—Tw)
_h
7 Jo exp(—Tw)(Tw)" ¢ gy (w)dw
bl —e | Jo%exp(—ruw)(rw)tCgy(w)du
T 72 [ exp(—Tw)(Tw)" g (w)d

w=eg(w)dw

, 39)
w

< N .
because A, = [a]ﬁ and it does not depend on 7.

The integral (38) coincides with (22) in [21] and converges
to 0 as [ goes to infinity as shown in the following.

We show that (38) converges to 0 in the same manner as
the evaluation of (22) in [21]. We include the proof here for
self-containedness.

We have

/000 g1 (w)w_c{z exp(—Tw) (T;U!)z

z4+1—c z+1—c¢
X | ——— — W —wlog ———— dw
T TW, 7
SN (rw)?
< [ gwyw| Y exp(—Tw)——
0 Z.
z=0
1-— T~ 1-—
{Z+ ‘ — Wi,r +w7—wl7 = ’ }‘| w
T ’ z+1—c

{/OOO exp(—=Tw)gi (w)%dw

= [ el o))
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x{tw,r —(z+1—-1¢)}

- i [T;Q /000 exp(—Tw)—

x{twr — (z+1—c)}|.

i (Tw)erlfc

z+1—c¢

/

9

(w) dw

(40)

Using (39) and the inequality (z+1)/(z4+1—¢) <1/(1-¢),
where 0 < ¢ < 1, we have

| atwef Ziexp(—m) (rw)®

1-— 1-—
><<Z+ c z+ )}dw

T TW,
e 1 et )

— Wy, —wlog

2

IA

l—c & (z+1)! [ exp(—Tw)(Tw)* ¢ g (w)dw
“1-¢ [;) (z+1)!
{ [ ety i)
J exp(—7m)(tw)*—¢h}(w)dw ]
Tc=3 0 2
= 1—cLz=;)(z+1)!
X {/OOO exp(—Tw)(Tw)Z_c(Twh;(w))zdw}
X {/000 exp(—Tw)(Tw)Z_Chlz(w)dw}
/{/exp(—Tw)(Tw)zCh?(w)dw}]
7—673 - 2 > z —C I
IR =ACEE /o exp(—rw)(rw)* 7 (hj(w))*dw
7_073 e’}
= 21 — /0 {1 — exp(—71w) } (rw)' ~¢(h)(w))*dw

“(1=-97% )
The derivative of h;(w) is
0 if O<w<1
’ =< — if 1
hy(w) wlog] i <w <l (42)
0 if I<w.

From (38), (41) and (42), we have
[ B Do w): sty | )

— D(pa@), P sy | 2)]
/:H{( 2 C(h;(w))de}dT

0
1—
e — w
)72 /0

<

1—c¢
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s+t 2 l 1
= dw »d
/5 {a —o)r? / wite(log)? “’} !
/S*t 2 1 2 1 1
< _— T = — _——_—
- /s (1—c¢)r?logl (1—c)logl\s s+t

— 0 as | — oo.

|

APPENDIX B
SUFFICIENCY OF (37) FOR ADMISSIBILITY

We show that (37) is sufficient for admissibility. The proof
for our infinite-dimensional problem parallels the proof for
finite-dimensional problems with a convex loss (see [28]
Chapter 3).

We denote a map from x to a probability distribution of y
by ¢, and denote the probability density that is the image of @
under ¢ by ¢,.. The map ¢ corresponds to a predictive density.

Let L(\,qz) be a loss function, which is strictly convex
with respect to g, and let R(\, q) := EA[L(\, ¢z)], where x
is distributed according to a probability density py. Assume
that a predictive density ¢ satisfying

Jim {R(x,q) = R(=1q"} =0, @)
where ¢! is the Bayesian predictive density based on 7l
and R(mll ¢y := [ R(\, ¢1)7ll(dN) is the Bayes risk of
q¥ with respect to the prior 7!, is inadmissible. Assume
that dzll/dm > a > 0 if u € C for a subset C' of the
parameter space. We assume that all probability measures in
{px : A € A} are mutually absolutely continuous with respect
to each other.

In our problem, (43) corres?onds to (37), L is the
Kullback—Leibler loss, 7l = 7 ~, and dw[l]/dw = 1/2if
MEC::{(w,X)|0<w<1 AEA}

We prove admissibility of the predictive density ¢ by contra-
diction. Since ¢ is inadmissible, there exists another predictive
density ¢’ such that, for all A € A, R(\,¢") < R(\, q), and for
at least one parameter value \g € A, R(X\o,q") < R(Xo,q).
Since L(\, gz ) is strictly convex with respect to g, for every A,

L(A\qy) < 5 {L (A ge) + LN g2},

where ¢" := (¢+q')/2, for every A and @. For every « such
that ¢z # q,,, we have

LOVa) < S 1L d) + LN a2}

Here, Py\,(¢, # ¢z) > 0 because otherwise R(XAo,q’) <
R(Mo,q) does not hold. Thus, P\(q,, # ¢z) > 0 for every
A because all probability measures py (A € A) are mutually
absolutely continuous with respect to each other. Thus, for
every A\, R(\,¢"") < R(\,q). Therefore, foralll =1,2,3,...,

R(ﬂ-[l] ’ q) - R(ﬂ-[l] ) q[l]) Z R(Tr[l] ) q) - R(Tr[l] ) q,/)
> / (RO q) — RO\ ¢")} 7l (dN)
C

> q / (RO q) — RO\ ")} w(d)) > 0,
C

where the second inequality is because C' is a subset of the
parameter space A. This contradicts (43).
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