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Bayes-Optimal Convolutional AMP

Keigo Takeuchi

Abstract—This paper proposes Bayes-optimal convolutional
approximate message-passing (CAMP) for signal recovery in
compressed sensing. CAMP uses the same low-complexity
matched filter (MF) for interference suppression as approximate
message-passing (AMP). To improve the convergence property of
AMP for ill-conditioned sensing matrices, the so-called Onsager
correction term in AMP is replaced by a convolution of all
preceding messages. The tap coefficients in the convolution are
determined so as to realize asymptotic Gaussianity of estimation
errors via state evolution (SE) under the assumption of orthog-
onally invariant sensing matrices. An SE equation is derived
to optimize the sequence of denoisers in CAMP. The optimized
CAMP is proved to be Bayes-optimal for all orthogonally
invariant sensing matrices if the SE equation converges to a
fixed-point and if the fixed-point is unique. For sensing matrices
with low-to-moderate condition numbers, CAMP can achieve the
same performance as high-complexity orthogonal/vector AMP
that requires the linear minimum mean-square error (LMMSE)
filter instead of the MF.

Index Terms— Compressed sensing, approximate
message-passing (AMP), orthogonal/vector AMP, convolutional
AMP, large system limit, state evolution.

I. INTRODUCTION

A. Compressed Sensing

OMPRESSED sensing (CS) [1], [2] is a powerful tech-

nique for recovering sparse signals from compressed
measurements. Under the assumption of linear measurements,
CS is formulated as estimation of a sparse signal vector
x € RY from a compressed measurement vector y € R
(M < N) and a sensing matrix A € RM*N | given by

y=Ax+w, 1)

where w € RM is an unknown additive noise vector.

For simplicity in information-theoretic discussion [3], sup-
pose that the signal vector  has independent and identically
distributed (i.i.d.) elements. Sparsity of signals is measured
with the Rényi information dimension [4] of each signal
element. When each signal takes non-zero real values with
probability p € [0, 1], the information dimension is equal to p.
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In the noiseless case w = 0, Wu and Verdu [3] proved that, if
and only if the compression rate § = M /N is equal to or larger
than the information dimension, there are some sensing matrix
A and method for signal recovery such that the signal vector
x can be recovered with negligibly small error probability
in the large system limit, where M and N tend to infinity
with the compression rate § kept constant. Thus, an important
issue in CS is a construction of practical sensing matrices and
a low-complexity algorithm for signal recovery achieving the
information-theoretic compression limit.

Important examples of sensing matrices are zero-mean i.i.d.
sensing matrices [5] and random sensing matrices with orthog-
onal rows [6]. The information-theoretic compression limit of
zero-mean i.i.d. sensing matrices was analyzed with the non-
rigorous replica method [7], [8]—a tool developed in statistical
mechanics [9], [10]. The compression limit is characterized via
a potential function called free energy. The results themselves
were rigorously justified in [11]-[14] while the justification
of the replica method is still open. It is a simple exercise to
prove that the compression limit for zero-mean i.i.d. sensing
matrices is equal to the Rényi information dimension in the
noiseless case, by using a relationship between the information
dimension and mutual information [15, Theorem 6].

Random sensing matrices with orthogonal rows can be con-
structed efficiently in terms of both time and space complexity
while zero-mean i.i.d. sensing matrices require O(M N) time
and memory for matrix-vector multiplication. When the fast
Fourier transform or fast Walsh-Hadamard transform is used,
the matrix-vector multiplication needs O(N log N) time and
O(N) memory. Thus, random sensing matrices with orthogo-
nal rows are preferable from a practical point of view.

The class of orthogonally invariant matrices includes
zero-mean i.i.d. Gaussian matrices and Haar orthogonal matri-
ces [16], [17], of which the latter is regarded as an idealized
model of random matrices with orthogonal rows. The class
allows us to analyze the information-theoretic compression
limit in signal recovery. The replica method [18], [19] was
used to analyze the compression limit for orthogonally invari-
ant sensing matrices. The replica results themselves were jus-
tified in [20]. In particular, Haar orthogonal matrices achieve
the Welch lower bound [21] and were proved to be optimal for
Gaussian [22] and general [23] signals. In the noiseless case,
of course, Haar orthogonal sensing matrices achieve the com-
pression rate that is equal to the Rényi information dimension.

In practical systems, the measurement vector is subject not
only to additive noise but also to multiplicative noise. A typ-
ical example is fading in wireless communication systems
[24], [25]. The effective sensing matrix containing fading
influence may be ill-conditioned even if a Haar orthogonal

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/


https://orcid.org/0000-0003-3921-7082

4406

sensing matrix is used. Such effective sensing matrices can be
modeled as orthogonally invariant matrices. Thus, an ultimate
algorithm for signal recovery is required to be low complex-
ity and Bayes-optimal for all orthogonally invariant sensing
matrices.

B. Message-Passing

A promising solution to signal recovery is message-passing
(MP). Approximate message-passing (AMP) [26] is a
low-complexity and powerful algorithm for signal recov-
ery from zero-mean i.i.d. sub-Gaussian measurements.
Bayes-optimal AMP is regarded as an exact large-system
approximation of loopy belief propagation (BP) [27]. The
main feature of AMP is the so-called Onsager correction to
realize asymptotic Gaussianity of the estimation errors before
denoising. The Onsager correction originates from that in the
Thouless-Anderson-Palmer (TAP) equation [28] for a solvable
spin glass model with i.i.d. interaction between all spins [29].
The Onsager correction cancels intractable dependencies of
the current estimation error on past estimation errors due to
i.i.d. dense sensing matrices.

The convergence property of AMP was analyzed rigorously
via state evolution (SE) [30], [31], inspired by Bolthausen’s
conditioning technique [32]. SE is a dense counterpart of
density evolution [33] in sparse systems. SE tracks a few
state variables to describe rigorous dynamics of MP in the
large system limit. SE analysis in [30], [31] implies that AMP
is Bayes-optimal for zero-mean i.i.d. sub-Gaussian sensing
matrices when the compression rate ¢ is larger than a certain
value called BP threshold [34]. Spatial coupling [34]-[37] is
needed to realize the optimality of AMP for any compression
rate. However, this paper does not consider spatial coupling
since spatial coupling is a universal technique [34] to improve
the performance of MP.

A disadvantage of AMP is that AMP fails to con-
verge when the sensing matrix is non-zero mean [38] or
ill-conditioned [39]. To solve this issue, orthogonal AMP
(OAMP) [40] and vector AMP [41], [42] were proposed. The
two MP algorithms are equivalent to each other. Bayes-optimal
OAMP/VAMP can be regarded as an exact large-system
approximation of expectation propagation (EP) [43]-[46].
Rigorous SE analysis [41], [42], [45], [46] proved that
OAMP/VAMP is Bayes-optimal for orthogonally invariant
sensing matrices when the compression rate is larger than
BP threshold. While non-zero mean matrices are outside the
class of orthogonally invariant matrices, numerical simulations
in [42] indicated that OAMP/VAMP can treat the non-zero
mean case.

A prototype of OAMP/VAMP was originally proposed
by Opper and Winther [47, Appendix D]. Historically,
they [48] generalized the Onsager correction in the TAP
equation [28] from zero-mean i.i.d. spin interaction to orthog-
onally invariant interaction. Their method was formulated
as the expectation-consistency (EC) approximation [47]. The
EC approximation itself does not produce MP algorithms
but a potential function of which a local minimum should
be solved with some MP algorithm. OAMP/VAMP can be
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derived from an EP-type iteration—called a single loop algo-
rithm [47]—to solve a local minimum of the EC potential.
See [49, Appendix A] for the derivation of OAMP/VAMP via
the EC approximation.

The main weakness of OAMP/VAMP is a per-iteration
requirement of the linear minimum mean-square
error (LMMSE) filter, of which the time complexity
is O(M3® + M?2N) per iteration. The singular-value
decomposition (SVD) of the sensing matrix allows us to
circumvent the use of the LMMSE filter [42]. However,
the complexity of the SVD itself is high in general. The
performance of OAMP/VAMP degrades significantly when
the LMMSE filter is replaced by the low-complexity matched
filter (MF) [40] used in AMP. Thus, OAMP/VAMP can be
applied only to limited problems in which the SVD of the
sensing matrix is computed efficiently.

In summary, it is still open to construct a low-complexity
and Bayes-optimal MP algorithm for all orthogonally invariant
sensing matrices. The purpose of this paper is to tackle the
design issue of such ultimate MP algorithms.

C. Methodology

The main idea of this paper is to extend the class of MP
algorithms. Conventional MP algorithms use update rules that
depend only on messages in the latest iteration. Long-memory
MP algorithms considered in this paper are allowed to depend
on messages in all preceding iterations.

This class of long-memory MP algorithms was motivated
by SE analysis of AMP for orthogonally invariant sensing
matrices [50]. When the asymptotic singular-value distribution
of the sensing matrix is equal to that of zero-mean i.i.d.
Gaussian matrices, the error model of AMP was proved to
be an instance of a general error model [50], in which each
error depends on errors in all preceding iterations. This result
implies that the Onsager correction in AMP uses messages in
all preceding iterations to realize the asymptotic Gaussianity
of the current estimation error while the representation itself
of the correction term looks as if only messages in the latest
iteration are utilized. Inspired by this observation, we consider
long-memory MP algorithms as a starting point.

The idea of long-memory MP was originally proposed in
Opper, Cakmak, and Winther’s paper [51] to solve the TAP
equations for spin glass models with orthogonally invariant
interaction. Their methodology was based on non-rigorous
dynamical functional theory. After the initial submission of
this paper, their results were rigorously justified via SE in [52].

The proposed design of long-memory MP consists of
three steps: A first step is an establishment of rigorous SE
for analyzing the dynamics of long-memory MP algorithms
for orthogonally invariant sensing matrices. This step has
been already established in [50] by generalizing conventional
SE analysis [42], [46] to the long-memory case. The SE
analysis provides a sufficient condition for a long-memory
MP algorithm to have Gaussian-distributed estimation errors
in the large system limit. The main advantage in the SE
analysis is to provide a systematic design of long-memory
MP that satisfies the asymptotic Gaussianity in estimation
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errors while the class of long-memory MP is slightly smaller
than in [51], [52].

A second step is to modify the Onsager correction in AMP
so as to satisfy the sufficient condition for the asymptotic
Gaussianity. A solvable class of long-memory MP was pro-
posed in [53], where the Onsager correction was defined as
a convolution of messages in all preceding iterations. The tap
coefficients in the convolution were determined so as to satisfy
the sufficient condition. Thus, long-memory MP proposed
in [53] was called convolutional AMP (CAMP) and is the
main object of this paper.

This paper generalizes CAMP in [53], motivated by an
implementation of OAMP/VAMP based on conjugate gra-
dient (CG) [54]. OAMP/VAMP applies the LMMSE filter
to a message z € RM after interference subtraction. The
LMMSE filter is decomposed into a noise-whitening filter
and MF. In principle, CG approximates the output of the
noise-whitening filter with a vector in the Krylov subspace
spanned by {z, AATz (AAT)2z, ...} ie. a finite weighted
sum of {(AAT)7z}. On the other hand, messages in the
original CAMP [53] are in the Oth Krylov subspace {az :
a € R} since only the MF is used. To fill this gap, we gener-
alize a convolution of all preceding messages in the original
CAMP [53] to that of affine transforms of the preceding
messages.

The last step is to optimize the sequence of denoisers
in CAMP [55]. The optimization requires information on
the distribution of the estimation errors before denoising in
each iteration. Since the estimation errors are asymptoti-
cally Gaussian-distributed, we need to track the dynamics
of the variance of the estimation errors. To analyze this
dynamics, we utilize the SE analysis established in the first
step.

D. Contributions

The contributions of this paper are sixfold: A first con-
tribution (Theorem 1 in Section II) is to propose a general
error model for long-memory MP and prove the asymptotic
Gaussianity of estimation errors in the general error model via
rigorous SE under the assumption of orthogonally invariant
sensing matrices. The general error model contains both error
models of AMP and OAMP/VAMP.

A second contribution (Section III-A) is the addition of a
convolution proportional to AAT 1o the Onsager correction
in [53], according to the above-mentioned argument on the
Krylov subspace. This addition improves the convergence
property of CAMP.

A third contribution (Theorem 2 in Section III-C) is to
design tap coefficients in the convolution so as to guarantee
the asymptotic Gaussianity of estimation errors for all orthog-
onally invariant sensing matrices. Part of the tap coefficients
are used to realize the asymptotic Gaussianity. The remain-
ing coefficients can be utilized to improve the convergence
property of CAMP.

A fourth contribution (Theorem 3 in Section III-C) is to
present the designed tap coefficients in closed-form. This
closed-form representation circumvents numerical instability
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in solving the tap coefficients numerically. The third and fourth
contributions are based on the same proof strategy as in [53].

A fifth contribution (Theorems 4 and 5 in Section III-D)
is to optimize the sequence of denoisers in CAMP. An SE
equation is derived to describe the dynamics of the variance
of the estimation errors before denoising in CAMP. The SE
equation is a two-dimensional nonlinear difference equation.
By analyzing the fixed-point of the SE equation, we prove
that optimized CAMP is Bayes-optimal for all orthogonally
invariant sensing matrices if the SE equation converges to a
fixed-point and if the fixed-point is unique.

The last contribution (Section IV) is numerical evaluation
of CAMP. The remaining parameters in the Bayes-optimal
CAMP are optimized numerically to improve the convergence
property. Numerical simulations show that the CAMP can
converge for sensing matrices with larger condition numbers
than the original CAMP [53] when the design parameters
are optimized. The CAMP can achieve the same performance
as OAMP/VAMP for sensing matrices with low-to-moderate
condition numbers while it is inferior to OAMP/VAMP for
high condition numbers.

E. Organization

The remainder of this paper is organized as follows: After
summarizing the notation used in this paper, we present a
unified SE framework for analyzing long-memory MP under
the assumption of orthogonally invariant sensing matrices
in Section II. This section corresponds to the first step for
proposing Bayes-optimal CAMP.

In Section III, we propose CAMP with design parameters.
This section corresponds to the remaining two steps for
establishing Bayes-optimal CAMP. The proposed CAMP is
more general than in [53]. We utilize the SE framework
established in Section II to determine the tap coefficients in
CAMP that guarantee the asymptotic Gaussianity of estimation
errors. To design the remaining design parameters, we derive
an SE equation to optimize the performance of signal recovery.

Section IV presents numerical results. The remaining design
parameters in CAMP are optimized via numerical simulations.
The optimized CAMP is compared to conventional AMP and
OAMP/VAMP via the SE equation and numerical simulations.
Section V concludes this paper. The details for the proofs of
the main theorems are presented in appendices.

F. Notation

For a matrix M, the transpose of M is denoted by M.
The notation Tr(A) represents the trace of a square matrix A.
For a symmetric matrix A, the minimum eigenvalue of A is
written as Apmin(A). The notation Oy« denotes the space
of all possible M x N matrices with orthonormal columns for
M > N and orthonormal rows for M < N. In particular,
Onxn reduces to the space Oy of all possible N x N
orthogonal matrices.

For a vector v, the notation diag(v) denotes the diago-
nal matrix of which the nth diagonal element is equal to
U, = [v],. The norm ||v|| = Vo Tv represents the Euclidean
norm. For a matrix M ; with an index ¢, the ¢th column of M ;
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is denoted by m; ;. Furthermore, we write the nth element of
my ¢ as My tn-

The Kronecker delta is denoted by d.: while the Dirac
delta function is represented as d(-). We write the Gaussian
distribution with mean g and covariance 3 as N (u, X). The
notations =3 and “= denote almost sure convergence and
equivalence, respectively.

We use the notational convention Ziitl = 0 and

?:tl -+~ = 1 for t; > to. For any multivariate function
¢ : R — R, the notation 9;¢ for t' = 0,...,t — 1 denotes
the partial derivative of ¢ with respect to the ¢'th variable zy,

O ai(f/ @), ®
For any vector v € RY, the notation (v) = N~} Zﬁle U
represents the arithmetic mean of the elements. For any
scalar function f :€ R — R, the notation f(v) means
the element-wise application of f to a vector v, i.e.
@) = £(va).

For a sequence {p;}{2,, we define the Z-transform of {p;}
as

(J)Q,..

P(z) = Zptz_t. (3)
t=0

For two sequences {p:,q:};2, we define the convolution
operator * as

t
Dtti * Qtyj = ZprJriQtf‘rJrjv “4)
7=0

with p, = 0 and ¢; = 0 for ¢t < 0. For finite-length sequences
{pt}1_, of length T+1, we transform them into infinite-length
sequences by adding p, =0 and ¢ =0 for all ¢t > T
For two arrays {ay ¢, by ¢ :t',1 =0,...,00}, we write the
two-dimensional convolution as
t ot
At/ 44 t45 * bt’+k,t+l = Z Z a7’+i,7—+jbt’—7—’+k,t—7—+l7 (5)
7'=07=0
where ap ; = 0 and by, = 0 are defined for ¢ < 0 or ¢ < 0.
Whether a convolution is one-dimensional can be distin-
guished as follows: A convolution is one-dimensional, such
as a¢4; * by1;, when both operands contain only one identical
subscript. On the other hand, a convolution is two-dimensional,
such as (agayi) * byyj 4, when both operands include two
identical subscripts.

II. UNIFIED FRAMEWORK
A. Definitions and Assumptions

We define the statistical properties of the random variables
in the measurement model (1). The performance of MP is
commonly measured in terms of the mean-square error (MSE).
Nonetheless, we follow [30] to consider a general performance
measure in terms of separable and pseudo-Lipschitz functions
while we assume the separability and Lipschitz-continuity for
denoisers.

Definition 1: A vector-valued  function f =
(fi,..., fn)T « RV*t — RN is said to be separable if
[f(x1,...,2)]n = fal®1n, ..., Te,) holds for all z; € RY.
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Definition 2: A function f : R® — R is said to be pseudo-
Lipschitz of order & [30] if there are some Lipschitz constant
L > 0 and some order £ € N such that for all € R? and
y € R

[f(@) = f)l < LA+ [l2l|* + lylI* )]z — gl ©)

By definition, any pseudo-Lipschitz function of order
k = 1 is Lipschitz-continuous. A vector-valued function
f = (fi,...,fn)T is pseudo-Lipschitz if all element func-
tions {f,,} are pseudo-Lipschitz.

Definition 3: A separable pseudo-Lipschitz function f :
RN*t — RN is said to be proper if the Lipschitz constant
L,, > 0 of the nth function f,, satisfies

1L
; il J
h]{/njgop N ;Ln < 00 7
for any j € N.

A proper pseudo-Lipschitz function allows us apply a proof
strategy for pseudo-Lipschitz functions with n-independent
Lipschitz constant L,, = L to the n-dependent case straight-
forwardly. The space of all possible separable and proper
pseudo-Lipschitz functions of order k is denoted by PL(k).
We have the inclusion relation PL(k) C PL(k') forall k < k'
since ||||* < |lz|*" holds for ||| > 1.

We assume statistical properties of the signal vector asso-
ciated with separable and proper pseudo-Lipschitz functions
of order £ > 2. Note that the integer k in the following
assumptions is an identical parameter that is equal to the order
of separable and proper pseudo-Lipschitz functions used in SE
to measure the performance of MP. If the MSE is considered,
the integer k is set to 2.

Assumption 1: The signal vector x satisfies the following
strong law of large numbers:

(f(x)) —E[(f(z))] =0 (8)

as N — oo for any separable and proper pseudo-Lipschitz
function f : RY — RY of order k > 2. Furthermore, « has
zero-mean and bounded (2k — 2 + €)th moments for some
e>0.

Assumption 1 follows from the classical strong law of large
numbers when « has i.i.d. elements.

Definition 4: An orthogonal matrix V' € Oy is said to
be Haar-distributed [16] if V' is orthogonally invariant, i.e.
V ~ ®V W for all orthogonal matrices ®, ¥ € Oy indepen-
dent of V.

Assumption 2: The sensing matrix A is right-orthogonally
invariant, i.e. A ~ AW for any orthogonal matrix ¥ € Oy
independent of A. More precisely, the orthogonal matrix
V € Oy in the SVD A = UXV" is Haar-distributed and
independent of U3. Furthermore, the empirical eigenvalue
distribution of AT A converges almost surely to a compactly
supported deterministic distribution with unit first moment in
the large system limit.

The assumption of unit first moment implies the almost sure
convergence N~ 'Tr(ATA) % 1 in the large system limit.
Assumption 2 holds when A has zero-mean i.i.d. Gaussian
elements with variance M ~!. As shown in SE, the asymptotic
Gaussianity of estimation errors in MP depends heavily on the
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Haar assumption of V. Intuitively, the orthogonal transform
Va of a vector a € RY is distributed as N ~'/2||a|z in which
z ~N(0,Iy) is a standard Gaussian vector and independent
of ||a||. When the amplitude N ~'/2||a|| tends to a constant as
N — o0, the vector Va looks like a Gaussian vector. This is
a rough intuition on the asymptotic Gaussianity of estimation
errors.

Assumption 3: The noise vector w is orthogonally
invariant, i.e. w ~ ®w for any orthogonal matrix ® € Oy
independent of w. Furthermore, w has zero-mean,
limps oo M~ Jw||? 22 02 > 0, and bounded (2k — 2 + €)th
moments for some € > 0.

Assumption 3 holds when w ~ N(0,0%1 /) is an additive
white Gaussian noise (AWGN) vector. It holds for U w
when the sensing matrix A is left-orthogonally invariant, i.e.
A ~ ®A for any orthogonal matrix ® € Ojs independent
of A.

B. General Error Model

We propose a unified framework of SE for analyzing
MP algorithms that have asymptotically Gaussian-distributed
estimation errors for orthogonally invariant sensing matrices.
Instead of starting with concrete MP algorithms, we consider
a general class of error models. The proposed class does
not necessarily contain the error models of all possible long-
memory MP algorithms. However, it is a natural class of error
models that allows us to prove the asymptotic Gaussianity of
estimation errors for orthogonally invariant sensing matrices
via a generalization of conventional SE [46].

Let hy € RY and g, 11 € RYM denote error vectors in
iteration ¢ before and after denoising, respectively. We assume
that the error vectors are recursively given by

t—1
b =V"'q, @=a,— > (Ovh_1)hu, ©)

t'=0
my = ¢ (Byy1, w; A), (10)

t
hy = Vg, my=mi— Y (Ord,)by, (11)

t'=0

qii1 =Y (Hpp1, ), (12)
with ¢, = —z. In (9), the orthogonal matrix V' € Oy

consists of the right-singular vectors in the SVD A = UXV T,
with U € Op;. In (10) and (12), we have defined By;1 =
(bo,...,bs) and Hyy 1 = (ho,..., h;). Furthermore, A € RY
is the vector of eigenvalues of AT A. The vector w € R is

given by
P — UTw
=170 |

where w is the additive noise vector in (1).

The vector-valued functions ¢, : RN*(43) — RN and
P, s RVX(+2) RN are assumed to be separable, nonlinear,
and proper Lipschitz-continuous.

Assumption 4: The functions ¢, and v, are separable. The
nonlinearities ¢, # Z:’:O Dy by and ¢, # Z:’:O Dy hy
hold for all diagonal matrices { Dy, Dy }. The function ¢, is
Lipschitz-continuous with respect to the first t+2 variables and

13)
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proper while 1p, is proper Lipschitz-continuous with respect
to all variables.

It might be possible to relax Assumption 4 to the
non-separable case [56]-[58]. For simplicity, however, this
paper postulates separable denoisers. The nonlinearity is
a technical condition for circumventing the zero norm
N1 q,|I*> = 0 or N7!{|r||* = 0, which implies error-free
estimation N~1||b;[|2 = 0 or N~ ![|h]|? = 0.

By definition, the nth function ¢, has a \,-dependent
Lipschitz constant L,, = L,,(\,). Thus, the proper assumption
for ¢, may be regarded as a condition on the asymptotic
eigenvalue distribution of AT A, as well as a condition on the
denoiser ¢,. For example, ¢, is proper when the asymptotic
eigenvalue distribution has a compact support and when the
Lipschitz constant L., ()\,,) itself is a pseudo-Lipschitz function
of \,.

The main feature of the general error model is in the
definitions of g, and m;. The second terms on the right-hand
sides (RHSs) of (9) and (11) are correction terms to realize
the asymptotic Gaussianity of {b;} and {h;}. The correction
terms are a modification of conventional correction that allows
us to prove the asymptotic Gaussianity via a natural general-
ization [59] of Stein’s lemma used in conventional SE [46].
See Lemma 2 in Appendix A for the details.

The following examples imply that the general error
model (9)—(12) contains those of OAMP/VAMP and AMP.

Example 1: Consider OAMP/VAMP [40], [42] with a
sequence of scalar denoisers f; : R — R:

Ta-pt=Tpoas +HAT W (Y — Azp_ny),  (14)
VA—B,t = V¢t — UB—A,t5 (15)
W, =0Ty +vp_aAA”, (16)
1
= T (WlaaT), (17)

filea—Bt) TA-B+
TBA 41 = UB—A,i+1 < — - , (18)
ftUA—>B,t

1 1 1

UB—A,i+1  &VA—B:t  VA—B

with & = (f{(z_p))-
It is an exercise to prove that the error model of the
OAMP/VAMP is an instance of the general error model with

rYtAnbt,n — YtV Anwn

VA—B,t

; 19)

[¢t(bta ﬁ’; )\)]n = bt,n - o2 T /UB~>A,t>\n ; (20)
(b, w) = HETID —T @1
1-¢&

by using the fact that & converges almost surely to a constant
in the large system limit [42], [46]. The two separable func-
tions v, and ¢, for the OAMP/VAMP depend only on the
vectors b; and h; in the latest iteration.

Example 2: Consider AMP [26] with a sequence of scalar

denoisers f; : R — R:
T = fi(m+ A" zy), (22)

2=y — Az + %zt,l. (23)

Suppose that the empirical eigenvalue distribution of ATA
is equal to that for zero-mean i.i.d. Gaussian matrix A in the
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large system limit. Then, the error model of the AMP was
proved in [50] to be an instance of the general error model
with

§t—1

¢, = Iy —A)b; — 5 21y, + diag({V/ A Dw
+£t1{<1+%> IN—A} ¢t71 gt lgt 2¢t s

(24)
Y (he, ) = fi(x+ hy) — x, (25)

with A = diag(A) and & = (f/(x + h.)). Note that ¢, is a
function of B,; while 1, is a function of h;.

C. State Evolution

A rigorous SE result for the general error model (9)—(12)
is presented in the large system limit.

Theorem 1: Suppose that Assumptions 1-4 hold. Then,
the following properties hold forall¢ =0,...andt' =0, ... ¢
in the large system limit:

1) The inner products N~ m; and N~'q; q,, converge
almost surely to some constants 7, € R and k¢ € R,
respectively.

2) Suppose that v, (Hi1,T) — RN is
a separable and proper pseudo-Lipschitz function of
order k, that ¢,(Byy1,w;A) : RVx(H3) . RN g
separable, pseudo-Lipschitz of order £ with respect to
the first ¢ + 2 variables, and proper, and that Z,,; =
(20, ..,2¢) € RNXUHD) denotes a zero-mean Gaussian
random matrix with covariance E[z,2),] = 7, . Iy for
all 7,7/ =0,...,t, while a zero-mean Gaussian random
matrix Zy,1 = (Z20,...,%;) € RVX(+1) has covariance
IE[ETEE] = kr,In. Then,

(W, (Hit1,@)) — E [<¢t(2t+1,w)>} 20, (26)
<&t(Bt+1,ﬁ);)\)> —E [(c}t(zt+17@;)‘)>} a;s>. 0.

In evaluating the expectation in (27), UTw in (13) fol-
lows the zero-mean Gaussian distribution with covariance
oIy In particular, for k£ =1

(O (Hiyr,2)—E [<8t"‘2)t(zt+17 ﬁc)ﬂ =0,
(28)
~E [(00$,(Zii1, 3 0)] =0,
(29)
3) Suppose that v, (H i1, x) — RN is
separable and proper Lipschitz-continuous, and that
¢, (Byi1,w; N) RN*(+3) - RN s separable,
Lipschitz-continuous with respect to the first ¢ + 2 vari-
ables, and proper. Then,

RN X (t+2)

27)

(Ov @y (Bis1, Wi X))

RNX(t+2)

t
h <ibt =Y (04 )b ) o, G0
=0
t
7=0

Proof: See Appendix A. [ ]
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Properties (26) and (27) are used to evaluate the perfor-
mance of MP by specifying the functions 1, and ¢, according
to a performance measure. An important observation is the
asymptotic Gaussianity of H,;; and B;;;. In evaluating
the performance of MP, we can replace them with tractable
Gaussian random matrices Z;,; and Z;, ;.

The asymptotic Gaussianity originates from the definitions
of g, and m; in (9) and (11). Properties (30) and (31)
imply the asymptotic orthogonality N ”h;qt 11 2 0 and
N _1b;rht 22'0. This orthogonality is used to prove that the
distributions of H;,; and By, are asymptotically Gaussian.

Properties (30) and (31) can be regarded as computation
formulas to evaluate N~'h} 4, and N~ lbtmbt They can be
computed via linear combinations of {N~'h}h, }!_, and
{N~ 1b b} _, In partlcular 9), (11), and Property 1) in
Theorem 1 imply N~ h h, %% my rand N~ b b, 5 Kt/ r
Furthermore, the coefﬁments in the linear comblnatlons can be
computed with (28) and (29). From these observations, the SE
equations of the general error model are given as dynamical
systems with respect to {m; 4/, K¢} in general.

We do not derive SE equations with respect to {7y v/, k¢4 }
in a general form. Instead, we derive SE equations after
specifying MP. The usefulness of Theorem 1 is clarified in
deriving SE equations.

ITI. SIGNAL RECOVERY
A. Convolutional Approximate Message-Passing

Let &, € RY denote an estimator of the signal vector & in
iteration t. CAMP computes the estimator x; recursively as

T = fo(we + A" zy), (32)

t—1
ze=y—Awe+ ) V(0 AAT — g Li)zn,

7=0

(33)

with the initial condition xy = 0, where git‘” = Hg;i) &

is the product of {&} given by
&= ( i@+ ATz)). (34)

In (32) and (33), A and y are the sensing matrix and
the measurement vector in (1), respectively. The functions
{ft + R — R} are a sequence of Lipschitz-continuous
denoisers. The tap coefficients {g, € R} and {#, € R} in
the convolution are design parameters. The parameters {6}
are optimized to improve the performance of the CAMP
while {g,} are determined so as to realize the asymptotic
Gaussianity of the estimation errors via Theorem 1.

To impose the initial condition o = 0, it is convenient to
introduce the notational convention f_;(-) = 0, which is used
throughout this paper.

The CAMP is a generalization of AMP [26] and reduces
to AMP when ¢ = -6, g = 0 for 7 > 1, and
0. = 0 hold. Also, as a generalization of CAMP in [53],
the affine transform (6, AA™ —g, . I/)z, has been applied
before the convolution. Nonetheless, the proposed MP is called
CAMP simply. In particular, the MP algorithm reduces to the
original CAMP [53] when 6, = 0 is assumed.
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Remark 1: The design parameters {6,} are not required
and can be set to zero for sensing matrices with identical
non-zero singular values since AA™ reduces to the identity
matrix with the exception of a constant factor. Thus, non-zero
parameters {6,} should be introduced only for the case of
non-identical singular values.

B. Error Model

To design the parameters g, and 6, via Theo-
rem 1, we derive an error model of the CAMP. Let
h; = x; + Ath —x and q;,; = T;y1 — T denote the
error vectors before and after denoising f;, respectively. Then,
we have

= fi(x + hy) —x = P (hy, ), (35)
—&ihy. (36)

Using the notational convention f_;(-) = 0, we obtain the
initial condition g, = —z imposed in the general error model.

We define m; = VTht and b, = VTf]t to formulate
the error model of the CAMP in a form corresponding to
the general error model (9)—(12). Substituting the definition
h;=x;+ A%z, — z into m; = V' h, yields

m,=V%iq, +ZU" 2, (37)

where we have used the definition q, = x; —  and the SVD
A = UXV™. We utilize the definitions (36), b, = Vg,

dit1
‘~1t+1 =4qi11

and m; = VTht to obtain
Vig, =b + & 1my_. (38)
Combining these two equations yields
STU Tz, =my — by — & 1my_q. (39)

To obtain a closed-form equation with respect to m;, we
left-multiply (33) by STUT and use (1) to have

STU Tz = AV, + 2TU T w
t—1

3l
7=0

with A = 2T3. Substituting (38) and (39) into this expres-
sion, we arrive at

=In—A) (by+& my ) + XU w

t—1
>
=0

A =g I)ETU 2z, (40)

‘E‘t_l) (etf‘rA - gtf‘rI]W)

'(mT —bq— _fT—lmT—l)) (41)

where any vector with a negative index is set to zero. This
expression implies that ¢, for the CAMP depends on all
messages By .

We note that Assumption 4 holds under Assump-
tion 2 since the denoiser f; has been assumed to be
Lipschitz-continuous.

C. Asymptotic Gaussianity

We compare the obtained error model with the general error
model (9)—(12). The only difference is in (11): The correction
m, of my is used to define h, in the general error model while
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no correction is performed in the error model of the CAMP.
Thus, the general error model contains the error model of the
CAMP when (9pym;) = 0 holds for all ¢’ = 0,...,¢. In the
CAMP, the parameters { g, } are determined so as to guarantee
(Opmy) = 0 in the large system limit.
Let 11; denote the jth moment of the asymptotic eigenvalue
distribution of AT A, given by
= lim
M=6N—o0
Assumptlon 2 implies p1 = 1. We define a coupled dynamical
system {gT } determined via the tap coefficients {g,} and

{0;} as

1 .
~Tr(A). (42)

96" = 11 — g, 43)
g = (]) g(j“) ai(as” + )
+01(95™ + ), (44)
99 =g = g — gy + 0oy

g‘rf‘r’g-f—j'.))

+Z A

S g g ) )
T/'=1
for 7 > 1.
Theorem 2: Suppose that Assumptions 1-3 hold, that the
denoiser f; is Lipschitz-continuous, and that the tap coeffi-
cients {g,} and {6,} in the CAMP satisfy

g1 =01 (g" +1) — ¢SV, (46)

T—1
=0 g Y 6 gl - ZeT gnly, @7)
=1

where { gg)} is governed by the dynamical system (43)—(45).
Then, (Oym;) — 0 holds in the large system limit, i.e. the
error model of the CAMP is included into the general error
model.

Proof: Let
A | Aoy 48
et M=0N—oc0 (A 0yme) (48)
It is sufficient to prove g(J) = f,f 1)g;])tﬂ-o( 1) and g” =0
under the notatlonal convention ft, =1 for ¢’ > t. The latter

property gT = 0 follows from (43) for 7 = 0, (44) and (46)
for 7 = 1, and from (45) and (47). See Appendix B for the
proof of the former property. |

Throughout this paper, we assume that the tap coefficients
{g+} and {0} satisfy (46) and (47). Thus, Theorem 1 implies
that the asymptotic Gaussianity is guaranteed for the CAMP.
In principle, it is possible to compute the tap coefficients by
solving the coupled dynamical system (43)—(47) numerically
for a given moment sequence {y; }. However, numerical eval-
uation indicated that the dynamical system is unstable against
numerical errors when the moment sequence {y;} is a diverg-
ing sequence. Thus, we need a closed-form solution to the tap
coefficients.

To present the closed-form solution, we define the
n-transform of the asymptotic eigenvalue distribution of
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li —
J\l:élll\?/geoo N et 14+ xM\,

TA[17] as
. 1 T -1
n@) = lm T { (I N+ zA A) } . (49)
By definition, we have the power-series expansion
0 .
n(w) = =D ni(=w)  (50)
j=0

for |z| < 1/max{\,}. Let G(z) denote the generating
function of the tap coefficients {g,} given by

(o)
Z) = Zg72_7—7
7=0

Similarly, we write the generating function of {f.} with
0o =1 as O(z).

Theorem 3: Suppose that the tap coefficients {g, } and {0}
satisfy (46) and (47). Then, the generating functions G(z) and
O(z) of {g-} and {0, } satisfy

1—(1—-2710(z
n( (1(_ zl)cg(zg )> =(1-2"H0(), (52
where 7 denotes the n-transform of the asymptotic eigenvalue
distribution of AT A.
Proof: See Appendix C. [ |

Suppose that the n-transform is given. Since the n-transform
has the inverse function, from Theorem 3 we have
(1-271G(z) =[1 -1 -2"10(2)]/n~"((1 - 2)O(2))
for a fixed generating function ©(z). Each tap coefficient g,
can be computed by evaluating the coefficient of the Tth-order
term in G(z).

Corollary 1: Suppose that the sensing matrix A has inde-
pendent Gaussian elements with mean /+/M and variance
(1 —)/M for any v € [0,1). Then, the tap coefficient g; is
given by

g =1. (51)

t
1
gtz(l——) 529 —0r1)bir (53)

for fixed tap coefficients {6,}.

Proof: We shall evaluate the generating function G(z).
The R-transform R(x) [17, Section 2.4.2] of the asymptotic
eigenvalue distribution of AT A is given by

)
d—a
Using Theorem 3 and the relationship between the R-transform
and the n-transform [17, Eq. (2.74)]
1

R(z) =

(54)

T) = , 55
() 1+ zR(—an(z)) (53)
we obtain
1 1—271
which implies the time-domain expression (53). [ ]
In particular, we consider the original CAMP 6, = 0 for
7 > 0. In this case, we have g = —6 ! and g, = 0.

As remarked in [53], the original CAMP reduces to the AMP
for the i.i.d. Gaussian sensing matrix.

Corollary 2: Suppose that the sensing matrix A has
M identical non-zero singular values for M < N, i.e.
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AAT = 5711, Then, the tap coefficient g, in the original
CAMP 0; = 0 for t > 0 is given by g, = 1 — 6! for all
T>1.

Proof: We evaluate the generating function G(z). By
definition, the 7n-transform is given by

77(3?)2%( M :

0+x

14zt (57)

Using Theorem 3 and O(z) = 1 yields

1 —1
—1+Z(1——) 2, (58)

1-6-

1—
which implies g, = 1 — 5~ for all 7 > 1. ]
Corollary 3: Suppose that the sensing matrix A has
non-zero singular values oo > --- > op—1 > 0 satisfy-
ing condition number k = og/op—1 > 1, op/Om-1 =
k™Y M=1) "and 02 = N(1— k=2 (M=1) /(1 — g=2M/(M=1)),
Assume 0; = 0 for all £ > t; for some t; € N. Let 04(()]) =1

and

+N—M>:1—5+

G(z) =

/i pt/j
il

fort € Nand j € {1,...,%;}, with 6; = 6;_; — 6; and
C = 26~ '1Ink. Define pg = qo = 1 and
(t1)
t

if ¢ is divisible by 7,

59
otherwise (59

Pt:—m, (60)
(fl
G = = ( e Zemqt ) (61)

for ¢t > 0, with Bttl) = a§ ) aﬁz) koo ok agtl). Then, the tap

coefficient g; is recursively given by

t
G =Pi— Y Gri-r, (62)
T=1
with
gt = G — Ge—1- (63)

Proof: We first evaluate the inverse of the n-transform.
By definition, 02, = k= 2™/(M=1)52 holds. Thus, we have

—2jM/(M—1)

)21/ (M=D)

11—k

M—
2j 2j
Zm_ N(1—

C Tl k2
—
1—k2 Cj

in the large system limit, where we have used the convergence
N(1—k=¢M=1y _ 5-1g1nk for any a € R. We note the
series-expansion In(1+z) = >°  (=1)/ "5~ a7 for [z < 1

to obtain
1 K2 — 1+ Kk2Czx
1+Z /“‘Fl_El (/@2—1—1—03:)’ 63)

which 1mp11es the inverse function

K2 —1){eC0-2) —1
Nt (z) = ( C{HQ){_ eCl—a)} !

(64)

(66)
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We next evaluate the generating function G(z). Using
Theorem 3 yields G(z) = P(z)/Q(z), with

2 _ ,CO(z)
P() = ———. (67)
B A B - eCC:)(z) -1
Q) =(1-=Q0). Q) ="gg5—r O
O(z) = > iz (69)

Finally, we derive a time-domain expression of G(z). It
is an exercise to confirm that the series-expansions of P(z)
and Q(z) have the coefficients p; and G for the tth-order
terms, respectively. Then, the Z-transform of (62) is equal to
P(2)/Q(2). 0

The sequences {p,} and {¢.} in Corollary 3 define the
generating functions P(z) and Q(z) with pg = g9 = 1, respec-
tively, which satisfy G(z) = P(z)/Q(z). Thus, we derive
an SE equation in time domain in terms of {p,,q,}, rather
than {g.}.

D. SE Equation

We design the tap coefficients {6, } so as to minimize the
MSE N~!||z; — x||? for the CAMP estimator x; in the large
system limit. For that purpose, we derive an SE equation that
describes the dynamics of the MSE. For simplicity, we assume
i.i.d. signals.

The CAMP has no closed-form SE equation with respect
to the MSEs N~ !||z; — x||? in general. Instead, it has a
closed-form SE equation with respect to the correlations

E[{fe(z1 + 2e) — w1 H{ fe(21 + 2¢) — 21}],
(70)

where {z;} denote zero-mean Gaussian random variables with
covariance ay ¢ = E[zp 2. In particular, dy41 441 corresponds
to the MSE of the CAMP estimator in iteration ¢.

As an asymptotic alternative to &;, we use the following
quantity:

dyy1441 =

& =E[f{(z1+2)],

which is a function of a; ;. The notation Eff ) is defined in the

(71)

same manner as in ft(,f ),

Theorem 4: Assume that Assumptions 1-3 hold, that the
denoiser f; is Lipschitz-continuous, and that the signal vector
x has i.i.d. elements. Suppose that the generating functions GG
and O for the tap coefficients {g.} and {0, }—given in (51)—
satisfy the condition (52) in Theorem 3.

o Define generating functions A(y, z), D(y, z), and 3(y, 2)

as
a a
_ /¢ —t' —t
Aly, z) = Z ECEECEE (72)
=08 &
N dtﬁt —t' -t
D(y,z) = Z WZ/ z, (73)
t,t=0 80 0
.2 = Y Y 2 (74)

t'—1) Z(t—1)
t1=0 €0 &
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Then, the correlation N~ !(z; — )" (x; — x) converges
almost surely to dy 4 in the large system limit, which sat-
isfies the following SE equation in terms of the generating
functions:

Fae(y,2)A(y,2) = {G(2)Ae —O(2)Ac} D(y, 2)

+ (Ao, —Ae0)X(y,2), (75)
with
Foo(y,2)= (y '+271-1)[G(2)Ae — O(2)Ag]
+Aq, — Ag, (76)
where the notations Si(z) = 2z7!5(z) and

As = [S(y) — S(2)]/(y=t — 27 1) have been used
for any generating function S(z).

o Suppose that G(z) is represented as G(z) = P(z)/Q(z)
for the generating functions P(z) and )(z) of some
sequences {p,} and {g,} with po = 1 and gy = 1. Let
Ty = qt * Gf Then, the SE equation (75) reduces to

(t'—1) z(t—1)
ft Et T 7' ,Tat’—T’,t—T

7/=071=0
- (pT *Tr/prg1 — Tr % pT’+7'+1)dt’—T’,t—T
— 0% [(grgr) * (Orrir — 047 11))] } =0,

where all variables with negative indices are set to zero,
with

(77)

D7 r =(Prrar —Prsrs1) % @r+(Pr—Pr—1) * Gr4r 11
+ (Pro1 = D) ¥ T (P =T 1) ¥ Prrr
+  prx O7/,077) =T * (Prrpr—0rr,0Dr).
(78)
In solving the SE equation (77), we impose the initial

condition dpy = 1 and boundary conditions do 41 =
dry1,0 = —E[z1 {fr(x1 + 27) — x1}] for any 7.

(r‘r”r‘r -

Proof: See Appendix D. [ ]
The SE equation (77) in time domain is useful for numerical
evaluation of {a, ,} while the generating-function representa-
tion (75) is used in fixed-point analysis. To apply Corollary 3,
we have represented the generating function G(z) as
G(z) = P(2)/Q(z). If G(z) is given directly, the functions
P(z) = G(z) and Q(z) = 1 can be used. In this case, we have

Pr=9r, 4r = 57’,0» and rr = 97"

Note that dyy1441 given in (70) is a function of
{aw 1, ap 1, ar}, so that the SE equation (77) in time domain
is a nonlinear difference equation with respect to {as ;} for
given tap coefficients {g,} and {0,}. Theorem 4 allows us
to compute the MSEs a;; and d;41,+1 before and after
denoising.

The SE equation (77) in time domain can be solved recur-
sively by extracting the term D¢ oay ; for 7/ = 7 = 0 in the
sum and moving the other terms to the RHS. More precisely,
we can solve the SE equation (77) as follows:

1) Let t = 0 and solve ag,o with the SE equation (77) and
the initial condition dy o = 1.

2) Suppose that {a, r,d, -} have been obtained for all
7/,7 = 0,...,t. Use the boundary condition dy+1 in
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Theorem 4 and compute d. ;1 with the definition (70)
for all 7 = 1,...,t + 1 while the symmetry di11,r =
dr¢+1 1s used in the lower triangular elements.

3) Compute a, ;41 with the SE equation (77) in the order
7=0,...,t+ 1 while the symmetry a;y1, = ar 41 1S
used in the upper triangular elements.

4) If some termination conditions are satisfied, output
{ar' +,d- ;}. Otherwise, update ¢ := ¢ + 1 and go back
to Step 2).

We can define the Bayes-optimal denoiser f; via the MSE
diy1,441 in the large system limit. A denoiser f; is said to be
Bayes-optimal if f; = E[x1|x1 + 2z¢] is the posterior mean of
x1 given an AWGN observation x1 + z; with 2, ~ N (0, at¢).
We write the Bayes-optimal denoiser as fi(-) = fopt(-; ar.t).

The boundary condition dg -1 in Theorem 4 has a simple
representation for the Bayes-optimal denoiser fop¢. Since the
posterior mean estimator fopi(1 + z7;a- ) is uncorrelated
with the estimation error fop(z1 + 275 ar +) — 1, We obtain

E[{ fopt (21 +27; ar.r) — 21— fopt (14275 a7 1)}
Afopt (21 + 27507 7) — 71}
E[{ fopt(z1 + 2r; ar,r) — 21}%] = dry1,741-
(79)

Theorem 5: Consider the Bayes-optimal denoiser under the
same assumptions as in Theorem 4. Suppose that the SE
equation (77) in time domain converges to a fixed-point
{(ls,ds}, i.e. hmt/’t*,m Q¢ = Qg and hmt/’t*)oo dt’,t = ds.
If O ) = 1and 1+ (& — 1)dO(E1)/(dz=1) # 0 hold
for & = ds/as, then the fixed-point {as,ds} of the SE
equation (77) satisfies

o2

dO,‘rJrl -

ds =E [{fopt(fl:l + 25 as) - xl}Q] )
(80)

with zg ~ N(0,as), where R(z) denotes the R-transform of
the asymptotic eigenvalue distribution of ATA.
Proof: See Appendix E. [ ]
The fixed-point equations given in (80) coincide with those
for describing the asymptotic performance of the posterior
mean estimator of the signal vector x [18]-[20]. This coin-
cidence implies that the CAMP with Bayes-optimal denoisers
is Bayes-optimal if the SE equation (77) converges toward a
fixed-point and if the fixed-point is unique. Thus, we refer
to CAMP with Bayes-optimal denoisers as Bayes-optimal
CAMP.

E. Implementation

We summarize the implementation of the Bayes-optimal
CAMP. We need to specify the sequence of denoisers { f:} and
the tap coefficients {g,, 6, } in (32) and (33). For simplicity,
assume 6, = 0 for all 7 > 2. To impose the condition
O(as/ds) = 1 in Theorem 5, we use 6y = 1, 6; = —0d;/as,
and 6o = 6 € R, in which as and dg are a solution to the
fixed-point equations (80). In particular, the CAMP reduces
to the original one in [53] for 6 = 0.

For a given parameter 6, the tap coefficients {g,} are
determined via Theorem 3. More precisely, we use the
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TABLE I
COMPLEXITY IN M < N AND THE NUMBER OF ITERATIONS ¢

Time complexity Space complexity
CAMP O(MN +2M +t*) | O(MN +tM + t?)
AMP O(tMN) O(MN)
OAMP/VAMP O(M?N +tMN) O(N? + MN)

coefficients {p,,q,} in the rational generating function
G(z) = P(2)/Q(%). See Corollaries 1-3 for examples of the
coefficients.

For given parameters {6,p.,q;}, we can solve the SE
equation (77) numerically. The obtained parameter a; ; is used
to determine the Bayes-optimal denoiser f;(-) = fopt(; at.t).

Damping [39] is a well-known technique to improve the
convergence property in finite-sized systems. In damped
CAMP, the update rule (32) is replaced by

@1 = Cfilws + ATz) + (1 — Oz, (81)

with damping factor ¢ € [0, 1]. In solving the SE equation (77),
the associated parameters dy 1 ¢++1 and & in (70) and (71) are
damped as follows:

dp 1,041 =CE [{fv(z1 + z¢) — i H{ fe(x1 + 2¢) — 21 }]
+ (1 = Q)dr 1, (82)
& =CE[fl(x1+2)] + (1 = )&—1. (83)

In particular, no damping is applied for = 1.

Table I lists time and space complexity of the CAMP, AMP,
and OAMP/VAMP. Let ¢ denote the number of iterations.
We assume that the scalar parameters in the CAMP can be
computed in O(t*) time. In particular, computation of {a;;}
via the SE equation (77) is dominant.

To compute the update rule (33) in the CAMP efficiently,
the vectors z; € RM and AATz, € RM are computed and
stored in iteration ¢t. We need O(M N) space complexity to
store the sensing matrix A, which is dominant for the case
t < N. Furthermore, the time complexity is dominated by
matrix-vector multiplications.

In the OAMP/VAMP, the SVD of A requires dominant
complexity unless the sensing matrix has a special struc-
ture that enables efficient SVD computation. As a result,
the OAMP/VAMP has higher complexity than the AMP and
CAMP while the CAMP has comparable complexity to the
AMP for t < N.

IV. NUMERICAL RESULTS

A. Simulation Conditions

The Bayes-optimal CAMP—called CAMP simply—is com-
pared to the AMP and OAMP/VAMP. In all numerical results,
10° independent trials were simulated. We assumed the
AWGN noise w ~ N (0, UQIM) and i.i.d. Bernoulli-Gaussian
signals with signal density p € [0,1] in the measurement
model (1). The probability density function (pdf) of x,, is given
by

p(rn) = (1 — p)é(mn) + (84)
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Since x,, has zero mean and unit variance, the signal-to-noise
ratio (SNR) is equal to 1/02. See Appendix F for evaluation
of the correlation dy 41,441 given in (70).

Corollary 3 was used to simulate ill-conditioned sensing
matrices A. The non-zero singular values {o,,} of A are
uniquely determined via the condition number . To reduce the
complexity of the OAMP/VAMP, we assumed the SVD struc-
ture A = diag{oo, ... ,aM_l,O}VT. Note that the CAMP
does not require this SVD structure. The CAMP only needs
the right-orthogonal invariance of A. For a further reduction in
the complexity, we used the Hadamard matrix V' € Oy with
the rows permuted uniformly and randomly. This matrix A is
a practical alternative of right-orthogonally invariant matrices.

We simulated damped AMP [39] with the same Bayes-
optimal denoiser fi(-) = fopt(-;v¢) as in the CAMP. The
variance parameter v; was computed via the SE equation

1
vy = 0° + ~MMSE(v;_1),

5 MMSE(v_1) = 1,

(85)
with
MMSE(v) = E [{ fopt (21 + Vvz;0) — 21}7] (86)

where z ~ N(0,1) denotes the standard Gaussian ran-
dom variable independent of x;. The SE equation (85) was
derived in [30] under the assumption of zero-mean i.i.d.
Gaussian sensing matrix with compression rate § = M/N.
Furthermore, &; in (23) was replaced by the asymptotic value
& = MMSE(v;)/v; [46, Lemma 2]. To improve the conver-
gence property of the AMP, we replaced the update rule (22)
with the damped rule

Tip1 = Cfe(me + AT z) + (1= Q. (87)
Note that SE cannot describe the exact dynamics of AMP
when damping is employed.
For the OAMP/VAMP [40], [42], we used the Bayes-
optimal denoiser f(-) = fopt(;Ua—B,) computed via the
SE equations [46]

UASBt =Vt — UBoAts UB—A,0 = 1, (88)
1 1 1
- = - - = ) (89)
UB—A+1  MMSE(UA_B:) Ua—B:
with Nt
I 2 _ Tm (90)
Tt 7M:5N~>00N 02+@B_,A7t072n.

m=0

To improve the convergence property, we applied the damping
technique: The messages p_a +1 and vB_a 1 in (18)
were replaced by the damped messages (zp_a +1 + (1 —
Q)xp—a,¢ and CUB_A 141+ (1 —()UB_a 1, respectively. Note
that damped EP cannot be described via SE.

B. 1ll-Conditioned Sensing Matrices

We first consider the parameter ¢ in the CAMP defined in
Section III-E. From Theorem 5, we know that the CAMP is
Bayes-optimal for any 6 if it converges. Thus, the parameter
0 only affects the convergence property of the CAMP.

Figure 1 shows the MSEs of the CAMP for a sensing matrix
with condition number x = 5 defined in Corollary 3. As a
baseline, we plotted the asymptotic MSE of the Bayes-optimal
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g 10 x
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SE (6=0, {=0.9)
X 8=0,(=09
--------- Bayes optimum™"""7rrrrr e
10* : ,
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Number of iterations
Fig. 1. MSE versus the number of iterations ¢ for the CAMP. M = 212,

N =213 p=0.1,k=5,and 1/0% = 30 dB.

CAMP (SE)

OAMP/VAMP (SE)
CAMP +
OAMP/VAMP x
AMP °

Bayes optimum

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Number of iterations

Fig. 2. MSE versus the number of iterations ¢ for the CAMP with 6 = 0.
M=2" N=2'2 p=01,k=1,1/6>=30dB, and ¢ = 1.

signal recovery [18]-[20]. The CAMP with § = 2 and ( = 0.9
converges to the Bayes-optimal performance more slowly than
that with # = 0 and ¢ = 0.85. This observation does not
necessarily imply that § = 0 is the best option. When the
damping factor ¢ = 0.9 is used, the CAMP converges for
0 = 2 in the finite-sized system while it diverges for § = 0.
Thus, we conclude that using non-zero # # 0 improves the
stability of the CAMP in finite-sized systems.

The CAMP is compared to the AMP and OAMP/VAMP for
sensing matrices with unit condition number, i.e. orthogonal
rows. As noted in Remark 1, without loss of generality, we can
use § = 0 for this case. In this case, the OAMP/VAMP
has comparable complexity to the AMP since the SVD of
the sensing matrix is not required. Figure 2 shows that the
OAMP/VAMP is the best in terms of the convergence speed
among the three MP algorithms.

We next consider a sensing matrix with condition num-
ber k = 10. As shown in Fig. 3, the AMP can-
not approach the Bayes-optimal performance. The CAMP
converges to the Bayes-optimal performance more slowly
than the OAMP/VAMP while the CAMP does not require
high-complexity SVD of the sensing matrix. Especially in
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CAMP (SE, 6=0.7, {=0.6) ——
OAMP/VAMP (SE, {=1)
CAMP (6=0.7, £=0.6) +
OAMP/VAMP ((=1) x
AMP (£=0.25) .
Bayes optimum

MSE

20 30 40 50
Number of iterations

Fig. 3.  MSE versus the number of iterations ¢ for the CAMP. M = 213,
N =2 p=0.1, k=10, and 1/52 = 30 dB.

1

oo +
] o °
107 +

. &
= 2
‘é’ 10 .
CAMP +
. OAMP/VAMP  x
AMP °
10° f CAMP (SE) — |
Bayes optimum ---------

° +
..... [P VSRR
1 . ) ) )

0 5 10 15 20 25 30

Condition number

Fig. 4. MSE versus the condition number « for the CAMP. M = 512,
N =1024, p = 0.1, 1/ = 30 dB, and 150 iterations.
TABLE II
PARAMETERS USED IN FIG. 4
CAMP OAMP/VAMP AMP
(x, 8, Q) (s, ©) (s, ©)
(1, 0, 0.8) (1, 0.9) (1, 1)
(5, 1.65, 0.75) (5, 0.75) (2, 0.8)
(7.5, 1.1, 0.6) (10, 0.7) (2.5, 0.6)
(10, 0.75, 0.5) (15, 0.7) (3, 0.55)
(12.5, 0.75, 0.45) (20, 0.7) (4, 0.45)
(13.75, 0.35, 0.25) (25, 0.7) (5, 0.35)
(14.375-14.6875, 0.35, 0.2) (30, 0.7) (6, 0.35)
(15, 0.3, 0.2) (7, 0.3)
(17.5, 0.2, 0.1) (8, 0.3)
(20, 0.1, 0.05)

large systems, thus, the CAMP should need lower com-
plexity to achieve the Bayes-optimal performance than the
OAMP/VAMP.

We investigate the influence of the condition number
shown in Fig. 4. In evaluating the SE of the CAMP as a base-
line, the parameter ¢ was optimized for each condition number
while no damping was employed. In particular, the parameter
0 was set to —0.7 for x > 17. Otherwise, 8 = 0 was used.
See Table II for the parameters used in the three algorithms,
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1
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Fig. 5. Correlation dy/ ; versus t' = 0,...,t for the CAMP. § = 0.5,
p=0.1,1/02=30dB, 0 =0,and ¢ = 1.

which were numerically optimized for each condition number.
More precisely, the parameters were selected so as to achieve
the fastest convergence among all possible parameters that
approach the best MSE in the last iteration.

The AMP has poor performance with the exception of small
condition numbers. The CAMP achieves the Bayes-optimal
performance for low-to-moderate condition numbers. How-
ever, it is inferior to the high-complexity OAMP/VAMP for
large condition numbers. These observations are consistent
with the SE results of the CAMP. The SE prediction of the
MSE changes rapidly from the Bayes-optimal performance to
a large value around a condition number x ~ 18 while the
OAMP/VAMP still achieves the Bayes-optimal performance
for k > 18. This is because the CAMP fails to converge for
Kk > 18. As a result, we cannot use Theorem 5 to claim the
Bayes-optimality of the CAMP. Thus, we conclude that the
CAMP is Bayes-optimal in a strictly smaller class of sensing
matrices than the OAMP/VAMP.

Finally, we investigate the convergence properties of the
CAMP for high condition numbers. Figure 5 shows the corre-
lation dy ¢ in the CAMP for ¢/ = 0, ..., ¢. For the condition
number x = 16, the correlation dy ; converges toward the
Bayes-optimal MSE for all ¢’ as ¢ increases. This provides
numerical evidence for the assumption in Theorem 5: the
convergence of the CAMP toward a fixed-point.

The results for k = 17 imply that the CAMP fails to
converge. A soliton-like quasi-steady wave propagates as ¢
grows, while the CAMP does not diverge. As implied from
Fig. 4, using non-zero 6 # 0 allows us to avoid the occurrence
of such a wave for k = 17. However, such waves occur for
any 6 when the condition number is larger than x ~ 18.

Intuitively, the occurrence of soliton-like waves can be
understood as follows: The SE equation (77) in time
domain becomes unstable for high condition numbers, so that
ap ¢ increases as t grows. However, larger a; ; results
in a geometrically smaller forgetting factor Et(iI) in (77),
which suppresses the divergence of a; ;. As a result,
a soliton-like quasi-steady wave occurs for high condition
numbers.
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V. CONCLUSION

The Bayes-optimal CAMP solves the disadvantages of
AMP and OAMP/VAMP, and realizes their advantages for
orthogonally invariant sensing matrices with low-to-moderate
condition numbers: The Bayes-optimal CAMP is an efficient
MP algorithm that has comparable complexity to AMP. Fur-
thermore, the CAMP has been proved to be Bayes-optimal
for all orthogonally invariant sensing matrices if it converges.
High-complexity OAMP/VAMP is Bayes-optimal for this class
of sensing matrices while AMP is not. The CAMP converges
for sensing matrices with low-to-moderate condition numbers
while it fails to converge for high condition numbers.

A disadvantage of CAMP is that it needs all moments of the
asymptotic singular-value distribution of the sensing matrix.
In general, computation of the moments requires high com-
plexity unless their closed-form is available. To circumvent
this issue, deep unfolding [60], [61] might be utilized to learn
the tap coefficients in the Onsager correction without using
the asymptotic singular-value distribution.

The CAMP has a room for improvement especially in
finite-sized and ill-conditioned sensing matrices. One option
is a replacement of scalar parameters determined via the
SE equation with empirical estimators that depend on the
measurements, as considered in AMP and OAMP/VAMP.

Another option is a damping technique that keeps the
asymptotic Gaussianity of estimation errors. This paper used a
heuristic damping technique to improve the convergence prop-
erty of the CAMP. However, the heuristic damping breaks the
asymptotic Gaussianity. Damped CAMP should be designed
via Theorem 1 to guarantee the asymptotic Gaussianity. A
recent paper [62] proposed long-memory damping in the MF-
based interference cancellation to improve the convergence
property of long-memory MP. A possible direction for future
work is to design CAMP with long-memory damping.

APPENDIX A
PROOF OF THEOREM 1

A. Formulation

We use Bolthausen’s conditioning technique [32] to prove
Theorem 1. In the technique, the random variables are
classified into_three groups: V, § = {\, w,x}, and
€y = {By,My,H;,Q,,,} with Q. ; = (qp,---,q,) and
M, = (my,...,my_1). The random variables in § are fixed
throughout the proof of Theorem 1 while V' is averaged out.

The set &,; contains all messages just before updating
b, = VT(]t while &,y includes all messages just before
updating h; = Vm;. The main part in the conditioning
technique is evaluation of the conditional distribution of b,
given &, ; and § via that of V.

Theorem 1 is proved by induction. More precisely, we prove
a theorem obtained by adding several technical results to
Theorem 1. Before presenting the theorem, we first define
several notations.

The notation o(1) denotes a finite-dimensional vector with
vanishing norm. For a tall matrix M & RN*t with rank r < t,
the SVD of M is denoted by M = ®3,3X5; ¥}, with
Py = (<I>|]|VI,¢'*/I). The matrix (I)lzlvf € Opnxr consists of
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all left-singular vectors corresponding to 7 non-zero singular
values while <I’$I € Onx(N—r) is composed of left-singular
vectors corresponding to N — r zero singular values. The
matrix Plllw = M(M"M)'M? is the projection to the
space spanned by the columns of M while P]J\‘/[ =1I- PUV[
is the pro{ection to the orthogonal complement. Note that
Pl =a (@] )T and Py, = ®5,(®4,)" hold.

In the following theorem, we call the system with respect to
{By, M} module A while we refer to that for {H, Q,}
as module B.

Theorem 6: Suppose that Assumptions 1-4 hold. Then,
the following properties in module A hold for all 7 = 0,1, ...
in the large system limit.

~ T ~ ~ T _ - ~
(AD) Let 8, = (Q.Q,)'Q,q,. @; = P q,. and

- ~ T -
@ =V (25 py) ©1)
where V € Opn_2, is a Haar orthogonal matrix and

independent of § and &, ~. Then, for 7 > 0

br ~ BB, +M.0o(1)+B,o(1)+ @55 11 |

w; (92)
conditioned on § and &, in the large system limit,

with

. ~ 12 ~1512] a.s.
A e~ a0 93
Suppose that ¢ (B,y1,w,A) : RN*(+3) _ RN
is separable, pseudo-Lipschitz of order k£ with respect
to the first 7 + 2 variables, and proper. If N *lth(h,
converges almost surely to some constant ;4 € R in
the large system limit for all ¢,/ = 0,..., 7, then

(A2)

<¢T(BT+1) w; )‘)> —E <¢T(ZT+15 w, )‘)>i| = 0. (%94)
In (94), Z; 41 = (%0,...,2,) € RN+ denotes
a zero-mean Gaussian random matrix with covariance
E[2:2})] = ko In forall t,# =0,...,7. In evaluating
the expectation in (94), Utw in (13) follows the
zero-mean Gaussian distribution with covariance 021 ;.
In particular, for £ = 1 we have

(0r: @1 (Brsr, @i X)-E |(0rdo(Z 741, 0 X)) *5 0
95)

forall 7/ =0,...,7.

(A3) Suppose that ¢_(B.y1,w;A) : RVXT+3) _ RN g
separable, Lipschitz-continuous with respect to the first
T + 2 variables, and proper. Then,

%bE <<?)T -> <atim>bt/> 0 (96)
t’=0

forall 7/ =0,...,T.
(A4) The inner product N _17?1,3, m, converges almost surely
to some constant - » € R for all 7/ =0,...,7.

(A5) For some ¢ > 0 and C > 0,

lim  E [Jhr,*21] < oo, 97)
M=§N—oc0 ’
. . 1 ~ 71 ~ a.s.
Mli%lj\}rifoo Amin NMTJrlMT_,_l C. (98)
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The following properties in module B hold for all
7=20,1,... in the large system limit.

~ T ~ ~ T
(BI) Let ay = (M_M,)"'M_m,, mg = g, m> =
P~ m,, and
MT T

] V(@) e
YT Ve )T,

for 7 =0,

for 7 > 0, 99)

(M.,B:i1)
where V € O N —(2r+1) is a Haar orthogonal matrix and
independent of § and &, -, ;. Then, we have

ho ~ 0(1)q, + ®5 w-, (100)

conditioned on § and &y 1 = {bg, 0, g, } in the large
system limit. For 7 > 0

h. ~H,o.+Q. 10(1)+H, o(1)+®"

(H7'7Q7+1)w‘r’

(101)

conditioned on § and &, - in the large system limit,
with
1
I _{ 2 ~L2}a~:& .
I P e S R
Suppose that ¢ (H, 1, x) :
a separable and proper pseudo-Lipschitz function of
order k. If N *lﬁth'rht/ converges almost surely to
some constant 7; ;+ € R in the large system limit for all
t,t' =0,...,7, then

<{ZJT(HT+17 :13)> —-E |:<1ZJT(ZT+17 :13)> a_i 07 (103)

where Z, 11 = (z0,...,2,;) € RNXU+D denotes
a zero-mean Gaussian random matrix with covariance
E[z¢2z}] = mp Iy forall t,#' =0,..., 7. In particular,
for £k =1 we have

(O th, (Hri1,2)) —E (004, (Zr11,2))| 550

(102)

(B2) RVx(T+2) _, RN jg

(104)
forall 7/ =0,...,7.

(B3) Suppose that t_(H, i, x) : RNXT+2) _ RN jg
a separable and proper Lipschitz-continuous function.
Then,

%h? (1,74 -3 <amlz7>ht/> 00 (109)
=0
forall 7/ =0,...,7.

(B4) The inner product N _163@7 1 converges almost surely

to some constant w,/ -1 € R forall 7/ =0,...,7+ 1.

(B5) For some ¢ > 0 and C > 0,

. ~ 2+€
e E[|Gr a7 < oo, (106)
liminf A (—0.,0 Lo 107
WU Amin | Qre2@rsa ) = € 010D

We summarize useful lemmas used in the proof of Theo-
rem 6 by induction.

Lemma 1 ( [42], [46]): Suppose that X € RN*t hag full
rank for 0 < t < N, and consider the noiseless and
compressed observation Y € RV*? of V' given by

Y =VX. (108)
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Then, the conditional distribution of the Haar orthogonal
matrix V' given X and Y satisfies

Vixy ~YY'Y) ' X"+ &, V(®%)", (109

where V' € On_, is a Haar orthogonal matrix independent of
X and Y.

The following lemma is a generalization of Stein’s lemma.
The lemma is proved under a different assumption from
in [59].

Lemma 2: Let z = (z1,...,2)" ~ N(0,%) for any
positive definite covariance matrix X. If f : R? — R is
Lipschitz-continuous, then we have

t
Elz1f(2)] = ) Elz120]E[0y f(2)].
=1
Proof: We first confirm that both sides of (110) are
bounded. For the left-hand side (LHS), we find f(z) =
O(||z||) as ||z]] — oo since f is Lipschitz-continuous. Thus,
E[z1 f(z)] is bounded for 2 ~ A/(0,X).
For the RHS, we use the Lipschitz-continuity of f to
find that there is some Lipschitz-constant . > 0 such
that

(110)

f(z+ Aey) — f(z) <
A <

(111)

holds for any A # 0, where ey € R! is the t'th col-
umn of I;. This implies that each partial derivative Oy f is
bounded almost everywhere since the partial derivatives of
any Lipschitz-continuous function exist almost everywhere.
Thus, E[0y f(z)] is bounded. These observations indicate the
boundedness of both sides in (110).

For the eigen-decomposition ¥ = ®APT, we use the
change of variables z = &z to obtain

t t

Elz1f(2)]= > [®]1 B[z f(®2)]= > [®]: ,E[z-g(%)],

(112)

with g(z,) = E[f(®2)|].

We prove that ¢ is Lipschitz-continuous. Let z, denote
the vector obtained by replacing Zz, in 2z with =x.
Since z ~ N(0, A) has independent elements, we have

lg(z) — g(y)| <E[|f(®2) — f(P2y)]]
SLE[[|®(22 — 2y)|]

=LE[|[2: = 2] = Llz —yl,  (113)

where the second inequality follows from the
Lipschitz-continuity of f with a Lipschitz-constant L > 0.
Thus, ¢(Z;) is Lipschitz-continuous, so that g¢(Z,) is
differentiable almost everywhere.

Since z ~ N (0, A) holds, Stein’s lemma [63] yields

t
Elz1f(2)] = S [®]1 EZE g (3,)]
=1

- Z[Q)]I,T[A]T,TE

t

Z[@]ﬂ,faﬂﬂz)]. (114)

t'=1
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Using the identity
t

> (@Al (@l = [®ART )y =E[z120], (115
T=1
we arrive at Lemma 2. [ |

Lemma 3 ( [46]): Fort € N, suppose that f : RV*(+1)
R¥ is separable and pseudo-Lipschitz of order k. Let L,, > 0

denote a Lipschitz constant of the nth element [f],. The
sequence of Lipschitz constants is assumed to satisfy
lim sup — L (116)
msu Z
Let € = (e1,...,en)T € RN denote a vector that satisfies
N
Jim > Luer =00, (117)
n=1
N a.s
lim sup — Z Lne%’“*2 < o0 (118)
N—o0 n—1
Suppose that Af+1 = (ag,...,a;) € RN*(HD) gatisfies
lim sup — ZL’ af,k 2°2 50 fori—= 1,2. (119)
N —o00
Fort' >0, let E = (e],...,ek)T € RV*¥ denote a matrix
that satisfies
N
hmsup— ZLnHe [|ax{2,2k— 212 0, (120)
N—o0 n—1
1 H a.s.
liminf Apin, | =EF 121
it (B°B) S0 a2

for some constant C' > 0. Suppose that w € RV~ is an
orthogonally invariant random vector conditioned on €, A1,
and E. For some v > 0, postulate the following:

2 a.s.

. 1
]\;Enoo N||w|| = v>0. (122)

Let z ~ N(0,vIy) denote a standard Gaussian random
vector independent of the other random variables. Then,

<f(At’at+€+¢§w)_Ez[f(At,at+z)]> as o
(123)

lim
N—oo

B. Module a for T = 0

Proof of Property (A2) for 7 = 0: The latter property (95)
follows from the former property (94) and a technical result
proved in [30, Lemma 5]. Thus, we only prove the former
property for 7 = 0.

Property (94) follows from Lemma 3 for fw,by) =

qbo(bo,'w A) with ap = w, a1 + € = 0, <I> = Iy, and

= by. We confirm all conditions in Lemma 3. Applying
Hélder’s inequality for any € > 0, we have

N 1/p L 1/q
_Z L; ~3Lk 2< (N Z L'gj) (N Z wik2+6>

n=1 n=1
(124)
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fori =1,2, withg=1+¢/(2k—2)and p~! =1 — ¢,
which is bounded because of Assumption 3. Furthermore,
the definition bo = —V™x implies the orthogonal invariance
and N~1|bg||?> %2 1. Thus, all conditions in Lemma 3 hold.
Using Lemma 3, we obtain

(do(bo, w: X)) — Ex, | (@ (20, w3 N)| =5 0,

with zg ~ N(O, IN)

We repeat the use of Lemma 3 for f(Zog,w) =
¢o(20, w; N) with ag = % and w = w. Using Lemma 3
from Assumption 3 and applying Assumption 2, we obtain

(G020, @i ) —E [ (@ (20,03 X)) *5 0. (126)

In evaluating the expectation over w, the first M elements
U"w in (13) follow A(0,52I;). Combining these results,
we arrive at (94) for 7 = 0. [ |
Proof of (A3) for 7 = 0: The LHS of (96) is a separable
and proper pseudo-Lipschitz function of order 2. We can use
(94) for 7 = 0 to find that the LHS of (96) converges almost
surely to its expectation in which by and (80(;50> are replaced
by zg ~ N(0,Iy) and the expected one, respectively. Thus,
it is sufficient to evaluate the expectation. B
The function f(Zo; w, X) = ¢o(Z0, w; X) —E[(Dopy)] Z0 is
a separable Lipschitz-continuous function of 2. Thus, we can

use Lemma 2 to obtain
AICENIED)

NE [zo ((150
1 - ~ -
-~ Z E [, E |0d0.n] ~E [(806)| = 0.
n=1
Thus, (96) holds for 7 = 0. |
Proof of (A4) for 7 = 0: From the definition (11) of my
and (96), we find the orthogonality N *lbOT'rho 22 0. Using

this orthogonality and (95) for 7 = 0 yields

(125)

(127)

1 -
—mg g +o(1)

N
:%mgmo —E [(Boby)] +o(1).

The first and second terms are separable and proper
pseudo-Lipschitz functions of order 2. From (94) for 7 = 0,
they converge almost surely to their expected terms. Thus,
N~1|l7g||? converges almost surely to a constant. [

Proof of Property (A5) for 7 = 0: The latter property (98)
for 7 = 0 follows from the nonlinearity of ¢, in Assumption 4.
Thus, we only prove the former property (97) for 7 = 0.

The proper Lipschitz-continuity in Assumption 4 implies
the upper bound |mg | < Cp(1 + |bo,n| + |Wo,n|) for some
Ap-dependent constant C,. From Assumptions 1 and 3,
we find that by and w have bounded (2k — 2 + €)th moments
for some € > 0. Thus, we obtain the former property (97) for
T=0. |

1 ~ 2 a.s.
g 2

T
mg bg

(128)

C. Module B for T = 0
Proof of Property (Bl) for 7 = 0: Lemma 1 for the
constraint Vbg = q, implies

T
V ~ 0bo
140l

+ &5 V(®;)" (129)
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conditioned on § and & o, where Ve Op_1 is Haar orthog-
onal and independent of by and ;. Using the definition (11)
of hy and the orthogonality N _1b0T7h0 22 0 obtained from
Property (A3) for 7 = 0, we obtain (100).
To complete the proof of Property (B1) for 7 = 0, we prove
(102) for 7 = 0. By definition,
Lo
N [woll” = N
where the last equality follows from the orthogonality
N~'by o 5 0. Thus, (102) holds for 7 = 0, because of
the notational convention 15" = 7. [ |
Proof of Property (B2) for 7 = 0: Since the latter prop-
erty (104) follows from the former property (103), we only
prove the former property for 7 = 0. Using Property (B1) for
7 =0 and Lemma 3 for f(x, ho) = ¥y(ho, z) with ag = x,
a1 =0, e=0(1)q, E=q,, and w = wy, we obtain

($o(ho,)) — Ex, | (o0, )| 25 0,
with zg ~ N (0, 7,0 ). Applying Assumption 1 to the sec-

- - as L
g Py, = i, (130)

(131)

ond term, we arrive at (103) for 7 = 0. [ |
Proof of Properties (B3) and (B4) for 7 = 0: Repeat the
proofs of Properties (A3) and (A4) for 7 = 0. [ |

Proof of Property (B5) for 7 = 0: The former prop-
erty (106) for 7 = 0 is obtained by repeating the proof
of (97) for 7 = 0. See [46, p. 377] for the proof of the latter
property (107) for 7 = 0. [ |

D. Proof by Induction

Suppose that Theorem 6 is correct for all 7 < ¢. In a proof
by induction we need to prove all properties in modules A
and B for 7 = t¢. Since the properties for module B can be
proved by repeating the proofs for module A, we only prove
the properties for module A. ~

Proof of Property (Al) for 7 = t: The matrix (B, M)
has full rank from the induction hypotheses (98) and (107)
for 7 =1 — 1, as well as the orthogonality N’lbfﬁzT/ 0
for all 7,7/ < ¢ Using Lemma | for the constraint
(Q,, H,) = V(B,, M,), we obtain

,...T - ~T _1 T
V = (Qt7Ht) QT:TQI‘ QtTHt ?tT
Ht Qt Ht Ht Mt
e L
+@(Q"H‘)V(¢(Bt,Mt))T (132)

conditioned on § and &;,. Applying the orthogonality
N='0 m,. *% 0 and N~'hlg, *3 0 obtained from the
induction hypotheses (A3) and (B3) for 7 < ¢, as well as the
definition (9) of b;, we have
~T ~ ~ T _ ~
by~ Bi(Q, Q,)"'Q; q, + Bio(1) + M,o(1)
iR =T 1 T~
5,010V (®ig,m,)) O
conditioned on § and &, which is equivalent to (92) for
T = 1.
To complete the proof of Property (Al) for 7 = ¢, we shall
prove (93). By definition,

(133)

~ T 5l ~ T 5l ~
”th2 _ q: P(Qt,Ht)qt as. q; Ptht
N N N

+o(1), (134)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 7, JULY 2021

where the last equality follows from the orthogonality
N—'hYq_, %3 0. Thus, (93) holds for 7 = t. [

Proof of Property (A2) for = = t: Since the latter
property (95) follows from the former property (94), we only
prove the former property for 7 = ¢.

We use Property (Al) for 7 = ¢ and Lemma 3 for the func-
tion f(’lIJ,Bt,bt) = fz)t(Bt—f—hﬂJ;A) with At+1 = gﬁ),Bt),
Qi1 = Btﬁt, € = MfO(l) + BtO(l), E = (Bt;Mt)7 and
w = w. Then,

(,(Byi1,w; N))—Ez, [@t(Bt, BB, + 2, @, >\)>} 250,
(135)
where z; has independent zero-mean Gaussian elements with

a.s

variance ;= N1 ;" ||>. Repeating this argument yields
(@B, X)) —E |(@(Zi, @, 0)| 20, (136)

where Zt+1 is a zero-mean Gaussian random matrix having
independent elements. In evaluating the expectation over w,
U™ w in (13) follows the zero-mean Gaussian distribution with
covariance 021 ;.

To complete the proof of (94) for 7 = {, we eval-
uate the covariance of Z;,;. By construction, we have
N7'E[zT2.] = N"'b1b, = Kk, . +0(1). Thus, the former
property (94) is correct for 7 = t. |

Proof of Property (A3) for T = t: The LHS of (96) is a
separable and proper pseudo-Lipschitz function of order 2.
We can use (94) for 7 = ¢ to find that the LHS of (96)
converges almost surely to its expectation in which By,
and (9. ¢,) are replaced by Z,,; and the expected one,
respectively. Thus, it is sufficient to evaluate the expectation.

Since the function f(Z;,1;w,\) = (;St(ZtH,'&);)\) -
Zi/:oE[@t’[ﬁt”%t’ is separable and Lipschitz-continuous
with respect to Zt+1, we can use Lemma 2 to obtain

# (- L elfo)] =)

T _
= 3 S Bl il [0

1
—E
N

n=1¢=0
t ~T ~
~ Elz  zy
-3 E [<at,¢t>} % —0. (137)
/=0
Thus, (96) holds for 7 = t. [ |

Proof of Properties (A4) and (AS5) for T = t: Repeat the
proofs of Properties (A4) and (AS) for 7 = 0. In particular,
see [46, p. 378] for the proof of (98) for 7 = t. |

APPENDIX B
PROOF OF THEOREM 2
In evaluating the derivative in ggf)t the parameter &; requires
a careful treatment since it depends on B, ; via h;. If the
general error model contained the error model of the CAMP,
we could use (28) in Theorem 1 to prove that & converges
almost surely to a By, -independent constant &; in the large
system limit. To use Theorem 1, however, we have to prove
the inclusion of the CAMP error model into the general error



TAKEUCHI: BAYES-OPTIMAL CONVOLUTIONAL AMP

model. To circumvent this dilemma, we prove gt@m =

fff Tl)ggj) o(1) for all t and 7 = 0,...,t¢ by induction.
We consider the case 7 = 0, in which the expression (41)
requires no special treatments in computing the derivative.

Differentiating (41) with respect to the ¢th variable yields

9 = w1 — 1, (138)

where 1; denotes the jth moment (42) of the asymptotic
eigenvalue distribution of AT A. Comparing (43) and (138),

we have g(]f) = g(()] ) for all .

Suppose that there is some ¢ > 0 such that g(j ) =

t—1,t’
t‘f;”gﬁj) o(1) is correct for all ¢ < t and 7 = 0,...,¢.

Then, (28) in Theorem 1 implies that & converges almost
surely to a constant & for any ¢ < t. We need to prove
gij)Tt L fff Tl)ggj) o(1) forall 7=0,...,t

We first consider the case 7 = 1 since we have already
proved the case 7 = 0. Differentiating (41) with respect to the
(t — 1)th variable yields

(4)

+1
Je—1,4t = & 1(9t 1,6—1 o

—9t—1,4— )= gtflgl(gt(]f)l,tfl—’_uj)

+& 101 (9751 + ). (139)
Using gf t) = g(()j ) and (44), we arrive at
915_)1 t =6 191 + o(1).

We next consider the case 7 > 1. Differentiating (41) with
respect to the (¢ — 7)th variable, we have

+1
gt(])rt—ft 1(gt(])7—f 1 gt(]Tf) 1)
+ Z Et Y H_T/gt T _T'gt(])‘r‘r)
T'=t—T
t—1
1 i+1 j
= > 80 =g )
T/=t—7+1
=(t—1)

+ &5 041 — o). (140)
Using (45) and the induction hypothesis gt(fl " &S
ff_;l)gg) o(1) for all t < t and 7 = 0,...,t, we find

1
900 65 g 4 o1).
APPENDIX C

PROOF OF THEOREM 3

Let G(z, z) denote the generating function of {g(j )} given
by

=Y Gj(z)2! (141)
=0
with .
2= gV (142)
7=0
It is possible to prove that G(z, z) is given by
Clos _ (OE) =G =0C)
2G(z) +1—-0(z)
with G(2) = (1 — 27 )G(2) and ©(2) = (1 — 271)O(2).

Let —z* denote a pole of the generating function, i.e.
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z* = [1 — O(2)]/G(z). Since the generating function is
analytical, the numerator of (143) at z = —x* must be zero.
{0(z) + 2" G(2)}n(z") — ©(2) =0, (144)

which is equivalent to (52).
To complete the proof of Theorem 3, we prove (143). The
proof is a simple exercise of the Z-transform. We first compute
Gj(z) given by
Gi(2) =95 + 912

+ Z g(])z*‘r.

To evaluate the last term with (45), we note

(o] [ee] )
S =Y gV =G0
T=2 T=1

(145)

-},

(146)

co T—1

Z Z gT*‘r’gS—j'.)z_T
T=27'=0
00 o _
+ Z Z gT—T’gq(—j')Z_T

0o
_ @ -
= Y0 E grz
T=2 T/'=171=7'+1

= [G(2) = 1] Gj(2) — qug§ =1,

co T—1

Z Z gT—T’g-E-jI.),IZ_T

T=271'=1

S 9 )
= Z Z 97—7’97(-]/)_1277—

r'=1r=7/+1
=[G(2) — 1] 27'G}(2). (148)
Combining (43), (44), (45), and these results, we arrive at
Gi(z) = [1-G(2)]G;(2) — [1 — O(2)|Gj11(2)
—u;G(2) + pj+10(2). (149)
We next evaluate G(z, z). Substituting (149) into the defi-
nition of G(z, z) yields
G(z,2) = [1-G(2)]G(x,2) — [1 — O(z)]F22)
—n(-2)G(z) + L=2=10(z),  (150)
where we have used the definition (50) and the identity

Go(z) = 0 obtained from Theorem 2. Solving this equation
with respect to G(z, z), we obtain (143).

(147)

APPENDIX D
PROOF OF THEOREM 4

A. SE Equations

The proof of Theorem 4 consists of four steps: A first step is
a derivation of the SE equations, which is a dynamical system
that describes the dynamics of five variables with three indices.
A second step is evaluation of the generating functions for the
five variables. The step is a simple exercise of the Z-transform.
In a third step, we evaluate the obtained generating functions at
poles to prove the SE equation (75) in terms of the generating
functions. The last step is a derivation of the SE equation (77)
in time domain via the inverse Z-transform.

Let ai/, = N™'mE Almy, b/, = N WAy, ey =
N-1¢1q,. dv, = N'qlq,. and /) = N 1w UZ A m,.
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Theorem 2 implies the asymptotic orthogonality between by
and m;. We use the definition (41) to obtain

+1 c +1
(J) a.s. bﬁjt), bi(tjt/ )+5t7 ( (9) a(] ))

A1 tt—1
o - - B .
S W~ 0 — 6D
T= O

_Z -1, (a) —b9)

+e)

—&1a) ) +o(1),

(151)

where we have replaced ¢ with the asymptotic value &,.
Applying (31) in Theorem 1 and (9) yields

b)), (u] uir1)ev e + &a (b = b7 + o(1)

+Zf (t=1)g, i ( (H_ ) Hj1cy -

_thl 7-rb(j

Using (30) in Theorem 1, (36), and (11), we have

_ 1
- gT—lbg,t—)l)

— pjce r — & abll) ). (152)

a)14a 5. 5
a.s. M—i—o(l) as dt/+1,t+1—§t§t'a§?,)t+0(1)-

Ct/+1,t4+1 = N
(153)
Applying (26) in Theorem 1 yields
dy 1401 SE[fo(x1+2ze) =z H fe(@r+2) —a1)],  (154)

where {z:} are zero-mean Gaussian random variables with

covariance E[zy z¢] = aﬁ,) Finally, we use (31) in Theorem 1

to obtain
(J) a_gf ( (j) eijj_l)) 4+ o2 [ +0(1)
S g

&) (159)

— Z g(t 1) (J)

To transform the summations in these equatlons to convolu-
tion, we use the change of variables agf ) = (t Dy Ef )t
Similarly, we define bt, , €y, and dyr .+ while we use
egf) £(t _1)£(t D (j) . Then, the SE equations (151)—(155)
reduce to

. ~ ~(i+1 (i _(i+1 (i
at/ b bgjt/ ) + E‘/],)t 1 azg/]t )1 + eg‘/],)t

+ Zet . atgﬂ _ Bg;rl) G0+ )

t’Tl

~(J)

- th—r (@) = b — ) +o(1), (156)
7=0
7(5) a.s. ~ 7.(J 1
bﬁ?ft =k — mj+1)C0 e + bﬁ?}t 1= bg;r )1 +o(1)
t—1
+y Orr (BT — pjiaée - — B TY))
7=0
t—1
_ b ey —bY 157
gi—r( v HiCt T t’ 1) (157)
7=0
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Coitart = dygraer — aﬁl) +o(1), (158)
~(j) as-~(j) _ ~(F+1) 1
Cop =Cp_1t— Gy 1t+MJ+1Ut’t+0( )
t'—1
X b
-1
N Z go_r (@) &9 ), (159)
with
o2
o2 (160)

T FW—D) A=)

g(()t ) f(()t )

In principle, it is possible to solve the coupled dynamical

system (154), (156)—(159) numerically. However, numerical

evaluation is a challenging task due to instability against
numerical errors.

B. Generating Functions

We solve the coupled dynamical system via the Z-transform.

Define the generating function of dg,] )t as
oo

Alz,y,z) = ijAj(y,z), (161)
j=0
with
Z aly~t=t (162)
t',t=0

Similarly, we write the generating functions of {ng)t}, {1t}

{dt/t} {et } and {Ut’t} as B(l’ Y,z ) C(y,Z), D(yaz)’
E(z,y,2), and ¥(y, z), respectively.
To evaluate the generating function A;(y, z), we utilize

[e'e] , 0 t—1 )

Z ! Z z Z gt,Td§77)T_k

t’=0 t=1 7=0

oo , oo oo .
:nyt Z Z Zﬁtgtfrdilj,)r—k

t'=0

T=0t=7+1
=2""[G(z) — 1] 4;(y, 2) (163)

for any integer k, where we have used the definition (51)
of G(z). From (156), we have
4 (y7 Z) _

Aj(y,z) = Bj(z,y) . .

+[0(2) —1] {Aj+1(y, 2) = Bjii(z,y) — M}

— Bjt1(z,y) +

- 66 - 1 {40.2) - By(e - 222
+Ej(y:2). (164)
Similarly, we can derive
B;(y,2) 2 (1j — 1j41)Cly, 2) + Bj(i/,z) B BJHZ(y,z)
+[0(z) —1] {BJH(ZJ,Z) = 1j+1C(y, 2) — Bjﬂzy’z)}

- 166 = 1 Byl02) — o) - 22 o),
(165)
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C(y,2) = D(y,z) — (y2) " Ao(y, z) + o(1), (166)
Bj(y,2) s B (y 2 _ Ej“y(y’z) (s 2) + o(1)
+ (1 -y "W —1Ej11(y,2)

- (1=y HIG(y) — 1)E;(y, 2). (167)

We next substitute (164) into (161) to obtain
{2G(2) +1-0(2) } Ay, 2) = [1 - O(2)] 4o (v, 2)

+{aG(z) - 6(»)} B2Y)

1> +2E(x,y,2) + o(1),

(168)
with G(2) = (1—271)G(2) and O(z) = (1—2~1)O(z), where
we have used the identity By(y,z) = o(1) obtained from

the asymptotic orthogonality between by and m;. Similarly,
we use (50) and (165) to obtain

Blany, ) 2 ECR-OEI016() Cw2) | )
2G(2)+1— @( ) 11—z
(169)
Furthermore, we have
as.  1-0(y)
E(z,y,z2) = Wl_y@(y)Eo(%Z)
41l sy 2y 4o(1).  (170)

zG(y)+1-6(y)

C. Evaluation at Poles

The equations (166), (168), (169), and (170) provide all
information about the generating functions. However, we are
interested only in those at z = 0. To extract this information,
we focus on the poles of A(x,y,z) and E(z,y, z). Let —z*
denote the pole of A(z,y,z) given by

1-6
o= 1290 (171)
G(z)
Since A(x,y, z) is analytical, the RHS of (168) has to be zero

atrx = —x”.
B(—(E*,Z,y) a.s

1— 21 [1_6(2)]140(3/; Z)—(E*E(—il,'*, Y, Z)+O(1)
(172)
Similarly, we use (170) and Theorem 3 to obtain
Eo(y, z) = 3y, ) + o(1). (173)
Thus, (170) reduces to
E(_ *7ya )
G(y)© ( ) 9(9) 7(2) + G(2) = G(y)
Evaluating B(z, z,y) given via (169) at © = —x™* yields
B(=2",2,y) as. OWG(H-CWOk) _
1—271 G(y)0(2)—6(y)G(2)+G(2)—CG(y)
[1-6(2)]Cly,2) +o(1), (175)
where we have used 0(z) = (1 — z27H0(2),
G(2) = (1—271G(2), and the symmetry C(z,y) = C(y, 2).
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Substituting (166), (174), and (175) into (172), we obtain

a.s. S} Yy G(z) -G Yy Oz
FG,@(ya )AO(y7 ) ( ) y(z—z(l) ( )D(y72:)
(1-2"H0() - (1 -y "O(y)
+ P — E(y, z) + o(1),
(176)
with
Faely z) = Ytz 712}[591(2(5(5)7(;@)@(,2)]
+(172_1)i(52:(21§y_1)G(y). (177)
We transform the SE equation (176) into another

generating-function representation that is suited for deriv-
ing time-domain representation. Let S denote the generating
function of some sequence {s;}. We use the notations
S1(2) = 2715(2), As, and Ag,, given by
Sly) = S(=)
gyl — 1
which is a function of y and z. The inverse Z-transform of
these generating functions can be evaluated straightforwardly,
as shown shortly. We use these notations to re-write the SE
equation (176) as

Ag = (178)

Fge(y,2)Ao(y,2) = {G(2)Ae — O(2)Ac} D(y, 2)
+ (Ael - A@) E(ya Z) + 0(1)7
(179)
with
Foel(y,2)= (y ' +271 = 1[G(z)Ae — O(2)Ag]

+Aq, — Ag, (180)

where G1(z) = 27 1G(z) and ©1(z) = 27O (2) are defined
in the same manner as in S;(z). The SE equation (179) is
equivalent to the former statement in Theorem 4.

D. Time-Domain Representation

We transform the SE equation (179) into a time-domain
representation that is suitable for numerical evaluation. Sup-
pose that G(z) is represented as G(z) = P(z)/Q(z). Let R(z)
denote the generating function of {r;}, i.e. R(z) = Q(z)0(z).
We multiply both sides of the SE equation (179) by Q(y)Q(z)
to obtain

FP;Q;@(:’J; Z)AO(yv Z)
= {P(x)Ar — R(x)Ap} D(y, 2)

+Q(y)Q(2) (Ao, — Ae) X(y, 2) + o(1), (181)
with
Fpge(y,2) =[Ap — Ap]Q(2) + (1 — 271 P(2)Ag
+ ("' = 1)[P(2)Ag — R(2)Ap)
+y '[P(2)AR — R(2)Ap]. (182)

It is possible to evaluate the inverse Z-transform of Sy (z),
As, Ag,, and 271 Ag for any generating function S(z). By
definition, we have

o0 o0
= E stz*(t“) = E st,lz*t,
t=0 t=0

(183)
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TABLE III
Z-TRANSFORM OF 2-DIMENSIONAL ARRAYS

Array sy 4 Z-transform
0y 05t—1 S1(2)
St/ +t+1 Ag

S¢/t Ag,
St/ — 615/10515 yilAS

where the convention s_; = 0 has been used. Thus, S;(z) is
the generating function of the sequence {s;_1}.

For Ag, we obtain
I

AS = E 87— —
T=17/=0
S SIS
_ -7 —(r—1'-1) _ -7 -7
= Sty V4 - 57-/+‘r+1y z 9
T T

'=0T=7'+1 '=07=0

co T—1
(r—7'-1)

(184)

which implies that Ag is the generating function of the
two-dimensional array sy ; = S¢/4441-

We combine these results to evaluate the inverse
Z-transform of the remaining generating functions. For S;(z),
Ag, is the generating function of {s;i}. Since y~ ! is the
generating function of d; 19;,0 and since Ag is the generating
function of sy = Sy 4441, y~1Ag is the generating function
of the two-dimensional convolution:

(185)

where the last expression is due to the convention s_;; = 0.
See Table III for a summary of these results.

We evaluate the inverse Z-transform of (181). It is a simple
exercise to confirm that (181) is equal to the Z-transform of
the following difference equation:

(5t',15t,0) * Sprp = Str—1,t = St/4+t — 5t',05t,

~(0) a.s. 1
@t’ t* Ay y (pt KTy g1 — Tt *pt/+t+1) * dt/,t

+(qrqe) * (Op e — Op o) * Uff,t +o(1),
(186)
with
Dpp = (Prrt — Prre+1) ¥ @+ (Dr — Pr—1) * Q1141
+ (Pe—1 = Pe) ¥ o1 + (e — Te—1) * Dy e
+ P ¥ Ty — 0w ome) — Tk (Dt — 0w 0Dt),
(187)

where all variables with negative indices are set to zero.
Multlplylng (186) by fét _1)§(f Y and using tht} definitions
e = agn /(& DG, A = TV
= 02/(5(()T ey we arrive at the SE equa-
tion (77) in time domain, with the superscript in ag?T omitted.
Finally, we use the notational convention f_i(-) = 0
to obtain initial and boundary conditions. From the def-
inition (70) of dy41,4+1, we have the initial condition
doo = E[z3] = 1. Similarly, we use (70) to obtain the
boundary condition dy .41 = —E[zi{fr(z1 + 2-) — z1}].
The boundary condition d,41,0 = do,r+1 follows from the
symmetry.

and O'T/ﬂ_
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Without the loss of generality, we assume p; = g; and
gt = 6¢,0. Then, the SE equation (77) in time domain reduces
to

Z tht 7%) (! 71){ 7Ot —1! t—T

=07=0
_(gT * 07’+T+1 - 97’ * g‘r/Jr‘rJrl)dt/fT’,th
02 (047~ Orriri1) | =0, (188)
with
Q‘r/,‘r =974+ — Gr'+7+1 + (9771 - g‘r) * 9T/+‘r+1
+ (97 - 0771) X Gri4r41 + gr * (97'/+‘r - 57’,097)
- 97’ * (gT’-i-T - 67",0‘97')- (189)
We evaluate a fixed-point of the reduced SE equa-
tion (188) for the Bayes-optimal denoiser fop¢. Suppose that
1imt/7tﬁoo Q¢ = Qs, 1imt/7tﬁoo dt’,t = ds, and hmf_,oo §t =
& hold. The main feature of the Bayes-optimal denoiser is the
identity & = ds/as [46, Lemma 2]. We use this identity and

the assumptions in Theorem 5 to prove the fixed-point (80).
Taking the limits ¢',¢ — oo in (188) yields

Qs Z DT’,T(fsil)iTliT

7/, 7=0
_ - —1\—7'—7
=ds Z (97 # Orrpri1 — Or % grrgrg1) (&)
T/, 7=0
o’ Z (97'/+‘r - 97’+T+1)(£§1)7TLT' (190)
7/, 7=0

We use the properties of the Z-transform in Table III and the
identity & = ds/as to find

Fee(y, Z)% ={G(2)Ae—

¢ @(Z)Ag}ds+(A@1—A@)0'2

(191)
in the limit y, z — &', where Fg o is given by (76).
Series-expanding Ag with respect to 2! at z = y up to
the first order yields
s

. _ -1
y}zlglgs_l Ag = F(ES ) (192)
Similarly, we have
as , 4
hng As, = S(& )+£s &), (193
Y,z —Es
Applying these results to (191) with (76) yields
o .- G(& )ds
1 -1 ! —s T 52 = 194
{10 {EE b —0. asm
where we have used the assumption ©(£;1) = 1. Since

1+ (&—1)dO(E7Y)/(dz1) # 0 has been assumed, we arrive

“ G o
S (195)

To prove the fixed-point (80), we use the relationship (55)
between the n-transform and the R-transform. Evaluating (55)
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at x = x* given in (171) and using Theorem 3, we obtain

—(1=2z"H0e(z
G(z) = O(=)R (—1 u e )&( )@(z)>.

Letting z = ¢! and applying the assumption (1) = 1

yields
GlE) =R (‘G(il)) |

Substituting (195) into this identity and using & = ds/as,
we arrive at

(196)

(197)

02

N 198
a‘S R(—dS/O'Q) ( )
APPENDIX F
EVALUATION OF (70) FOR
BERNOULLI-GAUSSIAN SIGNALS

A. Summary

We evaluate the correlation (70) for the Bernoulli-Gaussian
signals. This appendix is organized as an independent section
of the other parts. Thus, we use different notations from the
other parts.

Let A € {0,1} denote a Bernoulli random variable taking
1 with probability p € [0, 1]. Suppose that Z ~ N(0,p™ 1)
is independent of A and a zero-mean Gaussian random
variable with variance p~!. We consider estimation of a
Bernoulli-Gaussian signal X = AZ on the basis of two
dependent noisy observations,

}/;’:X"‘Wt’, }Q:X‘i_Wt,

Wi Qg tr Gyt
~N(0,%), ¥= ’ ),

(Wt) ( ) (at/,t Q¢
where 3 is positive definite. The goal of this appendix is to

evaluate the correlation dy 11441 of the estimation errors for
the Bayes-optimal denoiser fopy(Yy; ar) = E[X|Yy],

dpr 41,641 :E[{fopt(yﬂ ; at/,t') —X}{fopt(yt; at,t)—X}]~
(201)

(199)
with

(200)

Before presenting the derived expression of the correla-
tion (201), we first introduce several definitions. We write the
pdf of a zero-mean Gaussian random variable Y with variance

o? as pg(y; 0?), with
1 y2
exp | —== |.
2mo? P\ 202

The pdf of a Gaussian mixture is defined as

paly;o?) = (202)

pam(y; are) = ppa(y; p~ ' +aee) + (1= p)pa(y; ae), (203)
which is used to represent the marginal pdf of Y;. As proved
in Appendix F-B, the probability of A = 1 given Y} is given
by Pr(A =1|Y: = y) = n(y; at¢), with

-1
; + agt
(1, ane) = ppc(y; p . 0t)
pem(Y; at,t)
The Bayes-optimal denoiser fopy(Y;;as,) is derived in the
same appendix:

(204)

Y
fopt(y; at,t) =

=< 205
1+ pasy (205)

’/T(yv at,t)a
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where the conditional probability 7(y, a; ) is given by (204).
We write the MSE function MSE(a ;) as

MSE(ay,+)
Qg ¢ )
=15 pag, T — opt (Yas ay,
1+ pat +E[{ m(Ye, are) H fopt (Yes are) 1]
FE | w(¥oa,) { o — fope(Vitan) 1 o
a T . " Jo ;a ,
T(Ye, Qe 1+ pars pt (¥t5 At t

where the Bayes-optimal denoiser f,p¢ is given in (205).

In (206), the expectation is over Y; ~ pam(y;ar:) given

in (203).

The joint pdf of {Y3/,Y:} is represented as

p(Ye,Yy)=pp(Yy, Yi|A = 1)+(1 = p)p(Yr, Yi|A = 0).
(207)

As proved in Appendix F-F, the conditional pdf p(Y:, Y;|A)

is given by

p(Ye,Yi|A=a)=pc(Ye;p ta+ay )
_ (a+/)at’,f,)2) (208)

platpay ! )

a+pa . atpatt
bG (Y; a+paygs Y%/’ P

for a =0, 1.
Proposition 1: « Let MSE(a;,) denote the MSE func-
tion (206). Then,

dt+1,t+1 = MSE(am).

(209)
o Fort' #£1t, let

2
Qg ¢ Qg ¢ — a’t’,t

(210)

vt/,t = .
apr g+ ag g — 2a4

Then, the correlation dy 41 441 for t' # ¢ is given by
dy 1,041 = E[fopt(y;f/ ; at/,t’)fopt (Yt; at,t)]
2 _
Yo ) P lvt/ t
w(Yor +: v . LA, 4+
( th,ty t’t){<1+PUt’,t p—l +’Ut’,t

_Ytﬂt[fopt(yt’% ar 1) + fopt(Ye; ae )] }} (211)
1+ PU ¢ ’

+E

with
v, = e —av)Ye + (av.v — av )Y
t't — )
ap g+ ag g — 2a4

212)

where the expectation in (211) over {Yy, Y3} is evaluated
via the joint pdf (207).
Proof: See from Appendix F-B to Appendix F-F. [ ]
Proposition 1 implies that dy 41,41 for ¢/ # t requires
numerical computation of the double integrals.

B. Bayes-Optimal Denoiser

We compute the Bayes-optimal denoiser
Jopt(Ye; are) = E[X|Y}], given by
Jopt(Ye; are) =E[E[AZ]Y;, A]| Y]
=E[Z|Y:, A = 1]Pr(A = 1|Y2). (213)

Note that f,,¢ is different from the true posterior mean
estimator (PME) E[X|Yy, Y3].

We first evaluate the former factor E[Z|Y;, A = 1]. Since
Y, = Z + W, given A = 1 is the AWGN observation of
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Z ~ N(0,p~1), we obtain the well-known LMMSE estimator
p 'Y,

Pt an ,

which implies the Bayes-optimal denoiser (205).

We next prove that the latter factor Pr(A = 1|Y}) is equal
to w(Y;; are) given in (204). By definition,

E[Z|V;, A=1] = (214)

pp(Ye|A =1)
Pr(A=1Y;) = "——F——~. 215
( ¥) p(Y?) G
For the numerator, we have
p(Yi|A=1) =Ez[p(Y;|]A=1,2)]
=Ezpc(Y; — Z;ars)] = pa(Yeip~ ' +ase),  (216)

where the last equality follows from the fact that Z + W, is a
zero-mean Gaussian random variable with variance p~! + gt
The denominator p(Y:) is computed in the same manner,

p(Y:) = pp(Yi|A = 1) + (1 — p)p(Y:|A = 0)
=ppc(Yi;p~ ' +ars) + (1 — p)pc (Ve are),

which is equal to pgum(Y%;ae:) given in (203). Combining
these results, we arrive at Pr(A = 1|Y;) = 7(Y;; a¢) given
in (204).

(217)

C. MSE
To evaluate the MSE d; 1141 = E[{X — fopt(Ys;a.4)}?],
we focus on the posterior variance E[{X — fop(Y2; as¢)}2|Ye).
By definition,
ER{X — fope(Yes aee) *[Yi]
=Pr(A =1Y)E[{Z — fopt (Ve are) }*|Ye, A = 1]
+ {1 = Pr(A = 1Y) H{fopt (Vs ar.0)},
with Pr(A = 1|Y}) = n(Y;, as,) given in (204).
Let E[Z]Y;, A = 1] denote the PME of Z conditioned on

Y; and A =1, given in (214). The conditional expectation in
the first term can be evaluated as follows:

E{Z — fope(Yesar)}2|Ys, A = 1] = E[{Z — E[Z|V;, A = 1]
+E[Z|Y;‘7A = 1] — fopt(Yt;att)}Q} Yt,A _ 1i|
P At Y,
- : — Jopt(Yeiare) o
pfl + ag ¢ {1 + pag f pt( t au)}

Combining these results and taking the expectation over
Y: ~ p(Yy) = pam(Ye;aee) given in (203), we arrive at the
MSE (209).

(218)

(219)

D. Sufficient Statistic

As a preliminary step for computing the correlation (201)
for ¢ # t, we derive a sufficient statistic of X based on the
two correlated observations {Y/, Y;}.

Let /2 denote a square root of X7, i.e. (2_1/2)2 =
> !, Applying the noise whitening filter »71/2 10 the obser-
vation vector (Y3, Y;)T yields

n-1/2 <§t}> =2 V21, x 271/ (VV‘%) , (220)

with 15 = (1,1)T. Note that the effective noise vector—
the second term on the RHS—follows the standard Gaussian
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distribution. It is well-known that the MF output is a
sufficient statistic of X when the effective noise vector
has zero-mean i.i.d. Gaussian elements. Applying the MF
(271/212)T/12TE*112 to (220), we arrive at a sufficient
statistic Y/ ¢, given by

1i's=t /vy,
Yy, = 22 t):X+W,, 221
ot Tx11, (Yt it (221)
with
12t /w,
Wy =—2— (1 ) 222
ST Ts N, (Wt (222)

It is straightforward to confirm that the sufficient statistic (221)
reduces to (212). Furthermore, we find Wy ; ~ N(0, vy 4),
with vy ; = (1327 115) 71, which reduces to (210).

E. Correlation

To evaluate the correlation (201) for ¢’ # t, we first derive
a few quantities associated with the sufficient statistic (221).

The probability of A =1 given Y and Y; is equal to that
of A =1 given the sufficient statistic (221). Thus, repeating
the derivation of Pr(A = 1|Y;) = m(Y%;as) given in (204),
we have

Pr(A=1\Yy,Y:) = 71(Yer 1300 1), (223)

where Yy ; and vy, are given by (212) and (210). Simi-
larly, repeating the derivation of (214) implies that the PME
E[Z|Yy,Y:, A = 1] reduces to

Y/
E[Z|Yy, Yy, A=1] = ———. (224)
1+ P t
Furthermore, the true PME E[X Y}/, Y, ] is given by
E[X|Yy, Y] = fopt (Yere5 000 ¢). (225)

We next evaluate the posterior covariance

E[{fopt(Yt';at',t') - X}{fopt(Yt§ at,t) - X}|Yt'7Yt]

=Pr(A = 0[Yy, Y2) fopt (Ye; av o) fopt (Yes ar,e)

+ Pr(A = 1Yy, YOE[{ fopt (Vs av v) — Z}

Aot (Yesare) — ZHYe, Yy, A=1]. (226)
Substituting (223) into (226) and using fopt(Yr;ar ) —
Z = {fopt(Yriarr) — E[Z|Yy, Vi, A = 1]} + {E[Z]Yy. Vs,
A = 1] — Z} with (224) for T = t/, ¢, we have

E[{ fopt (Yer; ar 1) — X H fopt(Ye; are) — X} Vi, Yy

={1 — (Y ;00 )} fopt (Yers av 7)) fopt (Yes e t)

Yir 4
Y/ 5 ’ o Y/; )T T
+ (Y v ,t){{f ot (Yers av 1) 1+pvt'J
Yira v
. V. B , , 227
|:fopt( ty a‘t7t) 1 + p’l)t/,t:| p71 —+ vt/,t ’ ( )

where Y3 ¢ is computed with {Y3,Y;}, as given in (212).

Finally, we derive the correlation (201). Taking the expec-
tation of the posterior covariance (227) over Yy and Y;, we
arrive at (211).

FE Joint Pdf

To compute the expectation in (211), we need the condi-
tional pdf p(Yy,Y:|A) in the joint pdf (207) of {Y;/,Y:}.
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We first evaluate the conditional distribution of W,
given Wy . Let

Wi = aWy + /W, (228)

with some constants & € R and 3 > 0, where W is a standard
Gaussian random variable independent of 1W;,. Computing the
correlation E[W;/W;] and variance E[W2], we obtain

E[W, W] = aE[W?], (229)
E[W2] = o*E[W7] + 3. (230)
We use the definitions E[W?] = a,, for 7 = 't

and EWy W] = apy to have o =
B=at— af/i/at/,t/. Thus, (228) implies

atgt/at/’t/ and

W, conditioned on Wy ~ N

(231)

We next evaluate the conditional pdf p(Yy/, Y;|A) for A = 0.
Since Y, = W, holds for A = 0, we have

p(Yy,Yi|A=0)=p(Wy =Yy, W, =Y3)

2
ay t ayr ¢

Y, — Y;t’Qat,t -

=pc pc(Yesap ). (232)

Qagr ¢

For A = 1, we use Y, = Z + W, to find that {Yy,Y;}
given A = 1 are zero-mean Gaussian random variables with
covariance,

EY2[A=1]=p ' +a,, forT =1t
EYyYi|A=1]=p~! + ap .

Qg ¢!

(233)
(234)

Repeating the derivation of (231), we obtain
(Y, Yi|A=1) = pa(Yesp~! + app)

—1
+ ay _
re (Yt_ﬁyt’;p Yt -

(' + at’,t)2>
pttavy )
(235)

Combining these results, we arrive at the conditional pdf (208).
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