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New Risk Bounds for 2D Total Variation Denoising

Sabyasachi Chatterjee

Abstract—2D Total Variation Denoising (TVD) is a widely
used technique for image denoising. It is also an important
nonparametric regression method for estimating functions with
heterogenous smoothness. Recent results have shown the TVD
estimator to be nearly minimax rate optimal for the class of
functions with bounded variation. In this paper, we complement
these worst case guarantees by investigating the adaptivity of
the TVD estimator to functions which are piecewise constant
on axis aligned rectangles. We rigorously show that, when the
truth is piecewise constant with few pieces, the ideally tuned
TVD estimator performs better than in the worst case. We also
study the issue of choosing the tuning parameter. In particular,
we propose a fully data driven version of the TVD estimator
which enjoys similar worst case risk guarantees as the ideally
tuned TVD estimator.

Index Terms—Nonparametric regression, total variation
denoising, tuning free estimation, estimation of piecewise constant
functions, tangent cone, gaussian width, recursive partitioning.

I. INTRODUCTION

OTAL variation denoising (TVD) is a standard technique

to do noise removal in images. This technique was first
proposed in [33] and has since then been heavily used in
the image processing community. It is well known that TVD
gets rid of unwanted noise and also preserves edges in the
image (see [37]). For a survey of this technique from an image
analysis point of view; see [6] and references therein.

The success of the TVD technique as a denoising mech-
anism motivates us to revisit this problem from a statistical
perspective. In this paper, we are interested in the following
statistical estimation problem. Consider observing y = 0*+0 72
where y € R"™*™ is a noisy matrix/image, 6* is the true
underlying matrix/image, Z is a noise matrix consisting of
independent standard Gaussian entries and ¢ is an unknown
standard deviation of the noise entries. Thus, in this setting,
the image denoising problem is cast as a Gaussian mean
estimation problem. Before defining the TVD estimator in this
context, let us define total variation of an arbitrary matrix.

Let us denote the n x n two dimensional grid graph by L,
and denote its edge set by F,,. More precisely, the vertices in
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L,, correspond to the pairs (4,7) € [n] x [n] and its edge set
FE,, consists of:

all ((i, ), (k,€)) € Ly x Ly, with i — j| + [k — €| = 1.

We will use L,, interchangeably for the graph as well as the
underlying set of vertices. Now, thinking of § € R™*™ as a
function on L,, let us define
1 1
TVyorm(0) = — 0., — 0, = —|| D01 @D
=5 3 M-t = 10

where D is the usual edge vertex incidence matrix of size
2n(n —1) x n?. The 1/n factor is just a normalizing factor so
that if 6;; = f(i/n,j/n) for some underlying differentiable
function on the unit square then TV, (0) is precisely
the discretized Riemann approximation for [, ;. ‘af )| 4
|—8féz’y) |. This 1/n scaling is termed as the canonical scaling
in [34]. The above notion of total variation extends the
definition of variation from differentiable functions on the
unit square to arbitrary matrices. We can now define the TVD
estimator, which is our main object of study.

Oy = argmin y — 0]
OER™ X TV yorm (0) <V
where ||.|| throughout this paper will denote the usual Frobe-

nius norm for matrices. The TVD estimator is actually a family
of estimators indexed by the tuning parameter V. > 0. We
will measure the performance of our estimator in terms of its
normalized mean squared error (MSE) defined as
. é — 0*|12
MSE(dy, 6°) = Eo. 10V 01
N
where throughout this paper we denote N = n?.

We defined the TVD estimator in its constrained form,
however the penalized version is also popular in the literature,
which is defined as follows:

0y == argmin ||y — 0]|* + X TVaorm(0)
eeRan
where A > 0 is a tuning parameter. In this paper, we focus on
the analysis of the constrained version.

A. Background and Motivation

The 1D version of this problem is a well studied problem
(see, e.g. [38]) in nonparametric regression. In this setting,
we again have y = 0* 4+ 0 Z as before, where y, 0%, Z are now
vectors instead of matrices. The total variation of a vector
v € R™ can now be defined as

n—1

Z |1)i+1 — vi|.

i=1

TV (v) :
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Again the above definition can be seen as a discrete Riemann
approximation to f[0,1] |f/(x)‘da: when v; = f(i/n) for some
differentiable function f. The constrained and the penalized
versions of the TVD estimator can now be defined analo-
gously. The penalized form seems to be more popular in the
existing literature; in this case the TVD estimator is often
referred to as fused lasso (see [38], [32]). In this 1D setting,
it is known (see, e.g. [13], [26]) that the TVD estimator is
minimax rate optimal on the class of all bounded variation
signals {6 : TV(8) <V} for V > 0. It is also shown in [13]
that no estimator, which is a linear function of y, can attain
this minimax rate.

It is also worthwhile to mention here that TVD in the
1D setting has been studied as part of a general family
of estimators which penalize discrete derivatives of different
orders. These estimators have been studied in [36], [39] and
by [21] who coined the name trend filtering. A continuous
version of these estimators, where discrete derivatives are
replaced by continuous derivatives, was proposed much earlier
in the statistics literature by [26] under the name locally
adaptive regression splines.

Total variation of a signal can actually be defined over
an arbitrary graph as the sum of absolute differences of the
signal across edges of the graph. Trend Filtering on general
graphs has been a popular research topic in the recent past;
see [41], [25]. A more recent paper, [27], studies TVD on tree
graphs. The 1D setting corresponds to the chain graph on n
vertices whereas the 2D setting corresponds to the 2D lattice
graph on n? = N vertices.

The 2D TVD problem, while being much less studied than
in its 1D counterpart, has enjoyed a recent surge of interest.
Worst case performance of the TVD estimator has been studied
in [19], [34], [29]. These results show that like in the 1D
setting, the 2D TVD estimator is nearly minimax rate optimal
over the class {§ € R™" : TV,orm () < V} of bounded
variation signals. In fact, [34] also generalize the result of [13]
and prove that no linear function of y can attain the minimax
rate in the 2D setting as well. A representative of the state
of the art risk bound for the TVD estimator in 2D setting is
due to [19] (see also [29]). They studied the penalized form
of the TVD estimator and proved that there exist universal
constants C, ¢ > 0 such that by setting A = cologn (where
o is known), one gets

Theorem I.1 (Hiitter and Rigollet):

MSE(f,6*) < C(logn)? A

where

Tvnorm(e*) 0_2 HDG*”O
W 7N

and || - ||o is the usual ¢y norm.

For convenience, we will henceforth use the usual O(-)
notation to compare sequences. We write a,, = O(by) if
there exists a constant C' > 0 such that a, < C b, for
all sufficiently large n. We also use a,, = O(b,) to denote
an, = O(by,(logn)©) for some C > 0.

In words, the bound in Theorem 1.1 is a minimum of two
terms. The first term gives the ¢, rate scaling like O(1/v/N)

}

A = min{o
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for bounded variation functions. The second one is the ¢;
rate which can be much faster than the O(1/v/N) rate if
|D6*|o is small enough. In spite of the above works, there
are still a couple of unexplored aspects regarding 2D TVD,
specifically its adaptivity to piecewise constant signals and
minimax optimality without tuning, which are the focus of
the present paper. We discuss them now.

1) Adaptivity to Piecewise Constant Signals: Observe that
the total variation semi norm is a convex relaxation for the
number of times the true signal 6* changes values along the
neighbouring vertices. This fact suggests that the TV estimator
might perform very well if the true signal is indeed piecewise
constant. This phenomenon is now fairly well understood in
the 1D setting. In this setting, suppose that the true vector 6*
is piecewise constant with k + 1 contiguous pieces or blocks.
Given data y ~ N, (0%,0% I,,), an oracle estimator, which
knows the locations of the jumps, would just estimate the
signal 8* by the mean of the data vector y within each block. It
can be easily checked that the oracle estimator will have MSE
bounded by o?(k+1)/n. Recent works (see [12], [25]) studied
the penalized TVD estimator and showed that if the minimum
length of the blocks where 6* is constant is not too small
(scales like O(n/k)) and if the tuning parameter A is set to be
equal to an appropriate function of the unknown o and n, then
an oracle risk O(k/n) could be achieved up to some additional
logarithmic factors in k and n. In [17], this adaptive behaviour
was established for the ideally tuned constrained form of the
estimator with slightly better log factors. Thus, we can say that
in the 1D setting, the TVD estimator is optimally adaptive to
piecewise constant signals.

This motivates us to wonder whether similar adaptivity
holds in the 2D setting. In this paper, we investigate adap-
tivity to signals/matrices which are piecewise constant on
k << N axis aligned rectangles. Such adaptivity of the 2D
TVD estimator has not been explored at all in the literature.
Estimation of functions which are piecewise constant on axis
aligned rectangles are naturally motivated by methodologies
such as CART (see e.g [3]) which produce outputs of the same
form. Recently, adaptation to piecewise constant structure on
rectangles has been of interest in the nonparametric shape con-
strained function estimation literature also (see Theorem 2.3
in [10] and Theorems 2 and 5 in [18]). See Section III-E where
we discuss some even more recent (which appeared after
we uploaded this paper) works about estimating piecewise
constant functions on axis aligned rectangles. Here is the main
question that we address in this paper.

Ql: If the underlying 0* is piecewise constant on at most
k << N axis aligned rectangles; can the ideally tuned
TVD estimator attain a faster rate of convergence than the
O(1/v/'N) rate?

Basically we are asking the question whether the ideally
tuned TVD estimator adapts to truths which are piecewise
constant on a few axis aligned rectangles, which is a different
notion of sparsity than the sparsity constraint of || D8*||o being
small. As a simple instance of 8* being piecewise constant on
rectangles, consider 8* to be of the following form:

0" = [ 0n><n/2 1n><n/2 }
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In this case, we have ||D8*|o = O(VN) and
TVyiorm(6*) = O(1). Note that the ¢y bound of [19] will
give us an upper bound on the MSE scaling like O(1/v/N)
which is already given by the ¢; bound. Thus, the result of [19]
does not help in answering our question and suggests there is
no adaptation. In Theorem II.2 of this paper, we show that
the ideally tuned TVD estimator indeed adapts to piecewise
constant matrices on axis aligned rectangles and provably
attains a rate of convergence scaling like O(1/N?3/4) which is
strictly faster than the ¢; rate O(1/v/N). However, we also
show that this O(1/N3/%) rate is tight and thus the TVD
estimator is not able to attain the O(1/N) parametric rate that
would be achieved by an oracle estimator. This is the main
contribution of this paper and is the first result of its type in
the literature as far as we are aware.

2) Minimax Rate Optimality Without Tuning: ExXisting

results such as Theorem 1.1, along with minimax lower
bounds shown in [34], show that the O(LN) rate attained
by the penalized TVD estimator is near minimax rate optimal.
Thus we can say that the penalized TVD estimator is near
minimax rate optimal over the parameter space {6 € R™*" :
TViorm(0) < V}, simultaneously over V and N. However,
this penalized TVD estimator needs to set a tuning parameter
A which depends on the unknown ¢ and an implicit constant
C which can be potentially difficult to set in practice. This
naturally raises a question which is unresolved in the literature
so far as we are aware:
Q2: Does there exist a completely data driven estimator
which does not depend on any unknown parameters of the
problem and yet achieves MSE scaling like O(\/—Vﬁ) thus being
simultaneously minimax rate optimal over V and N?

In Theorem II.7 of this paper we answer this question in the
affirmative by constructing such a fully data driven estimator.

The rest of the paper is organised as follows. In Section II,
we state our main results. Then in Section III, we discuss
connections of our results with some recent works and also
present simulation studies which support and verify our main
theorems. The proofs of our main results involve sharp bounds
on the Gaussian widths (see (II.1) in Section II-B1) for some
special classes of matrices. We obtain these bounds based
on a generic approach which we detail in Section IV. The
next five sections describe the proofs of our main theorems
and intermediate results. Section IX-B is the appendix which
contains proofs of some auxiliary results.

Instructions for the reader

In all the proofs of our results from Section V onwards,
we will use TV(-) to denote the unnormalized version of (I.1).
More precisely, for a n x n matrix § we denote

> 10— 0.

(w,v)EER

TV(9) == 1.2)

We adopt this convention because we believe it is easier to
read and interpret the proofs with the unnormalized definition
while it is instructive to use the normalized version for our
theorems to facilitate interpretation of the risk bounds as a
function of the sample size N = n?. Also we will generically
use V' to denote the unnormalized total variation whereas in
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Sections I-IIT we use bold V to denote the corresponding
normalized total variation. In all our theorems presented in
the next section we use bold V* to denote TV ,orm (6*) where
0* is the underlying true matrix and in all our proofs we use
V* =TV(#*) for the corresponding unnormalized version.

II. MAIN RESULTS
A. Constrained TVD

Our first result states a risk bound of év under the bounded
variation constraint.

Theorem II.1: Let 0* be an arbitrary n X n matrix and
N = n?. Suppose the tuning parameter is chosen such that
V > V*. Then the following risk bound is true for a universal
constant C' > 0:

2
J\/—N (logeN)>/? + %)

Remark II.1: The above result is similar to the ¢; bound
of [19], the difference being the above risk bound holds
for the constrained TVD estimator while the existing result
of [19] holds for the penalized estimator. For any sequence
of V. > 0 (possibly growing with n although the canonical
scaling is when V. = O(1)), the minimax lower bound
results (mentioned earlier) of [34] now imply the minimax rate
optimality (up to log factors) of the constrained TVD estimator
Oy over the parameter space {6 € R"*" : TV o1 (0) < V3.

Remark I1.2: As is made clear in Section V, our technique
for proving Theorem II.1 is completely different from the
technique used to prove the result of [19]. While they analyze
the properties of the pseudo-inverse of the edge incidence
matrix D, our proof relies on computing relevant Gaussian
widths by recursive partitioning. Moreover, ingredients and
ideas from this proof are also used crucially in the proofs of
our other results.

B. Adaptive Risk Bound

Now we come to the main result of this paper which is
about proving adaptive risk bounds for 8* which are piecewise
constant on at most k£ axis aligned rectangles where k is a
positive integer much smaller than N. We call a subset R C
L., a (axis aligned) rectangle if it is a product of two intervals.
For a generic rectangle R = ([a, b]NN) x ([¢, d|NN), we define
Iyow (R) and neo(R) to be the cardinalities of [¢,d] NN and
[a,b] N N respectively. In words, nyow(R) and ne(R) are
simply the numbers of rows and columns of R respectively if
one views R as a two-dimensional array of points. Then we
define its aspect ratio to be A(R) := max{ ?;‘:lv—((}%), ri::((lg) }.
For a given matrix § € R™ ™ we define k() to be the
cardinality of the minimal partition of L, into rectangles
Ry, ..., Ry such that 6 is constant on each of the rectangles.
Next we state our main result for the 2D TVD estimator.

Theorem I1.2: Let 0* € R™ ™ be the underlying true
matrix with TVy,0,m(60*) > 0 and RT,...,RZ(G*) be its
rectangular level sets which form a partition of the 2D grid
L. In addition, suppose the rectangles R; have bounded
aspect ratio, that is there exists a constant ¢ > 0 such that
max;ep(o+)) A(R}) < c. Then we have the following risk
bound:

MSE(dv, 0) < O(

MSE(fv,0*) < CA
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where
0 k(a*)5/4

N3/4
and C is a constant that only depends on c.

Remark I1.3: Theorem II.2 is really a statement about
an ideally tuned constrained TVD estimator. One way to
interpret it is that if the tuning parameter V 1is cho-

sen such that (V — V*)2 < Co?(logen)® k%;)i“ then the

A=[(V-=V")?+o*(logen)

O( k%;;zﬂ) rate of convergence holds.

Remark 11.4: One consequence of the above theorem is that
when k(6*) = O(1) then the ideally tuned TVD estimator
attains a O(N /) rate. This rate is faster than the O(N~1/2)
rate that is available in the literature. Our main focus here
has been to attain the right exponent for N. The exponent of
k(6*) and log n may not be optimal. Since the current proof
of this theorem is fairly involved technically, obtaining the
best possible exponents of k(6*) and logn is left for future
research endeavors. See Section III for more discussions about
the proof of the above theorem and comparisons with existing
results.

Remark I1.5: We think a bounded aspect ratio condition
would actually be necessary for the O(N ~3/%) rate to hold in
the above theorem; see Section III-D for more on this issue.

A natural question is whether our upper bound in Theo-
rem II.2 is tight. Our next theorem says that, in the low o
limit, the N —3/4 rate is not improvable even if k(6*) = 2.

Theorem 11.3: Let 07; = 1if j > n/2 and 0 otherwise.
Thus, 6* is of the following form:

0" = [ 0n><n/2 1n><n/2 ]
Clearly k(6*) = 2. In this case, we have a lower bound to the
risk of the ideally constrained TVD estimator.

c
N3/4-

.1 5 .
;11% ;MSE(GV* , 0 ) 2

Here ¢ > 0 is a universal constant.

1) Gaussian Width Bounds: Proving Theorem II.2 and
Theorem I1.3 requires upper and lower bounds on the Gaussian
width of a certain family of matrices as we now explain. The
Gaussian width of a set ' C R" is defined as

GW(K) =Esup(Z,0) (IL1)

0K
where Z = Z, ~ N(0,,I) and (-,-) is the usual Euclidean
inner product between two vectors. We use B, »(t) to denote
the usual Euclidean ball of radius ¢ in R™*"™. For any
A C R™ ™ we denote the smallest cone containing A by
Cone(A) and the closure of A by Closure(A). The tangent
cone T+ (0*) C R™ ™ ar 6* with respect to the closed convex
set K* = {0 € R™" : TVyom(0) < V*} is defined as
follows:

T+ (67) =

Closure( Cone({# e R™*" : 0* + 6 € K*})). (11.2)

By definition, Tk« (0*) is a closed convex cone. Informally,
Tk+(0*) represents all directions in which one can move
infinitesimally from 6* while still remaining in K*.
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Roughly speaking, the problem of bounding the MSE
from both directions is equivalent to bounding the square of
GW(Tk+(0%) N Bpxn(1)) when 6* is a piecewise constant
matrix on rectangles. The precise connection of MSE to
Gaussian widths is detailed in Section VI where the proofs of
Theorem I1.2 and Theorem I1.3 are also given. This connection
prompts us to investigate how these tangent cones look like in
the first place. The major technical contribution of this paper
is to give upper and lower bounds on the Gaussian width
of the tangent cone at a piecewise constant matrix which we
encapsulate in the following two results.

Proposition 11.4: Let § € R"*™ be a given matrix and
Ry, ..., Ry be its rectangular level sets which form a
partition of the 2D grid L,,. In addition, let us assume that
the rectangles R; have bounded aspect ratio, that is there
exists a constant ¢ > 0 such that max;cy A(R;) < c. Let
K ={v e R"™ : TVyorm(v) < TVporm(0)} and Tk ()
be the tangent cone at 6 with respect to K. Then there is a
universal constant C' > 0 such that

GW(Tk (8) N Bp.n(1)) < Cllogn)*°k(6)>/Ent/4,

Proposition I1.5: Consider 6* which is piecewise constant
on two rectangles and is of the following form:

0 = [ 0n><n/2 ]-YLX”/2 }

Then, there exists a universal constant ¢ > 0 such that we
have the following lower bound:

GW(Txc+(0*) N Bpxn(1)) > ent/*.

The proofs of Proposition I1.4 and Proposition II.5 are given
in Sections VIII and VII respectively.

It should be mentioned here that bounding the Gaussian
width of the tangent cone is a fundamental task in a different
but related problem of signal recovery from a given number
of measurements; see [7] and [1]. Matrix recovery using
2D Total Variation has been studied in the signal processing
literature; see for instance [4], [16] and [20]. Our bounds on
the Gaussian widths given in Proposition 1.4, Proposition I1.5
and Theorem I1.6 (see below) appear to be new and are poten-
tially of independent interest as stand alone results. Especially
our use of optimized partitioning schemes (see Section VIII-F
for details) in the proof of Proposition II.4 can be a useful
strategy to attack other problems of similar flavor. See also
Section III-B for further discussion on the novelty of our
proof.

2) Impossibility of Adaptation to Non Rectangular Level
Sets: Theorem I1.2 shows that the O(N ~3/4) rate is achievable
when 6* is piecewise constant on a few rectangles. A question
arises here as to what rate is achievable when 6* is piecewise
constant but the level sets are not rectangular. The following
theorem says that for a simple matrix 8* whose level sets are
triangular, the O(N ~1/2) rate cannot be improved. Below and
in the rest of the paper we use I{- € S} to denote the indicator
function for the set S (often stated as a condition defining its
elements), i.e., it takes the value 1 when its argument lies in
the set S and is 0 otherwise.
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Theorem I1.6: Consider the signal matrix 6* = I{i+
j > n}. Then, there exists a universal constant ¢ > 0 such
that we have the following lower bound:

GW(Txc+(0%) N Bpxn(1)) > ent/?.

Further, this implies a lower bound to the risk of the ideally
constrained TVD estimator as follows:

lim %MSE(QV*,H*) > ﬁ
Here c > 0 is a universal constant.

Remark 11.6: The proof of the above theorem should be
extendable when 6* is the indicator of a circle or a regular n
sided (n > 4) polygon or any other shape which is sufficiently
non rectangular. See Remark VII.1 for more on this issue.
Therefore, it seems that the rectangular shape of the level sets
is crucial for the faster O(N~3/4) rate to hold.

C. Tuning Free TVD

We now state our final result which relates to the question
we posed about removing the tuning parameter and still
retaining a risk bound which is essentially the same as in
Theorem II.1. Choosing the tuning parameter is an important
issue in applying the TVD methodology for denoising. The
usual way out is to do some form of cross validation. There are
some proposals available in the literature; see [35], [30], [22].
Soon after we uploaded our paper, a different tuning parameter
free method appeared in [29] which also achieves the optimal
worst case O(V /v/N) rate of convergence. See Section III-C
for a comparison of our method with the one proposed in [29].

Our goal here is to construct a tuning parameter free
estimator of 8* which adapts to the true value of TV ,orm (6%).
The inspiration for this task comes from [8] where the author
gives a general recipe to construct tuning parameter free
estimators in Gaussian mean estimation problems when the
truth is known to have small value of some known norm.
Even though the total variation functional is not a norm but a
seminorm, the general idea in [8] can be extended as we will
show. However, the estimator of [8] is a randomized estimator
whereas in our case we construct a non randomized version.
The following is a description of our tuning free estimator.

Let 1 denote the n X n matrix consisting solely of ones. For
any matrix 6 € R"*", we define 6 == 75 Y1 >0, 0[i, ]
to be the mean of 6. Define the estimator

enotuning =yl +

argmin TViorm (V) (I1.3)
{veR"*xn:5=0, [ly—g1—v||2<(n?2~1)52}
where ¢ is an estimator of ¢ defined as follows:
T norm T norm

ETVyorm(Z) 4(n—1)

The intuition behind the estimator defined above is as
follows. The estimation of #* is done by estimating the two
orthogonal parts #* 1 and #* — 6*1 separately. The first part
is estimated by 7 1. To estimate #* — #*1, we use a Dantzig
Selector type (see [5]) version of the TVD estimator, which
computes a zero mean matrix with the least total variation sub-
ject to being within a Euclidean ball of a suitable radius around
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the centered data matrix y —% 1. A good choice of this radius
actually depends on the true ¢ and hence as an intermediate
step, we have to estimate ¢ in the process which is denoted
by 6. The main idea behind our construction of & here is the
fact that TV yorm (0*) is small compared to TV ,,orm(Z) and
hence TV orm(Y) = TViorm (6% + 0Z) approximately equals
0TVyorm(Z). We can then use concentration properties of the
TVorm(Z) statistic to show that TV““”"(Z)) is approximately

: ETVaorm(2) > 4
equal to 1. The following theorem supplies a risk bound for

enotuning-
Theorem 11.7: We have the following risk bound for our
tuning free estimator:

MSE(Hnotuning7 9*) S CA

where
V* (V*)2 02
A= (0——1log(en)?/? + ~—L + ——

and C is a universal constant.

Remark 11.7: Note that the above bound is meaningful only
when limpy_, o V° — (. Therefore in this regime, % is
a lower order term. Thus, Theorem II.7 basically says that
the MSE of énotuning, up to multiplicative log factors and an

additive factor ﬁ scales like % In light of Remark II.1

we can say that 9n0tuning is minimax rate optimal (up to log
factors) over {6 € R™ ™ : TV o:m(0) < V}, simultaneously
for any sequence of V (depending on n) which is bounded
below by a constant and above by v/N. To the best of
our knowledge, this is the first result demonstrating such an
estimator which is completely tuning free.

III. COMPARISON WITH EXISTING RESULTS, SIMULATION
STUDIES AND DISCUSSIONS

To place our theorems in context, it is worthwhile to
compare and relate our results with a couple of recent papers.
We also discuss some issues related to our results.

A. Comparison With [19]

Let us compare our risk bound in Theorem II.2 to the
adaptive risk bound (Theorem 1.1) of [19] when the truth §* is
piecewise constant on a few axis aligned rectangles. Both of
these theorems prove statements about tuned TVD estimators.
Considering the very simple case when 6* is of the following
form:

0" = [ 0n><n/2 1n><n/2 }

we have already mentioned in Section I that || D6#*||o =
O(V/N). Thus, Theorem 1.1 gives us an upper bound on
the MSE scaling like O(1/v/N) whereas our Theorem II.2
gives a faster rate of convergence scaling like O(1/N3/%).
More generally, if 6* is piecewise constant on k axis aligned
rectangles with bounded aspect ratio and roughly equal size,
it can be checked that ||D6*|o ~ vk*N. This means that
Theorem 1.1 gives us an upper bound on the MSE scaling like
O(+y/k*/N). Compare this to Theorem I1.2 which gives a rate
of convergence scaling like O((k*)>/*/N?/*). Thus, in the
small k* regime when k* < N'/3, Theorem IL.2 provides a
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faster rate of convergence. This is the main contribution of
this paper and to the best of our knowledge is the first of its
kind in the literature.

B. Comparison With [17]

As mentioned in Section I, one of our motivating factors
behind investigating adaptivity of the 2D TVD estimator was
its success in optimally estimating piecewise constant vectors
in the 1D setting. Theorem 2.2 in [17] gives a O(k*/n) rate
for the ideally tuned constrained 1D TVD estimator when
the truth 6* is piecewise constant with k* pieces or blocks
and each block satisfies a certain minimum length condition.
In a sense, our Theorem I1.2 is a natural successor, giving the
corresponding result in the 2D setting. Our bounded aspect
ratio condition is the 2D version of the minimum length
condition. A consequence of Theorem II.2 and Theorem I1.3
is that, in contrast to the 1D setting, the ideally tuned con-
strained TVD estimator can no longer obtain the oracle rate
of convergence O(k*/n) in the 2D setting.

The proof of Theorem 2.2 in [17] was done by bounding
the Gaussian widths of certain tangent cones. Our proof of
Theorem II.2 also adopts the same strategy and precisely
characterizes the tangent cone T (y+)(6*) (defined in (11.2))
for piecewise constant #* and then bounds its Gaussian
width. The main idea in [17] was to observe that any unit
norm element of the tangent cone is nearly made up of two
monotonic blocks in each constant block of 6*. Then the
available metric entropy bounds for monotone vectors were
used to bound the Gaussian width. A crucial ingredient in
this proof is the well-known fact that any univariate function
of bounded variation has a canonical representation as a
difference of two monotonic functions. However, it is not
clear at all how to adapt such a strategy to the 2D setting.
In particular, it is not nearly as natural and convenient to
express a matrix of bounded variation as a difference of two
bi-monotone matrices. Our computation of Gaussian width of
the tangent cone is therefore essentially two dimensional and
involves judicious recursive partitioning in both dimensions.
We believe that our Gaussian width computations, especially
the proof of Proposition VIIL.9, consist of new techniques and
are potentially useful for problems of similar flavor.

C. Comparison With [29]

At the latter stages of preparation of this manuscript we
became aware of an independent work by [29] which is related
to our manuscript. In [29], the authors give a general technique
to derive slow (/1) and fast (¢p) rates for penalized TVD
estimators and its square root version on general graphs. Thus,
there seems to be two routes for obtaining fast rates for TVD.
One goes through the route of bounding Gaussian width of an
appropriate tangent cone to derive fast rates for the constrained
TVD estimator; as done here in this manuscript as well as
in [17]. The other route; followed by [19] and generalized
by [29] is based on bounding the so called compatibility
factor. [29] show how to bound this compatibility factor for
specific graphs such as the 1d grid graph and the 1d cycle
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graph. To the best of our knowledge, bounding the compati-
bility factor for piecewise constant functions on axis aligned
rectangles for a 2d grid remains an open problem. Thus, as far
as we are aware, the work in this manuscript proving fast
rates of convergence on 2d grid graph for piecewise constant
functions on axis aligned rectangles is the first of its type in
the literature.

The work in [29] also proposes a general technique to obtain
slow rates for a square root version of the TVD estimator.
Similar to our paper, [29] also considers the case when the
noise variables are i.i.d. Gaussian. The advantage of using
this square root version is that the tuning parameter does
not need to depend on the unknown parameter ¢. While the
theoretically recommended choice of the tuning parameter A
in [29, Corollary 4.13] does not depend on the noise variance
o2, there is however the presence of an unspecified large
universal constant C. It is not clear to us whether this C'
can be explicitly specified. On the other hand, our tuning
free estimator is explicitly specified and involves no unknown
constants. We think the analysis of our tuning free estimator is
also reasonably clean with the sources of the various possible
errors made transparent in the proof. This is why we believe
that our tuning free estimator provides a theoretically valid
and possibly useful alternative to the square root regularization
approach. Just to be clear, we are not claiming any optimality
of our tuning free method, our intention is to demonstrate one
theoretically valid way to obtain a minimax rate optimal tuning
free estimator.

D. Necessity of Bounded Aspect Ratio Condition in
Theorem 11.2

We think a bounded aspect ratio condition would actually
be necessary for the O(N ~3/4) rate to hold in Theorem II.2.
For instance, consider the sequence of matrices 6* such that
0*[i,j] = I{j = n}. Clearly, the rectangular level sets of the
sequence of matrices 6* do not satisfy the bounded aspect ratio
condition. By an argument similar to the one used to prove our
lower bound results in Theorem II.3 and Theorem II.6, one can
show that the MSE(fv -, 6*) > ¢N~1/2. We have also verified
this scaling of the MSE in our numerical experiments.

The bounded aspect ratio condition says that the rectangular
level sets of 8* should not be too skinny or too long. In our
proof, the bounded aspect ratio is needed for similar reasons
as a minimum length condition is needed for the length of the
pieces in the 1D setting; see [17], [12].

E. On Obtaining the Oracle Rate for Piecewise Constant
Signals

In light of Theorem II.2 and Theorem II.3 we can say the
following statement. When the truth 6* is piecewise constant
on k* axis aligned rectangles, the TVD estimator cannot
attain the oracle rate of convergence scaling like O(k*/N).
The question that now arises is whether there exists any
estimator which attains the O(k*/N) rate of convergence
for all piecewise constant truths as well as the minimax
rate O(V*/+/N)? Furthermore, can this estimator be chosen
so that it is computationally efficient? These questions led
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us to examine decision tree estimators which are different
from the TVD type estimators. We would like to point out
here that in the paper [9] we have been able to demonstrate
computationally efficient estimators which attain both the
aforementioned goals.

Apart from [9], some other recent papers have also sprung
up which target piecewise rectangular signals. The papers
[28] and [15] study a different version of the TVD estimator
which is also termed as the Hardy Krause estimator. As far
as we understand, this estimator is well suited for estimating
piecewise rectangular signals as it actually fits piecewise
rectangular estimates. For a general signal with k* rectangular
pieces (with some regularity conditions on the rectangular
pieces), the rate proved by [28] is O((k*)*/2/N) which is
better than O((k*)%/4/N3/4). Notice that the O((k*)3/2/N)
rate still does not match the near oracle rate O(k*/N) which
has been obtained in [9].

F. Constrained Vs Penalized

In this paper, we have focussed on the constrained version
of the 2D TVD estimator. As mentioned in the introduction,
the penalized version is also quite popular. In the low o limit,
it can be proved that the constrained estimator v with V =
V* = TVyorm(0*) is better than the penalized estimator for
every deterministic choice of A\. More precisely, we have for
all A >0,

Li{% % MSE(fv+,0%) < g?g % MSE(8y, 6%).
The above inequality follows from the results of [31] as
described in Section 5.2 in [17]. Since our main question
here is whether faster/adaptive rates are possible for piecewise
constant matrices, it is therefore natural to first study the
constrained version with ideal tuning. A possible next step
is to investigate whether a similar N3/ rate is atttained by
the penalized TVD estimator and if so, for what range of the
tuning parameter \.

G. Simulation Studies

We consider three distinct sequences of matrices to facilitate
comparison. We consider the simplest piecewise constant
matrix 0*%° € R"*™ where " := 1{j > n/2}. Hence 6*°
just takes two distinct values. The next matrix §©"" is a block
matrix with four constant blocks.

2n/2><n/2
1n/2><n/2

1n/2><n/2

gfour —
On/2><n/2

Finally, we also consider a nxn matrix %" := I{i+j > n}.
Clearly, 0%°*s* does not have a block constant structure. For
the matrix "™ we incur the worst case rate O(N~/2) as
shown in Theorem II.6; hence the name. The noise variance
has been set to 1 for all the numerical experiments reported
in this section.

The dependence of the MSE with N = n? can be experi-
mentally checked as follows. We can estimate the MSE for a
fixed n by Monte Carlo repetitions and then iterate this for a
grid of n values. We then plot log of the estimated MSE with
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Fig. 1. The MSE of the ideally tuned TVD estimator év* is estimated with
50 Monte carlo repetitions for a grid of n = /N ranging from 500 to 700 in
increments of 20. The true matrices were taken to be 0%%° (blue), 60U (red)
and 0V°rst (black). In each case, we have chosen the ideal tuning parameter
to allow fair comparison. We plot log of estimated MSE versus log N where
log is taken in base e. The points are the estimated log MSE and the dotted
lines are the least squares line fitted to the points. The least squares slope for
6t is —0.73 and for #fUr is —(0.68 which is considerably lower than the
slope for the matrix 6W°'st which is —0.52..

log N and fit a least squares line to the plot. The slope of
the least squares line then gives an indication of the correct
exponent of N in the MSE. Figure 1 is such a plot for the
ideally tuned constrained TVD estimator.

In Figure 1, the risk is seen to be minimum for 6'V°
followed by A" and then #"°™'. The slope for #*“° and
6 came out to be —0.73 and —0.68. This agrees well
with Theorem II.2 and Theorem II.3 which says that the MSE
decays at the rate n "7 upto log factors. For the matrix §%°st
the slope turned out be —0.52 which is in agreement with the
worst case O(N~1/2) rate given in Theorem IL6.

To investigate the dependence of MSE with the number
of rectangular level sets k(0*), we took four matrices. The
first two are 6%°, 6" and the last two are obtained by
further binary division so that the number of rectangular level
sets is 8,16 respectively. We normalized the matrices such
that V* = 1. We fixed n = 800 and did 50 iterations
of Monte Carlo simulations for each of the four matrices.
We then plotted log MSE versus log, k (see Figure 2) where
k = 2,4,8,16. The slope of the least squares line we got is
0.81. This suggests that our exponent of k (= 1.25) in the
risk bound in Theorem II.2 may not be optimal.

To assess the risk of our fully data driven estimator
énotuning, we again consider the three matrices ", gfour and
gworst respectively. Figure 3 is a plot of log MSE versus log n.

The simulations in Figure 3 suggest that our estimator has
MSE decaying at a O(1/v/N) rate for all three matrices.
The slope of all three least squares lines are reasonably
close to —0.5. This matches the rate given in Theorem II.7.
However, our tuning free estimator does not seem to be
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Fig. 2. The MSE of the ideally tuned TVD estimator is estimated with 50
Monte carlo repetitions when n = 800. The true matrices were taken to be
such that the number of rectangular level sets is 2,4,8,16. In each case,
we have chosen the ideal tuning parameter to allow fair comparison. We have
also normalized the matrices so that V* = 1. We plot log of estimated MSE
versus log, k where k = 2,4, 8,16. The points are the estimated log MSE
and the dotted lines are the least squares line fitted to the points. The least
squares slope is 0.81..
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Fig. 3. The MSE of our tuning free estimator is estimated with 50 Monte
carlo repetitions for a grid of n = +/N ranging from 160 to 250 in increments
of 10. The true matrices were taken to be 6t%° (blue), 61T (red), and Worst
(black). We plot log of estimated MSE versus log /N where log is taken in
base e. The circular points are the estimated log MSE and the dotted lines
are the least squares line fitted to the points. The slopes of the least squares
lines are —0.47,—0.51,—0.40 for ftwo, gfour gworst regpectively.

adaptive to piecewise constant structure like the constrained
TVD estimator with ideal tuning.

To investigate the dependence of the risk of our tuning free
estimator on V*, for each of the three matrices §tw°, gfour,
gworst we normalized the matrix such that V* =1,2,. .., 10.
We fixed n = 200 and did 50 iterations for each V* and each
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Fig. 4. The MSE of the tuning free TVD estimator is estimated with 50
Monte carlo repetitions for a grid of V* € [10] and n = 200. The true
matrices were taken to be 8%° (blue), 971" (red) and HWOrst (black) properly
normalized. We plot log of estimated MSE versus log N where log is taken
in base e. The points are the estimated log MSE and the dotted lines are the
least squares line fitted to the points. The least squares slope for %7° is 1.16,
for @1 is 1.07 and for the matrix ™°st it is 0.94..

matrix. We then plotted log MSE versus log V* (see Figure 4)
and fitted a least squares line. The slopes for each of these
three matrices came out to be 1.16,1.07,0.94 respectively.
This suggests that the right exponent of V* is 1 and our risk
bound has the right dependence on V*.

IV. A GENERIC APPROACH TOWARDS BOUNDING
GAUSSIAN WIDTHS

Let us recall from Section II-B1 that the Gaussian width of
a set K C R" is defined as

GW(K) = E sup(Z,6)

9cK
where Z = Z, ~ N(0,,,1) and (-,-) is the usual Euclidean
inner product between two vectors. Our principal result in this
section provides an upper bound on GW(K) in terms of the
numbers and dimensions of its covering (linear) subspaces.
This result executes and adapts the idea of chaining (see, e.g.,
[40, Theorem 5.24]) to the case when the covering sets are
linear subspaces of R™. To this end let us define, for any
€ > 0, an € subspace cover of K to be any finite collection S
of linear subspaces of R™ such that

sup dist(@, U S) <e

eK SeSs

where dist(A, B) denotes the Euclidean distance between the
sets A and B. We denote by diam(K) the diameter of K
which we assume to be finite. Also for any ¢ > 0, we denote
by By(t) the t-Euclidean ball {# € R™ : ||0|| < t} where ||.]|
is the Euclidean norm. We will often drop the subscript n and
just write B(t) when the dimension is clear from the context.
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Proposition IV.1 (Gaussian Width Bound): For every ¢ €
(0,diam(K)), let Sc be an ¢ subspace cover of K. Also
let k1 > ko be integers with ky being the smallest integer
satisfying 2% > diam(K'). Then we have

GW(K) < n2™h +

k1
3 2~k 2 dim(S) + 2 v/log |Sy—x| + 1].
> [mex /2 dim($) +2 Viog]S;-+] +1]
k=ko+1
Proof: For any § € K and integer k such that 2% <
diam(K), let 8 denote a point in Ny, = Uses,_,, S such that

dist (0, 0y,) = dist(0, Nx).

Such a point always exists since N}, is a finite union of
linear subspaces. When diam (/) > 2%, on the other hand,
we simply choose 6 to be some fixed but arbitrary point O
in K. By definition, we thus have

16 — 65| < 27* aV.1)

for all £ € Z. Let us now write for every 6 € K,

k1
0 =0+ > (6 —0k-1)+(0—06k)
k=ko+1

so that

GW(K) =Esup(Z,0) <E(Z,0k)+
0eK
k1
E sup(Z, 0, — 0;—1) + Esup(Z,0 — 0, ).

g1 €K 0eK

The first term on the right hand side above is 0, whereas the
third time is bounded by \/n27%1 in view of the Cauchy-
Schwarz inequality, display (IV.1) and the standard bound
E||Z|| < /n. Therefore we can conclude the proof if we
can show

E sup(Z, 0 — 0—1) <
0eK
3. Q*k[srer}sax V2 dim(S) + 2 y/log |Sy-« ]

for every integer k satisfying 27% < diam(K). To this end
observe that

10 — Okl < 116 — 01| + |01 — 0] <3-27F

in view of (IV.1) and 6y, — 0,1 € M}, where My, == {S1 +
Sy : 81 € Ny, S92 € Ny—(e—n) } is another finite collection
of linear subspaces of R”™. It is also clear from the definition
that | M| < |[No-«||[No—x-1)|. All these observations bring
us to the setting of:

Lemma 1V.2 (Gaussian Width for Union of Subspaces): Let
S be a finite collection of linear subspaces of R” and © =
UsesS C R™. In words, O is the union of subspaces in S.
Then we have

GWONDB({) <t [Igleag V/dim(S) + /2 log [S| + 1].

Using Lemma IV.2, we can immediately deduce that

Esup(Z,0p — 0_1) <3-27FM
eK
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where

M::[

V/dim(S;) + dim(Ss)+

max
S1€8,-k,52€S8,—(k—1)

V2 1og|So-x| +2 log Sy -1 |+ 1].

Now we can assume without any loss of generality that
|So— -1y | < |Sa-r]| as well as

dim(S) < Jmax dim(S),

o—k

max
SES,—(k-1)

which finishes the proof of the proposition.

Let us now return to the proof of Lemma IV.2. Since © =
t©, it follows from the definition of Gaussian widths that
GW(ONB(t) =tgGW(O N B(1)) meaning we only need to
work with ¢ = 1. We will use the following lemma involving
only one linear subspace:

Lemma 1V.3: For any linear subspace S of R™ and u > 0,

. oy 2
we have with probability at least 1 — exp(—4-),

sup
0eSNB(1)

(Z,0) < /dim(S) + u. av.2)

Proof: We will use the well-known concentration inequal-
ity for Lipschitz functions of a Gaussian vector (see, e.g. [23,
Theorem 7.1]). First of all notice that the random variable
f(Z) = supgesnp)(Z;0) is a Lipschitz function of Z with
Lipschitz constant 1. It follows from the observation that, for
any z,2’ € R” and 0 € B(1),

(z,6) = (z,0) = (z = 2,0) < [lz = Z'|[[l6]| < ||z — =l

where in the last but one step we used the Cauchy-Schwarz
inequality. Therefore by the Gaussian concentration inequality
mentioned in the beginning, we have for any v > 0

u2
P(f(Z) ~ Ef(Z) > u) < exp(~5)

Hence we can deduce the lemma upon showing that Ef(Z) <
\/dim(SS). To this end notice that f(Z) = ||PsZ|| where Ps
is the orthogonal projector onto the subspace S. Therefore,
f(Z)% is a chi squared random variable whose degree of
freedom equals dim(S) whence we get

Ef(Z) < VEf(Z)? < /dim(S). =
Now, using a union bound followed by Lemma IV.3 we get
P( sup (Z,6) > max+/dim(S) + u)
0eONB(1) ses
< P sup (Z,0) > max+/dim(S) + u
SEE;S (96503(1)< ) Ses (%) )

2
U
< [Slexp(~2)

Plugging in u = /2 log |S| + v? we obtain

(Z,0) > max Vdim(S) + /2 log [S|+

IP’( sup
0€OnB(1)
2

v) < eXp(—%).

Integrating the above tail bound finishes the proof of
Lemma IV.2. O
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Remark IV.1: A general and perhaps more standard way
of bounding the Gaussian width of a set is through Dudley’s
entropy integral inequality (see [14]). In this approach one first
finds a “good” covering set corresponding to any given radius
r for the underlying set to obtain upper bounds on covering
numbers which then enter an integral (after being transformed
appropriately) bounding the Gaussian width. Proposition IV.1
provides an alternative way when the covering sets are con-
tained in finite unions of linear subspaces with compara-
ble dimensions. For the purpose of the current article, this
approach would save us some extraneous log factors in our
bounds.

V. PROOF OF THEOREM II.1

We first set up some notations which would henceforth be
used throughout the paper. For a positive integer n, we will
denote the subset of positive integers {1, ...,n} by [n]. Recall
that in all the proofs of our results, we are going to use TV to
denote the unnormalized version of (I.1) as defined in (1.2).
Also we will use V' for the unnormalized total variation instead
of the bold V used for the corresponding normalized version.

Let us recall that the estimator 6y is the least squares
estimator on the set

Kn(V):={0 € R™" : TV(h) < V}. (V.1)

We will often drop the subscript n and just write K (V) when
the dimension is clear from the context. Below we adopt
the standard approach of using the basic inequality defining
least squares estimators to reduce our problem to controlling
Gaussian widths.

Lemma V.1: Under the same conditions as in the statement
of Theorem II.1 we have

E|lfy —0*|? <20 E sup (Z,0) +20°.

0:TV(0)<2V, 0=0
_ Proof: Since V' > V* we have the basic inequality ||y —
Oy |2 < ||y — 6*||%. Substituting y = 0* + o Z gives us
0% — Oy ||* < 2(By — 0",y — 0%) = 20y — 0", 0 Z)
=20 (Oy — 7l — (0" —0°1), Z) + 20 (j1 — 6°1, Z)

<20 sup (Z,v) +20 (Yl — 6%1, 7).

0TV (v) <2V, 5=0

where the last inequality follows because % =7 and 1 refers
to the n x n matrix whose all elements equal 1. Now taking
expectation on both sides of the above display and noting that

E@l - 6°1,2) =on’EZ =0

finishes the proof.
Let us define

K'(V)=K%V) =

{§ e R™"™ . TV() <V, 6 =0}.
In view of Lemma V.1, all we need is to evaluate the Gaussian
width of the set K°(2V') to which end we will use Proposi-

tion IV.1. But for that we need to find “efficient” subspace
covers of the set K°(V) corresponding to any distance e.

4069

Our next proposition will be crucial for this purpose. Below
we denote, for any rectangular partition P of L., the linear
subspace of R™*"™ comprising only matrices that are constant
on each (rectangular) block of P by Sp.

Proposition V.2: For every n,V > 0, there exist a set of
rectangular partitions P(V,n,n) of L, (recall the definition
from Section II-B) and a universal constant C' > 0 such that

o Forany § € K (V) (recall the definition from (V.1)), there
exists a partition P € P(V,n,n) satisfying

(dist(6, Sp))? < Viplogn +n°.

o Any partition P € P(V, n,n) has number of (rectangular)
blocks bounded by

\%
|P| <1+ C—logn.
n
o The cardinality of P(V,n,n) is bounded as
14 2
log |P(V,n,n)| < Cg(log n)”.

Before we prove this proposition, let us finish the proof of
Theorem 2.1 assuming it.

Proof of Theorem II.1: Throughout this proof, we will
use C' to denote an unspecified but universal positive constant
whose exact value may change from one line to the next. For
any €,V > 0, let n := rnin(ﬁ7 %) and consider the set
of rectangular partitions P(V, n,7.) given by Proposition V.2.
Next define a collection S¢ of linear subspaces of R™*"™ as
follows:

S.={Sp:PeP(V,n,n)}.

By Proposition V.2 it can be seen that S, forms an e subspace
cover of K (V) and hence of K°(V) as well. Also, from
the second and third properties of P(V,n,n) we get

VZ2(logn)?
2

Y

max dim(S) < 1 + C max ( Vlogn)

SeS. €

and )
V2(logn)® V(logn)?

g )

log |Se| < C max ( p

We now have all the ingredients to apply Proposition IV.1
except for an upper bound on the diameter of K°(V). To this
end we use Proposition V.3 — which we are going to state in
the next subsection — to deduce that ¢ := diam(K°(V)) <
CV. We thus obtain from Proposition IV.1, with ky =

| —log, t] and k1 = [logy ()],

GW(KE°(V))
k
- . V(logn)>/? ,
<C Z 2_"(((;%7]:) + (1ogen)1/2) +n27k
k=ko+1

< CV(ky — ko)(logn)*/? + C - 27" (logen)/? + V
t

< C(log (Vn Ve)V(log en)®? + t(log en)l/z)

< CV(logen)®/?. (V.2)

Theorem II.1 now follows immediately from Lemma V.1 J
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A. Proof of Proposition V.2

Given any partition P of L,, into rectangles, it is clear that
the orthogonal projection of 6 onto Sp, i.e., the unique matrix
0p € Sp satisfying |0 — 0p| = dist(6, Sp), is constant on
every rectangle R of P with the common value being the
mean of 6|r — the restriction of ¢ to R. Therefore, with §| R
denoting the mean of 9| R»

dist(0, Sp)% = [|0 — 0p|* =

Op—0plgl><|P 0r — 0, r1gl>
REE;H g — O r1R|" <| |111%1g;,<|\ g — Or1R||

(V.3)

where 1z € R consists only of 1’s. Our next result provides
a way to bound the squared Frobenius distance between 0|
and 0|r1R in terms of the total variation of 0,z. This result,
which is a discrete analogue of the Gagliardo-Nirenberg-
Sobolev inequality for compactly supported smooth functions,
will be crucial for deriving the first condition stipulated in
Proposition V.2 for the particular partitioning scheme we are
going to propose in this regard.

Proposition V.3 (Discrete Gagliardo-Nirenberg-Sobolev
Inequality): Let € R™*" and 6 :== > ;" i1 04, §]/mn
be the average of the elements of §. Then we have, with a A b
denoting the minimum of the (real) numbers a and b,

m n 4

>N (06,510 < (5+

=1 j=1

n2 A m2 ) TV

So in particular when m = n, we have

n n
D0 (0li, 4] - 8)* <9TV(9)*.
i=1 j=1
Remark V.I: Although the Gagliardo-Nirenberg-Sobolev
inequality is classical for Sobolev spaces (see, e.g., Chap-
ter 12 in [24]), we are not aware of any discrete version in
the literature that applies to arbitrary matrices of finite size.
Also it is not clear if the inequality in this exact form follows
directly from the classical version.
Now we give a scheme for subdividing € in multiple steps
until the total variation of each of the resulting submatrices is
bounded above by 7.

A greedy partitioning scheme: For convenience of expo-
sition we will assume that n is an integer power of 2. The
general n can then be accommodated from the following
observation. For any ¢ > 0, let B,, ,(¢) denote the ¢-Euclidean
(Frobenius) ball in R"*™ and consider 6§ € K,,(V) N By, (t)
(recall from our proof of Theorem II.1 that we actually bound
GW(K,(V) N By n(CV)) for some universal constant C).
Now let n’ denote the smallest integer power of 2 that is
larger than or equal to n and partition 6 as

_ | b O
021 a2
where 6oy € ROV=mXx(n'=n) Also define a n/ x n/ matrix

f(0) as

-
011 012 (92
f(@) = 021 022 022

0217 Oso1 021
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where M, for any matrix M, denotes the matrix obtained by
reversing the order of its columns whereas M T is obtained by
reversing the order of its rows. It is clear from the definition
that f(0) € K,/ (4V) N By »/(t) and also

GW(K, (V)N By n(t))

é E sup <Zn/,n/a f(9)>
OeKn (V)]0 <t

< gW(Kn’ (4V) N Bn’,n’(zt))

where Zn/,n’ ~ N(On’xn/; I)

Let us now describe the scheme which is of the same
flavor as the breadth-first exploration of a quaternary tree.
The root node of the tree represents L,, and the nodes at any
level (or depth) i € [log, n| represent (disjoint) rectangles of
side-length n2~% with the property that the leaves of the tree
truncated at level ¢ form a partition of L,,. Given level i — 1,
the i-th level is constructed (or explored) as follows. For every
leaf, i.e., rectangle R at level i — 1 satisfying TV (6z) > n,
we add four children of R, namely R;i, Ri2, R21 and Rao,

to the tree where
Ri1 Ry
R =
[ Ro1 Rao ]

and nyow (R11) = Neol(R11) = Dyow (R)/2. If the set of such
leaves is empty or if i+ — 1 = log, n, we stop.

Let us denote the final rectangular partition of L,, obtained
by applying the (TV,n) scheme to 1 as Py, and the set of
partitions {Py,, : 6§ € R"*" TV(0) < V} as P(V,n,n).
In our next result we verify that P(V,n,n) satisfy the last
two properties stipulated in Proposition V.2.

Lemma V.4: There exists a universal constant C' > 0 such
that for any 6 € R™*" and 7 > 0, we have

|Py | <1+ CTV(O)n ! logn.

Furthermore, for any V' > 0 we have

log |[P(V,n,n)| < C Vn~'(logn)?.

Proof: The basic idea of the proof hinges on super-
additivity of the T'V functional over disjoint rectangles. Let n;
denote the number of leaves in the tree formed by the scheme
truncated at level ¢. In other words, n; is the cardinality of
the partition P; formed by the rectangles corresponding to
the leaves of the tree truncated at level ¢. Also let s; denote
the number of leaves R at level i satisfying TV(6|z) > .
Clearly ng = 1 and n;4+1 = n; + 3 s;. Notice that, due to
super-additivity of the TV functional, we must have

TV (6
s; < M (V4)
n
This implies in particular that
T
i <1+3i M (V.5)
n

Since 7 < logy n by construction, it then follows

TV(0)

|Pon| <1+ 3logy n
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Next we bound the number of possible partitions Py, when
TV(f) < V. The number of distinct ways of adding leaves

v
at level 7 + 1 is at most (1 +3 z%) " in light of the displays
(V.4) and (V.5). Therefore

log |P(V,n,¢€)| < C%(log n)2

for some universal constant C' > 0. O
With Lemma V.4 and Proposition V.3 in hand, we are now
in a position to finish the proof of Proposition V.2.

Proof of Proposition V.2: For any given § € K(V), run
the (TV, n) greedy scheme to obtain the partition Py ,,. Within
every rectangle of the partition P, the total variation of
is at most 7. Also, the number of rectangles in P, is at
most 1 + C’% logn. Then by Proposition V.3 and (V.3) we
can conclude

160 — 6> < CVnlogn + 7.

Also, by Lemma V.4, as 0 varies in K(V'), the number of
distinct partitions Fp,, that can be obtained is bounded by
%log n. This finishes the proof. O
Finally it remains to give the proof of Proposition V.3.
Proof of Proposition V.3: For any (i,7) € [m] X [n], we

have
(0[i, 4] — 0)* <
> 16l 5] - o ]—1|Z|9 (@', 4] — 6’ — 1, ]|
J'€ls]

where [i,0] = [0, j] = 6 for all (i,j) €
this over all ¢ and j we get
> (0] -0)
i€[m],j€[n]
< > D0 6T 00 = 1|6l ) — 0l 1, ]

i €[m] g’ €[n)izi 325!

PSP

i’ €[m],j’ €[nli€[m],j€[n]

= Z 04, 5] — 0[4, 5 — 1]

i€[m],j€n]

= (Tvrow

[m] x [n]. Summing

100, 5" = Oli, 5" —1]| |01, 5]

>

i€[m],j€n]

+ ) 160, 1] = 8]) (TVear (0

i€[m]

—0[i' ~1, ]|
|0[17]] - 9[2 - 17j]|

+ > 00,4 -0]).

j€[n]

(V.6)

Here the total variation TV .y () along rows is defined as

TVeow(0) = 3 > |

i€[m] j€[n—1]

and TV ¢o1(6) == TV 0w (67). Now let us try to bound |0[i, 1]—

0li, 5 + 1] — 613, ]|

|0[i, 1] — 6]
o 1 . N
= Z |0[i, 1] — 6", ']
i’€[m],j' €[n]
1
< - . _ P Co N
s (162, 1) = 6[z, 51| + 16[z, 5] — 6", 5']1)
i’€[m],j'€[n]
1 1
1 C L ot
<~ 2 00,1 =0, 7+ — > 16l 5161 5
J'€[n] i’€[m],j’ €[n]
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< TV(0[i,]) + > TV
" e vepm)
< TV(# Z =TV([i, ])+%TV(9).
J "€[n]
Hence
> 101 -0l < 1+ — )TV(@)
i€[m]
Similarly
> 160,41 =01 < (1+ )TV ().
JE[n]

Plugging these bounds into the last expression in (V.6), we get
SUMic(m) jefn) (01, 7] — 0)? is at most

dmn

9 _ A
(2+ n? A m?2

Z)(2+ Z)TV(0)? < (5 + JTV(0)?. O

VI. PROOFS OF THEOREM II.2 AND THEOREM I1.3

We first describe the precise connection between MSE and
Gaussian widths. Recall that use By, »(t) to denote the usual
Euclidean ball of radius ¢ in R™*™, The statistical dimension
of a closed convex cone K C RY = R™*™ is defined as

§(K) :=E|lk(Z)|* where Z ~ N(0,I)

and Ik (Z) := argmin||Z — u||? is the Euclidean projection
K

of Z onto K. Theuterminology of statistical dimension is due
to [1] and we refer the reader to this paper for many properties
of the statistical dimension. The statistical dimension ¢(K) is
closely related to the Gaussian width of K N B,, ,,(1). It has
been shown in [1, Proposition 10.2] that

[GW(K N B, (1)]” <

5(K) < [GW(K N B,a(1)]” +1

for every closed convex cone K.

The connection of the statistical dimension of tangent cones
to the risk of 6 is the content of the following result due to [2,
Corollary 2.2].

Theorem VI.1 ([2]): Suppose Y ~ N(6* 0% I) for some
6* € RY. Then

(VL1)

MSE(fy,0%) < A
where

2
— 012+ Z6(Tre (8
eeK(V) =+ N (T (vy(0))

Another result that is of use to us is the following result
of [31] (Theorem 2.1). It says that the upper bound provided
in Theorem VI.1 is essentially tight. Recall from Section II-B1
that K* = {6 e R"*"™ : TV(0) < TV(0*)}.

Theorem VI.2 ([31]):

. 1 ) * 1 *
01-113) ﬁMSE(HV*?H ) = N(S(TK* (9 )) 2

% [GW(Tk- (6%) N B, (1))
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Remark VI.1: To clarify, Theorem 2.1 in [31] actually says
that
.1 A -
;12% ﬁMSE(GV*,G )=

E dist?(Z, Polar(Tx- (6%))) .

Here Z, as usual, refers to a matrix of independent N (0, 1)
entries, Polar(Tk«(6*)) refers to the Polar Cone of Tk« (6*)
and dist refers to the Euclidean Distance between two sets.
Letting K denote a general cone and Il i denote the Euclidean
projection operator onto K, the standard Pythagorean Theo-
rem for cones implies

dist?(Z, Polar(K)) = |k (Z)]|*.

Also, it holds that [|[ITx (Z)|| = supge k.o <1(Z,0)- A proof
of the above fact is available in Lemma A.3 in [11]. The-
orem VI.2 now follows from applying the above facts to
Theorem 2.1 in [31] and then using the elementary inequality
EX? > (EX)?.

In light of the above facts and armed with Proposition 1.4
and Proposition II.5 we are now ready to prove Theorem I1.2
and Theorem II.3 respectively.

Proof of Theorem I1.2: Theorem VI.1 along with (VI.1)
gives us

MSE(fy, 6%) <
1 2 2
FlO-0P+ 5+ %

7 [OVTan 0] -

(V1.2)

inf
9K (V)

With V* = TV(6*) > 0, define
_ 174 _
0:=0*1+ — (6" — 0*1).
L -
By definition, TV(#) = V and 6 is piecewise constant on

the same partition of L,, as is 8*. By Proposition V.3 we can
assert that

o 16 — 651
(V=)?
Therefore, in view of (VI.2), we obtain

9

60— 6% = (V —=V*) <YV =V,

2
V=V + T+

C(logen)® k(9*)°/4A N1/

MSE(fy,6%) <

=z %=l

where we have also used Proposition I1.4 and the fact that
k(0) = k(6). O

Proof of Theorem I1.3: The proof of Theorem II.3 is
immediate once we use Theorem VI.2 along with Proposi-
tion IL.5. O

VII. PROOFS OF PROPOSITION II.5 AND THEOREM I1.6
A. Tangent Cone Characterization

We fix a 0* € R™*™ and proceed to investigate the tangent
cone T~ (0*). Notice that K* is same as K (V*) defined in
Section II-B1 (see (V.1)). Let R* = (R}, R5,..., R;.) be a
partition of [n] X [n] into k* rectangles where k* = k(6*).
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Recall that the vertices in the grid graph L,, correspond to
the pairs (4,J) € [n] x [n] and its edge set E,, consists of:

all ((¢,7),(k,€)) € Ly, X Ly, such that |i — j|+ |k —£| = 1.

For any edge e € E,, we denote by e™ and e~ the vertices
associated with e with respect to the natural partial order. For
any 6 € REn, we will use A.0 as a shorthand notation for
the (discrete) edge gradient 6(e™) — 6(e™). Thus TV (0) =
Y ek, |Acl|. For a general rectangle R := ([a1,a2] X
[b1,b2]) N Z? C L, we define its right boundary as follows:

9" (R) == {(i,j) € R: j = ba} .

While defining the above set, we are using the matrix con-
vention for indexing the vertices of L,. Thus, the top-left
vertex in the two-dimensional array L, is indexed by (1,1)
and the bottom-right vertex by (n,n). Similarly we define the
left, top and bottom boundaries of R and denote them by
' (R), 0*°P(R) and 9P°t*°™(R) respectively. The boundary
of R, denoted by IR, is defined as

OR = 8right (R) U 8left (R) U 8top(R) U 8bottom (R) )

1) Starting From the Definition: The tangent cone
T (v+)(0%) is the smallest closed, convex cone containing
all the elements 6 in R™*™ such that 6* + 6 € K(V*) for
V* = TV(6*). Let A* = {e € E, : |A.0*| > 0} and
(A*)¢ = E, \ A. Observe that |A.(0* + 0)] — |A(0%)] =
|A0]—0 = |A.0] for every edge e in (A*)€. Thus in order for
0*+6 € K(V*), the increments in the absolute edge gradients
of 6* + 0 from the edges in (A*)¢ must be compensated by
an equal or greater amount of decrease in the absolute edge
gradients for the edges in A*. The precise statement is the
content of

Lemma VII.1: We have the following set equality:

T v (07) =
{oer™™: > AL <= D sgn(Ab*)A0}
ec(A*)e ecA*

(VIL1)

Here, sgn(r) = I{x > 0} — I{z < 0} is the usual sign
function.

Proof: Let T be the set on the right side of (VIL.1). Let
us first prove that T (y+)(6*) C T. An important feature of
T is that it is a closed convex cone. Hence it suffices to show
that 6 € T whenever 0* + 0 € K(V*). To this end let 6 be
such that TV(6* + 0) < TV(6*). Since K(V*) is a convex
set, we have

TV(0* + cf) = TV(C(H* +0)+(1- 0)9*) < TV(0)
for any 0 < ¢ < 1. Now observing that

TV(0* +ch) = Y |Ah* +cAbl+c Y |A),
ec A* e€(Ax)e
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we can write
TV(0* + cb) =
Z [sgn(Ac0*)AcH* + csgn(Ac0*)A0]+

ec A*

c Y AL <TV(0Y)

e€(A*)e

(VIL.2)

whenever ¢ is small enough satisfying sgn(A.0* + cA.0) =
sgn(A.0*) for all e € A*. By definition,

Z sgn(AcH*)A 0"
ecA*
which together with (VIL.2) gives us 6 € T'.

It remains to show that 7' C T’k (v« (0*). It suffices to show
that for any # € T there exists a small enough ¢ > 0 such
that TV(6* + c¢f) < V*. This can be shown using the same
reasoning given after (VIL.2). O

With the above characterization of the tangent cone, we are

now ready to prove our lower bound to the risk given in
Theorem II.3.

TV(6") =

B. Proof of Proposition I1.5

Recall that here we consider 6* which is piecewise constant
on two rectangles and is of the following form:

0" = [ 0n><n/2 1n><n/2 ]

Proof: Consider n to be even and a perfect square (i.e.,
\/n is an integer) for simplicity of exposition. Also for a
generic n x n matrix # we will denote #*) to be the submatrix
formed by the first n/2 — 1 columns, v(?) to be the n/2-
th column and 6(® to be the submatrix formed by the last
n/2 columns. Also, for two matrices € and 9 with the same
number of rows, we will denote [ : 6] to be the matrix
obtained by concatenating the columns of § and 6.

We can now use Lemma VII.1 to characterize the tangent
cone T (v (6%).

Tr=(0") =
{9 e R TV([o)

Zﬂz [i,n/2] —

In this proof, we will actually lower bound the Gaussian
width of a convenient subset of Tx(y+)(6*). To this end,
for constants cj,co € (0,1) to be specified later, let us
define

2] + TV (0?) <

0li,n/2+ 1]}

* a
S = {0 € Tg(07) : 0 = —Aax/2-1),
6 = 0,50/2, @ ¢ {cl/n,CQ/\/ﬁ}”}.
In words, for 6 € S, the first n/2 — 1 columns are all equal to
c1/n, the last n/2 columns of # are 0 and the entries in the
n/2-th column can take two values; either co//n or c1/n.
Also, for any such matrix 6,

n
o0 3w’
i=1

V([ = 0cS. (VIL3)
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Before going further, let us define the set of indices B; =
{G=OVA+1, =)V +2,....5 A} for j € [yA). In
words, we divide [n] into \/n many equal contiguous blocks
and B; refers to the jth block. Now, for any realization of
a random Gaussian matrix Z, let us define the matrix v so
that vV = 41,0 1) and v? = 0,,,/2. Moreover,
we define v(*) as follows:

o= 3 (Hes,
jE[Vn]:B;>1
C
+ X e g, Zlk,n/2] < 0}%1 ).

Zlk,n/2] > 0}%

In words, the vector v(*) is defined so that it is constant on
each of the blocks B;. If 3, 5. Z[i,n/2] > 0, the value on
Bj is 22, otherwise the value is 7. Now we claim that the
following are true for some appropriate choice of ¢; and cs:

a) v € S for any Z.

b) [lv] < 1.

Taking the above claims to be true we can write

GW(Tx(v+)(0°) N Bnn(1)) = GW(S N Byn(1))

=E sup (0,Z2)>E(v,Z)

0€SNBy, »n(1)

=E@W,ZW) + E@®,Z®) +EY 0 Z[i,n/2]

i=1

=EY v\ Zli,n/2)
i=1

where we used the fact that () (2 are constant matrices
and Z has mean zero entries.

Now let us denote Z; = Ez‘ij Zi,n/2]. Note that
(21,...,2 ) are independent mean zero Gaussians with
standard deviation n'/4. Therefore

EZU

Z E(I{Z; > 0}2,~=
Jelvn] \/_

- L2 Gy ey — L pnt/4

where for a standard Gaussian random variable z, we denote
¢ =EzI{z > 0}.

It remains to choose cq, ¢y so that the two claims hold as
well as co— <L is positive. To this end notice that for validating
the first clalm it suffices to show, in view of the definition of v,
that the first inequality in (VII.3) holds for v, i.e., the following
1S true

Zli,n/2] =

+I{Z; < O}Z )

TV([rW 0] < zn:vf

i=1

(VIL4)

Now entries of v” can take two values, either C—Qn or % In

either case it can be checked that when ¢y > % we have for
each row index i € [n]

o =TV, Wi n — 1), 0) = % (VILS)
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Along with the fact that
V([ :v”])) =

n
S TvEeWi ], v Wi n - 1], 0F) + TV(0"),
=1

(VILS5) implies that in order to verify (VIIL.4) it suffices to show
TV(v”) < ¢;. But v” is a piecewise constant vector with at
most y/n jumps of size % Thus we have TV (v¥) < co.
Hence ensuring co < ¢y is sufficient to obtain the first claim.
The second claim is trivially satisfied if co < /1 — c%. Thus,
choosing ¢; = ¢c3 =1/ V2 we can satisfy both claims as well
ascz—c—ln:\/Lz(l—l/\/ﬁ)>0f0ra'lln22. 0

The task now is to obtain a “matching” upper bound on
the gaussian width, which would eventually lead to the proof
of Theorem IL.2 in view of Theorem VI.1. Since the proof is
lengthy and somewhat technical, for the benefit of the reader
we first provide an informal roadmap of the proof before

starting it formally in Section VIIL

C. Proof of Theorem I1.6

Proof: Consider the signal matrix 6* = I{i + j >
n}. From the characterization of the tangent cone given by
Lemma VII.1, we have

T+ (0") =
{9 c Rnxn .

DT olAb <= ) A6}

e€(Ax)e ecA*

where every edge e¢ in A* is either of the form ((i,n —
i), (i,n—i+1))or ((s,n—1), (i+1,n—1)) for some i € [n—1].
Now consider the family 7™ of matrices defined below:

T =
{0 € R 0], ] = 0V (i, j) satisfying i + j # n}.

It is not difficult to check that T* C TK(V*? (0%). It is also
clear that T is (linearly) isomorphic to R’,™". Therefore

GW(Tr(v+)(0%) N Brxn(1)) = GW(T* N Buxa(1))
= GW(RT ' N Br_1(1)) > cv/n.

where B,,(r) denotes the usual Euclidean ball of radius r
in R™ and ¢ > 0 is a universal constant. Now an application
of Theorem VI.2 along with the above Gaussian width lower
bound also furnishes a lower bound to the limiting MSE. [J

Remark VIL1: The vertex boundary of a set A C L, is
defined to be the set of vertices which share an edge with A°.
Consider the level sets of 6* which are the sets A = {(7,j) €
L, :i+j > n} and A°. The simple argument presented in
the proof of Theorem II.6 relies crucially on the fact that the
vertex boundary of the level sets A and A° are not connected
in the graph L,,. One can now consider other signals of the
form 6* = I{ A} for a general subset A C L,,. One can check
that if A is of the shape of a circle or a square rotated by
45 degrees then also the vertex boundary of the level sets
will contain O(n) connected components which are singletons.
Therefore, a similar argument will give a O(n) lower bound
to GW(Tg(v+)(0%). We believe that it might be possible to
formalize the intuition that whenever A is sufficiently far from
being a rectangle, GW (T’ (v +)(6*) is lower bounded by O(n).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021

VIII. PROOF OF PROPOSITION II.4
A. Informal Roadmap

The proof of Proposition II.4 can be divided into three
major steps which we now describe. Recall that 6* is the true
signal which is piecewise constant on axis aligned rectangles

Toeens th;(e*) which partition L,,.

Step 1: We have to bound GW (T’ (v+)(0*) N Bpxn(1)). To
do this, we show that if a matrix 6 is in Tk (y+)(0*)N Bpxn(1)
then each rectangular submatrix - satisfies the property that
TV(0r:) is at most the £; norm of its four boundaries plus a
small wiggle room § > 0. Such matrices are denoted later
in (VIIL.2) as M*. This fact then reduces our problem to
bounding the Gaussian width for the class of matrices M?.
Corollary VIII.1, Lemma VIII.2 and Lemma VIIL.3 are part
of this step.

Step 2: Before starting the Gaussian width calculations,
we found it convenient to further simplify the class of matrices
M?*. In this step, we show that if a matrix 6 lies in M* then
we can subdivide it further into several submatrices which
now satisfy a simpler property. The property is that the total
variation of these submatrices are at most the ¢; norm of
only one or none of its boundaries (instead of four) plus
an appropriately small “wiggle room” § > 0. These sets of
matrices are denoted by M! and MO respectively and are
defined just before Lemma VIIL.4. Along with Lemma VIIL.4,
Lemmata VIIL.5-VIIL.7 are also parts of this step.

Step 3: This is the step where we actually compute the
metric entropies of the classes of matrices M' and M° and
finally bring all the pieces together. Proposition VIII.9 and
Lemmata VIIL.8—VIII.14 are all parts of this step.

B. Towards Simplifying the Tangent Cone

We first want to split # into submatrices each of which
satisfies a separate constraint. This and the next subsection
are devoted to this goal. Let us revisit Lemma VIIL.1. Since 6*
is constant on each rectangle R} € R* it follows that

A*={e€ E,:e" € R and
e~ € R} for some i # j € [k*]}.

As a consequence we get the following corollary:
Corollary VIIL1: Fix 6* € R™"*", We have

T+ (07) C

{eeuwn; S Tvir) < YY) |9(u)|}.

i€[k*] 1€[k*] u€EOR]

The first step towards obtaining a decomposition where
each submatrix satisfies some constraint is to separate the
constraints for R;’s. More precisely we would like

TV(@R;)S Z |9(u)|

u€dRy

(VIIL1)

for each i € [k*]. As we will see below that this is “almost”
the truth when we consider matrices in the tangent cone which
are of unit norm.
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Let us make precise the notion of an “almost” version of Now for each i € [k*], we have

(VIIL.1). To this end we introduce for any 4, ¢ > 0:

MA(m/ 0/, 6,t) =
{0 € R 2 TV(0) < [|Oheselly + [|Orignell, +
H9t0p”1 + ||9bottom||1 + 57 ”9” < t}a

(VIIL.2)

where Oiepy == 0[, 1], Orignt = 0], n'], biop == 01, | and
Obottom = O[m’, ]. In plain words, M*(m’,n’,§,t) consists
of matrices of norm at most ¢ whose total variation is bounded
by the total 1 norm of its four boundaries plus an extra wiggle
room § > 0. In our next result we show that for any 6 in
Tk (v+)(0*) intersected with the unit Euclidean ball B;,x, (1),
the restriction 6 z- of 0 to R lies in M*(my,n;, 6, t;) for
each i € [k] with m; = Dyow (RY), 1 := neoi(RY) and ¢;’s
and ;s satisfying some upper bounds on their /5 and /1 -norms
respectively.
Lemma VIII.2: We have the set inclusion

T vy (0%) N Bpxn(1) C

U U {permm.
8ESkx A(o%) t2ESyn 1
O)r: € M*(mi,ni,6;,t:), Vi€ [k*]}

where Sp« {a € RY Diep @ < r}ois the
non negative simplex with radius » > 0, t2 is the vector
(t},...,t2.) € R and

Remark VIII.1: By virtue of Lemma VIIL.2, we achieve
our objective of obtaining a characterization of Ty« (6*)
where we have separate constraints for each R} € R*. The
constraints are now coupled together by the wiggle room
vector § € Si+ a(g+) and the (squared) fo-norm vector t2.

Proof: We will start with a claim.

Claim VIILI: Let 0 € Tg«)(0*) N Byxn(l). Then for
each ¢ € [k*] and any fixed choice of rows and columns m, ¢i
in Ry, we have 0|z € M*(mj, n;,8;,t;) where Y, k- ]t <
1L and (61,...,0,-) =: 6 € RY satisfies

1)

Il <2 > (8,
i€[k*]

where 0., (or 6),.,) is the vector obtained by restricting 6 to

the row ¢; (respectively the column ;).

Let us first deduce the lemma assuming our claim. Consider
a6 € Tg(y+)(0") such that [|0]]> < 1 and for each i € [k*], let
r; and ¢; denote the rows and columns such that the ¢/; norms
of 0., and 0., are minimum. Then by Claim VIIL1, each
O\ r: € M*(my,ni, 6, t;) with t2 € Sy« 1 and & satisfying

o, <2 3 (N6, + o1, )-

i€[k*]
(VIIL3)

1 T He\ri

min
c: cis a column of R,
r:ris a row of R}

min
c:cis a column of R

N

9|0H1 =

—
Oiell < /5 101: 12

The first inequality is an application of the Cauchy-Schwarz
inequality and the second inequality follows from the “min-
imum is less than the average” principle. Similarly, one can
obtain the row version of these inequalities and together they
give us

min
c:cis a column of R}

min
c¢: cis a column of R},

(llerell, + ll., ) <
r:7is a row of R}

m; n;
(\/ — 1y _)HH\R;‘ 2
Uz m;

Summing the above inequality over all ¢ € [k*] and subse-
quently using the Cauchy-Schwarz inequality as well as the
fact that ||0]|2 < 1, we get in view of (I.2)

2> ( —+— = A(67),

1€ [k*] i

161, <

thus yielding the lemma.

Proof of Claim VIII. 1. The constraint on ¢;’s is clear and
therefore all we need to show is the constraint on d;’s. Recall
from the definition in (VIII.2) that §; can be chosen, for any
i€ [k*], as

6 = (TV(Or: ) — Z |9(U)|)+

u€OR}

(VIIL4)

where a4 := max{a,0} for any a € R. Now fix ¢ € [k*] and
consider a generic row 7; of R}. Treating r; as a horizontal
path in the graph L, let us denote its two end-vertices by u
and w with u € 9"f*(R}) and w € "8 (R}). Now denoting
the vertex in r; N ¢; by v, we see that v occurs between the
vertices u and w in the row r;. Therefore we can write

TV(8;) = |0(u)| + [6(w)| = 2/6(v)] .

Summing the above inequality for every row in the rectangle
R} gives us

Tvrow (H\Rf ) >

Z O(u)| +

uwedert (RY)

>

wEdrisht (R)

|6(w)] =2 16e I,

By a similar argument applied to the columns of R we obtain
TVCOI(H\R:‘) >

Y 1w+

uedtor (RY)

|6(w)| = 21671l

>

w Eabottom (R: )

Summing the previous two displays we get the following

inequality:
TV(Or;) = Y 10(w)| —2]6xI;
u€dR}

-2 ”967: 1
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Now if 6 € Ty« (0*), then as a consequence of Corol-
lary VIII.1 we also have

> TV(r;) <

i€[k*]

2. > 1o

i€[k*] u€ORY

Hence an application of Lemma A.1 (stated and proved in
the appendix) to f; = TV(0|g+), g;: = ZueaR* |6(w)], hi =
2(/|0r 11, + [10c,]l;) and w; =6 = O would give us the claim
in view of (VIIL 4) O

With the help of Lemma VIII.2 we can now deduce the
following lemma.

Lemma VIII.3: With the notation described in this section,
we have the following upper bound:

GW(Tk(v+)(0%) N Bnn(1)) <

max
A(0*)8: JESk* oNHpx t2¢8,+ 2NHx

> GW(MH (my, ni, A(67)6;, 1))

1€ [k*]

+ CVEk*.
where Hy- == {1, 2,...,1}* and C > 0 is a universal
constant.

Proof: Using Lemma VIIL.2 we can write

E sup
OET vy (67):]|0]1<1

E sup sup [
SESx A(0%) €Sy 1

(2,0) <

sup

(ZiRs,01Rr))
] OETK vy (0%):(10]|<1

i€[k*
<E sup sup [
8ESx A0%) t2 €Sk 1

sup (Z, Hzﬂ

. 4 . . . .
i k] ;€M (mi,n;,04,t5)

(VIILS)

where, by a slight abuse of notation, Z always refers to
a matrix of independent standard normals with appropriate
number of rows and columns.

At this point, we would like to convert the supremum over
8,12 (or, equivalently ¢) in the non negative simplex to a
maximum over a finite net of §,¢ We can accomplish this
by the following trick. Fix any & € Sj- a(¢+). Then we can
define a vector ¢ = q(d) € R*" such that

It is clear that g € Hy-NSk- 2. Itis also clear that § < gA(6*)
element-wise. Due to similar reason, for any t?2 ¢ Sp= 1 there
exists w = w(t) € Hy- N Sy+ o such that t? < w element-
wise. Since the collections M4(mi,ni,5i,ti) are increasing
in (0;,t;) (with respect to set inclusion), it follows from the
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previous discussion that

E sup sup Y sup (Z,6,)
SESk* A(o%) tZESk*,l i€ k] 0; EMA(m s 05,65)
max
A8)8:3C5, AN Hye S a0y ez[:k*] |
sup (Z,0:)]- (VIIL6)

0;eMA(m;,ni,A(0%)3;,t;)

Since Z is a matrix with i.i.d N(0, 1) entries, the first two
maximums in the right hand side of the above display can
actually be taken outside the expectation upto an additive term.
This follows from the well known concentration properties of
suprema of gaussian random variables. In particular, we now
apply Lemma A.2 (stated in the appendix), true for suprema
of gaussians, to obtain for a universal constant C,

max max
A(0%)8:6€Skx 2NHyx t2€Sy+ oNHpx
sup (Z, Hiﬂ

ie[k*] 0;eMA(mi,mi, A0%)5;,t;)

max
A(0 )6 5€Sk* oNH t2 esk* oNH

Z E sup (Z,0:)] +

iclks] Gi€MH(mini, A(07)8iti)

Cq/log|Hk* ﬁSk*72|.

To bound the log cardinality log | Hy~ NSk~ 2|, note that for
any positive integer k*, the cardinality |Hg« N Sk- 2| is the
same as the number of £* tuples of positive integers summing
up to at most 2k*. By standard combinatorics, we have

2k™ s—1
|Hk* mSk*’2| = Z <k* _ 1) .

s=k*

(k*‘il) - S 2k* — 1
s—1 - * - *
(o) s—k*+1 k
for all s € {k*,...,2k* — 1}, it follows that
2k* — 1 -
k* — 1) =
for some positive absolute constant C.
Using (VIILS), (VIIL.6), (VIIL.7) and the above cardinality
bound, we can finally finish the proof by writing

GW (T (v (0°) N By(1)) =
(2,0)

(VIIL7)

Since

|Hk* n Sk*72| < 3(

E sup
OE T (v (0%):1l0]I<1

< max
A(G )5 6€Sk* 2ﬁHk* t2 €Sk, 2ﬁHk*

E sup (Z, 9i>]
ie[k’*] 9716/\/[4(m,;,n7¢,A(G*)é,;,ti)

+ CVk*. O

Operationally, the above lemma reduces the task of upper
bounding the Gaussian width of Tk (yv+)@+) N Bpa(l) to
upper bounding the Gaussian width of M* with appropriate
parameters. However, it would be convenient for us to bound
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the Gaussian width when the number of boundaries involved
in the constraint is at most one instead of four. The results in
the next subsection makes this possible.

C. Further Simplification: From Four Boundaries to One

We now proceed to the second step, i.e., reducing the
number of boundaries involved in the constraints from
four to one (or zero). Thus, we will keep on subdividing
each 0|, until we obtain submatrices satisfying constraints
similar to (VIIL.2), albeit with the ¢;-norm of at most one
boundary vector appearing on the right hand side of the
bound on total variation. This is the content of this subsection.

Taking the cue from the the previous subsection, let us
define

M®©P(m/ 0/ 6,t) =
{0 € R™>*™ . TV(8) < ||6iopll, + 6, 6] < t}.

We can define MPotom(m/ n/ 5. t), M (m/ n’ 6,t) and
Mrigbt (! n! 5 t) in a similar fashion. Notice that the con-
straint satisfied by the total variation of the members of
MBI (1 n! 5. t) is “almost” identical to (VIL3). By abuse
of notation we will refer to any of the four families of matrices
described above by a generic notation which is M (m/ ,n/,
d,t). The reason behind this is that our ultimate concerns
would be the Gaussian widths of these families which, for
m' and n/ close enough to each other, are expected to be of
similar order by symmetry. Using a single notation for them
would thus minimize the notational clutter. In a similar vein
we define

MO(m/ 0, 6,t) ==
{8 e R™ > TV(9) <6, ||0]| < t}.
Having defined the relevant families of matrices, we can
now state our main result for this subsection.

Lemma VIII.4: Fix positive integers m,n and positive
numbers §, t. Define for each integer j > 1,

5 ::5+16(j+1)t(\/§+\/g).

Then we have the following bound for a universal constant
C >0,

(VIILS)

GW(M*(m,n,6,t))
K
< C(Z(QW(M1(2J 50 1))+

QW(MO(;: P10 t)))

Here, to simplify notations, we use m/2j, for m,7 € N,
to denote any (but fixed in any given context) integer m’
between m2-U*Y and m2~7. The similar definition for n
instead of m is denoted by n/2/. K equals the number of
binary divisions of [m] x [n] on both axes that are possible
and equals min{log, m,log, n} up to a universal constant.

The above lemma bounds the Gaussian width of M?* in
terms of Gaussian widths of simpler classes of matrices M
and MY. We devote the next subsection to its proof.
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D. Proof of Lemma VIII.4

We need some intermediate lemmas. We start with the
following lemma. The notation convention is same as in
Lemma VIII.4.

Lemma VIIL5: There exists a rectangular partition R
of [m] x [n] with the following property. For any 6 €
M*(m,n,d,t), there exists non negative real numbers ¢p for
every rectangle R € R such that:

e R = Uje[K],ke[Q] R;r where R;’s are disjoint sets
of rectangles and all the rectangles in R, are of size
mi/2j X ni/2j.

e |Rji1l < 8 and for any R € R;; we have 0 €
MY (m /27, ,n/27,60) tg).

e |Rj2| < 4 and for any R € R;2 we have | €
MO(m /27,027, 60) tg).

* ZRER t%% =t
Proof of Lemma VIII.4: The proof of Lemma VIIL4 fol-

lows directly from Lemma VIIL5 and the sub-additivity of the
Gaussian width functional. O

The task now is to prove Lemma VIILS. The proof of
Lemma VIILS is divided into two steps where we state and
prove two intermediate lemmas. In the first step we reduce the
number of “active” boundaries, i.e., the number of boundary
vectors involved in the bound on total variation, from four to
two and in the second step we reduce them from two to one
or zero. The main idea of the proofs is essentially same as
that of Lemma VIIL.2.

Remark VIIL.2: While lemma VIILS is true for any integers
m, n, the reader can safely read on as if m,n are powers of
2. The essential aspects of the proof of Lemma VIIL5 all go
through in this case. Writing the general case would make
the notations messy. For the sake of clean exposition, we thus
write the entire proof when m and n are powers of 2. At the
end, we mention the modifications needed when m, n are not
powers of 2.

Four to two boundaries.
In order to state this result let us define for any § > 0,

/\/lwpright(m,n, 8,t) =={6 e R™*"™:
TV(0) < [|Brignell, + [[Oropll, + 6, [[0]] <t}

Similarly we can define the families
Mtopleft( X ) Mbottomleft( X ) and Mbottomrlght( X )
Likewise M1 (m,n,§,t), we will refer generically to any of
these four families of matrices by M?(m,n, 6,t). Below we
call a partitioning of a matrix § € R™*" as an equal dyadic
partitioning if each submatrix lies in R™/2%"/2 and is formed
by adjacent rows and columns of 6§ as @topleft gtopright
gbottomleft apq gbottomright iy the obvious order.

Lemma VIIL6: Take any 6 € M*(m,n, é,t). Let us denote
the four submatrices obtained by an equal dyadic partitioning
of 6. Then the submatrix §%°, where a € {top, bottom} and
b € {left, right}, itself satisfies

m n
V(E) <1105 + 1165711 + 6+ 16 £(y )+ /)

In words, if a matrix § € M*(m,n,d,t) is dyadically
partitioned into four equal sized submatrices, each of these
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four submatrices lies in M?(m/2,n/2,6',t) where &' :=
6 +16 t(\/Z + /Z); furthermore the boundaries that are
active for these submatrices are the ones that they share with 6.
Proof: Since ||0||, < t, there exists 1 < i <m/2 < i <
mand 1 < j <n/2<j <n such that
2t
1< \/ﬁ

max{|0], jII, 6] j ]||}<\f

The previous display and the Cauchy-Schwarz inequality
together imply

max{||0[¢, |||, 1017, |1} < 2t\/g
max{ (6], 1ll1, 6], 71} < 2t\/§.

Now consider the submatrix 6Pt for which we have
TVrow (etopleft) Z ||9t°pleft[7 1]”1 _

oplef .
[6re "l = 11611 = m/2, flI

max{]|6[i, ]|l [10[7',

(VIIL.9)

[6°°P*EL, gl =

where in the last step we used the fact that §*Pleft[ 5] =
0[1 :m/2, j]. A similar argument gives us

TVear (6°P'°%) > [|6top [l = 116]i, 1 2 n/2]])1.

top
Analogous lower bounds for TV,., and TV, of the other
three submatrices can be derived involving the ¢; norms of
appropriate boundaries and (partial) rows or columns of 6.
Adding all these together and using (VIIL.9), we obtain

S (TView(68%) + TVl (67)) >

a€{top,bottom},
be{left,right}

>

a€{top,bottom},
be{left,right}

— 16 t(\/ng \/%).

On the other hand, since § € M*(m,n,d,t) we have

S (TView(0%) + TV (07)) <

a€{top,bottom},
be{left,right}

TV(6) <

(1165°11 + 1165°111)

D

ce{top,bottom,left,right}

= > U8+ 1650 + 6

a€{top,bottom},
be{left,right}

16cllx + 0

An application of Lemma A.l now finishes the proof of the
lemma from the previous two displays. O

Two to one or zero boundary.

Let us start by stating the following lemma which one can
think of as a version of Lemma VIIL.6 applied to an element
of M?(m,n,d,t). The proof is very similar and we leave it
to the reader to verify.

Lemma VIIL7: Let § € M®(m,n,é,t) for some a €
{top, bottom} and b € {left, right}. We can partition 6 into
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equal sized four submatrices gtoPleft, gtopright —gbottomleft 54
gbottomright jn the obvious manner such that the submatrix
6°d, where ¢ € {top, bottom} and d € {left, right}, satisfies

TV(0°!) < [10z11{a = c} + (101 1{b =

d}+5—|—16t\/7 \/7

In words, if a matrix § € M?(m,n,d,t) is dyadically
partitioned into four equal sized submatrices, then each of
these four submatrices has at most two active boundaries and
a wiggle room of at most § + 16t(,/Z + /Z); furthermore
the active boundaries are the ones that they share with one of
the active boundaries of 6.

We are now ready to conclude the proof of Lemma VIILS.

Proof of Lemma VIIL.5: Recall that we are assuming

m,n are powers of 2 for simplicity of exposition.

Step 0: Partition [m]| x [n| dyadically into four equal
rectangles so that for any such rectangle S, 65 €
M%(m/2,n/2,6,||6;s|) by Lemma VIIL6 where

5 =5+16t(\/§+ \/g).

Step 1: Let S (there are four of them) be a generic rectan-
gle obtained from the previous step. Using Lemma VIIL.7,
we now partition 6|5 into four equal parts (rectangles).
We then get two matrices in M'(m/4,n/4,61) t), one
matrix in M°(m/4, n/4 5 t) and the remaining one from
M2(m/4,n/4,60) t). Here,

5(1>—5(0>+16t,/ 1/ —6+32t,/ 1/

Steps 7>2: From the last step we get exactly one matrix in
M?(m/4,n/4,5M) 1), for each of the 4 rectangles S. For each
S, we now recursively use Lemma VIII.7 by partitioning this
matrix again into four exactly equal parts in a dyadic fashion
and continue the same procedure with the matrix obtained in
each step with two active boundaries until we end up with
matrices only with 0 or 1 active boundary. Observe that in the
very last step we arrive at a submatrix with exactly one row
or column in place of the one with two active boundaries.

For each j > 1, define R 1 as the collection of rectangles
R obtained in step j such that 6|z has exactly 1 active
boundary. From Lemma VIIL.7, we know that there are exactly
two such rectangles for any given S (from step 0) and
therefore |R;1| < 8. For any j > 1, and any rectangle
R € R, repeated application of Lemma VIIL.7 yields that
Or € MY (m )27 ,n/29,60), HH\RH) where

§U) =5+16(j +1) t(\/g-f' \/g).

Now defining R 2 as the collection of rectangles 12 obtained
in step j such that 6|z has no active boundary, we can deduce
in a similar way that |R;2| < 4. Also for such rectangles
Rand j > 1 we have 0z € M°(m/27,n/27,69), | 6,z])).
Finally, notice that

DY

j>1 RER,;1UR; 2

161]% = 161> < ¢2.
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Thus the collection of rectangles {R;; : j > 1,k € [2]}
satisfies all the conditions of Lemma VIILS5.
]

Remark VIIL.3: For the statement of Lemma VIII.4 to hold,
the important thing in the proof of Lemma VIILS is that in
every step 1 < 7 < K, the aspect ratio of the submatrices does
not change significantly. The reader can check that at every
step, both the number of rows and columns halve, thus keeping
the aspect ratio constant. At every step, the dimensions of the
submatrices halve and thus decrease geometrically, while the
allowable wiggle room increases additively by the factor (does
not change with j) 16 ¢(\/2 + /LZ).

Remark VIII.4: Let us discuss the case when m,n are not
necessarily powers of 2 in the proof of Lemma VIIL.5. The
first step of reducing the number of active boundaries from
four to two, by applying Lemma VIIL.6, can be carried out in
the same way by splitting at the point |m /2] and [n/2]. Next,
we come to the stage when we are applying Lemma VIII.7
to reduce the number of active boundaries from two to one,
on the four submatrices obtained from the previous step. Let
us denote the dimensions of these 4 submatrices generically by
m',n’. Recall, in the first step of subdivision, we get exactly
one submatrix with 2 active boundaries. The others have 1 or
0 active boundaries. At this step, we can subdivide such that
the submatrix with two active boundaries has dimensions
which are exactly powers of 2. For instance, we can split
at the unique power of 2 between m’'/4 and m’/2 on one
dimension and do the exact same thing for the other dimension.
Once we have this submatrix with two active boundaries to
have dimensions which are exactly powers of 2, we can carry
out the rest of the steps as in the proof of Lemma VIIL5. It can
be checked that, in this case, all the inequalities we deduce
while proving Lemma VIII.4 goes through with the possible
mutiplication of a universal constant.

E. Upper Bounds on Gaussian Widths and the Proof of
Proposition 11.4

Now that we have reduced the problem of bounding
the gaussian width of Ty (y«yp+) N Bupn(l) to that of
MO(m,n,6,t) and M'(m,n,d,t), we need to obtain upper
bounds on these quantities in order to conclude the proof of
Theorem II.2. Our next lemma provides an upper bound on the
gaussian width of M°(m, n, d,t) which we henceforth denote
as GW°(m,n, 4, t).

Lemma VIIL.8: Fix 6 > 0 and t € (0,1]. For positive
integers m and n such that max{m/n,n/m} < ¢ for some
¢ > 0, we have the following upper bound on the Gaussian
width:

GW° (m,n, s, t) <
C(log (%n Ve)d(log en)?/? + t(log en)1/2)

where C is a constant depending only on c.
Proof: Since m and n are of the same order, the bound
computed in (V.2) from Section V remains valid in this case.
]
In our next proposition, we provide an upper bound on
GW?!(m,n,6,t), ie., the gaussian width of M1 (m,n,d,t).
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This is the main result in this subsection and one of the main
technical contributions of this paper.

Proposition VIIL.9: Fix § € (0,n] and ¢ € (0, 1]. Then for
positive integers m, n satisfying the conditions of the previous
lemma, we have the following upper bound on the Gaussian
width:

gwl (ma n, 6; t)
C((logen)*t +n"7).

< C(logen)??nt/*\ [ (t 4 6)2L +
(VIIL.10)
Here 22! := 2 + 22 and C > 0 is a constant depending solely
on c.

We will prove the above proposition slightly later.
Lemma VIII.8 and Proposition VIII.9 together with
Lemma VIIL4 now imply (with GW*(m,n, d,t) denoting the
gaussian width of M*(m,n, §,t))

Lemma VIII. 10: Under the same condition as in the previous
proposition, we have

GW(m,n,8,t) < C(logen)?*n*(Vt + V5 + 6)
+ C((log en)’t +n"%log en)
where C' > 0 is a universal constant.

The proof just involves collecting all the relevant terms and
adding them up. The reader can safely skip the proof in the
first reading.

Proof: In this proof, we write a < b to mean a < C'b for
some positive constant C' — depending at most on the aspect

ratio ¢ — whose exact value can change from line to line.
Recall that Lemma VIIL.4 implies for K < logn,

QW4(m,n,6, t) <
K
1
Y [oV'G 5
j=1
First we compute, in view of Proposition VIIIL.9,
K m
1
2 MG
(logen) 9/22 VWAV E+ 66 +t +60))
+ (logen)® t—|— n~?logen
< (logen) 9/22 WANVE+ VW) +t 4 60))
+ (logen)®t + n~logn < (logen)

1/4\f+\/5+y t+t+0+jt)
j= 1

+ (logn)’t +n"%logen
< (logen)*?n*/* (Vt + V5 + 6)
+ (logen)®t +n~""logen

5<J> ) +gW0( 5(J> )]

n .
250 <
2]76 7t) ~

9/2

Mw

where we have repeatedly used va+b < v/a + v/b and in
the last inequality we have summed up the geometric series.
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On the other hand, Lemma VIIL.8 implies

> onis
K

(log n)5/2 Z(é +5t) < 5(logen)7/2 +
j=1

5(3) 1) <

(logen)”/t.

We can now deduce the lemma from the last two displays. []
With the help of the above lemma we can now conclude
the proof of Proposition IL.4.

Proof of Proposition I1.4: Throughout this proof we will
use the notation C' to denote some positive constant —
depending at most on the aspect ratio c like in the previous
proof — whose exact value may change from one line to the
next. Also we will use “a < b” to mean “a < Cb”. Recall that
by Lemma VIIL3, GW (T (v+)(0*) N By, (1)) is at most

> |
1€ [k*]

QW4 (mi, ng, A(G*)éz, tz)] + C\/k?_*

max max
A(0%)8:6€Skx oNHyx t2€Syx oNHpx

(VIIL11)

Now we plug in the bound from Lemma VIII.10 to obtain
a bound on the sum inside the two maximums in the above
display:

> GWA(mi, i, A67)55, i)

1€[k*]
< (logn)®/? 7 ni (VA + (A(67)8) /2 + A(67),)
S
+ (logn)® Z ti + k*n " logn.
S

Since the aspect ratios of each of the rectangular level sets of
6* are bounded by a constant, we have Z ~, ni? <n? This
can be seen as follows:

Kt

2
Z”i N
i=1

Therefore, we can repeatedly apply the Cauchy-Schwarz
inequality to deduce for §, t € Sy« o,

~

z:nimz <mn < n?.

B
anl/4\/a 5 (k*)5/8n1/4 ,
i=1

>on'6 s

i=1
o

1/4 1/4
E n;/6; <nt/
i=1

Also because of constant aspect ratio, we have

(k*)3/8n1/4 ,

o
and Zti < Vk*.
i=1

k*
m;
A(0") = 2(— + —) SVE*.
(07) ; (ot ) SV
Combining the last two displays we notice that
(logn)?/2(k*)>/8n'/*  emerges as the dominant term

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021

and hence
> oW mi,ni, A0)8i, 1) S
i€[k*]
(1og n)Q/Q(k*)5/8n1/4 ]
Together with (VIII.11) this finishes the proof. O

All that remains towards the proof of Proposition 1.4 is
Proposition VIII.9. The proof of this proposition is fairly
involved. The rest of this section is devoted to its proof.

FE. Proof of Proposition VIIL.9

By symmetry, it is enough to bound
GW(M™eht (m n 8,¢)). To this end, let us introduce a
new class of matrices as follows:

A(m,n,u,v,t) =
[0 € R™ ™ TV, (0) < 0, TV (0) < v, 0] < 1}

where, let us recall, that the total variation TV, (#) along

rows is defined as
=2 > |

i€[m] je€[n—1]

0i, 5 + 1] — 0[i, 7]

I‘OW

and TVeo1(6) == TV, 0w (67).

The following lemma gives an upper bound of GW (MTisht)
in terms of the Gaussian widths of A with appropriate para-
meters.

Lemma VIII.11: Let k denote the smallest integer satisfying
(142 +...2%) > n. Then we have the following inequality:

gWright(m n, 5 t)

ZQW (m, nj, 2t4/m/n; + 6, t\/m/n+ 9, t))

JE[K]

where n; = 27 for j € [k — 1] and n = 2 el -

Proof: The proof proceeds by dividing the n columns
into blocks of geometrically increasing length and showing
that for any 6§ € M&ht(m, n, 8, t) the submatrices defined
by the blocks live in A with appropriate parameters. Let
6 € M eht(;m n 6,t) and subdivide 6 into submatrices
[0k o= ...|9()] where 1) has n; many columns. There-
fore it suffices to prove that

0 € A(m, nj, t\/m/n;_1 + 6, t/m/n+ 6, t)

for all j € [k] as \/n;/nj_1 < 2. Since ||t9(j)|| <9| <t
we only need to verify the required bounds on TV, (0\9))
and TV o (019)).

Verifying the bound on TV, (69)). We will prove the
stronger statement TV .,1(0) < t\/m/n + 4. Since ||6]| < t
and [|0]° = Y,cp 101, ]|| it follows that ||, ¢*]| <
t/y/n for some ¢* € [n] and hence ||0[, ¢*]||, < t/m/n
by the Cauchy-Schwartz inequality. Now using the condi-
tion that TV(8) < [|0[, n]||; + ¢ (from the definition of
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M8 (m n 6, 1)), we get

||9[’ n]”l +4— TVCO](H) > TV(H) - Tvcol(e) =
TVrow(0) = [10], n] - 0[, ]I,
2160, nllly =161, €11y = 160, nlll; — tv/m/n.

(VIIL12)

Thus TV (0) < 0 + t\/m/n.

Verifying the bound on TVrow(Q(j)). Let us start with
9. By the Cauchy-Schwartz inequality, ||, n]l|, <

vm |0], n]|ly < ty/m and thus

TV, (01) < TV(9) < [|6], n]l|, < tv/m.

Next consider 6(9) for some j > 2. Since ||§U~1 H < tand it
has n;_; columns, there is a column of 6U=1) whose {5-norm
is at most t/,/m;—1. Suppose this column is 6[, a]. Then a
calculation similar to (VIIL.12) yields,

0], n]ll; +6 > TV(0) > TV,ow(0) >
Tvmw([g(j—l) |9(j—2)| ..
> |16[, n] - 6[,
160, 7l = l1ef

But this implies, along with the Cauchy-Schwartz inequality,
that

10N + TV, ow (09)
a’]“l + TVrow(e(j)) Z

TVeow(6Y)) < [j6,
Vm e[,

It therefore suffices,

alll, +6 <
alllo +6 <ty/m/n; +46. O

in view of the previous lemma,

to bound the gaussian width of each A(m,n;, 2t\/m/n; +
4, ty/m/mn + 6,t) from above in order to bound

GW"EM (1 n, 8, t). Defining a = \/m/n;, we can write
A(m,nj, 2ty /m/n;+ 9§, tv/m/n+94,t) =
A(m,m/a? 2ta + 6, t\/m/n+§,t) = A, .

Notice that we suppressed the dependence on m,n,d and ¢
which henceforth refer to the corresponding parameters in
Proposition VIIL.9.

In our next result, which is crucial for the proof of
Proposition VIIL9, we give a subspace cover for the set A,
corresponding to any distance 7 between 1/m and 1.

Lemma VIII.I2: Lett <1, 7 € [1/m,1] and a > ¢ be such
that m/a? is a positive integer between 1 and n. Here ¢ is
from the statement of Proposition VIIL.9. Then there exists a
7 subspace cover S; of A, depending on m,n,a,d and ¢ in
addition to 7, and a constant C' > 0 depending solely on ¢
such that

max(log |Sr|, max dim(9)) <

C(log(em)) Lo (1+ 7‘%%;’“”"“)
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where £(x) := xlog(elog(em)? ) and

Cinn.aa = log(em) (/= + ¢ +6)”"

(recall that 22} = z + z2).

Remark VIIL5: Notice that L(x) is linear in x ignoring
the log factors. Thus it is helpful to read the above bound
as scaling like g up to log factors and the lower order
terms. This \/m-scaling is crucial for us in order to derive
the 1/4 exponent of n in Proposition VIIL.9 and subsequently
the correct exponent of n in Theorem II.2.

Remark VIII.6: The reason for assuming a polynomial
lower bound (in m) on 7 is that we want log(1/7) to be at
most O(logm). Hence the bounds of Lemma VIII.12 remain
valid, with appropriate changes in C, as long as 7 > 1/m¢
for some universal constant ¢ > 0.

With Lemma VIII.12 we can now finish the proof of
Proposition VIIL9.

Proof of Proposition VIIL.9: An important feature of the
bounds in Lemma VIIL.12 is that it does not depend on a.
Hence an application of Proposition IV.1 would yield the same
bound on each Gaussian width appearing inside the summation
in the statement of Lemma VIII.11. From this we can deduce
Proposition VIIL.9 in a straightforward manner. The detailed
computation is given below. In the remainder of the proof we
will use C' to denote any positive constant depending at most
on ¢ whose exact value may change from one line to the next.

Applying Proposition IV.1 with kg = |—log, 2¢| and k1 =
—[log, v] where v = t/m V m~1% and using Lemma VIIL.12
subsequently to bound the relevant terms (see Remark VIILS),
we get

QW(Aa) <
C Z *(log(em)) 15\/£ 1+22k\/_cmn5t)
k=ko+1
+ vmnuv.
Now recalling the definition of £,,(-), we can write
L:m(]- + 22k\/ﬁcm7n,6,t) =

<1+22k\/ﬁcm,n,6,t) (1+10g 1og(em)2+log QQkMCm:”v‘s:t)
< (142°M/mChy 6,0) (1+1loglog(em)® +log(m* Crnist))
< C’log(em(l + 5)) (1 + 22km07r1,,n,6,t)

where in the last inequality we used the fact that C,, , 5+ <
C(1 + 6)log(em) since t < 1 and m/n is assumed to be
bounded by a constant. The last two displays therefore imply

GW(A,) < C(log(em))*?+/log(em(1 + 4))
(t +m*log(em)r/Crin.ét )

+ V/tn/m+ Vi /m*

< C(logen)>®nt/4\ [ (t + 6)21+
C(logen)® t + Cn =95

where in the final step we used the fact that § € (0,n] as well
as max{m/n,n/m} < c. The proposition now follows from
summing this bound over %k as in Lemma VIII.11. O
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The thing that remains to be done is the proof of
Lemma VIII.12. An important ingredient is the following
weaker analogue for the general case.

Lemma VIIL.13: Let k,m,n be positive integers with 1 <
k < m (not to be confused with the parameters in Lem-
mata VIIL.11 — VIIL.12). Also let ¢ < 1 and uw,v,7 > 0.
Then there exists a 7 subspace cover S, of A(m,n,u,v,t),
depending on m,n,k,u,v and ¢ in addition to 7, and a
universal constant C' > 0 such that

max(log |S-|, max dim(S)) <

C(Jk + \/J_k?:/\/?) log (eka + em\/jki\/\/?)

when k < m, whereas for kK = m
max(log | Sr|, max dim(S)) < CJy log(emJy).

Here
Ji, == Clog(en) (k +

).

Remark VIII.7: Lemma VIIL.13, by itself, is not sufficient
to prove Lemma VIIL12. To see this, let us plug in n = m/a?
and u = 2ta in the expression for Ji. One can easily check
that while this makes .Jj, free from a, the principal terms in
the bounds on the dimension and cardinality do not attain the
required /m-scaling for any choice of k.

In the course of proving Lemma VIII.13, we will repeatedly
use a subdivision scheme based on the value of either TV oy
or TV . We will also use it in the proof of Lemma VIII.12
and therefore describe it here in a general setting. Let us point
out that a very similar scheme was described in Section V-A
in the context of proving Theorem II.1.

uvnk
T

A greedy partitioning scheme: Consider a set S and
a function T : UpenS"™ +— Ry satisfying T(AB) >
T(A) + T(B) for all A,B € U,enS™ where AB denotes
the concatenation of A and B. Also suppose for any singleton
s € S, the function T satisfies T'(s) = 0. To relate this to
a concrete example, the reader may consider the case where
S = R™ so that 8™ = R™*" and T is the function TV ow.
Now for any € > 0, the (T, ¢€) scheme subdivides an element
U of UpenS™ as UpUsz - -- Uk such that T(U;) < e for all
i € [K]. This is achieved in several steps of binary division
as follows. In the first step, we check whether T(U) < .
If so, then stop and output U. Else, divide U as UjU} into
two almost equal parts. This means |Uj| = |[|U]|/2] and
|US| = |U'| — |Uj|- In each step, we have a representation
of U of the form UjU,---Uj,. We consider each i € [K']
such that T'(U/) > € and subdivide U] into two almost equal
parts. We repeat this procedure until each part U’ in the current
representation satisfies T'(U’) < e.

Suppose that |[U| = n. The subdivision of U produced by the
(T, €) scheme corresponds to a partition of [n] into contiguous
blocks, say, Py,r.. Let |Py.r,| denote the number of blocks
of the partition Py.7... Now for ¢ > 0, let P(¢,n,¢,T) denote
the set of partitions {Py.r : U € S*,T(C) < t}. A key
ingredient in the proof of Lemma VIII.13 (and subsequently
Lemma VIII.12) is the following universal upper bound on the
cardinality of Pr.p..

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021

Lemma VIII.14: Then for the (T,¢) division scheme we
have

max

t
Py.re <1 dn)(1+4+ -).
pomax | |Puire] < logy(4n)(1 4+ )

The proof of Lemma VIII.14 is very similar to that of
Lemma V.4. Nevertheless, for the sake of completeness,
we provide its proof in the appendix (see Section A-B).
We also defer the proof of Lemma VIII.13 to the end of
this subsection and finish the proof of Lemma VIII.12
assuming it.

Proof of Lemma VIII.12: Take any 6 € A, and fix € €
(0,1) whose precise value based on 7 would be chosen later.
Let us denote the m’ x n’ two dimensional grid (graph) by
Ly s and subdivide Ly, p, /42 as

Ry
Ry
(VIIL13)

Lmﬂn/a2 =

Ry
where TV o1(0)r,) < eforalli € [K]and K < log,(4m)(1+
TVeo(f)e~1). We achieve this by applying the (TVo,e€)
division scheme to the rows of 6 (see Lemma VIII.14).
Denoting the set of all possible partitions of L, ., /q2 obtained

in this manner by P, we deduce

m —
1P| < moE (4 (/540 (VIIL14)
Corresponding to the partition P = P(6) in (VIIL13), let
2

Sprow denote the linear subspace of Rmxm/a comprising

only matrices having identical rows in each R;. It is clear that
the orthogonal projection of § onto Sprow is given by

where each row of f; = 5‘ R, 1s equal to the average row of
Or,. By repeated application of Lemma A.3 (stated and proved
in the appendix), we obtain

dist(0, Spron) = 16— Bl < Ve,

Also by standard properties of orthogonal projections, it fol-
lows that ||0]]2 < ||0]]2 < t. We further claim that 6 €
As = A(m, 75,2 ta + 6, t\/™ + 0,1). Hence to establish

this claim we only need to show that TV oy (0) < TViow ()

and TV¢1(0) < TV (0). We can obtain the first inequality
as follows:

(VIIL15)

TViow(8) =
Z nrow(Ri) Z |ét[1a€+1]_é’t[1’€]|
i€[K] £€[ngor(R;)—1]
- Z nrow(Ri) Z
i€[K] L€[ncor(Ri)—1]
mow(R) ™ Y0 (Bl e+ 1] - Bl 1)

S [nww (Ri )]
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<> > > 10l e+ 1] = 6], 1]
1€[K] £€[Nco1(Ri)—1] ¥/ €[Nrow (Ri)]
=TV,ow(0). (VIIL16)

For the second inequality we just apply Lemma A.4 (stated
and proved in the appendix section) to each column of 6.

In the rest of the article we call a subset of L,/ x,,s a subgrid
if it is a product of subsets (as opposed to only subintervals)
of [1,m']NN and [1, n']NN respectively. We will now regroup
R;’s into several subgrids. For any positive integer ¢ such that
2¢ < 9m, define the set Sy = {z € [K]: 27! < npow(Ry) <
2t } and let By be the vector which is the sorted version of
Se. Now consider the subgrid of Ly, y, /42

RB,_;(l)
RBZ(Q)

R’ =
RBe(Ktz)

where K, := |By|. In words, Rt comprises the rectangles R;,
in order, whose number of rows lies between 2¢~1 and 2°¢.
It is clear that R*, R?,..., R are disjoint subgrids of Ly, .
where L < log,(2 m). Let us also denote 9| re by 0. Notice
that if the matrices 0',62,...,0L satisfy |6 — 0°|| < \/me
for all £ € [L] and § € Rmxm/a is such that 9|th = §" for
all £ € [L], then we have

R . _ . (VILIS)
16 =01l < [16—0] + 60

vme? + \/m log,(2m)e? < \/2 mlog,(4m) €.

(VIIL.17)

We now choose ¢ by requiring this approximation error to

be 7, i.e., by setting € = 7/1/2mlog,(4m) (notice that
1/4m? < e < 1/y/m when 7 € [1/m, 1]). Therefore if S.

is a /me subspace cover for the family Aj p (say) of matrices
6* corresponding to P € P and ¢ € [L], we can immediately
obtain a 7 subspace cover S, for A, satisfying:

max dim(S) < max max dim(.5) (VIIL.18)
Ses- Pep Sest
ée[L} T, P
and
| < |P]. ¢ VIIL1
[S:| < Pl max T IS7.p (VIIL19)

Le[L]

Now fix a P € P and let o’ denote the matrix formed by
the first (or any) rows of 0p,(1),0p,(2),-- -, 0B,(k,) in order,
i.e., the rows of 8¢ that are potentially distinct. We claim that

m 2ta+9 m
2 oo B T

Agp).

@Z S .A(Kg,

= A, (= (VIIL.20)
The constraints on the number of rows and columns of ©*¢
as well as ||©|| are clear. For the remaining constraints first
observe that 0 € A(nyow(RY), 2,2 ta + 4, t\/T” + 4,t)
(the only non-obvious part is the bound on T VCO1(9 ) which
follows from the triangle inequality). From the definition of
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©¢ it is immediate that
TVeo1(0) = TV (F) and

TV o (6°
TV, (07) € —— e :
min;e(x,] Drow (RBe(i))

Therefore the bounds on TVci(©f) and TV () fol-
low from the similar bounds for #° and the fact that
Nrow (R, (1)) > 2¢=1 for each i € [K/].

Further notice that since nyow(Rp,;)) < 2¢ for each
i € [K¢], we have [|6¢ — 6| < QZ/QHGZ ©¢| where 6
comprises repetitions of the rows of Of in the same way
as ¢ comprises repetitions of the rows of O!. Therefore
any 27%/2\/me subspace cover S’ for A, , induces a \/me
subspace cover S* p for A7 . Our next claim is about a
uniform upper bound on maxgese dim(S) and |S¢| for some
particular choice of S¢ and hence that of maxg, sty dim(S)

and |S€ p| as well.

Claim V1112 There is a choice of S’ for any ¢ € N.g
and € € [1/m?,1/y/m] such that for some universal constant
C >0,

max(log |5, max dim(9)) <

1 m 2]
Clog(em)® Ly, (1 + W(t’ / o +t4+6)7)

where we recall from the statement of Lemma VIII.12 that
L(z) = zlog(elog(em)? z) and 22} = z + 22.

Claim VIII.2 follows directly from Lemma VIII.13 when
we choose k in an appropriate manner. The complete proof
is given after the current proof.

Concluding the proof. In the remainder of the proof we
will use C' to denote any positive, universal constant whose
exact value may change from one line to the next. Using
Claim VIII.2 let us first bound

Y .
max Z max(log S, p, Sgl;x dim(S)) <
£<log,2 m TP

Clloglem)* L1+ o 1y 2+ £ +6)°)
< C(log(em))> L, (1 + M (t\/g +t+6)%)

= C(log(em))* Lo (1 + 7‘/50;;”’”’“)

where we used the fact that —— = ml‘ﬁ?(‘lm) (recall the

choice of € after (VIII.17) and also the definition of Ci, p 5+
from the statement of Lemma VIII.12). On the other hand,
since € < 1/4/m, we can bound log |P| in view of (VIIIL.14)
as

1
logy(4m)(1 + (ty/ 2 + 5)—)logm <

logy (4m)(1 + (¢ "‘5)\/_ 5) logm
< Clog(em)? (1 + Yty
T
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Since L(z) > x for all z > 1, we deduce by combining the
previous two displays and subsequently plugging them into
(VIIL.18)—~(VIIL.19):

max(log |Sr|, max dim(S)) <

C(log(em))? Lo (1 + @) . O

Proof of Claim VIIL.2: The “main” contribution in
the bounds on log|S!| and maxgese dim(S) given by
Lemma VIII.13 comes from

ty /2 +0)VK
ng — (JM+ /Jk’,é@

H{k < K
2-4/2, /meVk { )
where

274 (2ta + 5)\/mk) aze
a2=t/2\/me -
272t + 5)\/mk:)
2742, /me
(recall the statement of Lemma VIII.13 and (VIII.20)). There-
fore, as already mentioned in the proof of Lemma VIII.12,
we will apply Lemma VIIL.13 for some k € [K,] so that J;,
has a small value. In the rest of the proof we will use C' to
denote an unspecified but universal positive constant whose

value may change from one instant to the next. Using the
simple fact \/z +y < \/z+,/y, we can bound Jy; ¢ as follows:

Jie = Clog(em/a®)(k +

Clog(em) (k + (VIIL.21)

Jie < ke + 1k < Ko} Ce g (VIIL22)
where
o o0V
2—@/2 D) 1/4
( ——+ (2 £ 3)m ). (VIIL23)
2-4/2\/me

(2-4/2/me)3/2k1/4
Now let us consider two cases separately based on whether
VE27%2/me is smaller or larger than 1. Recall that
2-4/2, /me is the covering radius in question, and the condition
above is equivalent to K, being smaller or larger than the
inverse of the covering radius squared.

Case 1: Ky, < mQ—; In this case we choose k = K, so that
Lemma VIII.13 and (VIIL.21) together give us

max(log |Sf|7 géas)i dim(S)) < CJg e log(eK Ty ¢)

(VIIL.24)
where

2742t + 5)\/ng) .

Jk,e < Clog(em) (Kg + RN

(VIIL.25)
Now using

K¢ < K < Clog(em)(1+ (t\/g +8)e™!)  (VIIL26)

for the first term inside the parenthesis in (VIIL.25) (recall the

definition of K, and K from the proof of Lemma VIII.12)
£

and using K, < # for the second, we get

Jre < C(log(em))*+

C(log(em))Q(t\/%—i— t+9) (% + \/%62) :
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Further noticing that e < 1/4/m, so that < we obtain

1
/e’

JMSC(log(em))Q(l—i— \/%62 (t\/§+t+5)“) (VIIL27)

(recall that 22! = z + 22). On the other hand we have K, =
k < Jg,e for C' > 1. Plugging these bounds into the right
hand side of (VIII.24) and rewriting the expression in terms
of L,,(z) = xlog(elog(em)? z) we obtain

max(log |S¢], max dim(9)) <

1
C(log(em))?Lom (1 + W(t\/ng t46)*) . (VIIL28)

where we used the fact that log(Celog(em)? z) <
Clog(elog(em)? x) for all x > 1 and large enough C.

. 2
Case 2: Ky > =

Notice that in this case we can choose

k= Lnfzzj and Lemma VIIL13 gives us
max(log |S?|, max dim(S)) < CJy ylog(eKyJy ;) -
€S

(VIIL.29)
We will show below that the right hand side of (VIIL.27) also
serves as an upper bound for J; , and K, and consequently
the upper bound in (VIIL.28) holds in this case as well, thus
proving the claim. To this end we will use the bounds (VIII1.22)
and (VIIL.23). First observe that the bound on Jj ¢ is same as
in the previous case since the only bounds we used there were
k < Ky and k < 2—(2, both of which are valid in this case.

me

On the other hand, C. j , can be bounded by

% 1og(em)(t\/§ +0) (265%/5_4 LV (2”2;;4‘?1?{4) .

,_; (VIIL30)
Since K, > # and ¢ < 1/y/m, we have
VE; (VIIL26)

=i = <K <

2—/2 /me —

Clog(em) (1 + (t\/g + 5)%)

m 1
<Cl Cl ty/| —+06)—
< Clog(em) + Clog(em) (1 7! + )~
(cf. the right hand side of (VIIL.27)). Similarly we can bound
(2t 4+ 90)K,

ml/de
1 1/t\/%+5)

C+/log(em)Vt+ 6 (m1/46 + /i)

N e (R A e
—cmm@m) N

Jme

SC\/W\/H—(S(qu/t\/qu(S)ﬁ.

Plugging these bounds into the (VIII.30) we get

Cee < C(log(em))2<1 + ﬁ(t\/g—k t+ 5)”) .
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where used the simple fact that 23/2 < z2!. Combined with
(VIIL.27) and the discussion preceding the display (VIIL.30),
this yields us a similar upper bound for J ,. O

We are only left with the proof of Lemma VIII.13.

Proof of Lemma VIII.13: The proof is split into two parts.
In the first part we try to construct, for any given 6 €
A(m, n,u,v,t), another matrix @ satisfying ||§ — || < 7 such
that 6 is piecewise constant on rectangles with as few blocks
as possible. These blocks define a partition P of L,, , and
let P denote the set of all such partitions. It is then clear
that S; == {Sp : P € P} forms a 7 subspace cover of
A(m,n,u,v,t) (see the proof of Theorem II.1 in Section V
for the notation and similar notions). In the second and the
final part we bound maxpep |P| and |P| which, in view
of the definition above, yield the desired upper bounds on
maxges, dim(S) and |S;|.

Approximating ¢ by a piecewise constant matrix. This
part consists of three steps. In the “zeroth” step, we divide
equally into k& submatrices by horizontal divisions. We do not
choose, a priori, any specific value of k which is the reason
why our final bound depends on k. Then in step 1, each
of these submatrices is divided into submatrices by vertical
divisions which are again subdivided in step 2 by horizontal
divisions. The rectangles corresponding to these submatrices
will be the final level sets of 6. We now elaborate the steps.

Step 0: Horizontal Divisions. Fix a positive integer 1 <
k < m and divide L,, , into k£ submatrices as follows:

R
Ry
Lm n =

Ry
where each R; has either [m/k] or |m/k| many rows.

We want to stress that we use the same partitioning for every
0 in this step.

Step 1: Vertical Divisions. Next we want to subdivide each
R; (where i € [k]) by making j; many vertical divisions:

such that TV,ow (0|r, ;) < 7 for all j € [4;] and some 73, >
0 to be chosen shortly. We can do this by the (TV,ow, %)
scheme applied to the columns of 6; so that Lemma VIII.14
gives us the bounds

TVrow (01)

ji < logy(4n) (1 +
Tk

) (VIIL31)

Replacing each element in every row of 0; ; := 0|, . with the
corresponding row mean, we then obtain a new matrix

éi*[11|912| | ,JL]

By construction, each 6; ; has identical columns. Finally, let
us define
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From the Cauchy-Schwarz inequality, it is clear that ||| <
[|0]]- One important observation we need make at this point is
that while this averaging procedure might increase the value
of T Vcol(é), it does not increase the value of TVCOI(@-’ ;) for
any ¢ and j. Indeed by a computation exactly similar to that
performed in (VIII.16) we get

TVeol(fij) < TVeol(6i ;) - (VIIL32)

Let us now try to bound || — A||. To this end notice that
16— 8113

= > >

i€[k],j€[j:] i €[nrow (Ri)]

< Z ncol(R'L,j)

i€lk],j€ldi]

16558, ] = 6i3 08", 1113
> TVl )
i’ € [Nrow (Ri)]
(VIIL.33)
where in the final step we used Lemma A.3. Since
TViow(8:,;) < Tk, we can then deduce

16— 8113

>

i€lk],j€ldi]

<y

i€lk],j€ldi]

= 7/2Vnk, we get [|0 — 0|2 < 7/2.

Step 2: Horizontal Divisions. In this step, we are going
to make horizontal divisions within each R; ; obtained from
step 1 so that the total variation of columns of 6;, ; restricted
to each subdivision is smaller than some fixed, small number.
To this end fix 7, > 0 whose exact value will be chosen later.
Now use the (T'V1,7;,) scheme applied to the rows of R; ;
to obtain the following subdivision:

R

R; 2;

IN

neol (Ri,j) ( TV(6:,1i', 1))

>

ile[nrOW(ei)]

Neot (R )T = nkTf . (VIIL.34)

Setting 7

Rijz

Ri: i
where, with éi’z;j = élRi,é;j’ TVCOl[éi,g;j] < 7 for all £ €
[¢; ;]. From Lemma VIII.14 we can deduce

TVCOI (éi,j

l;; < logy(4m) (14 )) : (VIIL35)

Tk
Like in the definition of 6; ,j» we now replace every element in
each column of 91 .¢;; (recall at this point that 91 ; and hence
917413 has identical columns) with the corresponding column
mean and obtain a new matrix

0i.1:5
0i,2;5

Ose; 3

¢j is a constant matrix. Let § € R™*™ be
9 j- By the Cauchy-Schwarz inequality
< ||9H

By construction, é
such that 9|R v =
we have [19] < 4]
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We now want to bound the distance between 6 and . Notice
that, since the columns of 6;,.; are identical, we get from
Lemma A.3

”éi,f;j[vj/] - éi,f;j[aj,m% < nrow(éi,f;j)(7—1;/11001(@%'0’))2

for every j' € nc01(§¢7j) = ncol(éi7g;j). Summing over ¢, j, £
and j’, we then deduce

) ) Nrow (Ri,é; )
10— 0|3 < > WT’?
ielk] el eelts ] o
2 nmw( zg)
o Z COI(RZ )
i€lk],j€lji] \J
2T,2,2m 1
Neol (R
iclk],jelj] oV
Let us choose
2
12 2k
o ) (VIIL.36)
va Z ) #RJ)
’E[k]de[],;]

so that [|§ — ||2 < 7/2 and hence
16— 0lla < 10— 0lla+ 10— 0ll2 < T/2+7/2=7.
Counting the number of possible partitions for any 6.

Fix any vertical division of € obtained in step 1. Now summing
(VIIL.35) over all ¢ and j we get

>ty <logy(dm) (Y ji+wv/m)  (VIL37)
i€[k],j€ ] i€[k]
where we used the following fact
- (VIL32)
Z Tvcol(gi,j) Z TVcol(ei,j)

i€[k],5€[5:] i€lk],j€ji]

é TVCOI(Q) é v

On the other hand (VIIL.36) allows us to deduce a naive lower
bound on 7, as follows:

vk
4v2m Eie[k] Ji

Plugging this into (VIII.37) we get for a universal constant

C >0,
> i

Npiece (é) =
i€lk],j€ 5]

< Clog(em)(J + \/jv\/ﬁ)
Nz
where npiece(é) is the total number of rectangular level sets of
6 and J = Zie[k] ji» From now onwards we will implicitly
assume that C' is a positive, universal constant whose exact
value may vary from one line to the next.
Therefore the number of tuples (411,12, ...,
fying (VIIL.38) is at most

T >

(VIIL38)

Ui 5, ) satis-

(Clog(em)) (J—i—\/_v\/_)

VIIL3
™k (VI
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Similarly, in order to bound J we sum (VIIL.31) over all 7 to
obtain

1
J = ji<logy(dn)(k+ = > TView(6:))
1€ k] T 1€ k]

= log, (4n) (k + TikTVrow (9))

u
< Clog(en)(k + T_k)

uvnk
T

< Clog(en)(k + ) = Ji, (VIIL40)
where in the final step we used 7, = 7/2v/nk (see the end of
step 1 in the previous part).

It remains to count the number of possible vertical divisions
in step 1. To this end let us fix a tuple (j1, j2, . . ., jk) satisfying
>iep Ji < Ji. The number of possible vertical divisions
in this case is bounded by [[; 7’ = n’%. On the other
hand, in view of (VIIL.31) and (VIII.40), the number of tuples
(j1,42,.--,7k) is bounded by the number of nonnegative
integral solutions to the inequality Eie[k] Ji < Jp which in
turn is bounded by (Ji)*. Putting all of these together with
(VIIL.39) and (VIIL.40), we can now deduce the following
upper bound on the total number of possible partitions for
any 6 € A(m,n,u,v,t):

(Ji)Ens (Clog(em))” (i, + \/ Tk i\/\g)"’“ .

From this and (VIII.38) we can derive the bound for any 1 <
k < m. For the second bound, that is when k = m, recall
that the second summand in the right hand side of (VIIL.37)
comes from the horizontal division conducted in step 2. Since
this step becomes void for £ = m, the required bound follows
in exactly similar fashion with J}, replacing Jy, ++/Jx v‘/_. O

(VIIL41)

IX. PROOF OF THEOREM I1.7

To prove Theorem II.7 we apply the general machinery
developed in [8] with suitable modifications. Let us define

w =y —7 to be the centered data matrix, w* = 0* — 6* to be
the centered ground truth matrix and let
k= argmin TV (v). (IX.1)

v: =0, [[w—v|]2<(n2—-1)62

Also, for any V' > 0, let wy denote the Euclidean projection
of w onto the convex set K(V'). Recall that K (V) :== {0 €
R™":TV(@) <V, 0=0}.

A. Sketch of Proof

To show that énotuning is a good estimator of #* it clearly
suffices to show that w is a good estimator of w*. If we
knew TV(6*) = TV(w*) = V*, a similar argument as in
the proof of Theorem II.1 would tell us that Wy« attains the
O(%) rate that we desire. Of course, the aim here is to
get the same rate without knowing V* and 0. One part of
our proof deals with showing that using & in the definition
of our estimator is not much worse than if we knew o and
used it in defining our estimator. This is shown by showing

that 6 ~ o using a concentration of measure argument where
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“~2” is a somewhat informal notation conveying the meaning
of approximately equal to.

To analyze the risk of w, a natural first step is to decompose
the risk as follows:
I? 2 + 20— |

| — w*||* < 2||wys —w

Here we used the elementary inequality ||a + b[|? < 2||al|® +
2||b||%. The above decomposition has a natural interpretation
as twice the sum of the ideal risk (achievable when V* is
known) and an excess risk due to not knowing V* and o. The
main task therefore is to upper bound the excess risk term
[l — 2y« ||2.

We now need to look at two different cases. The first case
is when w # 0. In this case we first show that the minimum
of the optimization problem defined in (IX.1) is attained
on the boundary. This would mean we have || — wl||?> =
(n? —1)62 ~ (n® — 1)02. Letting V = TV(w), a simple
geometric argument also shows that wy = . Thus, both
Wy« and W are Buclidean projections onto K2(V') for two
possibly different choices of V. Thus, we can now use standard
characterizations of Euclidean projections onto convex sets
(content of Lemma IX.1) for both wy+ and w to obtain a
bound on the excess risk as follows:

o — by | < [l = w]®  fjw = s .

Since |[@ — w||? ~ (n? — 1)0? we can then conclude

2

’|
Further, since wy~ is known to be a good estimator of w* we
can write

—1)o? — ||w — y-

[ = wl? = flw o] = |

P o —w|? = |2 - Z1%0

~ (n* —1)0?.

H’w—’lZ)V*

where the last approximation is again by a simple concentra-
tion of measure argument. The last three displays then suggest
that w is close to wy «. Quantifying the last three displays gives
us the desired upper bound on the excess risk.

The second case is when w = 0. By definition we have
|[@)]> < (n? —1)6% =~ (n? — 1)0?. Since 0 € K2(V*)
and 1y~ is the projection of w onto KJ(V*), a standard
fact about Euclidean projections onto convex sets gives (w —
Wy, Wy«) > 0. This implies

2 < Jwl? = flw — v ||?

2 ||y

| — -

< (0% = 1)o® — |w — by

The rest of the proof then follows similarly as in the previous
case.

B. Full Proof

While proving Theorem II.7 we will prove a few interme-
diate results. Our first lemma is a basic fact about Euclidean
projections onto K2 (V') for two different choices of V. This
also appears as Lemma 5.1 in [8]. For the sake of complete-
ness, we give a proof below.

Lemma IX.1: Let y € R™*" and recall KO(V) := {0 €
R™ ™ : TV(F) <V, 6 = 0}. Let Vi > Vo > 0 and let
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m1(y), m2(y) be the Euclidean projection of y onto the convex
sets KO(V1), KO (V) respectively. Then we have the following
inequality:

I? I

1 (y) = e @)1 < ly = m2@)I1* = ly — m(w)]1*.

Proof: Since ma(y) € K2(V1) by definition, the standard
KKT condition for projections onto convex sets implies (y —
m1(y), m2(y) — m1(y)) < 0. Therefore we can write

ly = m2@)II* = lly = m@)|I* + Im1(y) — m2(y)|I?

+2(y — mi(y), m1(y) — m2(y))

> ly = m@)1? + 71 (y) — m2(y)|>.

This finishes the proof of the lemma. O
Our next lemma is the following pointwise inequality.
Lemma IX.2: Let w = y — y1 be the centered version of y.

For any V' > 0, let wy denote the projection of w onto the

convex set K2(V). Let

TV(v). (IX.2)

W= argmin

v: =0, ||lw—v|[2<(n2-1)52
Then we have the following pointwise inequality;

2 <0 = 1)6® — w —dy-|?].

| — Wy~

Proof: Let us first consider the case when w # 0. Define
V := TV (). We claim that Wy, = w and further
|w—w|?* = (n? —1)5°. (IX.3)
To prove the above claim, suppose 1, # . Then we have
[w— 1y < [|w—d|* < (n? —1)62 because of uniqueness
of Euclidean projections onto convex sets. Therefore, we have
|[w—dp]? < (n? —1)6% and |[w — 0[] > (n? — 1)6? by
assumption. Let us now draw a line segment connecting
to the origin and select the point which cuts the boundary of
the \/(n2 — 1) 6 ball around w and call it wPdY. Then by
construction we have
TV(wP™) < TV(iy) < TV(d). (IX.4)
Since w has zero mean, it is not hard to see that w has
mean zero as well because wy is the Euclidean projection
of w onto K9(V). Therefore any point falling on the line
segment between wy, and the origin also must have mean zero,
including wPY. Thus wP™Y is feasible for the optimization
problem defined in (IX.2). Together with (IX.4) this contra-
dicts the definition of w. Therefore wy, must be equal to w
and (IX.3) must hold.
Letting V* = TV(6*), we can now write

[ — by« ||* = ||y — v
<llw = |1 = [Jw — by ||

?|

= |(n2 — 1)62 — Jw — Wy~

where we have applied Lemma IX.1 in the first inequality and
used (IX.3) in the last equality.
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Now let us consider the case when w = 0. In this case we
can write

2= o — oy |?

[ — e
|

< [[lwl|* = fJw — by
2

= [lwl* ~ flw — -

< (n? = 1)6% — |lw — wy-|°

The first inequality uses Lemma IX.1 and the second equality
follows from the definition of wy ~ upon observing that 0 €
K?(V*). Finally the third inequality uses the fact that ||wl[|? <
(n? —1)62 since w = 0. This finishes the proof of the lemma.

|

Our next result is a proposition which gives a pointwise
upper bound to the squared loss.

Proposition 1X.3: Let V* = TV(0*). Let w = y — gyl
and w* = 6* — 6*1 be the centered versions of y and 6*
respectively. Also let wy~ denote the Euclidean projection of
w onto K2(V*). Then the following pointwise risk inequality
holds:

16 —0">< 80 sup (Zv) + [5— 0 n?
vEKD (2V%)
2w = | - (n = 1))

+2(n% —1) |62 — 07|

Proof: By definition of 6 and Pythagorean theorem we
have

16— 6|2 =71 -6 1] + || — w*|?
< g1 - 6-1|]?
+ 2| — by« ||? *112.

+ 2|y —w (IX.5)

We can now use Lemma IX.2 and the triangle inequality to
write

2 < |(n” ~ 1)8° — [lw — dby-
< (n* = 1)[6% - o)

+lw = w* = (n* ~
I?

?|

[l — -

1)02|

+ [lw — oy || = [Jw — w*|)?] (IX.6)

Let us now bound the third term above on the right side.

llw = v+ ]* = [lw — w7
= |||lw* = wy-||® 4 2{(w — w*, w* — Wy )|
< w* —dy-||>+2  sup  (w—w*,v).
Ve KO (2V*)

We now observe that for any mean zero matrix v, we can write

(w—w,0) = (y— 0" — (=T} = (y — 6, v)
=0 (Z,v).

The last two displays then imply that

2= Jlw —w*|?|
24920

[[[w — by

< Jw* — wy- sup  (Z,v). (IX.7)

vEKY (2V*)
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Further, from the basic inequality ||w — wy«[|? < [Jw — w*||?

we can conclude

|lw* =y -|? < 2y~ —w*,w—w*)
=2y —w',y—0*)y <20 sup (Z,v).
veKO(2V*)
The last display along with (IX.5), (IX.6) and (IX.7) finish
the proof of the proposition. O

We are now in a position to finally prove Theorem II.7.
Proof of Theorem I1.7: 1t suffices to take expectation over

the four terms which consists in the upper bound given in
Proposition IX.3. We now sequentially bound the expectation
of these terms. We will use C' to denote a positive, universal
constant whose exact value may change from one line to the
next.

The first term is just 8¢ times the Gaussian width of
K?(2V*) and we can use V.2 to upper bound it. As for
the second term, it is clear that

n’E(y — 6%)* = n*Var(y) = o°.

* 12 —
Also we observe that w =3 2 (Zij—2)? =
X%Q_l. This is a standard fact about standard normal random

variables. Therefore we can write
Ellw - w*|* - (n* —1)o?|
< (Elflw - w*|* = (n* = 1)o*?)
< o? (Var(a_ )2 = oI =T < Vo m

where the first inequality follows from the Cauchy Schwartz
inequality and the last equality follows because Var(y?)) = 2k
for any positive integer k.

Next we bound E|62 — 02|. We can write

1/2

6% — 02| <|6 — o + 20|6 — a.

(IX.8)

Recalling the definition of & we have
ol = |TV(9* +oZ)— UETV(Z)|
N ETV(Z)
ITV(Z) —ETV(Z)|
ETV(Z)

|6 —

TV(6*)
= ETV(Z)

Thus we can write

|6 —of?

szﬁﬁ%%5f+2ﬁ(

ITV(Z) — ETV(Z)|
ETV(Z)

)2 . (1X.9)

Now, since TV(Z) is a sum of N (0, 2) random variables it is
easy to check that ETV(Z) = w\/ngl). Also by Lemma IX .4
we can upper bound the variance of TV(Z) to get

Var(TV(Z)) < Cn(n—1).

Taking expectation on both sides of (IX.9) we obtain

. ARV Cmn(n—1)
Blo ol <2( ) T2 i e
<oUr . 7.
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Using (IX.8), the last display and the Cauchy-Schwarz
inequality to bound E|6 — o], we can deduce

E|6? — 02| <E|6 — of? + 20 (|6 — |2)1/2

<C(( i + 2)+C(

+7).

Collecting the bounds we have obtained in this proof for
the four terms comprising the upper bound given in Proposi-
tion IX.3, we can conclude that

MSE(énotuning7 %)
<C( L (en)log(2 + 2V *n?)
N VN N7

This finishes the proof of Theorem II.7. O
It only remains to prove the following lemma.
Lemma IX.4: There exists a universal constant C' > 0 such
that

+

Var(TV(Z)) < Cn(n —1).
Proof: Expanding Var(TV(Z)) we get

Var(TV(Z)) = > Cov(|AZI,|AZ))
ee'cE,

=2 2

e€E, e/€Ey, e’ ~e

Cov(|ALZ|, |Ae Z))
(IX.10)

where in the second step we used the observation that
Cov(]AeZl,|AeZ|) = 0 for all non-adjacent e, €/, ie., e, e
which do not share any vertex. Here ¢’ ~ ¢ means the edges
e, e’ are adjacent. Since each edge e is adjacent to finitely
many edges (including e itself) we get from (IX.10) that
Var(TV(Z)) < C|E,| for some universal constant C' > 0.
The lemma now follows by noting that |E,| = 2n(n —1). [

APPENDIX

A. Some Auxiliary Results

Lemma A.1: Suppose {fi, g, h;}?_, are non negative real
numbers satisfying the following inequality for each i € [n],

fi > gi — h.

Let {w; }!"; be some other non negative numbers. In addition,
also suppose the following inequality holds for some ¢ > 0,

n m n
Zfrf-zwi < Zgi—i—&
i=1 i=1 i=1

Then the following is true:

m n
—g)+ + Y wi <5+ Y hi,
=1 i—1

where a4 = max{a,0} for any a € R.

n

>

i=1
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Proof: The first equation in the above proposition basi-
cally says (f; — gi)— < h; for i € [n] where a_ = (—a)4 for
any a € R. Therefore we can write

6> Z gz +sz

(fi—gi)s — Y _(f 7+Zwi
=1 i=1

—Gi +_‘§:fl4‘§:1W

which finishes the proof of the lemma. O

We state the following lemma which appears as Lemma D.1
in [17].

Lemma A.2 (Guntuboyina et al.): Suppose p,n > 1 and
let ©1,...,0, be subsets of R each containing the origin
and contained in the closed Euclidean ball of radius D > 0
centered at the origin. Then for Z ~ N (0,02 I) we have

E(max sup (Z,6))
e

Il

s
I
-

||M:

i€lp] peo;

< maxE( sup(Z,0)) + Do (\/2logp +
i€lpl  oco;

Recall that for a vector v € R™ we define
n—1
= Z |Ui+1 — Ui|.
i=1

Lemma A.3: Let 6 € R™. Let us define § = (3., 0;)/n.
Then we have the following inequality:

n

S (6, -8)° <nTV(8).

i=1

Proof: Define a; = 61,31 = 0 and for every i > 2 define
o = Q-1 + (91 — 91_1)4_.

Now define 3 = « — 6. Observe that as defined, o, 3 are
monotonically non decreasing vectors. Also, we have the
equality

TV(H) = TV(a) + TV(ﬂ) = (an - 041) + (ﬂn - 61)

Now we can expand:

=1 i=1 =1
-2 (a;—a@)(B; — B)
i=1
<N (i)’ +Y (8- B)’
i— i=1
+2Z| a; —al|fi — A
=1
<nlan —a1)? +n(Bn — B1)?
+ 2n(an — a1)(Bn — B1)
=n(ay, — a1 + By — B1)?
=nTV(0)?,

thus giving us the lemma. O
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Lemma A.4: Let « € R™ and let By, Bs,...,B); be a
partition of [n] into contiguous blocks. Let ap, denote the
restriction of « to the block Bj;. Also let & € R™ be defined

so that 1
dB = — (6738
’ |Bj|i§3;j '

In other words, & is the best Euclidean approximation to «
within the subspace of all vectors which are constant on each
block B;. We then have the following inequality:

TV(a) < TV(a).

Proof: For any set of indices ¢; € By, ..
have the following inequality:

.,ix € By, we

k-1
TV(a) > Z v,y — vl
j=1

Now averaging over the indices ¢; € B; and using Jensen’s
inequality gives us

k-1 k-1
Z |ty — 0| = Z @B, — -
j=1 j=1

The last two displays finish the proof of the proposition. [

B. Proof of Lemma VIII. 14

Proof: Let Py = [n] be the initial partition. At every step
we take the blocks b; € P; for which T'(b;) > € and divide b;
into two equal parts. Let n; be the number of blocks of the
partition P; and s; equal the number of blocks B; in P; that
are divided to obtain P; ;. Define sg = 0. Therefore we have
ni+1 = n;+s;. Note that, due to superadditivity of 7', we must
have s; < [L]. This implies in particular that n; < 1 +i[].
Now the division scheme can go on for atmost N = [log, n]
rounds. Therefore we have

max

t
Pyre <1471 -
PeP(t,n,e,T)l Uit < 1+ [logy n] ’—E—l

t
<1+ (1+logy n)(l—i—g) O
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