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Rigorous Dynamics of Expectation-
Propagation-Based Signal Recovery from
Unitarily Invariant Measurements

Keigo Takeuchi

Abstract— Signal recovery from unitarily invariant measure-
ments is investigated in this paper. A message-passing algorithm
is formulated on the basis of expectation propagation (EP).
A rigorous analysis is presented for the dynamics of the algorithm
in the large system limit, where both input and output dimensions
tend to infinity while the compression rate is kept constant. The
main result is the justification of state evolution (SE) equations
conjectured by Ma and Ping. This result implies that the
EP-based algorithm achieves the Bayes-optimal performance that
was originally derived via a non-rigorous tool in statistical physics
and proved partially in a recent paper, when the compression rate
is larger than a threshold. The proof is based on an extension of
a conventional conditioning technique for the standard Gaussian
matrix to the case of the Haar matrix.

Index Terms— Compressed sensing, expectation propagation,
unitarily invariant measurements, state evolution, Haar matrices.

I. INTRODUCTION
A. Motivation

ONSIDER the recovery problem of an N-dimensional
signal vector  from a compressed noisy measurement
vector y € CM (M < N) [1], [2],

y=Ax + w. )

In (1), A € CM*N denotes a known measurement matrix. The
signal vector  is an unknown sparse' vector that is composed
of independent and identically distributed (i.i.d.) elements. The
noise vector w € CM is independent of the other random
variables. The goal of compressed sensing is to recovery the
sparse vector  from the knowledge about y and A, as well
as the statistics of all random variables.

A breakthrough for signal recovery is to construct message-
passing (MP) that is Bayes-optimal in the large system limit,
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where the input and output dimensions N and M tend to
infinity while the compression rate § = M /N is kept constant.
The origin of this approach dates back to the Thouless-
Anderson-Palmer (TAP) equation [4] in statistical physics.
Motivated by the TAP approach, Kabashima [5] proposed
an MP algorithm based on approximate belief propagation
(BP) in the context of code-division multiple-access (CDMA)
systems with i.i.d. zero-mean measurement matrices. When
the compression rate is larger than the so-called BP thresh-
old [6], the BP-based algorithm was numerically shown to
achieve the Bayes-optimal performance in the large system
limit, which was originally conjectured by Tanaka [7] via the
replica method—a non-rigorous tool in statistical physics, and
proved in [8], [9] for i.i.d. zero-mean Gaussian measurements.
However, Kabashima [5] presented no rigorous analysis on the
convergence property of the BP-based algorithm.

In order to resolve lack of a rigorous proof, approximate
message-passing (AMP) was proposed in [10] and proved
in [11] to achieve the optimal performance for i.i.d. zero-
mean Gaussian measurements, when the compression rate is
larger than the BP threshold. Spatially coupled measurement
matrices are required for achieving the optimal performance in
the whole regime [6], [12]-[14]. However, it is recognized that
AMP fails to converge when the i.i.d. zero-mean assumption
of measurement matrices is broken [15], unless damping [16]
is employed.

As solutions to this convergence issue, since Opper and
Winther’s pioneering work [17, Appendix D], as well as [18],
several algorithms have been proposed on the basis of
expectation propagation (EP) [19], expectation consistent
(EC) approximations [17], [20], [21], S-transform [22], vec-
tor AMP [23], or turbo principle [24]-[27]. The EP-based
algorithm [19] is systematically derived from Minka’s EP
framework [28] by approximating the posterior distribution
of x with factorized Gaussian distributions. The EC-based
algorithms [17], [20], [21] are iterative algorithms for solv-
ing a fixed point (FP) of the EC free energy. An algo-
rithm in [22] is derived via the S-transform of A™A.
Rangan er al. [23] considered an EP-like approximation of the
BP algorithm on a factor graph with vector-valued nodes. The
algorithms [24]-[27] based on turbo principle are derived from
a few heuristic assumptions. Interestingly, the algorithms in
[17], [19], [21], [23], [26] are essentially equivalent, with the
exception of [20], [22]. In this paper, these algorithms for
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signal recovery are simply referred to as EP-based algorithms,
since we follow the EP-based derivation in [19].

Ma et al. [25] and Ma and Ping [26] derived state evo-
Iution (SE) equations of an EP-based algorithm under two
heuristic assumptions. By investigating the properties of the
SE equations, they conjectured that, for unitarily invariant
measurement matrices, the FPs of the SE equations are the
same as the extrema of an asymptotic energy function that
describes the Bayes-optimal performance in the large system
limit. The energy function was originally derived in [29], [30]
via the replica method, and proved for bounded signals in
[31]. In other words, the EP-based algorithm was conjectured
to achieve the optimal performance in the large system limit,
when the compression rate is larger than the BP threshold.
Since the algorithm attempts to solve the minimum of the EC
free energy [17], it is conjectured that the extrema of the EC
free energy correspond to those of the Bayes-optimal one for
unitarily invariant measurement matrices. The purpose of this
paper is to present a rigorous proof for the conjecture.

B. Proof Strategy

The proof strategy is based on a conditioning technique used
in [11], originally proposed by Bolthausen [32]. A challenging
part in the proof is to evaluate the distribution of an estimation
error in each iteration conditioned on estimation errors in all
preceding iterations. Bayati and Montanari [11] evaluated the
conditional distribution via the distribution of the measurement
matrix A conditioned on the estimation errors in all preceding
iterations. When linear detection is employed as part of MP,
the conditional distribution of A can be regarded as the poste-
rior distribution of A given linear, noiseless, and compressed
observations of A, determined by the estimation errors in all
preceding iterations. For i.i.d. Gaussian measurement matrices,
it is well known that the posterior distribution is also Gaussian.
The proof in [11] heavily relies on this well-known fact.

In order to present our proof strategy, assume M = N,
and that A is a Haar matrix [33], [34], which is uniformly
distributed on the space of all possible N x N unitary matrices.
Under appropriate coordinate rotations in the column spaces
of A, it is possible to show that the linear, noiseless, and
compressed observation of A is equivalent to observing part
of the columns in A. Since any Haar matrix is bi-unitarily
invariant [33], the distribution of A after the coordinate
rotations is the same as the original one. Thus, evaluating
the conditional distribution of A reduces to analyzing the
conditional distribution of a Haar matrix given part of its
columns. This argument was implicitly used in [11].

Evaluation of this conditional distribution is an important
part in this paper, while this part is not required for i.i.d.
Gaussian measurements. For simplicity, let N = 3 and fix the
first column of a Haar matrix A = (a1, as, ag). Evaluation of
the conditional distribution is equivalent to characterizing as
and a3 for given a;. The two vectors must be on a plane
perpendicular to a;. From the orthonormality between as
and a3, the two vectors are on a unit circle that has the
center at the intersection of the plane and ca, for ¢ € C.
Intuitively, as and as should be Haar-distributed on this unit
circle. Generalizing this intuition, we find that A given its first
t columns should have degrees of freedom that are equal to

those of an (N — t) x (N — t) Haar matrix. On the basis of
this intuition, we evaluate the conditional distribution of A.

C. Related Work

A similar paper [35] was posted on the arXiv a few months
before posting the first version [36] of this paper. Short
versions of the two papers were published in [23] and [37].
The posted paper [35] addressed real-valued systems and was
published in [38], while we consider complex-valued systems.
Interestingly, the two papers share the common proof strategy
based on [11]. However, there is a mathematically critical
difference between them.

The main difference is in mathematical treatments on almost
sure convergence. An empirical convergence based on pseudo-
Lipschitz functions was considered in [35]. The approach
allows us to analyze general Lipschitz-continuous decision
functions and general pseudo-Lipschitz performance measures,
as considered in [11]. However, Rangan et al. [35] omitted
the proof of an important part on almost sure convergence—
required in establishing the empirical convergence based on
pseudo-Lipschitz functions—as pointed out in Appendix A-B.

In this paper, we present a rigorous proof of the part on
almost sure convergence. Our approach relies on advanced
results in probability theory, such as the strong law of large
numbers for dependent random variables [39] and statistical
properties of a Haar matrix. While this paper considers a
Bayes-optimal decision function and the mean-square error
(MSE), the part on almost sure convergence is proved in a
general form, as considered in [35]. Thus, combining [35]
and this paper establishes a rigorous proof of SE for general
decision functions and general performance measures.

D. Contributions

The main contribution is the rigorous justification of the
SE equations for the EP-based algorithm, conjectured in [26].
More precisely, we derive SE equations for individual elements
of the signal vector in the large system limit. This implies the
achievability of the Bayes-optimal performance proved in [31],
when the compression rate is larger than the BP threshold,
while the converse theorem is partially open, i.e. there are no
algorithms outperforming the EP-based algorithm in the large
system limit when unbounded signals are considered.

The technical novelty is in an extension of the conditioning
technique in [11] for i.i.d. Gaussian measurement matrices to
the case of Haar matrices. This paper presents a construc-
tive proof for the conditional distribution of a Haar matrix.
The proposed conditioning technique is applicable to any
MP algorithm for signal recovery from unitarily invariant
measurements, such as the AMP, unless the algorithm con-
tains nonlinear processing in the measurement vector y, e.g.
quantization [27]. However, whether the obtained SE becomes
simple depends on the MP algorithm and the statistics of
A [40]. Thus, it is an important future work to design a low-
complexity MP algorithm such that simple SE equations are
obtained for unitarily invariant measurements.

E. Organization

The remainder of this paper is organized as follows: After
summarizing the notation used in this paper, Section II
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presents the definition of unitarily invariant matrices and
technical results associated with Haar matrices. In Section III,
we introduce assumptions used throughout this paper, and then
formulate an EP-based algorithm. The main result is presented
in Section IV, and proved in Section V. Several technical
results are proved in appendices.

F. Notation

The notation o(1) denotes a vector of which the Euclidean
norm converges almost surely toward zero in the large system
limit. For a vector v € CN, we write the nth element of v
as vy,. For a subset A" C {1,..., N}, the vector &, consists
of the elements {z, : n € N}, while x\ ) is obtained by
eliminating {z,, : n € N} from «. For a scalar function
f: C — C, we introduce a convention in which f(v) denotes
the vector obtained by the component-wise application of f
to v, i.e. [f(v)]n = f(vn).

For a complex number z € C and a matrix M € CMxN,
the complex conjugate, transpose, and the conjugate transpose
are denoted by z*, M7, and M™. We write the (m,n)th
element of M as M,,,. When M is Hermitian, A, (M)
represents the minimum eigenvalue of M. For M > N,
U« v denotes the space of all possible M x N matrices with
orthonormal columns, while Uy« x for M < N represents the
space of all possible M x N matrices with orthonormal rows.
When M = N holds, Up;«n is written as U, which is the
space of all possible N x N unitary matrices.

We write the singular-value decomposition (SVD) of M as

M =&y (Zp, 0)FH, )

for M < N, with ®; € Up; and ¥ ps € Upy. Furthermore,
3ar is an M x M positive semi-definite diagonal matrix. The
unitary matrix Wy is partitioned as Wps = (\IIUVI, Wy,), in
which \Illllw € Unxn 1s composed of the first M columns

of Wy, while \IIJJ\‘/[ € Unx(N—n) consists of the remaining
columns. For M > N, we write the SVD of M as

M= &y, (%W) ot 3)

with ®p; € Uy, and Yps € Upy. Furthermore, Xps is an
N x N positive semi-definite diagonal matrix. The unitary
matrix ®pr = ((I’Illw7 ®3,) is partitioned in the same manner
as for M < N.

When M has full rank, the pseudo-inverse of M is
denoted by M = (M"M)'M" € CVN*M for M > N.
Let PUVI denote the orthogonal projection matrix onto the
space spanned by the columns of M. We have ngf =
@) (8h)" =
the orthogonal complement is given by Pif =
For M < N, we define M’ = MH(MMH)*
ol (@l )" = MM, and Py, = Iy — Pl),.

The proper complex Gaussian distribution with mean m
and covariance X is denoted by CA/(m, X). The expectation
and variance of a random variable X is denoted by E[X]
and V[X], respectively. For random variables X and Y, the
notation E[f(X,Y")|Y] represents the conditional expectation

MM, The projection matrix PJM onto
Iy - P,
I

1’ PM

of a function f(X,Y") with respect to X given Y, which may
be written as Ex [f(X,Y)]. The notation X *“= Y means that

X is almost surely equal to Y. Similarly, 3 2 , and §
indicate that —, >, and < hold almost surely. The notation
X ~ Y means that X follows the same distribution as Y.
The notation X |y indicates that we focus on the conditional
distribution of X given Y.

II. PRELIMINARIES
A. Definitions

The purpose of this section is to present the strong law of
large numbers for a Haar matrix. The result corresponds to
[11, Lemma 2] for an i.i.d. Gaussian matrix. We first present
several definitions.

Definition 1: A unitary random matrix U € U,, is called a
Haar matrix if U is uniformly distributed on U,,.

An important property of a Haar matrix is bi-unitary invari-
ance [34]—used throughout this paper.

Definition 2: A random matrix M is said to be bi-unitarily
invariant if M ~ UMYV holds for all deterministic unitary
matrices U and V.

In this paper, the functions z* f(x + z) and |z — f(x + 2)
of x € C and z € C are considered for a Lipschitz-continuous
function f : C — C. To characterize these functions, we
follow [11] to define pseudo-Lipschitz functions.

Definition 3: For k > 1, we say that a function f : C" —
C is pseudo-Lipschitz of order k if there is some Lipschitz
constant L > 0 such that

1 () = F@)ll < Lllz — g1+ [l *" + ly]*) @)

holds for all z,y € C™.

Note that any pseudo-Lipschitz function of order 1 is
Lipschitz-continuous. A pseudo-Lipschitz function f(x) of
order k is O(||z||*) as||z| — oc.

The following proposition is used for further evaluation of
the upper bound (4) throughout this paper.

Proposition 1: For any k > 1, there is some constant C' > 0
such that

| 2

(a+b)kF < C(a" +b%) 5)

holds for all @ > 0 and b > 0.
Proof: The inequality follows from a general upper bound
-1l < 2875 [k on C2. m

B. Results

We consider an array {X v € CV}3_, of dependent ran-
dom variables X y = (X1 n,..., Xy n)T. An array { Xy}
allows the distribution of each element X, » to change as
N grows, while the distribution of each element is fixed in a
sequence X € CN. We first present the strong law of large
numbers for an array {X y € CV}35_; of dependent random
variables.

Theorem 1 (Lyons [39]): Let {X y} denote an array of
complex random variables with finite second moments, and
define Sy = ZnN: X, ~. If the following assumption holds:

Z e SN 6)
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the strong law of large numbers for Ty = (Sy — E[Sn])/N
holds, i.e. limy_co T =" 0.

Proof: Lyons [39, Theorem 6] proved Theorem 1 for a
sequence of complex random variables, i.e. X, yn = X, n/
for all N # N’. However, the proof is applicable to the array
case with no changes, by defining X,, y = 0 for n > N.
Thus, Theorem 1 holds. [ |

The condition (6) is satisfied when V[Sx] = O(N®) holds
for some a < 2. In particular, we have o = 1 when {X,, n}
are uncorrelated random variables. We next present the strong
law of large numbers associated with a Haar matrix.

Lemma I: For t € N, suppose that f, : C'*t! — C
denote a pseudo-Lipschitz function of order k with a Lipschitz
constant L,, > 0. Let ex = (€1.n,...,enn) T € CV denote
a vector that satisfies

1 N
lgﬁzmkn,m =0, ™)
n=
N
®)

. 1 _ 5 a.s.
hmsup—ZLn|en7N|2k ?'< oo
N —o0 Nn:1

Suppose that a, n = (ar1.n,---,arnn)T € CN for 7 =

0,...,t satisfies

N
1 ’ s,
lim sup — g L§l|aT7n7N|2k_2 250 fori= 1,2. (9

N —o0 Nn:1
For t > 0, let Ex = (ef y,...,ey y)T € CV*! denote a
matrix that satisfies
1 & as
limsup — Ly|lenn max{2,2k—2} " 0, (10)
mow 3 Lallen|
. . 1 H a.s.
lwélof)\min <NENEN> > C (11

for some constant C' > 0. Suppose that {X x € CV} is an
array of unitarily invariant random variables conditioned on
en, {a- N}, and Ey, ie. Xy ~ Xy conditioned on ey,
{a- n}, and E for any deterministic unitary matrix ® € Uy
For some v > 0, postulate the following:

2 a.s.

. 1
Jim [ Xy 0> 0. (12)

Let z ~ CN(0,Iy) denote a standard complex Gaussian
random vector independent of the other random variables.
Then, the following two properties hold:
1) Postulate the following assumptions:
e €y has finite (2k—2)th moments and vanishing second
moments, i.e. E[|e, y|?] — 0 as N — oo.
e a. y has finite (2k — 2)th moments.
o Ey has finite max{2, 2k — 2}th moments.
e Xy has finite (max{2,2k — 2} + ¢)th moments for
some € > 0.
Then, for any ¢ > 0
lim E[fn(an,O,N; e —1,N,
N—o0
Qn t' N + €n,N + [q’ENXN—t]n)}

= E[fn(an,O,N; ey Q' —1,Ny Qn t' N + \/Ezn):| )

(13)

where the convention @EN = I is introduced for ¢ = 0.
2) If the sequence of Lipschitz constants satisfies

1 N
~ Lk <o, (14)
n=1

then for ¢t > 0

N
. 1
1\}1—I>noo N z:l{fn(an,O,Nv <oy Q' —1,N,
n=
An t' N + €n,N + [QENXth]n)

_Ez" [fn(an,O,N, e ,an’tlil’N’ an,t’,N + \/Ezn)]} a:s 0
(15)

Proof: See Appendix A. |

Lemma 1 is used repeatedly to prove the main theorem of

this paper. Finally, we prove the following corollary that is
used in the derivation of the EP-based algorithm.

Corollary 1: Let a € CV denote a vector that satisfies
limy oo N7'|al|> *2 1. Suppose that D € CN*N is
a Hermitian matrix with limy_,., N~ 'Tr(D%) *= d; for
1 = 1,2. Let V € Uy denote a Haar matrix independent
of a and D. Then,

1 a.s.
lim NaHVHDVa = d,.

N —o0

(16)

Proof: Without loss of generality, we can assume that D
is diagonal since V' is a Haar matrix. For Xy = Va, we
have

N
1 won 1
~@ ViDVa = N;fn(Xn,m, a7
with f,(2) = D,|z|?, in which D,, denotes the nth diagonal
element of D. Since f, is a pseudo-Lipschitz function of
order 2 with the Lipschitz constant |D,|, the assumptions on
a and D imply that all assumptions in Lemma 1 are satisfied
with v = 1. Thus, we use Lemma 1 to arrive at

1 1 &

Hy,H a.s. 2 a.s.
~@ ViDVa'= N;DnE[|zn| [ +0(1) % dy, (18)

as N — oo, which implies Corollary 1. [ ]

III. SYSTEM MODEL
A. Assumptions

Assumptions on the measurement model (1) are presented.

Assumption 1: The signal vector x is composed of zero-
mean i.i.d. non-Gaussian elements with unit variance and finite
(2 + €)th moments for some ¢ > 0.

From the strong law of large numbers [41], Assumption 1
implies that N~!||z||? converges almost surely to 1 as N —
oo. The i.i.d. assumption for x is implicitly used in the
derivation of an EP-based algorithm. We require no additional
assumptions for the prior distribution of each element to
prove the main theorem, whereas it is practically important to
postulate some prior distribution indicating the sparsity of .

Definition 4: A Hermitian random matrix M is said to be
unitarily invariant if M ~ UM U" holds for any determin-
istic unitary matrix U.
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Assumption 2: The measurement matrix A has the follow-

ing properties:

« AMA is unitarily invariant.

o The empirical eigenvalue distribution of AA™ converges
almost surely to a deterministic distribution p(\) with a
compact support in the large system limit.

We write the SVD of A as

A=U(Z,0)VH, (19)

with U € Up; and V' € Uy . Furthermore, X is an M x M
positive semi-definite diagonal matrix. From Assumption 2, V'
is a Haar matrix and independent of U3 [34].

Assumption 3: The noise vector w has finite (2 + ¢€)th
moments for some ¢ > 0. Let D € CM*M denote any
Hermitian matrix such that D is independent of UH'w, and
that M~ 'Tr(D?) converges almost surely as M — oco. Then,

1 H H 2 as.
lim — {w UDU"w — o Tr(D)} S0, (20)

M—oo

Assumption 3 implies that ¢ corresponds to the noise

power 2 = limps ..o M~ ||w]||? per element, by selecting
D = Ij;. Assumption 3 is satisfied if w is unitarily invariant,

e.g. w~ CN(0,0%I ), or if U is a Haar matrix.

B. Expectation Propagation

We start with an MP algorithm proposed in [26]. Let the
detector postulate that the noise vector w in (1) is a circularly
symmetric complex Gaussian (CSCG) random vector with
covariance o2I ;. This postulation needs not be consistent
with the true distribution of w.

As derived in Appendix B, the MP algorithm for this case
is based on EP and composed of two modules. In iteration ¢, a
first module—called module A—calculates the extrinsic mean
x',_ 5 and variance v of the signal vector x from xf
and vh_, 4 provided by the other module—called module B.

21
(22)

t ¢ t ¢
x) g =op_a+ W' (y - Azp_,),
t ¢
VUA—B = 7t — UB—A-
In the initial iteration ¢ = 0, the prior mean %, = 0 and
variance 1%, = N 'E[||z|?] = 1 are used.

In (21), the linear minimum mean-square error (LMMSE)
filter W' € CN*M s given by

—1
Wt — A" (UQIM ol AAAH) . (23)
The normalization coefficient’ ~; in (21) is defined as
]. ]- a.s.
— = lim —=Tr(W'A)*= - (24)
Ve M=§N—o0 IY(’UB*)A)
due to Assumption 2, with
1 oA
= dp(A 25
7(v) /02+m P 23)

where p(A) denotes the asymptotic eigenvalue distribution of
AAY in the large system limit. The coefficient ~y; keeps the
orthogonality between estimation errors in the two modules.

2yt = N~1Tr(W* A) may be used in practical situations.

On the other hand, module B computes the minimum mean-
square error (MMSE) estimator and the posterior variance
of x

M (xh _p) = Elz|xl _g], (26)
1 N
vt = N {Elll=)?|lzh 5] — 7 (x5 _p)II*}, @7

given the virtual additive white Gaussian noise (AWGN)
observation,

xh p=x+2', 2! ~CN(0,0,_gIyn). (28)

If a termination condition is satisfied, module B outputs
m(x_ ) as an estimate of x. Otherwise, module B feeds
the extrinsic mean a:tB"i A and variance vg_l) A of x back to

module A, given by
t+1

xg ) =zl _p), (29)

1 1 1
= - , 30
U]tstlA UEH vaHB ©

where the extrinsic decision function 7, : C — C is defined
as

(2 z
mi(z) = vg s (% - ) : 31)
Up VA—B

Remark 1: The extrinsic decision function (31) is zero if
x ~ CN(0,Iy) holds. We have postulated Assumption 1 to
avoid a constant decision function.

It is not trivial whether the posterior variance (27) is
bounded. Therefore, we postulate the following assumption:

Assumption 4: Each posterior variance E[|z,,|?|z! 4 5] —
|77 (2!, A_p)|? is almost surely bounded. /

Assumption 4 is a necessary condition for utilizing the EP-
based algorithm in practical situations. The author believes that
Assumption 4 can be proved without additional conditions.

We present important properties of the Bayes-optimal deci-
sion function 7; in module B. We start with the definition of
the Wirtinger derivative of a complex function.

Definition 5 (Wirtinger derivative): For a complex number
z = x + iy, the Wirtinger derivative is defined as

o 1[0 .0
0z 2 (&B 18@/)'
For a complex function f : C — C, we write (0/9z)(R[f] +
iS[f]) as Of/0z.
Lemma 2 ([26], [42]): Suppose that z ~ CN(0,v4 ) is
a CSCG random variable with variance v, and independent

of z,,. Then, the decision function 7}, is Lipschitz-continuous
and satisfies

(32)

B [ + 9 = ch B2 | G0 2] 09

for any n, where MMSE(v} ) denotes the MMSE based
on an AWGN observation, given by

MMSE(vh_g) = E |z, — f(zn +2)[?] . (35)

Proof: See Appendix C for the proof based on [26]. W
Lemma 2 is used to prove the orthogonality between
estimation errors in the two modules. The identity (33) is a
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generalization of Stein’s lemma [43] to the complex-valued
case.

Remark 2: As considered in [23], [26], we can replace the
decision function 77, with another suboptimal function. Such a
replacement may be important when the true prior distribution
of the signal elements is unknown. Nonetheless, for simplicity,
we only consider the optimal decision function 7;. See [23]
for a generalization of the decision function.

C. Error Recursion

An error recursion for the EP-based algorithm is formulated
to analyze the convergence property. Let hy = &', ; —x and
q, = & _ , — x denote the estimation errors for the extrinsic
estimates in modules A and B, respectively. Substituting the
system model (1) into the update rule (21) of schB, and using
the SVD (19) and the update rule (29) of w’gﬁ A» We obtain
the error recursion

b, = Vig,, (36)

my = by — W {(2,0)b, — w}, (37)
hy = Vmy, (38)

qiyq1 = m(w +h) — x, (39)

with @ = UMw. In (37), the linear filter W, is given by

1

W, =(2,0)" (’Iy +vh_ %) . (40)

Furthermore, we define 7_1(-) = 0 to obtain q, = —x.

In analyzing the convergence property, we focus on the
distribution of the estimation error h; conditioned on the
preceding iteration history. Thus, it is useful to represent the
error recursion in the matrix form. Define

Q, =(q0,---1q1-1) € (CNXtv
Bt :(bo7 ceey bt—l) c (CNXt,
M, :(mo, e ,mt_l) S (CNXt,
H,=(ho,...,hy_1) € CN*t, (41)
The error recursion is represented as
v'Q, = By, (42)
M, = G(B:,w), (43)
VMt == Ht, (44)
Qi1 = F(Hy, ), (45)

where the 7th columns of G(B;, w) and F(H, x) are equal
to the right-hand sides (RHSs) of (37) and (39) for t = 7,
respectively.

The random vectors defined in Section III may have ele-
ments of which the distributions change as N grows. Thus,
the subscript N should have been added in terms of the math-
ematical notation. Nonetheless, we have omitted the subscript
N for notational simplicity.

IV. MAIN RESULT

Ma and Ping [26] conjectured that the following SE equa-
tions describe the dynamics of the EP-based algorithm in the

large system limit:

Uy =7 (UB_a) — UB_a, (46)
I 1 1 @7

with 9%, = 1, in which (-) and MMSE(-) are given in
(25) and (35), respectively. The following theorem justifies
their conjecture.

Theorem 2: Define v _ and vh_ , via the SE equa-
tions (46) and (47). Then, the following results hold in the
large system limit:

im el g el e, @®)
L a.s. _
i (@) - @l|* = MMSE(o, _p),  (49)
3 1 a.s. _t
MR NHnt(wf\ﬁB) —x|* = g, (50)

The update rules (22) and (30) in the EP-based algorithm
have the same representation as that in the SE equations (46)
and (47). This implies that the EP-based algorithm predicts the
exact dynamics of the extrinsic variances in the large system
limit. The FPs of the SE equations were proved in [26] to
correspond to those of an asymptotic energy function that
describes the Bayes-optimal performance [29]-[31]. Thus, the
Bayes-optimal performance is achievable when the SE equa-
tions have a unique FP, or equivalently when the compression
rate 0 is larger than the BP threshold.

The following theorem justifies the SE equations (46) and
(47) in terms of individual MSEs.

Theorem 3: Define v . and v, via the SE equa-
tions (46) and (47). Then, for any n

M:léi]{/'n—»ooEHﬁt(xfl,A—»B) — @n|’] = MMSE(v} _),(51)
leél}vn_}OOEHnt (mtz,A—»B) - mn|2] = ’D]]?_—l»A' (52)

Remark 3: For simplicity, the individual MSE for the
extrinsic estimate in module A is not analyzed in this paper.
Furthermore, we have assumed the i.i.d. property of the
elements of the signal vector . However, our proof strategy
can be applied to justify that the individual MSE ]E[|a:7;l ADB—
x,|%] for module A converges to v g in the large system
limit. Furthermore, the assumption on x can be relaxed to the
case of independent but non-identically distributed signals.

We shall introduce several notations to present a general
theorem, of which corollaries are Theorems 2 and 3. The
random variables in the error recursions (42)—(45) are divided
into three groups: V, © = {3, w, z}, and

X ={ Qo1 By My, H, |BIM, = Q['H,,
My = Gy(By,w),Q,, = Fy(H;, )}, (53)

for t' =t or ¢’ = ¢+ 1, while we define Xp o = {Q;} and
X071 = {Q17B17M1|M1 = Gl(Bl,ﬁ))} See Table I for
the notational conventions used in this paper.

The set © is fixed throughout this paper. Thus, conditioning
on O is omitted. The set X;; describes the history of all
preceding iterations just before updating (36), while X} ;41
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TABLE I
NOTATIONAL CONVENTIONS FOR t = 0

Xo,0 = {Q1}, Xo,1 = {Q, B1, M1[M1 = G1(B1,w)},
Q)= 0. By=0. My = 0. HO:O,MI):O,QS:
ay=0,8,=0,85=1 &4 = &3, for any M.

(M, 0) —

represents the history just before updating (38). Note that the
condition BEM = QEH ¢+ 18 a constraint for letting V' be
unitary, and follows from (42) and (44). In order to investigate
the dynamics of the error recursions, the distribution of the
Haar matrix V' conditioned on & ;- is analyzed.

Let m}- = PJA‘/Itmt. Since m; = m; — mj is in the
space spanned by the columns of M, we have (m ”) mi =
0. Furthermore m‘t‘ is represented as mH M tat, with

= M| tmy € C'. Similarly, we define qf, = PQ g and
qr“" = q, — a} = Qu By, with B, = Ql.q, € C"".

For notational convenience, we define the conventions listed
in Table I, which imply Pé‘) =1, mé- = my, and qé- = q,.

Theorem 4: Let D = diag{D,..., Dy} denote any N x
N real diagonal matrix that is a function of 3. For some
e > 0, suppose that N~'Tr(D*) converges almost surely for
all k € [0,44 €) as N — oco. Then, the following properties
for module A hold for each iteration 7 =0, 1,.. .:

(A1) Define
b = B.B,+M,0(1)+B.o(1)+®(5_ pr. 12, (54)

with
=V (@, )", (55)

where V e U N—2¢ 18 @ Haar matrix and independent of
O and X, ;. Then, we have
le@,X,-,T ~ BT (56)

conditioned on © and X ; in the large system limit,

with
(P - gk} (57)
(A2) Forall 7/ < T,
leéi]rvnﬁooﬁbH DW ., o %20, (58)
1 a.s.
v {b?/ } =0, (59)
Mt N”r'mr =0, (60)

where W, is given by (40).
(A3) Define v}, _, in the SE equations (46) and (47), Then,

a.s. _r

li A = 61
M=dN oo (A=B = VA=B 61
1 2 as. 7
M=0N 00 N”mTH - YA 62)
(A4) For some € > 0 and C' > 0,
: 2+€
M:lalﬁlooE [|mrn|*T] < oo, (63)

. 1 H a.s.
limsup —m;Dm, < oo,

(64)
M=§N—oc0o
. . ) H a.s.
Mli%lj\}rifoo )\rnrn (NMT+1M7'+1) > C. (65)
The following properties hold for module B:
(B1) Define
he = Hyar +Q,10(1) + Hyo(1) + @ | )2,
with

= L

2 =V(®(B.., my) ' mr, (67)

where V € U N—(2¢+1) is a Haar matrix and independent

of ©® and X ;. Then, we have
hT|®,X7-,T+1 ~ ilT (68)

conditioned on © and X -, in the large system limit,

with
. 1 > 112 12 a-s
lm {5 =m0, 69)
(B2) For all 7/ < T,
lim thT 1 E0. (70)

M=5N—oc0 N

(B3) Define o5 . and o5, in the SE equations (46) and

(47), Then,
M:léigl—»oo vy = MMSE(T] _p), (71)
Af:lﬁi]l/\fnﬂoo vglia g, (72)
. 1 a.s. _r

lim lli(@ + he) - 2|2 2 MMSE(; ),
(73)
M= E]%Loo NH‘IT+1||2 =gty (74)

(B4) For some ¢ > 0 and C > 0,
M:EELOOE [grs1.n>T] < o0, (75)
]. H a.s.

11%1 inf Amin NQT+2QT+2 > C. (76)

(B5) Define o} . and 95"}, in the SE equations (46) and
(47), Then,

. ~ . 2] as. _r
leéljrvnﬁoo E[|f7 (xn + hrn) — Tn|”] MMSE(v} ),
(77)
i Ellgr, nl?] = 05, (78)
Proof: See Section V. |

Ma and Ping [26, Assumption 1] postulated that z, in (66)
has independent CSCG elements. The assumption is too strong
to be justified. In fact, the references [44], [45] imply that the
assumption is not correct, while the assumption holds only
for finite subsets of the elements of z,. However, the weaker
property (B1) is sufficient to prove Theorem 4.

Proof of Theorem 2: The property (48) follows from the
definition (38) of h; and (62). Furthermore, (49) and (50) are
due to (73) and (74), respectively. |

Proof of Theorem 3: Theorem 3 follows from (77)
and (78). [ |
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V. PROOF OF THEOREM 4
A. Technical Lemma

We need to evaluate the two distributions p(my, b;|©, X} ;)
and p(q;, 1, ht|©, X ¢11). The former distribution represents
the error recursions (36) and (37) conditioned on the history
of all preceding iterations, while the latter describes the error
recursions (38) and (39). We follow the proof strategy in [11]
to evaluate the two distributions via the conditional distribution
p(V1]0,X, ) fort’ =t ort =t+1. See Section I-B for the
main idea in analyzing the conditional distributions.

The following lemma provides a useful representation of
V € Uy conditioned on © and &}, and corresponds to [11,
Lemma 10]. See Section I-F for the notation.

Lemma 3: Suppose that Y € CN** has full rank
for 0 < t < N, and consider the noiseless and compressed
observation X € CN*? of V given by

X =viy. (79)

Then, the conditional distribution of the Haar matrix V' given
X and Y satisfies

Vixy ~Y YY) ' X"+ &, V(@x)",  (80)

where V € UpN—; 1s a Haar matrix independent of X and Y.
Proof: See Appendix D. [ |
Proposition 2: Let a € C' and M = (my,...,my_1) €
CN*t If N=1||m.||? is bounded for any 7 as N — oo, then
1
hmsup—aHMHMa < Q. (81)
N—oco N
Proof: Proposition 2 follows from N ~!||m.||? < co and
[Mal* < [|M]?]|a]]*. =
We are ready to prove Theorem 4. The proof is by induction.
We first prove the properties of modules A and B for 7 = 0.
Then, the properties are proved for 7 = ¢ under the induction
hypotheses for all 7 < t.

B. Module A for T =0
Property (Al) for T = 0: Property (Al) for 7 = 0 is
trivial from the definition (36) of by, because of the notational
convention. ]
Eq. (58)-(60) for T = 0: We first prove (58) and (59) for
7=0.Let Xy =by and f,(z) = z*[DWoib]n to have the
representation

N
1 |
NbgDWOw =% > falbon).

n=1

(82)

From Property (A1) for 7 = 0, X y is unitarily invariant. The
definition (36) of by, q, = —=, and Assumption 1 imply the
condition (12) with v = 0. Since f,, is Lipschitz-continuous
with the Lipschitz constant L,, = |[DW ],|, we need to
prove the condition (14) to use Lemma 1. Using the definition
@ = UMw and Assumption 3 yields

Ly - Lo Dt

N ; n = Nw 0 ow

2

a‘:S‘UNTr (DQWOWSI) +o(1)

2 {Tr(ﬁ‘*)}“ {Tr{(W]oVW?V}}W +0(1)

a.s.

<00 (83)

in the large system limit, where the first inequality follows
from the Cauchy-Schwarz inequality, and where the bounded-
ness is due to the definition of D, the definition (40) of W,
and Assumption 2. Thus, we can use Lemma 1 to obtain (58)
for 7 = 0. Similarly, we use Lemma 1 for f,,(2) = D,|z|? to
have (59) for 7 = 0.

We next prove (60) for 7 = 0. Let k € [0,4 + ¢). We use
Holder inequality for any p € (1, (4 + €)/k) to obtain

%Tr{(DWO(E,O))k}

é% {Tr(ka)}l/p {Tr [(Vvo(z, 0))kq] }

a.s.
< 00

1/q

(84)

as N — oo, with g7t =1 — 1/p, where the boundedness is

obtained by repeating the proof of the boundedness in (83).
Thus, we use (58) and (59) for 7 = 0 to have

L6 DW o {(2, 0)by — w}

s Tr(DW,(%,0)) 1
0 N N‘I?Qo‘f‘o(l)-

In particular, for D = Iy we use the definition (24) of g
to obtain

(85)

%Tr{WO(E,O)} ] 4 o(1). (86)
Applying (86) to (85), we find
~ _as 1
%bgWO{(E,O)bO —w} = N‘I(})IQO"'OO) (87)
From the definition (37) of my, (59) with D = Iy for 7 = 0,
and (87), we arrive at (60) for 7 = 0. [ |

Egs. (61)—(65) for 7 = 0: The almost sure conver-
gence (61) for 7 = 0 follows from the update rule (22) of
vQ g, the definition (24) of 7o, the SE (46) for module A,
and v, =% =1

Let us prove (64) for 7 = 0, before proving (62). Using the
definition (37) of my, (85), and Assumption 3, as well as (59)
for 7 = 0, we have

mil Dmyg
N ~
as. Tr(D) g9qq , Tr(DWo(X,0)) 4590
N N TN N N
vgﬂ(D)qc})‘qurogvﬁTr(WHDW D (88
T+ 0 DWo) +o(1)  (88)

in the large system limit, with

D= <(E)> W, DW(Z,0). (89)
It is straightforward to confirm the boundedness of (88). Thus,

(64) holds for 7 = 0.
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In particular, for D = Iy we have
Tr(D) =Tr { (UQIM + U%_,AEQ) -2 24} ,

{(0* L + 0§, =) 7 22

(90)
} eI

e 2

Tr (W?Wo) =Tr

Applying these results, (86), and N~!{|q,[> = N~
U%HA =1 to (88), we obtain (62) for 7 = 0.

To prove the moment property (63) for 7 = 0, we observe
that by has finite (2 + €)th moments, by using the defini-
tion (36) of by, g = —x, and Assumption 1. Thus, the
moment property (63) for 7 = 0 follows from the defini-
tion (37) of my, the definition (40) of W, Assumption 2,
and Assumption 3.

Finally, (65) for 7 = 0 is equivalent to N~!|lmg|? =
o] g > 0, which follows from (62) for 7 = 0. |

C. Module B for T =0

Property (BI) for 7 =
Applying Lemma 3 with X =
definition (38) of h( yields

H
fro ~ Iﬁ|

conditioned on © and A} 1, in which Ve Un_1 is a Haar

0: We prove (68) for 7 = 0.
bp and Y = g, to the

~qo+ @, V(@;O)Hmo (92)

matrix and independent of © and AXy;. From q, = —=x,
Assumption 1, and (60) for 7 = 0, we find

ho ~ qoo(1) + @, V(&5 )'my (93)
in the large system limit, which implies (68) for 7 = 0,

because of the notational convention.
In order to complete the proof, we shall prove (69) for 7 =

0. Define
1

N
Applying Py, = Iy — ||bo||~2boby, to (94), and using (59)
and (60) for 7 = 0, we have

vo = —mg Py, m. (94)

vp = ngmo +o(1) 2 3% _ g+ o(1) (95)
in the large system limit, where the last equality follows from
1

(62) for 7 = 0. In particular, we have the convention my =
my to find (69) for 7 = 0. Thus, Property (B1) holds for
7 =0. [ |
Let Xn = Zo given in (67), ap.n = x, ey = gyo(1),
and Exy = qq. For k = 1 or k = 2, we prove that all
conditions in Lemma 1 with v = 9%_, are satisfied for any
pseudo-Lipschitz function f,, : C> — C of order k with an
n-independent Lipschitz constant L > 0. Thus,

E [fn(®n, hon)] = E[fu(@n, Z0,0)] +0(1),  (96)

20 W L xnvZO n)| +o(1)

1 N
N an(xnthn a:S

n=1

2 |

as.

o(1) (97)

fn xn;ZO n)] +

2 |

in the large system limit, with 2o ~ CN(0,9%_ g1y ), where
the latter equality follows from Assumption 1.
The conditions (7), (8), (9), and (10) follow from q, = —=,
Assurnption l and Theorem 1. The condition (ll) is due to
N~Yqol|> %% 1. The condition (12) with v = ©§ 5 follows
from (62) and (69) for 7 = 0, as well as the convention m& =
myg. The moment conditions of ay, €y, and En are due to
gy = —x and Assumption 1. The moment condition of X
follows from the definition (67) of zy and (63) for 7 = 0.
Thus, all conditions in Lemma 1 are satisfied.
Egs. (71) and (72) for 7 = 0: We first prove (71) for
7 = 0. From the definition (27) of the posterior variance vg,

we have
Z

xnv hO n (98)

with f,,(z,2) = [xn|xn A_p = £+ 2] defined via the virtual
AWGN observation (28). From Assumption 4, the posterior
variance V([z,|z) o ,p] is bounded, so that f,(z,z) is a
Lipschitz-continuous function with a Lipschitz constant L > 0.
We use (97) to arrive at

vg = MMSE(@_5) + o(1) (99)

in the large system limit, where we have used the fact that
the expectation of the posterior variance is equal to the
MMSE (35). Thus, (71) holds for 7 = 0.

We next prove (72) for 7 = 0. From (61) and (71) for 7 = 0,
we observe that v}, given in (30) converges almost surely
to U5, given in (47) in the large system limit. Thus, (72)

holds for 7 = 0. |
Egq. (70) for 7 = 0: The Lipschitz-continuity of 7y proved
in Lemma 2 implies that f,(z,,2) = 2z*o(z, + 2) is a

pseudo-Lipschitz function of order 2 with an n-independent
Lipschitz constant L > 0. From (97), we obtain

h0 iio(x + ho) =E[£5 .70 (2 + Z0,n)] +0(1) (100)

in the large system limit. Using Lemma 2 yields

1 a.s. —
S hio(@ + ho) = MMSE(} ) +0(1)  (101)

in the large system limit. Similarly, we obtain

]- a.s.
Nhgla; =20 (102)
in the large system limit.

We use the definition (39) of g, the definition (31) of 7,

(72) for 7 = 0, and (102) to obtain
[[hol?
- +o(1)
N’Ug—>B

(103)

L pig, wp hy o (z + ho)
N0 T A U NMMSE ()
“o(1)
in the large system limit, where the last equality follows from
the definition (38) of hg, (62) for 7 = 0, and (101). Thus,
(70) holds for 7 = 0. |

Egs. (73) and (74) for 7 = 0: We first prove (73) for
7 = 0. By repeating the proof of (70) for 7 = 0, we find

2 as.

E [|70(#n + Z0,n) — 2n]?] + o(1)

1
iz + ho) —
(104)
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in the large system limit. Since the variance of Zy , is equal
to ERHB, from the definition (35) of the MMSE function, we
arrive at (73) for 7 = 0.

We next prove (74) for 7 = 0. Using the definition (39)
of g; and the definition (31) of 79, and the definition (47) of
05 A, as well as (61), (71), and (72) for 7 = 0, we have

6]{3,_,A{77]0(w + ho) - w} vB—>A h
MMSE(d)_5)  3_s

Applying (70) and (73) for 7 = 0, as well as (101), (102), and
N~ ho||? 3 9 __ 5 obtained from the definition (38) of hy
and (62) for 7 = 0, we have

9 = (105)

1 sas.  (Uh2)° (0p_a)? as. 1
— g — _ — 1
lg. | MMSE(#}_5)  9%_p +o(l) = Tpa
(106)

in the large system limit, where the last equality follows from
the definition (47) of @éﬂ A- Thus, (74) holds for 7 =0. ®

Eq. (75) for 7 = 0: From the definition (39) of g; and
Proposition 1, we have

Ellq1,n**] < C (Ellno(@n + ho,n)|**] + Eflza]**])
(107)
for some constant C' > 0. Since Assumption 1 implies the
boundedness of the second term, it is sufficient to prove that
No(@n + ho,r) has a finite (2 + ¢)th moment for some ¢ > 0.
From Lemma 2 1)y is Lipschitz-continuous, so that 779 given
by (31) is so. Thus, we use Proposition 1 to have

E [ln0(@n + hon) 2] < L (14 Efjaal> ]+ Ellho o**]),
(108)
for some L > 0. The boundedness of E[|hq,|?"¢] follows
from the definition (38) of hg and (63) for 7 = 0. Thus, (75)
holds for 7 = 0. n
Eq. (76) for 7 = 0: If liminfy—sn—oo N1 qi]?
converges almost surely to a strictly positive constant, (76)
holds for 7 = 0 [11, Lemmas 8 and 9]. Using (74) for 7 = 0,
we have

1
lat]? _ a'Pads as 2« Ella I

N N

+o(1),

(109)

where g, in the first term is given by q; = no(x + 2¢) — @.
Let f(zn,2) = \/N[@EU]’;{U(J:” +z) —x,}. The function
fn is a Lipschitz-continuous function with the Lipschitz con-
stant L,, = LvV/N| [@” ,Jn| for some L > (. The normalization

H<I>H |2 = 1 implies N- Ly

97) to obtain
N(a! jH E{(®) )ME:
VR o B(@L) Exla)

N VN
Using the Cauchy-Schwarz inequality yields
[E [(@))Ez [a]] | < E{IE=,[ai)l} <Elllasll, (11D

where the latter inequality follows from Jensen’s inequality.
Thus, we obtain

‘\/_ N(®) )

ne1 Ly = L, so that we can use

(110)

L2 a.s.
2 L LBlla, ) - ©lla, )} +o(1) @12

which is strictly positive in the large system limit. Thus, (76)
holds for 7 = 0. n
Egs. (77) and (78) for = = 0: From (73) and (74) for
7 = 0, we may conclude (77) and (78) for 7 = 0, since o and
ho have identically distributed elements in the large system
limit. Nonetheless, we present a generic proof applicable to
the non-identically-distributed case.
We only prove (77) for 7 = 0, since (78) can be proved in
the same manner. Lemma 2 implies that |7jo (x, +ho.n) — Tn|?
is a pseudo-Lipschitz function of order 2. We use (96) to have

E[|7o (25 4 hon) — zn|?] = MMSE(43 _p) (113)

in the large system limit. [ ]

We have proved that Theorem 4 holds for 7 = 0. Next, we
assume that Theorem 4 is correct for all 7 < ¢, and prove that
Theorem 4 holds for 7 = .

D. Module A by Induction

Property (Al) for T = t: We prove (56) for 7 = t.
Let Y = (Q,,H;) and X = (B4, M) in Lemma 3. The
induction hypotheses (65) and (76) 7 < ¢ imply that M, and
@, have full rank. From the definition (44) of H; and the
induction hypothesis (70) for 7 < ¢, we find that Y has full
rank. Using the definition (36) of b, and Lemma 3 yields

bi ~ (B, M,)(Q,, Hy)'q, + B3 pp.y 2%t

conditioned on © and A} ;, with z; defined in (55).
We evaluate the first term on the RHS of (114). Using the
induction hypothesis (70) for 7 < ¢ yields

(114)

1 1 /!
(Qme) -N (N 112%?2 x 1§ItHII{Itt> (1?[%1)
as. (Q +o( )H?>
(Hi+o( Q) e

Substituting (115) into the first term, and using the same
induction hypothesis again, we obtain

(B, M)(Q,,H,)'q, = B,B,+Bo(1)+M;o(1), (116)

which implies (56) for 7 = t.
We next prove (57) for 7 = t. Repeating the derivation of
(116) with (115) yields
} q;

1 1
NHthQ = N‘I?P(LQt,Ht)qt
(117)

H H H
a.s. 4y 1 I Qth HtQt
= {PQt — Py +o(1) Nt o(1) N

a.s

1
=gt P+ o(1),

where the last equality follows from the induction hypothe-
sis (70) for 7 < t. Thus, (57) holds for 7 = t. [ |

Let Xy = 24 and ey = Byo(l) + M,o(1), a1 n =
B:3,, and Ey = (B, M) in Lemma 1. We prove that,
for kK = 1 or k = 2, all conditions in Lemma 1 with v =
pe = limps—sn—oo N 1|gi||? are satisfied for any pseudo-
Lipschitz function f,, of order k& with a Lipschitz-constant L,,,
in which limy o N~ S22 L2 < o0 holds for k = 1 and
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in which limy oo N"2 3N | L4 < o0 holds for k = 2, so

that

btn

2 |

a.s.

fn Bt/Bt 71+an)|® Xtt]+0( ) (118)

2

o

conditioned on 9 and A, in the large system limit, with
zZ¢ CN(O, /,LtIN)

The conditions (7) and (10) follow from Proposition 2, the
induction hypotheses (59), (64), and (74) for 7 < t. For
k = 1, the conditions (8) and (9) are trivial. For k£ = 2,
the condition (8) is due to (7). The condition (9) follows from
Proposition 2, the induction hypotheses (59), (74) for 7 < t,
as well as from the boundedness of ||3,]|,

H -2 H
q;Q; (1 Q. q
I = 2 (yara,) T
2 t—1
as. |1 u C 2 llgell? as
CHﬁQt q| < Nz_:olquH TN < oo (119)

for some constant C' > 0, where the first two inequalities
follow from the induction hypothesis (76) for 7 = ¢t — 2
and from the Cauchy-Schwarz inequality, respectively, and
where the boundedness is due to the induction hypothesis (74)
for 7 < t.

The condition (11) follows from the induction hypotheses
(60), (65), and (76) for 7 < t, as well as the definition (42)
of By. The condition (12) with v = p,; follows from (57) for
7 = t. We have proved all assumptions in Lemma 1. Thus,
(118) holds.

Egs. (58)-(60) for 7 = t: We first prove (58) for
7 = t. Define the Lipschitz-continuous function f,(z) =
z*[DWtib]n. We note that W, given in (40) is independent
of vh_, in the large system limit, because of the induction
hypothesis (72) for 7 = ¢ — 1. Repeating the proof of (83),
we find that N~'||DW | is almost surely bounded as
N — oo. Thus, we can use (118) to obtain

1
N

where the last convergence follows from the induction hypoth-
esis (58) for all 7 < t. Thus, (58) holds for 7 = ¢.

We next prove (59) for 7 = ¢. From (118) for f,(z) =
D,,|z|%, we have

—bHDW = —BUBIDW b +0(1) 250, (120)

1 as. 1
— b Db, _E [bED(Btﬁt n zt)’ G),Xm} +o(1)
N N
(121)
in the large system limit for all 7 < ¢, where b, is replaced
by B:3, + z: for 7 = t. For 7 < t, we have

1 ou as. 1p

—b_Db,'= —b DB 1). 122
NbT bt NbT t6t+0( ) ( )
Usmg the induction hypothesis (59) for 7 < ¢, q
and q = 0 yields (59) for 7 =t and 7’ < t.

For 7 = t, we obtain

= QB

1 as. 1
UDb LB BIDBS, +

NTr(D) +o(1) (123)

in the large system limit. The induction hypothesis (59) for
T < t implies that the fist term converges almost surely
to limar—sn— oo N_1||q‘t‘ |2N~1Tr(D). Thus, (59) holds for
T=7 =1

Finally, we prove (60) for 7 = ¢. Repeating the proof of
(84) yields the boundedness of N ~'Tr{(DW (X, 0))*} for

k €[0,4 + €). Thus, we can use (58) and (59) to find
ﬁbHDWt {(2,0)b, — w)

as. Ir{DW(3,0)} 1
w00, TUOWA B0 Losg, 1 o)
In particular, for D = Iy we find that the almost sure
convergence (60) for 7 = ¢ follows from the definition (24) of
~¢, the definition (40) of Wt, and Assumption 2, as well as the
boundedness of N ~!qq,, obtained from the Cauchy-Schwarz
inequality and the induction hypothesis (74) for 7 < ¢. [ |
Egs. (61)—(65) for 7 = t: The almost sure conver-
gence (61) for 7 = ¢ follows from the definition (22) of v 5,
the definition (24) of ~, the definition (46) of v 5, and the
induction hypothesis (72) for 7 =t — 1.

The properties (62) and (64) for 7 = t are obtained by
repeating the proofs of (62) and (64) for 7 = 0. The moment
property (63) for 7 = ¢ follows from the definition (37) of m,,
the definition (40) of W, Assumption 2, and Assumption 3,
since we have already proved the boundedness of the (24 ¢€)th
moments of b;.

Finally, we prove (65) for 7 = ¢. The induction hypoth-
esis (65) for 7 < t implies that (65) holds for 7 = ¢
if liminfp/—sn— oo N 1||mi||? converges almost surely to
a strictly positive constant. We use the definition (37) of
my, (62), and (118) for fu(2) = [VN(®), )" {Iy —
YW (2, 0)}],.nz for T < t to obtain

(124)

[mi|* as Ez,[llme]l?] ‘

N N

B, [ e[ o
(125)
By repeating the proof of (76) for 7 = 0, we arrive at

it | 2s 1

LS S (Ballmal?) B el |) + o(1), (126)
which is strictly positive in the large system limit. Thus, (65)
holds for 7 = ¢. [ ]

E. Module B by Induction

Property (BI) for T = t: Let us prove (68) for 7 = t.
Using (38) and Lemma 3 with Y = (Q,,,, H;) and X =
(Bt+17 Mf) ylelds

hi ~ (Qt—i-l?Ht)(BtJrlth)Tmt + ‘P(LQt+17Ht)2t (127)

conditioned on © and X ;;, with Z; given in (67), where we
have used the identity X Hx — yly. Repeating the proof
of Property (Al) for 7 = t, we arrive at Property (B1) for
T=1. |

Let Xy = %, given in (67), agn = @, ary1,8 = h, for
T <t an = Hiay, ey = Q;,,0(1) + Hyo(1), and
En = (Q, 1, H¢). For k =1ork =2, let f, : C'"? —
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C denote a pseudo-Lipschitz function of order k£ with an n-
independent Lipschitz constant L > 0. We shall prove

[fn (J?n, h() R hfn)]

a:SE[gn(xn, hons -+« he—1,0)] + 0(1), (128)
N Z fn(qu hO,Yu RN ht,n)
=5 Zgn Tnyhoms - i) +0(1)  (129)
n=1
conditioned on © and A} ;4 in the large system limit, with
gn(xnv hO,n; cey htfl,n)

:Eft,n [fn(xna hO,n; L) htfl,nv [Htat]n + éty’ﬂ)] ) (130)

where z; ~ CN(0,11Iy) is a CSCG vector with v, =
limar—sN—oo N~

It is sufficient to confirm that all conditions in Lemma 1
hold. The conditions (7) and (10) follow from the defini-
tion (38) of hy, the induction hypotheses (62), (74) for T < t,
and Proposition 2. The conditions (8) and (9) are trivial for k =
1. For k = 2, the condition (8) is due to (7). The condition (9)
follows from Assumption 1 when 7 = 0, the definition (38) of
h, and the induction hypothesis (62) when 7 =1,...,t — 1,
and from the boundedness of || ||* when 7 = ¢, obtained by
repeating the proof of (119) with the induction hypotheses (62)
and (65) for 7 < t. The condition (11) is due to the induction
hypotheses (65), (70), and (76) for 7 < t — 1, as well as the
definition (44) of H,;. The condition (12) follows from (69)
for 7 =t.

The moment conditions of €y, a, n, and Ey follow from
Assumption 1, the induction hypothesis (75) for 7 < ¢, and
the boundedness of the (2 4 ¢)th moments of h, for 7 < ¢,
of which the last is due to the definition (38) of h, and the
induction hypothesis (63) for 7 < ¢. The moment condition
of X y is due to (63) for 7 = t and the definition (67) of Z;.
Thus, all conditions in Lemma 1 hold.

Define hS recursively as

h¢ =HCa, + z,, (131)

with HS = (h§,... S |), where {2, ~ CN(0,1Iy)}
are independent CSCG vectors. By definition, hG condi-
tioned on {ca,} and {v;} is a CSCG vector. Comparmg
the definition (66) of h, and the definition (131) of h
from the definition (38) of h; and (62) for 7 = t we ﬁnd
N'E[||hE||?] — 0} g in the large system limit.

It is straightforward to confirm that the function (130) is
pseudo-Lipschitz of order £ with an n-independent Lipschitz
constant. Thus, we can repeat the argument in (128) and (129)
to arrive at

[fr(@n, hons - hin)]
B (s B hELy )] + (1) (132)
1 N
N;fn(xn,hon, him)
I
iﬁZE[fn(anvhon, ShED] +o(1). (133)
n=1

Egs. (71) and (72) for T = t: Repeating the proofs of (71)
and (72) for 7 = 0 with (133), we arrive at (71) and (72) for
T =1. |

Eq. (70) for T = t: For 7 < t, we use the definition (36)
of b; and the definition (38) of h; to obtain

1

N}z?qTJrl = —mib. 25 0(1) (134)

N
in the large system limit, where the last convergence follows
from (60) forr =tand 7’ =7+ 1< t.
For 7 = t, we use (133) for the pseudo-Lipschitz function
Jn(@n, hen) = b o Ane(®n + hen) — 25} of order 2 to have
1 as. 1
Sl B () (@ + k)] +o(1)  (139)
in the large system limit. Since htG has independent CSCG
elements with variance v g, we repeat the proof of (70) for

7 =0 to obtain (70) for 7 = 7/ = t. [ |
Egs. (73)—(75) for T = t: Repeat the proofs of (73), (74),
and (75) for 7 = 0 with (133). [ |
Eq. (76) for T = t: Repeat the proof of (65) for 7 =t
with (129). [ |
Egs. (77)—(78) for T = t: Repeat the proofs of (77)—(78)
for 7 = 0 with (132). [ |
APPENDIX A

PROOF OF LEMMA 1
A. Technical Results

A challenging part in the proof of Lemma 1 is
to prove the almost sure convergence in (15). To use
Theorem 1, we need to evaluate the variance of the sum of
{fn(an,O,N; <oy Qnt'—1,N;Ont' N T €n, N + [‘I’ENXN—t]n)}-
For that purpose, we first represent the distribution of €y +
<I>IJ§ X n—t with a standard complex Gaussian random vector
z ~ CN(O, IN)

Consider ¢t = 0. Since X € CV is unitarily invariant,
we use the SVD of X y to obtain Xy = @&(NHXNH, in
which @k}v € Unx1 1s Haar-distributed and independent of
the singular value || X y|| [34]. Furthermore, u ~ CN (0, I y)
is unitarily invariant, so that its SVD is given by u = &l [|u),
in which ‘I’L'L € Unx1 is Haar-distributed and independent
of ||lul|. Since @g(N ~ ®| holds, we have the following

representation:
X
ex + Xy ~ ey + 1] (136)
([l
Let N ={1,...,¢} fort > 0. We repeat the same argument
to obtain
€N+@JENXN—t ||| N i€||q’EN \N
XN
Cen 4 M (137)
[l ll

with z = @, u ~ CN(0,Iy),
[ X v
[usa |

EN — €EN — EN(SN, and

oy = (ENEy) 'EN®) uy. (138)
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Introducing the convention U\N = U, ey =€y, and Pg, =
Iy for t = 0, we arrive at the unified representation (137) for
t>0.

We next prove that ||dv||? given in (138) converges almost
surely to zero as N — oo. From the assumption (12) and
(N = t) 7 uy || 25 1, we have

611 % vull (@, )N Ex (BN Ex) *EN g, uy+o(L).
(139)

Using En = @LNEEN\II%N and the assumption (11) yields

) 1 -1 a.s.

Lt (£55.) wv o) Sluvl’
(140)

for some constant C' > 0. For any a > 0, we utilize

Chebyshev’s inequality to obtain

2 Elllwa 4 e
Z Pr <| un | >< [Ilang] 3

N=t+1 N=t+1

1" =

—2<OO.

(141)
Thus, the Borel-Cantelli lemma implies that ||§v||? converges
almost surely to zero as N — oo.
Before proving Lemma 1, we prove several technical results.
Proposition 3: Let z ~ CN(0,I). For any k > 0,

_ 14 0(1)

k

Ellz1] = <57
Proof: By definition, 2||z||? follows the chi-square dis-

tribution with 2N degrees of freedom. Let I'(x) denote the

gamma function. For N > k /2, we use the probability density

function of the chi-square distribution to have

as N — oo. (142)

E|L_| = ok /OO Lt e,
[| 2] o k2 2NT(N)
:/oo w - — LN —k/2) (143)
0 ['(N) L(N) 7

where the last equality follows from the definition of the
gamma function. Using I'(z + 1) = 2I['(x) and Gautschi’s
inequality I'(z + s)/I'(x) < 2® for all x > 0 and s € [0, 1],
we have

E[ 1 }: T'(N —k/2)
Izlk] (N —=1)---(N = [k/2])T(N — [k/2])
1 NTE/2]
(144)

<
— k k .
N2 IFEH N — )

for N > [k/2]. Since the latter factor tends to 1 as N — oo,
Proposition 3 holds. u
Proposition 4: Let z ~ CN(0,I). For any k > 0,
E [|N - ||z|\2|k} = O(N*/2) as N —oco.  (145)

Proof: Let Zn =
we have

N=125N (|z,]? = 1). By definition,

1
ke v 1] -
The central limit theorem implies that Zy converges in
distribution to a zero-mean Gaussian random variable Z as
N — oo. Furthermore, the sequence {|Zx|*} is uniformly

E[|Zn|*]. (146)

integrable [46] since the (k+ 1)th moment of Z is bounded.
Thus, we arrive at

1 21k
L B[N = l2?] =
which implies Proposition 4. [ |

Proposition 5: Let vy = || X n||?/N, and postulate (12)
and the moment assumption on X  in Lemma 1. For some

any € > 0,
Jim E[[Voy = Vol =

for any p € [0, max{2, 2k — 2} + ¢).

Proof:  From (12), /vy converges almost surely to
Vv as N — oo. Furthermore, (N 1| X y|)? is uniformly
integrable for all p € [0,max{2,2k — 2} + ¢'| with any
€’ € (0,¢€), because of the moment assumption on X x. Thus,
Proposition 5 holds. [ ]

Note that Proposition 5 implies the convergence of the pth
moment

Jim E[|Z]F] < 00,  (147)

(148)

lim E [v]pv/ﬂ = pP/2,

N—o0

(149)

B. Discussion

From the almost sure convergence ||dx||? %% 0, as well as
| X |12/ |w|? 3 v, Rangan et al. [35, Proof of Lemma 5]
concluded Lemma 1. However, what they have proved should
be regarded not as the almost sure convergence in (15) but as
the convergence in probability.

For simplicity, we assume t =0, fn( ) = 2, and ex =
0. Furthermore, let SN = N1 Zn 1 Xn,N and Sy =
NI X wll/ e NN, From (136), for any € > 0 and
¢ > 0 we have

Pr (|Sx| > €) =Pr(Ex.o)Pr (|§N| > e

5N,E/)
+Pr(eS )P (|SN| > e 5,%) (150)

‘Se/}.

The almost sure convergence | X y||?/||w||? 3 v implies that
the second term tends to zero as N — oo. Using Chebyshev’s
inequality for the first term yields

with

2

[[u]?

€+
Ne2
Thus, we arrive at the convergence in probability Pr(|Sy| >
€) — 0as N — oc.

However, it is not straightforward to prove the almost sure

convergence. To construct a simple counterexample, suppose
that py,c = Pr(|Sn| > €) is O(N ). Then, we find

00
= § PN,e = Q.
N=1

While we do not introduce any statistical properties of {X n}
with respect to N, we assume the independence of {Sy}
to construct a counterexample. Then, from the second Borel-
Cantelli lemma we can conclude that Sy does not converge
almost surely to zero. This counterexample implies that we

Pr(.)Pr (19n] > e[ €n.c) < ~0. (152

> Pr(|Sn|>e) (153)
N=1
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need information about the convergence speed of py. to
establish the almost sure convergence in (15). Instead of
evaluating the actual convergence speed of py ., we use
Theorem 1 to prove the almost sure convergence directly.

C. Proof of (13)

Since €y has vanishing second moments and finite
(2k —2)th moments and since E y has finite max{2, 2k —2}th
moments, the almost sure convergence [|dx||> %3 0 implies
that €y = ey — Eno(1) has vanishing second moments and
finite (2k — 2)th moments. Furthermore, we only prove the
case t' = 1 with an,1,n = 0 since an extension of the proof to
the general case is straightforward. For notational simplicity,
we write X y_; and a, 0,5 as X and a,, n.

Let

Ynl,N =fn (an,N7 €n,N + [@ENX]H)
—fn (an,N7 €n,N + UN/Qtzn) , (154)

2 - /2 1/2
Yn,N =fn (an,N7 €n,N + UthZ") — fn (an,N; UnN_¢”n ) 5

(155)
YriN :fn (an,vajlv/Etzn) - fn (an,N; 1)1/2271) ; (156)
with vx_¢ = || X y—¢]|?/N. It is sufficient to prove
E[[Y,n]] =0 <ﬂ> (157)
n, \/N ’
E[|Y;nl] = o(Ln), (158)
E[|Vn|] = o(Ln) (159)

as N — oo.

Let & = {||X||,aN,eN,EN} We first evaluate the con-
ditional expectation E[Y,! v||€] to prove (157). Using the
representation (137), the pseudo -Lipschitz property of f,,, and
Proposition 1 yields

E (||, | €]

<LoE || - L Xzl 14

=" /N—f, n n,N
I s

T T e el | €] (160

for some L,, > 0. Using the following upper bound:

[N —t— [luw?]

‘||U\N| - \/N—t‘ B

T VN —EV/N —t + )
N —t—llun? 1
| ol 1 e
N -t (vl
we have
1 1
E H - \ 1 2 [ 5}
ol ~ V=t
2
1/2 i1 | IN =t = [lusn[l?] 2] }
<oN?,an N E{ el. (62
wilan.| =1 Tuw]

To evaluate the conditional expectation, we use the Cauchy-
Schwarz inequality repeatedly to obtain

N—t— 2
E[I luwl*] Jznl g}

N—t Huwll/
N _t_ 2127y 1/2 2 1/2
<{E{| el ” {E{ af” 5”
N -t [[wwll
1/2 1 1/4
Sirved)
usall

IN —t — [Ju\n?)?
<o e | ==}
(163)

=O(N~1/?)

for some C' > 0, where the last follows from Propositions 3
and 4.

We repeat the same argument in evaluating the remaining
terms in (160). We only present evaluation of the fourth term,
since the other terms can be bounded in the same manner.
Applying the upper bound (161) and the Cauchy-Schwarz
inequality, we obtain

E[ 11 ‘IXII’“Ian’“ 5]

sl VN =] [[uaf*1
k/2
oy TN = = ] (V= 0572z, |F

< E - &
N —¢t N —t flu ]l

cvj“v/j{ {|N—t—|u\N||2|2]}§{ {(N—t)%}}“
< E E|—F—
N—i N_t [ p |
=0y N2, (164)

for some C' > 0, where the last follows from Propositions 3
and 4. Evaluating the remaining terms on the RHS of (160)
in the same manner, we arrive at

nUn

E (1Y, Nl €] = 0{ N

+Enn|F +

1/2
(1+ Jan,n|"

v§\’;"1>/2)}. (165)

Using the Cauchy-Schwarz inequality to evaluate the expec-
tation over £, we obtain

B (1¥tl) =0 ( 72 {BON?] + (Blon Elan, -2

+(E[UN]E[|€,L7N|%_2])1/2+E[U;€V/2]}), (166)

which reduces to (157), because of Proposition 5 and the
moment properties of a,, v and €, n.

We next prove (158). Using the definition (155) of Yn27N,
the pseudo-Lipschitz property of f,,, and Proposition 1 yields

B[V vlI€]
Ly

<|Enn| (1 + |annFt + 6 v ")

+ole =2 |E0 NIE [|20]) ] (167)

for some L,, > 0. Using the Cauchy-Schwarz inequality and
Proposition 2, we have
E[Y,? v]
Ly,

<O (E [Jénnl?])"?

(E[1+|ann|* 2+ |Enn
+C (L E [Jén[2])

|2k—2} ) 1/2

(168)



382 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 1, JANUARY 2020

for some C' > 0. Since |€,, | has a vanishing second moment
and finite (2k — 2)th moment and since |a, x| has a finite
(2k — 2)th moment, we use Proposition 5 to arrive at (158).
Finally, we prove (159). Using the definition (156) of Yyi N
the pseudo-Lipschitz property of f,,, and Proposition 1 yields

o2, = Vo lanl {1+ lann <!

oDz D2, ) (169)

|V, y| <Ln

Evaluating the conditional expectation yields

E (V2 51| €] € CLa [o}f2, - V3]
(L fann [+ 08570 (170)

for some C > 0. Using the Cauchy-Schwarz inequality to
evaluate the expectation of the second term, we have

(= Jor2 = ol lant])
1/2 2k—2

<E “UN . f‘ } [lan v*72] =0, (171)

where the convergence follows from Proposition 5 and the

moment assumption of a, n. For the last term, we Ilet
€ € (0,¢/k) to have

[ )|

<E [vjkv(ife )/2} +v e

E [v}&jj"“ﬁ/)/ﬂ < o0, (172)

where the boundedness follows from Proposition 5. In other
words, the last term on the upper bound (170) is uniformly
integrable over || X||. Thus, we use the assumption (12) to
arrive at (159).

D. Proof of (15)

Since €y satisfies the assumptions (7) and (8), and since
E y satisfies the assumption (10), the almost sure convergence
1% 220 implies that €y = ey — E yo(1) satisfies (7) and
(8) with ex replaced by €. Furthermore, we only prove the
case t' = 1 with an,1,n = 0 since an extension of the proof to
the general case is straightforward. For notational simplicity,
we write X y_; and a,, 0, n as X and a,, n, and omit the tilde
on €, N.

From the definitions (154) and (155) of Y} ,; and Y;? , we
need to prove

ngnoo—ZYéN‘"‘zs : (173)
ngnoo—ZYiN‘"‘zs , (174)
1 & )
: 1
Sy Z{f" (an 032 20)
2 [fr (@nnv Vvzn) ]} 0. (175)

Let us prove the first convergence (173). From the repre-
sentation (137) and Theorem 1, it is sufficient to prove that
Y, y given in (154) satisfies

n

N
Nhinoo_ Zl [V, NYil nl| €] 2 0, (176)
n,n’

with & = {H)(H7 an,€Een, EN}.
Repeating the derivation of (160), we have
B[V, w Yo n1€]
LyLy,

1 2

N —t

U fun]

S
X 20l | {1+ lam v+ om0 + 0Tzl

X|[F-1]5 k-1
D e e O A e S

[TV
X ||k-1 2 k—1 B
%+v§5 P IHE] (177)
Let
2 ,
U B [ X 112%) 2 | ¥ 20 |
n,n’ — Hntn —
lunll VN =] [luw]?2
(178)
2
1 1
Bn,n/ = LnLn/ — ||XH2|Zn||Zn/|
lunl VN =t

(Jan v "7+ len v (lan v *71 + few v [F 7). (179)

We only evaluate the conditional expectation of A,, ,» and

B, », since the other terms can be evaluated in the same

manner. Using the upper bound (161) yields

IN =t — Jlu|?

(N —1)?

(N = f,)k |Z7L|klzn’|k
[ (|2

Repeating the proof of (163), we find that the last factor is

O(N~1). Thus, we obtain

NZ

nnf

E[A, 0 |E] <Ln Lok B [

5} . (180)

as
nn"g

because of the assumptions (12) and (14).
Similarly, we use the upper bound (161) to have

E[By.. |€]
<Ln(|an,N|k_1 + |€n,N|k_1)Ln’(|an’,N|k_1 + |€n’,N|k_1)
IN =t = [lusnlI?? |20 |20 | }
wN—¢E [ El. (182)
N -1 [uarll?

We repeat the proof of (163) to find that the last factor is
O(N~1). Thus, we arrive at

NZ

n,n’'=1

v

nn/|g

o
\/2

2
(Jan, N|]€71 + |€n,N|k1)>
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2
N

1 - -

EORENY (ﬁ > Ln(lan v 72 + en,n [** 2))

n=1
=0(1),

where the second equality follows from the Cauchy-Schwarz
inequality and the assumption (14), and where the last is due to
the assumptions (8), (9), and (12). Evaluating the conditional
expectation of the other terms in (177) in the same manner,
we arrive at (176). Thus, (173) holds.

We next prove the second convergence (174). Repeating the

proof of (167) yields
1 & 1 &
TONCNER D SR IRT
n=1 n=1

+|€nN|k 1—|—1}(k 1/2|Zn|k_1}.

Using the Cauchy-Schwarz inequality for the second term
N
( St

yields
2
|en, N |an,N|k_1>
n—1

N 1 N
Z alen P53 Lalan w2 25 0 (185)

(183)

(184)

as N — oo, because of the assumptions (7) and (9). Similarly,
we find that the third term converges almost surely to zero as
N — oo.
We use the Cauchy-Schwarz inequality for the last term on
the upper bound (184) to obtain
1/2
)

p1/2 N 1
N% ZLn|5n,N||Zn|k71 S N
k=1 ] N :
a7, NZLW”F’“*? . (186)
n=1

n=1
The assumptions (7) and (12) imply that the first and second
factors converge almost surely to zero and v*~1/2 ag N —
oo, respectively. Furthermore, from the assumption (14) we
use Theorem 1 to find

1 N
¥ O Dnlenf2 22
n=1
(187)

Thus, the last term on the upper bound (184) converges almost
surely to zero as N — oo. Since the almost sure convergence
of the remaining terms to zero can be proved in the same
manner, we arrive at (174).

Finally, we prove the last convergence (175). We observe
that { f,,(an N, U}V/Etzn)} are conditionally independent given
&. Furthermore, we use the pseudo-Lipschitz property of f,,
to obtain

1 N
AT ZV |:fn (an,va]l\/'/Etzn)

2n,Z |Zn - Z| (1 + |an,N|2k)_2

N
ZLn|5n,N|

n=1

|Zl|2k 2

ZL +o(1

n=1

d

ok t|zn|2k L VA b 2)|5] 2 0o, (188)

where Z is a standard complex Gaussian random variable
and independent of z,, and where the boundedness follows
from the assumptions (9), (12), and (14). Thus, we can use
Theorem 1 to find

—E[fn (an,N,vN/Qtzn) 5}} 0. (189)

To obtain (175), from the definition (156) of YL N Wwe need

to prove N1 En LE[ n7N|€] “% 0as N — oo. Using (170)
yields

|
¥ 2 El
n=1
1
NP

vinlelZ e - v

2

DL+ Jann [P+ 02072 (190)

which converges almost surely to zero as N — oo, because
of the assumptions (9), (12), and (14). Thus, (175) holds.

APPENDIX B
DERIVATION OF MESSAGE-PASSING

EP [19], [28] provides a framework for deriving MP
algorithms that calculate the marginal posterior distribution
p(znly, A) = [p(x|y, A)dx,,, in which z\,, is the vector
obtained by eliminating z,, from x. We consider the large
system limit to derive an MP algorithm, which coincides with
the algorithm derived in a heuristic manner [26].

We approximate the marginal posterior distribution
(xn|y, A) by a tractable probability density function (pdf)
qa(zn) = [ qa(z)dx,,, given by
N
qa(x) x p(y|A,z) [ ] as—a(@n). (191)
n=1

In (191), the notation f(x) < g(x) means that there is a pos-
itive constant C' such that f(z) = Cg(x) holds. Furthermore,
gB—a(x,) is a conjugate prior to the likelihood p(y|A, x).
When the noise vector w in (1) is regarded as a CSCG random
vector with covariance 021y, the conjugate prior gg_ A (z,,)
is proper complex Gaussian,

(192)

|xn - xn,BHA|2 )
UB—A ’

QBHA(xn) X exp <_

where z, A and vg_a are the mean and variance of
gB—a (zn), respectively. In order to derive the MP algorithm
proposed in [26], we have selected the identical variance vg_, o
for all n, while Céspedes et al. [19] selected different values
for different n to improve the performance for finite-sized
systems.

We first evaluate the marginal pdf ga(x,) in the large
system limit, defined via (191). Since the conjugate prior (192)
has been selected, the joint pdf ga (x) is also Gaussian.

ga(x) ocexp{—(w—wA)HVxl(w—wA)}, (193)
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where the mean and covariance are given by

1
A =2Tp_A + ;VAAH(ZU — Axp_.a), (194)
1 1m0\
Va= IN+—2A A , (195)
UB—A o

respectively. Using the matrix inversion lemma, it is possible
to show that (194) and (195) reduce to

wp =zp_a+0_aA"E (y— Azp_a), (196)
[VAlnn =vBoa —al=2  a,vd (197)

respectively, with
E=0Iy +vp_AAAN. (198)

We shall prove that aEEflan converges almost surely to

v(vB—a)~! in the large system limit for all n, in which
v(vp—a) is given by (25). Applying the SVD (19) to
aEE a,,, defined via (198), we have
a'=7'a, = e'lVvDVe,, (199)
with
b)) 9 oy —1
D= () (0°Iy +vs-2%")  (2,0). (200)

In (199), e,, denotes the nth column of I 5. Thus, Corollary 1
and Assumption 2 imply that aSEflan converges almost
surely to y(vp_a) "' in the large system limit.

This observation indicates that for any n the diagonal
element (197) converges almost surely to

VA = UB—A — ’Y_l(UBﬁA)’U%HA (201)

in the large system limit. Thus, the marginal pdf ga(x,) =
Jaa(z )dx\,, is the proper complex Gaussian pdf with mean
ZTn A = [a]n and variance va, i.e.

|xn - xn,A|2
VA '

In order to present a crucial step in EP, we define the
extrinsic pdf of z,, as

qa(xy,) o< exp (— (202)

qA (xn)
dB—A (J)n) .
Let x,, g and v, B denote the mean and variance of x,, with
respect to the pdf pg(x,) < ga—s(zy)p(x, ). The crucial step
in EP is to update the message gg—. A (z,,) so as to satisfy the
moment matching conditions [28],

ga—B(Tn) (203)

Egs [xn] = Tn.B, (204)
Voo [2a] = ZvnB = g, (205)

where the expectations are taken with respect to
qB(Tn) X gA—B(7n)qR7 A (Tn)- (206)

In (206), the updated pdf ¢, (z,,) is given by

new |x" B geﬁvﬁA'Q
gAY s (1) o exp |~ TBAL ) (207)
UB=A

We first derive module A. Using (192) and (202), we find
that the extrinsic pdf (203) reduces to

- 2
ga—B(2n) o exp (—w) , (208)
VA—-B
with
TnA—B = UALB TnA M) 7 (209)
VA UB—A
1 1 1
_ L . (210)
VA—B VA UB—A

Substituting (201) into (210) yields

vAB = Y(VB-A) — UB-A, (211)

which results in the update rule (22). Similarly, Applying
(196), (201), (210), and (211) to (209), we arrive at

xr g =xp.a+v(B_a)ATE T (y — Azp_.4), (212)

which implies the update rule (21).

We next evaluate the moment matching conditions (204)
and (205) to derive module B. Substituting (207) and (208)
into (206) yields

A2
g8 () o exp (—u> : (213)
UB
with
Fnp = Up <x”’AHB + "j;‘*) , (214)
VA—B UB—A
1 1 1
- - SR (215)
UB UVA—B VA

Using the moment matching conditions (204) and (205), we
arrive at the update rules (29) and (30) in module B,

RN = VB (“’—B - —‘”A*B> . @
UB VA—B
1 1 1
— e . 217)
WUBHA UB VA—B
APPENDIX C

PROOF OF LEMMA 2

We utilize the following technical lemma:
Lemma 4: We define the cumulant generating function x; :
C — R of the posterior distribution of x,, as

v 2z — xp|? 2|2
xt(z) = %IHE% [exp <_|vt7|>} + — | | . (218)
A—B

Then, y; is twice continuously differentiable with respect to
R[z] and J[z], and satisfies

aXt

o] = R (2)], 3%[2] =Si(z),  (219)

UA; aze[ E [(Rlwn] = R (2)])?] 2], (220)
%?B% =E[(S[zn] - Sl (2)))?] 2], (22D

e a%fjggm = E [Rfa]Slea]| 2] - R (2)]S0(2)]

(222)



TAKEUCHI: RIGOROUS DYNAMICS OF EXPECTATION-PROPAGATION-BASED SIGNAL RECOVERY 385

Proof: The former statement follows from Assumption 1
and the dominated convergence theorem. The latter statement
is obtained by calculating the derivatives of y; directly. M

We first prove the Lipschitz-continuity of 7;. We need to
prove that all first-order derivatives of R[r;] and [r] are
bounded. From Assumption 4 and Lemma 4, it is sufficient
to confirm that (222) is almost surely bounded. Using the
Cauchy-Schwarz inequality yields

(E [Rlzn]S[zn]| 2] -
=(E[(Rlzn] — gce[7%(@])(»*[ z] — Q[7:(2)])
<E [(Rlzn] = R[7:(2)))?] 2] E [ (Slaa] — Sle(2))?] 2],
(223)
which is almost surely bounded, because of Assumption 4.
Thus, 7, is Lipschitz-continuous.

We next prove (33) and (34). For notational convenience,
we write 7;(z,, + z) as 7. By definition, we have

217 = Rz|R}] + S[2)S07] +i(R1S(7] — S[IR(). (224)

Since R[z] and J[z] are independent Gaussian random vari-
ables with zero-mean and variance v, /2, using Stein’s
lemma [43] yields

_|_

E. [2*7] _VA—p E, [g%[ﬁ] 8§LH

2 R[z] O
Pmm_
R[]

<mm+ﬁmﬂ, (225)

syt
lrUA*)B
E
* 2

0
:U}‘/AHBEZ [&

where 0/0z denotes the Wirtinger derivative (32). This implies
that (33) holds. Furthermore, applying Lemma 4 to the former
expression in (225), we obtain

E. [¢*7]) = E. [|zn — fie(z, + 2)[?] - (226)

Taking the expectation of both sides over z,, we arrive at
Lemma 2.

APPENDIX D
PROOF OF LEMMA 3

ForV=V& x € Uy, we first prove the identity

V= (q%, @#V) : (227)
with some unitary matrix Veu N_t.

Since V is unitary, using the constraint (79) yields X Hx =
Y'Y This implies that X and Y have identical singular
values and right-singular vectors, i.e. X = ®x (X x, O)T\p§
and Y = Py (Zy,0)T P with ©x = By and Ux =
Wy . Since ¥ x = Xy is assumed to be invertible, applying
these SVDs to the constraint (79) yields

I _ I;
by, =Vox (ONX(Nt)> .

Consider the partition V = (V, V1), with Vj € CNxt
and V; € CN*V=1)_ From (228) we have V, = <I>Q,. Thus,
the orthogonality between the columns of V¢ and V'; implies

(228)

the structure (227) with some matrix V' € CHV-Ox(N-1),
Furthermore, from the orthonormality between the columns of
V1 we find that V is a unitary matrix. Thus, (227) is correct.

We next prove that (227) is equivalent to the RHS of (80).
Substituting (227) into V' = V¢'§ yields

V=al (@l )"+ esv(ex)t (229)

It is straightforward to confirm that the first term on the RHS
of (80) reduces to @Q,(@&()H, by using the SVDs of X and
Y with Xx =3y and x = Py

To complete the proof of Lemma 3, we prove that V e
Un_¢ is a Haar matrix independent of X and Y. Since the
Haar matrix V' is bi-unitarily invariant, we have V®x ~ V.
Thus, without loss of generality, (228) allows us to assume
X = (I;,0)" in the constraint (79). Under this assumption,
conditioning on X and Y is equivalent to conditioning the
first ¢ columns Vo of V.

Consider the following structure:

V= (Vo, >y, f/) . (230)
We prove that V' is Haar-distributed if and only if V is a Haar
matrix and independent of V. Since X and Y depend on V'
only through V, we arrive at Lemma 3.

For any deterministic unitary matrix ® € Uy, it is known
that the left-invariance ®V ~ V induces the Haar measure on
the unitary group of dimension NV satisfying V' ~ V', so that
we have the right-invariance V¥ ~ V¥ = (BHy)H o
vl <~V for any deterministic ¥ € Uy. Thus, we only
consider the left-invariance ®V ~ V.

There is some unitary matrix Uy, € Uyn—_:+ such that

<I’<I>‘L,0 ‘I’fi;VUUVO holds, because of
2Py (22, =B(Iy — VoV()®" = Pgy,. (231)
This implies that (230) satisfies
DV — (<I>V0, <I>$VOUVO‘~/) : (232)

which indicates that ®V ~ V holds if and only if
(®Vo, Uy, V) ~ (Vi,V) is satisfied. Since Vg is Haar-
distributed, ®V ~ V holds if and only if V is a Haar matrix
independent of V. Thus, Lemma 3 holds.
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