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New Quantum Algorithms for Computing Quantum
Entropies and Distances

Qisheng Wang ', Ji Guan™, Junyi Liu*, Zhicheng Zhang™~, and Mingsheng Ying

Abstract— We propose a series of quantum algorithms for
computing a wide range of quantum entropies and distances,
including the von Neumann entropy, quantum Rényi entropy,
trace distance, and fidelity. The proposed algorithms significantly
outperform the prior best (and even quantum) ones in the
low-rank case, some of which achieve exponential speedups.
In particular, for IN-dimensional quantum states of rank r, our
proposed quantum algorithms for computing the von Neumann
entropy, trace distance and fidelity within additive error ¢ have
time complexity of O(r/e?), O(r®/€®) and O(r®®/™5),
respectively. By contrast, prior quantum algorithms for the von
Neumann entropy and trace distance usually have time complex-
ity ©2(IN'), and the prior best one for fidelity has time complexity
O(r'2:5/&'3-5), The key idea of our quantum algorithms is
to extend block-encoding from unitary operators in previous
work to quantum states (i.e., density operators). It is realized by
developing several convenient techniques to manipulate quantum
states and extract information from them. The advantage of our
techniques over the existing methods is that no restrictions on
density operators are required; in sharp contrast, the previous
methods usually require a lower bound on the minimal non-zero
eigenvalue of density operators.

Index Terms— Quantum computing, quantum algorithms,
quantum entropy, trace distance, quantum fidelity.

I. INTRODUCTION
UANTUM entropies and distances are basic concepts [1]
in quantum physics and quantum information. Quantum
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entropies characterize the randomness of a quantum system,
while quantum distances measure the closeness of quantum
systems. It is essential to compute their values in many
important applications, from the estimation of the capacity
of quantum communication channels and verification of the
outcomes of quantum computation to the characterization of
quantum physical systems (see, e.g., [2], [3], [4]). Several
kinds of quantum algorithms for computing quantum entropies
and distances have been proposed under different compu-
tational resources, e.g., quantum algorithms with access to
copies of quantum states [5], [6], [7], quantum algorithms
with purified quantum query access [8], [9], [10], [11], and
variational quantum algorithms [12], [13], [14].

A main consideration of those quantum algorithms with
copy access for computing quantum entropies and distances
is the number of copies of quantum states used in the algo-
rithms. This type of input model is known as the “quantum
sample access” model, where identical copies of quantum
states are directly given. For example, a method of testing
the closeness of N-dimensional mixed quantum states was
provided in [5] with respect to trace distance and fidelity using
O(N/e?) and O(N/e) copies, respectively, based on quantum
spectrum testing [15] and efficient quantum tomography [16],
[17], [18]. A method of computing the von Neumann and
quantum Rényi entropies of an /N-dimensional quantum state
was introduced in [6] using O(N?/e?) and O(N?/*/e2/)
copies, respectively. Recently, a new method of computing
entropies was proposed in [7], especially computing the von
Neumann entropy uses O(k2/e%) copies,! where x > 0 is
given such that II/k < p < I for some projector II.
A distributed quantum algorithm for computing tr(po), i.e.,
the fidelity of pure quantum states, was proposed in [19] using
O(max{v/'N /e, 1/e%}) copies.

Another class of quantum algorithms for computing quan-
tum entropies and distances utilizes the conventional “purified
quantum query access” model, where mixed quantum states
are given by quantum oracles that prepare their purifications.
Quantum algorithms for computing the von Neumann entropy
and closeness testing with respect to trace distance were devel-
oped in [8] with query complexity O(N/e'-%) and O(N/e),
respectively, both of which have complexity exponential in
the number of qubits. Recently, a quantum algorithm for
computing the von Neumann entropy within a multiplicative
factor was proposed in [9], which reproduces the result within
additive error of [8]. A method of computing the quantum a-

Rényi entropy was proposed in [10] using O (ﬁ log (g))

1O(-) suppresses polylogarithmic factors.
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queries to the oracle, where x > 0 is given such that I/ <
p <Iand x = tr(p®)/N.

Compared to the “quantum sample access” model where
only identical copies of quantum states are directly given,
the “purified quantum query access” model allows more
potential operations from which one can learn properties of
quantum states. This is because any operation allowed in the
former model can be trivially simulated in the latter model.
Consequently, the latter model (in query complexity) usually
uses fewer computational resources than the former (in sample
complexity). For example, the best known query complexity
for computing the von Neumann entropy is O(N/e'%) [8],
while the best known sample complexity for the same task
is O(N?/e?) [6]. In addition, the latter model also plays
an important role in computational complexity theory when
comparing classical and quantum computing. For example,
testing the closeness between two quantum states (in trace
distance) is known to be QSZK-complete (in certain parameter
regime) [20], [21], where the quantum states are given in the
“purified quantum query access” model.

The recent quantum algorithms with purified quantum query
access mentioned above are usually developed in the general
framework of quantum singular value transformation (QSVT)
[22]. The powerful technique of QSVT on unitary operators
developed by [22] has been successfully applied as a unified
framework in a wide range of quantum algorithms, including
Grover’s search algorithm [23], the quantum walk algo-
rithms [24], [25], the HHL algorithm for solving systems of
linear equations [26], and Hamiltonian simulation [27]. In the
framework of QSVT, a unitary operator U can be regarded
as a block-encoding that stores a matrix A in (the upper-left
corner of) its matrix representation (see Definition II.1). QSVT
can be understood as an algorithmic technique that transforms
the matrix A to f(A) for some function f(-) of interest, and
it also provides a quantum circuit implementation of U that
block-encodes f(A) using queries to U. The original QSVT
deals with unitary operators, while a Hamiltonian variant of the
QSVT was proposed in [28], which was then used in quantum
polar decomposition [29], [30].

Except for unitary operators and Hamiltonians, density
operators (mixed quantum states) are another important
class of objects we can manipulate in quantum compu-
tation. A technique was developed in [31] to implement
a unitary operator that block-encodes a density operator,
using queries to its purified quantum query oracle. Equipped
with QSVT, this technique enables us to implement uni-
tary operators that block-encode certain matrix functions
of quantum states, and thus strengthens the power of the
“purified quantum query access” model. This technique
has been employed in quantum algorithms for semidefinite
programming [32] and quantum fidelity estimation [11]. Con-
versely, however, it seems difficult to prepare a quantum
state from a unitary operator that block-encodes its density
operator.

A natural idea of extracting information from a density
operator is to directly manipulate the quantum state itself
rather than a unitary operator that encodes it. This leads us
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to extend the definition of block-encoding proposed originally
for unitary operators [22], [31], [33] to that for general
operators (see Definition II.1), especially for quantum states
(i.e., density operators). Regarding quantum states as block-
encodings, we are able to design new quantum algorithms for
computing a wide range of quantum entropies and distances,
such as the von Neumann entropy, quantum Rényi entropy,
quantum Tsallis entropy, trace distance, and fidelity. These
quantum algorithms significantly outperform the best known
ones in the low-rank case, and some of them can even achieve
exponential speedups. Here, the low-rank case means that
the rank of N-dimensional quantum states is much smaller
than N, e.g., r = polylog(/N), which is of great interest in
both theoretical (e.g., [34], [35]) and experimental (e.g., [36])
physics.

In the remainder of this Introduction, we will first present
our main results in Section I-A. The new techniques that
enable us to achieve our results will be outlined in Section I-B.
Then related works will be reviewed in Section I-C, and a
discussion will be given in Section I-D.

A. Main Results

Let us first set the stage for presenting our main results.
In order to manipulate quantum states, we extend the definition
of block-encoding for unitary operators to that for general
operators (see Definition II.1), and use this extended definition
of block-encoding to describe our quantum algorithms. In our
quantum algorithms, a mixed quantum state is given by a quan-
tum unitary operator (oracle) which prepares a purification
of the state (see Definition I1.2). This conventional model is
known as the “purified quantum query access” model and has
been widely used in developing quantum algorithms [8], [9],
[101, [32], [37], [38].

Throughout this paper, the quantum query complexity of
a quantum query algorithm means the number of queries
to the given quantum oracles. The time complexity of a
quantum query algorithm is the sum of its quantum query
complexity and the number of elementary quantum gates used
in it. When quantum algorithms are compared with classical
algorithms, quantum oracles are given as classical descrip-
tions of quantum circuits. The actual number of elementary
quantum gates performed in the quantum algorithm only has
a polynomial overhead compared to its “time complexity”
defined here. Then our main results can be summarized in the
following:

Theorem 1.1 (Informal): In the “purified quantum
query access” model, given quantum oracles that prepare
N-dimensional mixed quantum states of rank r, there are
quantum query algorithms that compute

« von Neumann entropy,

 quantum «-Rényi entropies for o € (0,1) U (1, +00),

 quantum o-Tsallis entropies for oo € (0,1) U (1, 400),

o a-trace distance for a > 0 (defined by Eq. (1), including
the trace distance), and

o a-fidelity for 0 < a < 1 (defined by Eq. (2), including
the fidelity)
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within additive error ¢ with time complexity poly
(log(N),r,1/¢), where the time complexity hides a constant
which depends only on «.?

Our quantum algorithms are compared with the existing
algorithms in Table I. In particular, our algorithms outper-
form the best known ones in the low-rank case, e.g., r =
polylog(NV). To see this more clearly, let us recast the existing
results in the low-rank case, and then compare them with
ours. Table I compares the query complexity (in the “purified
quantum query access” model) and the sample complexity (in
the “quantum sample access” model). It is important to note
the difference between the two models in the comparison.
While it is trivial that a sample in the “quantum sample access”
model can be simulated by a query in the “purified quantum
query access” model, the vice versa remains unknown. In other
words, the “quantum sample access” model can be seen as
a restricted version of the “purified quantum query access”
model where the oracle is only used to prepare the mixed
quantum states. Therefore, any sample complexity in the
“quantum sample access” model implies the same amount
of query complexity in the “purified quantum query access”
model. Regarding these, we still compare the query/sample
complexities defined in the two models together. For further
discussion regarding the two different quantum input models,
please refer to [8].

o For the von Neumann entropy and quantum a-Rényi
entropy, it was shown in [6] that their sample com-
plexities are O (N?/e?) and O ((N/e)mex{2/e2}),
respectively. Unitarily invariant properties of entropies
considered, their method is based on weak Schur sam-
pling (see [43]), and does not imply a straightforward
method for low-rank quantum states. The query complex-
ity for the von Neumann entropy was shown in [8] to be
O(N/e'5), which can be improved to O(v/Nr/e'5) for
the low-rank case after a careful analysis. It was shown
in [42] that O(k?/e) queries are sufficient to compute
the von Neumann entropy of a quantum state p if some
k > 0 is known in advance such that p > I /x. Similarly,
the method in [10] for the quantum «-Rényi entropy can
be improved to O (nNTmaX{a’l’o}/sz) for the low-rank
case.

o For the trace distance and fidelity, most algorithms are
proposed for closeness testing with respect to them. The
sample complexities O (N/e?) and O (N/e) given in [5]
can be improved (by their Corollary 1.6) to O (r/az)
and O (r/e) for the low-rank case, respectively. The
query complexity O(N/e) given in [8] can be improved
to O(min{v/Nr/e,r/e?}) for the low-rank case. The
above results do not cover our results, because closeness

2 A few days after this paper was submitted to arXiv, the concurrent work of
Gilyén and Poremba [39] appeared. They proposed a quantum algorithm for
fidelity estimation using identical copies of quantum states based on density
matrix exponentiation [40], [41]. We note that their techniques of converting
identical copies to unitary block-encodings (Corollary IV.4 in [39]) can be
applied to our quantum algorithms in Theorem I.1. As a result, we can obtain
quantum algorithms for computing these quantum entropies and distances
using poly(r,1/€) copies of quantum states, which only has a polynomial
overhead compared to the query complexity of our quantum query algorithms.
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testing can be solved by computing the closeness but the
converse seems difficult.

o For the quantum algorithms in [7], [10], and [42] that
attempt to reduce the dependence on N, they introduce
an extra dependence on k, where k is the reciprocal
of the minimal non-zero eigenvalue of quantum states.
Our quantum algorithms can be easily adapted to their
settings by taking » = O(k), thus with time complex-
ity poly(log(N), k,1/¢), while the converse seems not
applicable.’

Although our quantum algorithms focus on low-rank quan-
tum states, they are also comparable to those for the general
case where one could only assume that the quantum states are
full-rank, i.e., r = N.

e For the von Neumann entropy, our quantum algorithm
has query complexity O(N/2) when the quantum state
is full-rank, which is slightly worse than the query
complexity O(N/e') in [8].

o For the trace distance, our quantum algorithm has query
complexity O(N®/¢%) when the quantum state is full-
rank. To the best of our knowledge, this is the first
quantum algorithm for computing the trace distance
between quantum states with time complexity poly (V)
in the general case.

We will further discuss the above results for quantum
entropies in Section I-A.1 and those for closeness (i.e. trace
distance and fidelity) of quantum states in Section [-A.2.

1) Computing Quantum Entropies: In quantum information
theory, the entropy of a (mixed) quantum state is a measure
of its uncertainty, and computing its value is crucial when
characterizing and verifying an unknown quantum system.
After von Neumann [44] introduced the famous von Neumann
entropy

S(p) = —tr(pln(p)),

which is a natural generalization of the classical Shannon
entropy [45], several other entropies have been proposed, e.g.,
Rényi entropy [46], [47], [48], [49], Tsallis entropy [50], [51],
[52], Min and Max (Hartley) entropies [53], [54], [55], and the
unified entropy [56], [57]. The quantum «-Rényi entropy and
the quantum «-Tsallis entropy are defined by

S8(p) = T In(tr (),

ST(p) = = (b (p") = 1)

for a € (0,1) U (1, 400), respectively. It is easy to see that
the von Neumann entropy is a limiting case of the Rényi
entropy [48] and the Tsallis entropy [50]:

S(p) = lim S7¥(p) = lim S7 (p)-
For a = 0, the quantum Tsallis entropy degenerates to the
rank of quantum states:

ST (p) = rank(p) — 1

3This is because x implies an upper bound r < & of rank, but r does not
imply any upper bound for «.
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TABLE I
OUR QUANTUM ALGORITHMS VS. PRIOR WORKS™

Prior Best
Sample Complexity

Quantum Information
Quantity

Our
Query Complexity

Prior Best
Query Complexity

O(N?/e?), O (k%/€%)

O(VNr/e®), O(x?[e)

Von Neumann Entropy 6], [7] 8], [42] O(T/es?)
Quantum a-Rényi Entropy O ((N/e)mex{2/a2h) O (g Npmaxia=1,0} /c2) Y
(for non-integer a > 0) [6] [10] /{05y

2\ S ind\/ VAR ~
Trace Distance O(€5/]E ) O(min{ ][\é;"/s, r/e7}) O(r° /%)
PURT 0(7"/5)+ 0] (7"12'5/513'5);t (6.5 /7.5
Fidelity 5] [11] O(r®=/e")

* N is the dimension of quantum states. ¢ is the desired additive error. r is (an upper bound for) the rank of quantum states. {x} = = — || denotes the
decimal part of z. k is the parameter associated with mixed quantum state p such that I/x < p < I, which only appears in the best prior query complexity

of quantum «-Rényi entropy.

 These are the sample/query complexities for closeness testing with respect to the trace distance (resp. fidelity). It is worth mentioning that closeness testing

can be solved by computing the closeness, but the converse seems difficult.

¥ In the concurrent work of Gilyén and Poremba [39], they presented a different quantum algorithm for fidelity estimation with a better query complexity

O (r25/25).

TABLE 11
QUANTUM QUERY COMPLEXITY FOR COMPUTING QUANTUM ENTROPIES”

Parameter o Quantum Rényi Entropy SZ(p) | Quantum Tsallis Entropy S (p)
o0 O (k?%/e) (Theorem IIL6) O (k%) (Corollary IIL5)
o (Max Entropy) (Rank)
~ 3—a?2 3ta
O<a<l 9, (r e /5W> (Theorem I1L8 and IILY)
=1 0 (r/?) (Theorem IIL1)
(Von Neumann Entropy) " ’
a=1 (mod2) | O(r*"!/e) (Theorem IIL8) ‘ O (1/¢) (Theorem 1I1.9)
a>1 ~ o a—
a#1 (mod 2) @) (ra_1+“/{Tl}/al+1/{Tl}) (Theorem II1.8 and I11.9)

* r is (an upper bound for) the rank of quantum states. ¢ is the desired additive error. {x} = x — || denotes the decimal part of z. & is the parameter
associated with mixed quantum state p such that I1/x < p for some projector II, which is only used in the case o = 0.

and the quantum Rényi entropy becomes the logarithm of the
rank, i.e., the quantum Max (Hartley) entropy:

§™(p) = SE(p) = In(rank(p)).

a) Overview: Given a quantum unitary oracle that pre-
pares a mixed quantum state (see Definition II.2), we develop
quantum algorithms for computing several quantum entropies.
Their quantum query complexities are collected in Table II,
which are also their quantum time complexities up to poly-
logarithmic factors. Most of our algorithms do not require any
restrictions on the lower bound for the eigenvalues of quantum
states except those for computing the quantum Max entropy
and the rank of quantum states, where II/x < p is required
for some projector IT and x > 0.

The prior best quantum algorithms for computing von Neu-
mann entropy [6], [8], [9] and quantum Rényi entropy [6], [10]
have time complexity (V) even for rank r = 2. Compared
to them, our quantum algorithms are exponentially faster in
the low-rank case. In particular, our quantum algorithm for
computing the von Neumann entropy with query complexity
O(r/e?) is comparable to the quantum algorithm given in [42]

with query complexity O(k?/¢), where we note that r < &
always holds.

It is worth mentioning that for odd integer a« > 1, the
query complexity of computing the quantum Tsallis entropy
ST'(p) does not depend on rank 7. In this case, there is
a simple SWAP test-like quantum algorithm that computes
tr(p®) using O(1/€?) copies [41], [58]. Compared to it, our
algorithm (Theorem III1.7) yields a quadratic speedup (see
Section III-C for more discussions). For non-integer «, we are
not aware of any prior approaches for computing the quantum
Tsallis entropy with complexity better than quantum state
tomography.

b) Lower bounds: We are able to give a query lower
bound (7€) for computing the quantum Rényi entropy S (p)
including the von Neumann entropy S(p) in terms of rank
r, where ¢ > 1/3 is a constant depending only on «
(see Theorem III.11). This lower bound is simply derived
from the quantum query complexity for computing the Rényi
(and Shannon) entropy of classical probability distributions
[59], [60].
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TABLE IIT
QUANTUM QUERY COMPLEXITY FOR COMPUTING -TRACE DISTANCE™

Parameter «

T, (p,0) (Theorem IV.1)

0<a<l O (rdlet(=0)/2 j5/at1)
a=0 (mod 2) O (r®/e)
a>land #0 (mod 2) O (rP3+1/Ae/2} jett1/{a/2))
o = 1 (Trace Distance) 0] (7“5 / 66)

7 is (an upper bound for) the higher rank of the two quantum states. ¢ is the desired additive error. {x} = = — |z| denotes the decimal part of x.

TABLE IV
QUANTUM QUERY COMPLEXITY FOR COMPUTING a-FIDELITY *

Parameter § = (1 — o) /2«

F,(p,0) (Theorem IV.5)

s eN

~ [ 3-a , 3+a
[0) (r 2o /5 20 )

BEN

~ / 3-a, 1 310, 1
9] (T 7o T aiA] Je 2 +a{5})

a = B = 1/2 (Fidelity)

O (T6'5/€7'5)

“ 7 is (an upper bound for) the lower rank of the two quantum states. € is the desired additive error. {} = x — |« denotes the decimal part of z.

2) Computing Quantum Distances: Distance measures of
quantum states are basic quantities in quantum computation
and quantum information. Two of the most important distance
measures are the trace distance and fidelity. For each of
them, we propose quantum algorithms that compute it and
its extensions. Here, we assume that there are two quantum
oracles U, and U, that prepare the density operators p and
o, respectively. The query complexity of a quantum algorithm
means the total number of queries to both U, and U,.

a) Trace distance: The a-trace distance of two quantum
states p and o is defined by
«a -0
)=1%

To(p,0) =tr (‘p 7
2
where [|A]|5 , = (tr (|A|a))1/a is the Schatten a-norm. Here,
the 1-trace distance is the well-known trace distance T'(p, o) =
Tl (p ’ U) .

We develop quantum algorithms for computing «-trace
distance for o > 0, with their query complexities shown
in Table III. As a special case, our quantum algorithm
(Theorem IV.1) for computing the trace distance (i.e., the
1-trace distance) has query complexity O (r°/<%). Note that
the closeness testing of the a-trace distances of quantum states
for integer «, e.g., the 1-, 2- and 3-trace distances, was studied
in [8]. For other cases of o, we are not aware of any prior
approaches to compute the a-trace distance with complexity
better than quantum state tomography.

b) Fidelity: The a-fidelity of two quantum states p and
o is defined by

Fulp,o) =exp (0~ 1) Du(pll0) =tx (o5 po's") "),
2

where D, (p||o) is the sandwiched quantum Rényi relative
entropy [48], [49]. Here, the 1/2-fidelity is the well-known
fidelity F'(p, o) = F1/2(p,0) [61].

[e%

; )]

S,a

We develop quantum algorithms for computing the
a-fidelity for 0 < o < 1, with their query complexities shown
in Table IV). As a special case, our quantum algorithm (The-
orem IV.5) for computing the fidelity (i.e., the 1/2-fidelity)
has query complexity O (r®®/¢7-%), which is a polynomial
speedup over the best known 0 (r12'5/513'5) in [11]. For
other cases of «, we do not know any prior approaches to
compute the «-fidelity with complexity better than quantum
state tomography.

c) Lower bounds and hardness: Our quantum algorithms
for computing the fidelity and trace distance have a time
complexity polynomial in the rank . We show that there is no
quantum algorithm that computes the fidelity or trace distance
with time complexity poly(log(r),1/¢) unless BQP = QSZK
(see Theorem IV.7), based on the result of [20] that («, 3)-
Quantum State Distinguishability is QSZK-complete for 0 <
a<pr<1t

Our quantum algorithms for computing the fidelity and
trace distance achieve a significant speedup under the low-
rank assumption. We argue that these problems are unlikely
to be efficiently solved by classical computers because com-
puting the fidelity and trace distance are DQCl-hard (see
Theorem IV.8); and it was shown in [63] that DQC1 is
not (classically) weakly simulatable unless the polynomial
hierarchy collapses to the second level, i.e., PH = AM.

B. Techniques

In this subsection, we give an overview of the techniques
that enable us to achieve the results presented in the above
subsection.

1) Quantum States as Block-Encodings: The key idea
of our quantum algorithms is to regard quantum states as

“The available regime of o and 3 for the QSZK-completeness of (a, 3)-
Quantum State Distinguishability was recently improved to 0 < v21In2a <
B2 < 1in [62].



5658

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 70, NO. 8, AUGUST 2024

TABLE V
COMPARISON BETWEEN DENSITY OPERATORS AND UNITARY OPERATORS AS BLOCK-ENCODINGS*

Density Operators

-

Operation Type

4]

Unitary Operators

o~ ]

Evolution A — BABT A — AB or BA
Trace Estimation tr(A) tr(A)/2e ¥
Linear Combination a1 Ay + -+ apAg (0 €RT) 1A + -+ ap Ay (a; € C)
Eigenvalue Transformation A — A(P(A))? A — P(A)

Positive Powers
Eigenvalue Threshold Projector

A= A°(0<e< 1)
A — (scaled) IIL

A= ]A°(0<c<)

supp(A) A— HSUPP(A)

* A is an Hermitian operator block-encoded in a density p or a unitary operator U. B is block-encoded in a unitary operator.

P(+) is a polynomial.

T Suppose A is an a-qubit Hermitian operator block-encoded in unitary operator U. Then tr(A)/2% = tr ((\0) 0l ® é—g)U)

can be computed through the Hadamard test [58].

block-encodings. To this end, we extend the definition of
block-encoding proposed for unitary operators to that for
general ones (see Definition II.1). Suppose that a unitary
operator U4 prepares a subnormalized density operator A (see
Definition I1.2). In this framework, we provide a convenient
way to manipulate the subnormalized density operator A and
extract information from it as follows.

o Evolution: If U is a unitary operator, which is a
block-encoding of an operator B, we can prepare a
subnormalized density operator BABT (see Lemma I1.2).
This evolution of the subnormalized density operator can
be seen as a generalization of quantum unitary operation
p+— UpUT for (normalized) density operator p.

o Trace Estimation: We provide an efficient method to
estimate the trace of A based on quantum amplitude
estimation [64] (see Lemma II.15). As will be seen, trace
estimation is an important subroutine in our quantum
algorithms (see Section I-A.1 and Section I-A.2).

e Linear Combinations: As an analog of Linear-
Combination-of-Unitaries (LCU) algorithm through a
series of work [22], [65], [66], [67], [68], [69], [70],
we also provide a technique to prepare a linear (con-
vex) combination of subnormalized density operators (see
Lemma I1.17). This technique will be used in computing
the trace distance (see Section I-A.2 and Theorem IV.1).

The technique of “trace estimation” is the cornerstone in
developing our quantum algorithms. To compute the values
of quantum entropies and distances, the key part has the
form tr(p), where ¢ is a (subnormalized) density operator.
Our strategy is to prepare a quantum state, which is a block-
encoding of p, through the technique of “evolution”. Roughly
speaking, we prepare the subnormalized density operator o
up to a scaling factor; we will use the phrase “prepare o0~
regardless of the scaling factor in the following discussion of
this section. For example, we prepare —pln(p) for the von
Neumann entropy, and prepare p® for the quantum a-Rényi
and Tsallis entropies. To achieve this, we develop techniques
for eigenvalue transformation of density operators based on
QSVT as follows.

+ Eigenvalue Transformation: Based on the evolution,
if we can construct a unitary operator U, which is a

block-encoding of P(A) for some polynomial P(-) as
in QSVT [22], we can transform A to another subnor-
malized density operator A(P(A))? (see Theorem I1.4).

« Positive Powers: We develop a technique to prepare the
subnormalized density operator A€ for 0 < ¢ < 1 without
any restrictions on A (see Lemma I1.8). Inspired by this,
we can also obtain a unitary operator, which is a block-
encoding of |A|°, using queries to a unitary operator
U, which is a block-encoding of Hermitian operator A
(see Lemma II.13). In order to obtain block-encodings
of powers of A, previously known methods [22], [33],
[38] usually require a lower bound for the minimal
non-zero eigenvalues of density operators; for example,
I/k < A < T for some k > 0 in [33]. This technique
for positive powers of subnormalized density operators
will be frequently used in our quantum algorithms for
computing quantum entropies, fidelity and trace distance
(see Section I-A.1 and Section I-A.2), in order to avoid
restrictions on density operators.

We also provide a method to block-encode the eigenvalue
threshold projector Ilg,p(4) of A in a quantum state, where
supp(A) is the support of A, and IIg is the projector onto
subspace S.

« Eigenvalue threshold projector: We propose a method
to (approximately) block-encode the eigenvalue threshold
projector Ilg,,p4) of A in a subnormalized density
operator (see Lemma II.19). We note that a technique
for block-encoding eigenvalue threshold projectors was
also provided in [32], but they required that A > ¢II for
some projector IT and the value of ¢ > 0 is known in
advance. In contrast, our method does not impose any
restriction on A. This method will be used in computing
the trace distance (see Section I-A.2 and Theorem IV.1).

A comparison between density operators and unitary oper-
ators as block-encodings is given in Table V.

2) Example — Computing Trace Distance: To give the
readers a flavor, we take the quantum algorithm for comput-
ing the trace distance (see Theorem IV.1 for details) as an
illustrative example. The key observation to compute the trace
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Density: p,0 — pu=(p+0)/2 — I~
1

Unitary: p,0 — IS

v=lp—ol/2 —

supp(p)

|V|1/2

— oIt — tr (l?lilf/lf) ~tr(n) =T(p,0)

Fig. 1. The computation process of computing trace distance.

distance is that
1/2 1/2
T(p,o) =tr(\V| " Moy 71" )

where v = (p — 0)/2, u = (p+ 0)/2. The idea is to prepare
n = |y|1/2 Hsupp(p) lv|""? (up to a scaling factor), and then
estimate tr(n) through the technique of “trace estimation”
(Lemma II.15). The computation process is shown in Figure 1.

To (approximately) prepare 7, we first prepare I ~
Iupp(y) through the technique of “eigenvalue threshold pro-
jector” (Lemma I1.19). Here, u = (p + 0)/2 can be prepared
through the technique of “linear combinations” (Lemma I1.17).
Then we only need to construct a unitary operator, which
is a block-encoding of ¥ ~ |u\1/ % After that, by the tech-
nique of “evolution” (Lemma II.2), we can prepare Pt ~
W2 |2 &,

In order to construct a unitary operator as a block-encoding
of |u|1/ %, we first use the LCU technique (Theorem II.18) to
block-encode v = (p — ¢)/2 in a unitary operator U,.. Then
applying the technique of “positive powers” (Lemma II.13)
on U,, we can construct a unitary operator which is a block-
encoding of U ~ |1/|1/2.

To get an estimation of the trace distance between p and o,
we should just note that T'(p, o) = tr(n) = tr (Df[zﬁ), where

we have already prepared oIt through the above process.
Strictly speaking, we have prepared a mixed quantum state,
whose density operator is a block-encoding of il up to a
scaling factor. After carefully selecting appropriate parameters
that determine the errors in the above process, we obtain a
quantum algorithm for computing the trace distance with query
complexity O(r® /%), where 7 is (an upper bound for) the rank
of quantum states p and o, and ¢ is the desired additive error.
Here, O() suppresses the polylogarithmic factor of N, where
N is the dimension of the Hilbert space of p and o.

C. Related Works

a) Classical property testing: The problems considered
in this paper can be thought of as a quantum analog of testing
properties of probability distributions. Classical algorithms for
testing properties of probability distributions have been widely
studied since the beginning of this century. The first algorithm
was proposed in [71] for the closeness testing of probability
distributions in ¢* distance using O(N?/3 /*) samples, which
was then improved to use O(N?/3/&8/3) samples [72]. Later,
it was shown in [73] that the optimal sample complexity
for this problem is © (max{N?/3/e%/3 N1/2/e2}), and they
also proved that the optimal sample complexity ©(1/¢?) for
closeness testing in ¢? distance. The identity testing is a special
case of the closeness testing given that one of the distributions
is known. It was shown in [74] that O(N1/2 /%) samples are

sufficient for the identity testing in ¢! distance, which was
improved to optimal ©(N'/2/¢?) in [75]. The independence
testing, i.e., whether a distribution on [N] x [M] (N > M)
is equal to or e-far from a product distribution in ¢! dis-
tance, was shown to have sample complexity O(N2/3M1/3) .
poly(1/e) [74]. Recently, a modular reduction-based approach
was proposed in [76], which covers the closeness, identity
and independence testing. They also gave a tight sample
complexity © (max{N%3M1/3/e?/3 (NM)'/2/?}) for the
independence testing. In addition, the monotonicity testing was
also shown to have sample complexity O(N'/2/&*) [77].
Apart from property testing between distributions, proper-
ties of a single distribution are well studied in the literature,
e.g., [78], [79], and [80]. An algorithm that computes the Shan-

non entropy using O WN(N)) samples for ¢ = Q(N0-03)

was proposed in [81] and [82]. After that, the optimal
N (og(N ))2>

elog(N) e2
samples was given in [83] and [84]. Also, an estimator for
exp ((1 — a)SE(p)) was provided in [83], where SZ(p) is
the a-Rényi entropy of distribution p.

b) Quantum property testing: The emerging topic of
quantum property testing (see [43]) studies the quantum advan-
tage in testing classical statistical and quantum information
properties.

Quantum advantages in testing classical statistical properties
have been extensively studied. Quantum algorithms for testing
properties of classical distributions was first studied in [85],
which gave quantum query complexity O(N'/2/£9) for the
closeness testing, and O(N'/3) for identity testing (to the
uniform distribution) in ¢! distance (for constant precision ¢).
Later, the quantum query complexity of the identity testing (to
a known distribution) was improved to O(N'/3/&5) in [86].
The quantum query complexity for the closeness testing in
¢! distance was further improved to O(N'/2/£%5) in [87],
to O(N'/2/¢) in [8], and to O(N'/?/¢) in [88]. Recently,
the quantum query complexity for computing the Shannon
entropy and the Rényi entropy was studied in [59]; especially,
an O(N'/2 /£?) quantum query complexity was shown for the
Shannon entropy.

There are also some quantum algorithms for testing quan-
tum information properties not mentioned above. It was shown
in [41] that testing the orthogonality of pure quantum states
requires ©(1/¢) copies, promised that either they are orthog-
onal or have fidelity > €. Recently, it was shown in [89] that
quantum identity testing only uses O(N®/2/£?) copies with
the help of random choice of independent measurements.

estimator of Shannon entropy using © (

D. Discussion

In this paper, we suggest a generalized definition of
block-encoding, with which we can directly manipulate
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subnormalized density operators and extract information from
them. Based on this, we develop new quantum algorithms that
compute a large class of quantum entropies and distances,
which achieve a significant speedup over the best known
ones in the low-rank case. Several interesting problems remain
open:

e Our upper and lower bounds are far from being tight,
a similar issue for computing the von Neumann entropy
arose in [8]. In the error analysis of our algorithms,
the rank r appears in the upper bound for the error
as a multiplicative factor. This makes our algorithms
unlikely to have complexity sub-polynomial in r. Can we
find more efficient algorithms (for example, with query
complexity sub-polynomial in r) or improve the lower
bounds (to, for example, Q(r))?

o It would be interesting to study other distance mea-
sures of quantum states, e.g., the relative von Neumann
entropy [1] (the quantum generalization of the Kullback-
Leibler divergence [90])

S(pllo) = tr (p (n(p) — In(0)).

o Can we apply the idea of manipulating quantum states to
problems other than computing quantum entropies and
distances?

E. Recent Developments

After the work described in this paper, a series of quantum
algorithms for computing quantum entropies and distances
have been developed and applied in practical tasks.

« Von Neumann entropy. In the “purified quantum query
access” model, the query complexity for computing the
von Neumann entropy was further analyzed in detail
and shown to be O(rlog(r)/e?) in [91]. Computing
the von Neumann entropy in space-bounded quantum
computation was investigated in [92], and they showed
that the space-bounded version of von Neumann entropy
difference is BQL-complete. In the “quantum sample
access” model, the time complexity for computing the
von Neumann entropy was improved to O(N?) in [93],
compared to the O(N®) in [6], while retaining the
same (up to polylogarithmic factors) sample complexity
O(N?).

o Rényi entropy. In the “purified quantum query access”
model, the query complexity for computing the a-Rényi
entropy of a quantum state was improved to O (ra /eat1)
for 0 < a < 1 and O(r/e'*t%) for & > 1 in [94].
In the “quantum sample access” model, the time com-
plexity for computing the a-Rényi entropy was improved
to O(Na=2) for 0 < a < 1 and O(N* =) for
o > 1 in [93], compared to the O(N=) for 0 <
o < 1 and O(N®) for o > 1 in [6], at the cost of
larger sample complexity; they also showed sample lower
bounds Q(max{N, N=~1}) for computing the a-Rényi
entropy. In addition, variational quantum algorithms for
computing the von Neumann and Rényi entropies were
proposed in [95].
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o Trace distance. In the “purified quantum query access”
model, the query complexity for computing the trace
distance was improved to O(r/e?) in [96], and they
showed that low-rank trace distance estimation is BQP-
complete based on the result of [97], improving the
DQC1-hardness given in this paper. The space-bounded
version of trace distance estimation was shown to be
BQL-complete in [92], and its certification was shown to
be coRQuL-complete. In the “quantum sample access”
model, the sample complexity for computing the fidelity
was shown to be O(r2/%) in [96], which was later
employed in a hypothesis testing based auditing pipeline
for quantum differential privacy with domain knowl-
edge [98].

« Fidelity. In the “purified quantum query access” model,
the query complexity for computing the fidelity was
improved to O(r2%/£%) in [39]. When quantum states
are well-conditioned (i.e., p,o > I/k for some known
k> 0), the query complexity was shown to be O(k*/e¢)
in [99], with the dependence on ¢ optimal (up to poly-
logarithmic factors). It was shown in [97] that pure-state
fidelity estimation is BQP-complete, which, together with
the polynomial-time quantum algorithms for low-rank
fidelity estimation in [11] and [39] and this paper, implies
that low-rank fidelity estimation is also BQP-complete,
improving the DQC1-hardness given in this paper. In the
“quantum sample access” model, the sample complexity
for computing the fidelity was shown to be O(r% /¢12)
in [39].

F. Organization of This Paper

Section II introduces the idea that regards quantum states as
block-encodings, and provides a series of basic techniques for
manipulating them. Section III presents quantum algorithms
that compute quantum entropies, including the von Neumann
entropy, quantum Rényi entropy and quantum Tsallis entropy.
Section IV presents quantum algorithms that compute the trace
distance, fidelity and their extensions.

II. QUANTUM STATES AS BLOCK-ENCODINGS

Since the introduction of qubitization in Hamiltonian sim-
ulation [31], block-encodings have been widely used as a
basic notion in quantum algorithms, e.g., [22] and [33]. In the
existing research, block-encodings are unitary operators that
block-encode smaller ones.

Quantum states (i.e., density operators) are often used to
contain necessary information in quantum algorithms. For this
purpose, a technique was provided in [31] to implement a
unitary operator that block-encodes a mixed quantum state.
However, to the best of our knowledge, there is no known
method to do the inverse, that is, to prepare a mixed quantum
state using queries to the given unitary operator (quantum
oracle) that block-encodes its density operator. As a result,
it could be difficult to extract information from operators that
are block-encoded in unitary operators. This motivate us to
regard quantum states as block-encodings. As will be seen
later in this section, it is convenient to extract information
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from the operators block-encoded in quantum states as well
as to manipulate them.

In this section, we will extend the definition of block-
encoding proposed for unitary operators as in [22], [31], and
[33] to that for general operators, especially for density oper-
ators (i.e., quantum states). Then we show the possibility that
information can be stored in and extracted from quantum states
as block-encodings. Also, we can manipulate the information
block-encoded in quantum states. Here, the “information”
block-encoded in quantum states (i.e., density operators) is
essentially subnormalized density operators.

A. Subnormalized Density Operators

We will use the language of the conventional block-
encoding. Here, we give the definition of block-encoding for
ordinary quantum operators as follows.

Definition 1I.1 (Block-Encoding): Suppose A is an n-qubit
operator, o, e > 0 and a € N. An (n + a)-qubit operator B is
said to be an (o, a, £)-block-encoding of A, if

[l o 0[B [0), —All <e.

Intuitively, A is represented by the matrix in the upper left

corner of B, i.e.
B~ [A/a *} .
*

*

Here, we write |0), to denote |0)®“, where the subscript
a indicates which (and how many) qubits are involved in
the Dirac symbol. For example, if a system consists of two
subsystems of a qubits and b qubits and it is in state |0>®(a+b),
we can represent it as [0),,, or |0),]0),.

We are interested in matrices block-encoded in a mixed
quantum state (density operator), which are indeed subnor-
malized density operators.

Definition I1.2 (Subnormalized Density Operator): A sub-
normalized density operator A is a semidefinite operator with
tr(A) < 1. A (normalized) density operator is a subnormalized
density operator with trace 1. An (n + a + b)-qubit unitary
operator U is said to prepare an n-qubit subnormalized density
operator A, if it prepares the purification [p) = U |0),,, ., of
a density operator p = try(|p) (p|), which is a (1, a, 0)-block-
encoding of A.

Given a subnormalized density operator A prepared by
a unitary operator U, we usually need to construct another
unitary operator U which is a block-encoding of A. This
technique was first introduced by [31], then generalized for
subnormalized density operators by [22] and [32].

Lemma II.1 (Block-Encoding of Subnormalized Density
Operators [22], [31], [32]): Suppose U is an (n + a)-
qubit unitary operator that prepares an n-qubit subnormalized
density operator A. Then there is a (2n + a)-qubit unitary
operator U which is a (1,4 a, 0)-block-encoding of A, using
1 query to U and UT and O(a) elementary quantum gates.

B. Generalized Evolution

It is well known that after applying a unitary operator U
on a mixed quantum state p, it will become another state
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UpU?t. Here, we extend the basic unitary evolution to the
case of subnormalized density operators, which transforms
a subnormalized density operator A to BAB', where B is
block-encoded in a unitary operator.

Lemma I1.2 (Evolution of Subnormalized Density Opera-
tors): Suppose that

1) U is an (n + a)-qubit unitary operator that prepares an

n-qubit subnormalized density operator A, and
2) V isan (n+b)-qubit unitary operator which is a (1,0, 0)-
block-encoding of B.
Then, U = (V ® I,)(U ® I) is an (n + a + b)-qubit uni-
tary operator that prepares an n-qubit subnormalized density
operator BAB.
Proof: Let a = ay+as such that U prepares an (n+ay)-

qubit density operator p, which is a (1, ay, 0)-block-encoding

of A. Suppose
A= N ) (gl
J

Then we have

Z\F‘“J

where |1);) is an orthogonal basis, and

Yay 1¥5) a

|P n+ai+az + |J‘a1>n+a1+a2 ’

=0.

0L, )

n+ai+az

Note that
|ﬁ> = U |0>n+a+b = (V 0y Ia) ‘p>n+a1+a2 ‘0>b
= VA0, [5)4, (VIus),,10),)
J
+V |J‘a1>n+a1+a2 |0), -
Let = tra, (|3) {7]). then

al+b<0‘p~ |0>a1+b = tl0512 (a1+b<0|p~> <ﬁ|0>a1+b) ’

where

(b (OV10)y) uj),,

ZWM
:Z\CI% as

a1+b O|p
® B |ug),,

We have that

a1+b<0|ﬁ|0>a1+b = Z)‘jB s, (uj BY =

J

BABf.

C. Polynomial Eigenvalue Transformation

Now we show how a subnormalized density operator A
can be transformed to a new subnormalized density operator
A(P(A))?2, where P(z) is a polynomial. To this end, we recall
the polynomial eigenvalue transformation of unitary operators
in [22], and extend it to the case of preparing subnormalized
density operators.

Theorem I1.3 (Polynomial Eigenvalue Transformation of
Unitary Operators [22]): Suppose that
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1) U is an (n + a)-qubit unitary operator, which is a
(1, a, 0)-block-encoding of an Hermitian operator A.

2) P € Rz ] > is a degree-d polynomial such that
1Py, < 1.5 Moreover, if P is even or odd, the

condltlon can be relaxed to || P[[_; ; < 1.

Then for every & > 0, there is a quantum circuit’ U such that

1) Uisa (1,a+ 2,8)-block-encoding of P(A).

2) U uses d queries to U and UT, 1 query to controlled-U

and O((a + 1)d) elementary quantum gates.

3) A description of U can be computed by a (classical)

Turing machine in O(poly(d,log(1/4))) time.

In the following, combining Theorem II.3 and Lemma II.2,
we develop a technique of polynomial eigenvalue transforma-
tion of subnormalized density operators.

Theorem I1.4 (Polynomial Eigenvalue Transformation of
Subnormalized Density Operators): Suppose that

1) U is an (n + a)-qubit unitary operator that prepares an

n-qubit subnormalized density operator A.
2) P € Rz] is a degree-d polynomial such that
IPll=11 < < 1. Moreover, if P is even or odd, the

condmon can be relaxed to || P[[_; ; < 1.

Then for every § € (0,1), there is a quantum circuit U such
that

H U prepares an n-qubit subnormalized density operator
B, and B is a (1,0, §)-block-encoding of A(P(A))?.

2) U uses O(d) queries to U and U, 1 query to controlled-
U and controlled-U', and O((n + a)d) elementary
quantum gates.

3) A description of U can be computed by a (classical)
Turing machine in O(poly(d,log(1/4))) time.

Proof: By Lemma II.1, there is a quantum circuit V' that
is a (1,0(n + a), 0)-block-encoding of A, which consists of
1 query to U and U and O(n+a) elementary quantum gates.
Then by Theorem II.3, there is a quantum circuit f/, which

a (1,b,9)-block-encoding of P(A), with d queries to V
and VT, 1 query to controlled-V, and O((n+a)d) elementary
quantum gates, where b = O(n + a).

We claim that U = (V ®1,)(U®I,) is desired. To see this,
by Lemma I1.2, U prepares an n-qubit subnormalized density

- - T
operator (b<O|V |O>b) A (b<O|V |O>b) . On the other hand,

(,01710),) 4 (017 10),) — A(P(A))?
P) 4 (0 10,) | +

(4017 10), -

SLet R C R be the set of polynomial-time computable real numbers. That
is, for every real number x € R, there is a polynomial-time (classical) Turing
machine M such that [M (1™) — | < 27", where M (1™) denotes the output
floating point real number of M on input 1™. Throughout this paper, we only
consider polynomial-time computable real numbers, and for any S C R,
we write S to denote S MR for convenience. Especially, we just write R for
R.

For a function f : R — C and a set I C R, we define ||f||; =
sup {| ()| € I}

"Throughout this paper, without explicit explanation, quantum circuits are
uniform. Here, a uniform quantum circuit is a family of quantum circuits
whose descriptions can be computed by a polynomial-time (classical) Turing
machine.
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s (Gorion)’ )

< 5||A|| [P(A)] +6) + [[P(A)[ | All 6
< 55 = 0(9).

We conclude that U prepares the purification |g) of p, which
is a (1,0(n + a), ©(5))-block-encoding of A(P(A))?, which
yields the proof. O
By Theorem I1.4, we are able to transform a subnormalized
density operator A to A(f(A))? for a large range of f(z), pro-
vided f(z) can be efficiently approximated by a polynomial.
Theorem I1.5 (Eigenvalue Transformation of Subnormalized
Density Operators): Suppose that
1) U is an (n + a)-qubit unitary operator that prepares an
n-qubit subnormalized density operator A.
2) f:[-1,1] — R can be approximated by a degree-d
polynomial P € RJz] such that there are two parameters

d,e € (0, }, it holds that [|P(z) — f(z)l|;5, < € and
[ Pll_1,1) < 5. Moreover, if P is even or odd, the latter
cond1t10n can be relaxed to [P _; ) < 1.

Then there is a quantum circuit U such that

H U prepares an n-qubit subnormalized density operator
B, and B is a (1,0,@ (6 +0+ Hx(f(a:))2|‘[076]>)-
block-encoding of A(f(A))2.

2) U uses O(d) queries to U and U, 1 query to controlled-
U and controlled-U', and O((n + a)d) elementary
quantum gates.

3) A description of U can be computed by a (classical)
Turing machine in O(poly(d,log(1/4))) time.

Proof- Let U be the quantum circuit obtained by
Theorem I1.4, which prepares an n-qubit subnormalized den-
sity operator B as a (1,0, §)-block-encoding of A(P(A))2.
We analyze the error by the fact that

lo.1) -

|o(P@)? = 2(f @)y < © (= + 6+ [o(F@))

We consider two cases.
Case 1: z € [6,1].

|2(P(2))? = x(f(x))?

o

| < la||P(x) + f(2)] |P(x) — f(2)]

< (14¢e)e <2 =0(e).
Case 2: z € [0,9).

|2(P(2))? = 2(f(2))?] < |z(P(x))*| + |2(f(2))?|
<o+ Hx(f(m))2||[075] :
Then we have
|B = A(f(A))?[| < [ B — A(P(4) 2H
+||A(P(A))? — A(f(A)?|

<5+@(5+5+Hx
=@<€+5+||x(f(x))

2
9 0.5)
o)
O
As will be seen, Theorem II.5 can be used to develop a

technique of preparing positive powers of Hermitian operators
(see Section II-D).
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D. Positive Powers

We will use Theorem IL.5 to develop an efficient approach
for implementing positive powers of Hermitian matrix A,
which removes the dependence on k that I/k < A < T
as in [33] (see Lemma II.13 of its full version). In this
subsection, we will provide the positive power tricks for
an Hermitian operator block-encoded in a density operator
(Lemma I1.8) and in a unitary operator (Lemma II.13). To this
end, we recall some results of polynomial approximations of
power functions.

Lemma 11.6 (Polynomial Approximation of Positive Power
Functions [33], [100]): Let 6, € (0,%], ¢ € (0,1) and
f(x) = % x°. Then there is an even/odd degree-O (5 log (1))
polynomial® P € R[z] such that [|P(z) — f(2)l|;5,) < ¢ and
[Py < L

Lemma I1.7 (Polynomial Approximation of Negative Power

Functions [22], [33], [100]): Let e € (0,4, ¢ >

0 and f(z) = & =z ° Then there is an even/odd
degree-O (<t 1og (1)) polynomial P € R[z] such that

[ P(x) — f(x)”[é,l] <¢and ||PH[—1,1] <1

First, we develop a method of implementing positive powers
of Hermitian matrix A, which is given as block-encoded in a
density operator p. Here, the purification of p can be prepared
by a unitary operator U.

Lemma I1.8 (Positive Powers Block-Encoded in Density
Operators): Suppose that

1) U is an (n + a)-qubit unitary operator that prepares an
n-qubit subnormalized density operator A.

2) 6,e€(0,%] and c € (0,1).

Then there is a quantum circuit U such that

H U prepares an n-qubit subnormalized density operator
B, and B is a (46°71,0,0(5°+£6°"1))-block-encoding
of A°.

2) U uses O(d) queries to U and U, 1 query to controlled-
U and controlled-Uf, and O((n + a)d) elementary
quantum gates, where d = O (}log (1)).

3) A description of U can be computed by a (classical)
Turing machine in O(poly(d)) time.

Proof: Let f(x) = %xfc, where ¢ € (O7 %) Then
p(f(2)? = Gt and [[2(f(2)] 0, < § = ©0).
By Lemma II.7, we can obtain an even/odd polynomial P(x)
of degree O (log(2)) such that [|P — f[;5,; < ¢ and
(1P|l —1,1] < 1. By Theorem I1.5, there is a quantum circuit U,
which prepares an n-qubit subnormalized density operator B,
which is a (1,0,0(8 + ¢))-block-encoding of A (f(A4))* =
%Al’%. In other words, B is a (4072¢,0,0(5'72¢ +
£62¢))-block-encoding of A'~2¢. These yield the proof by
letting ¢/ =1 — 2¢. O

Remark II.1: In Lemma IL.8, we provide a positive power

trick for density operators, whose error depends on two

8In this paper, a degree-d polynomial means a uniform family of
(polynomial-time computable) polynomials with parameter d. That is, suppose
Py(z) = Zﬁ:o apx®, where ay is a polynomial-time computable real
number for 0 < k < d, then there is a polynomial-time classical Turing
machine that, on input 14, outputs descriptions My, of ay for 0 < k < d,
where M, is a polynomial-time classical Turing machine that, on input 1™,
output ag within additive error 27".
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parameters ¢ and . This allows us to prepare positive powers
of density operators flexibly, without dealing with their “condi-
tion numbers” « such that IT/x < p for some projector II. The
method used in Lemma I1.8 is a straightforward application of
Theorem I1.5 with the observation that x(f(z))? — 0 when
2 — 0. In fact, any function f(z) that satisfies this condition
(and, of course, other conditions required in Theorem IL.5) is
applicable in this trick, without dealing with «. As will be seen,
this technique for positive powers of subnormalized density
operators will be frequently used in our quantum algorithms
(see Section III and Section IV), in order to avoid the x
restrictions on density operators.

Next, inspired by the above observation, we extend the
result to the case that A is given as block-encoded in a unitary
operator. Here, we need to implement a threshold projector.
The following lemma is Corollary III.3 of [22].

Lemma 1.9 (Polynomial Approximation of Threshold Pro-
jectors [22]): Let 6, € (0,1) and ¢ € [0,1] such that
0 <t—0d <t+3d < 1. There is an even polynomial P € R[z]
of degree O (§1log (1)) such that

D[Pl <1

2) P(z) €[l —e¢,1] forx e [—t+0,t— 4], and

3) P(z) €[0,¢] for x € [-1,—t — O] U [t + 4, 1].

We take some special cases of Lemma I1.9 as follows, which
will be often used to design our quantum algorithms.

Corollary II.10: Let 6, € (0,%]. Then there is an
even degree-O (log (1)) polynomial R € R[z] such that
IRy 4y <1 and

R() ¢ {[1—5, 1]

z € [—1,-20] U [26,1]
[0, €] ’

x € [—0,0]
Corollary II.11: Let 6,6 € (0,%]. Then there is an

even degree-O (%1log (1)) polynomial R € R[z] such that
[Rll—y <1 and

[1—¢,1]
R(x) € {[0’6}

xr € [—1+26,1— 20
re[-1,-1+8Ul-61]

We also need the following lemma to multiply block-
encoded matrices.

Lemma 11.12 (Product of Block-Encoded Matrices [22]):
Suppose that

1) U is an (n+a)-qubit unitary operator that is a (o, a, 6)-

block-encoding of an n-qubit operator A.
2) V is an (n+b)-qubit unitary operator that is a (3, b, ¢)-
block-encoding of an n-qubit operator B.
Then there is a quantum circuit U such that

1) Uis an (aB,a + b, aec + (§)-block-encoding of AB.

2) U uses 1 query to each of U and V.

With the approximation of threshold functions, we are able
to implement positive powers of Hermitian matrix A, which
is given as block-encoded in a unitary operator.

Lemma 11.13 (Positive Powers Block-Encoded in Unitary
Operators): Suppose that

1) U is an (n + a)-qubit unitary operator which is a

(1, a,0)-block-encoding of an n-qubit Hermitian opera-
tor A.
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2) 6,e€(0,%] and c € (0,1).
Then there is a quantum circuit W such that

1) Wisa(2,0(a+1),0(c+6°)-block-encoding of |A|°.

2) W uses O(Q) queries to U and UT, O(1) query to

controlled-U and O((a + 1)Q) elementary quantum
gates, where Q = O (5 log (1)).
3) A description of W can be computed by a (classical)
Turing machine in poly(Q) time.
Proof: Let f(z) = %|z|° be an even function and

8, € (0,1]. By Lemma IL6, there is an even degree-dp
polynomial P € R[z], where dp = O (5log (1)), such
that [|P(z) — F() 5., < & IP() ~ F@) s, < = and
[Pll—1,,; < 1. By Theorem IL3, for 6y > 0, there is a
quantum circuit U such that

1) Uis a (1,a + 2,0)-block-encoding of B, and B is a

(1,0, dy)-block-encoding of P(A).
2) U uses dp queries to U and UT, 1 query to controlled-U
and O((a + 1)dp) elementary quantum gates.
3) A description of U can be computed by a (classical)
Turing machine in poly(dp,log(1/dy)) time.

Let R € R[z| be the even degree-dr polynomial in Corol-
lary I1.10, where dg = O (3 log (1)), such that Rl[_1,q) <
1 and

R() ¢ {[1 — 1] z €[-1,-24]

U[26,1]
[0, ] € [-4,6] '

By Theorem I1.3, for Jy, > 0, there is a quantum circuit 174
such that

1) Vis a (1,a + 2,0)-block-encoding of C, and C'is a

(1,0, 0y )-block-encoding of R(A).

2) V uses dp queries to U and U, 1 query to controlled-U

and O((a + 1)dg) elementary quantum gates.

3) A description of V can be computed by a (classical)

Turing machine in poly(dg,log(1/dy)) time.

By Lemma I1.12, using one query to each of U and V,
we can obtain a quantum circuit W, which is a (1,2a + 4, 0)-
block-encoding of BC'. In the following, we will show that
|BC — f(A)|| < ©(e+ 6°). We note that

[1P(@)R(z) = f()]lp,1) < O +6).
This is seen by the following three cases:
1) |¢| > 20. We have |P(x ) ()= f(z)] <
(P(z) — f(x))R(z)[ + | f(2)(R(x) )ISGES)

2) |x| < 4. We have |P(z)R(z) —
[f(@)] < O(e +6°).
3) § < |z < 25. We have |P(z)R(x)— f(z)]
[(P(z) = f(2))R(z)| + [f(2)| [R(z) — 1] < O(e + 6°).
Note that A is Hermitian, we have ||[P(A)R(A) — f(A)]]
O(e + ¢°). Finally,

[BC — f(A)|| < [|BC = P(A)R(A)|
+ [[P(A)R(A) — f(A)]
< O(0y + dv + & + 69).

These conclude that W is a (1,2a + 4,0(e + §°))-block-
encoding of f(A) by setting 0y = dy = ¢, and therefore
a (2,0(n+ a),O(e + 6°))-block-encoding of |A|°. O

()\ [P ()] |R(z)[+

IA = IA
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By setting x = 1/, Lemma IL.13 reproduces the result
of [33] (see Lemma II.13 of its full version). The strength
of Lemma II.13 is to allow implement positive powers of A,
regardless of whether the condition I/k < A < I holds. The
technique used in Lemma II.13 by multiplying the polynomial
approximation with a threshold function is similar to Corollary
42 of the full version of [22] for implementing the threshold
pseudoinverse.

E. Trace Estimation

In this subsection, we will provide a method of estimating
the trace of an Hermitian matrix which is block-encoded in a
density operator. Before that, we recall the quantum amplitude
estimation [64].

Theorem II.14 (Quantum Amplitude Estimation, [64]): Sup-
pose U is an (a + b)-qubit unitary operator such that

Ul0)ars = VP0)s [90)y + V1= pI1), [01),,

where |¢g) and |¢1) are normalized (pure) quantum states and
p € [0, 1]. There is a quantum algorithm that outputs p € [0, 1]

such that
274/p(1 —p) N 2

M M?

with probability > =, using O(M) queries to U and U f,

If we know an upper bound B of p, then we can take
M = [27r (@ + %)1 =0 (@ + %) to guarantee that
p—pl<e

Based on quantum amplitude estimation, we develop the
trace estimation of subnormalized density operators as shown
below, which will be useful to design quantum algorithms, see
Section IIT and Section IV.

Lemma I1.15 (Trace Estimation of Subnormalized Density
Operators): Suppose U is an (n 4 a)-qubit unitary operator
that prepares an m-qubit subnormalized density operator A,
and B > 0 is a known constant that tr(A) < B. For every ¢ >
0, there is a quantum algorithm that estimates tr(A) within

Ip—pl <

additive error £ with O (@ + %) queries to U and UT.

Proof: Let a = ay+as such that U prepares an (n+ay)-
qubit density operator p, which is a (1, ay, 0)-block-encoding

of A. Suppose
A=) A lg) (ul.
J

Then we have

U‘0> = |p>n+a1+a2

*Z\FWJ

where |1);) is an orthogonal basis, and

n+ai+az

Jar 1¥5) a

+ u‘al >n+a1+a2 ’

0L, )

n+ai+az

Moreover, we have

U |0>n+a1+a2 = \/]3|0>a1 ‘¢0>n+a2 + v I—p ‘1>a1 |¢1>n+a2

for some (pure) quantum states |¢o) and |¢p1), where p =
tr(A).
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If we know an upper bound B of tr(A), then let M =
[2 (2\F + f =0 (f + \[> and by Theorem II.14,
we can computes p such that

2ry/p(1—p) =

p—pl < i +9p <€
with success probability > %, using M queries to U and
Ut. O

F. Linear Combinations

We will provide a technique (Lemma II.17) that prepares a
linear combination of subnormalized density operators, which
is a natural analog of Linear-Combination-of-Unitaries (LCU)
algorithm through a series of work [22], [65], [66], [67], [68],
[69], [70].

Before stating our linear combination result of subnormal-
ized density operators, we introduce a technique that embeds
a density operator in a larger space.

Lemma II.16: Suppose U is an (n + a)-qubit unitary
operator that prepares an n-qubit density operator p. For
every b > 0, there is an (n + a + b)-qubit unitary operator
U® = U ® I, such that

1) U® prepares an (n-+b)-qubit density operator p(*), and

p® is a (1,b,0)-block-encoding of p.

2) U® uses 1 query to U.

Proof: Let |¢), ., Ul0),,, and then p, =
tra(‘w>n+a <w|) Let U(b) =U ® Ib and ’w(b)>n+a+b =
U® o) =), |0),. We have

p(b) = trg, (’d}(b)>n+a+b <w(b)‘>

=t (1)1, (¥ ®0), (0])

n+a+b

The proof is completed by noting that , (0[p®) [0), = p,. O
Now we are ready to show the technique to prepare a linear
combination of subnormalized density operators. The basic
idea is to prepare a linear combination of (normalized) density
operators, but a careful qubit alignment is needed with the help
of Lemma II.16.
Lemma II.17 (Linear Combination of Subnormalized Den-
sity Operators): Suppose
1) V is an m-qubit unitary operator such that V' |0) =
Dkem) Vo k).
2) For every k € [2™], Uy, is an (n+ ag, + by )-qubit unitary
operator that prepares an (n+ ay)-qubit density operator
Pk, and py is a (1, ag, 0)-block-encoding of an n-qubit
subnormalized density operator Ay.
Let a = maxyeppmi{ax} and b = maxye[om){br}. Then there
is an (m + n + a + b)-qubit unitary operator U such that
1) U(V ®I,tat+s) prepares an n-qubit subnormalized

density operator
A= Z OzkAk.
ke[2m)

“Here, we use the notation [n] = {0,1,2,...,n — 1}.
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2) U uses 1 query to each Uy, for k € [2™].

Proof: Let aj, = a — a, bj, = b — by, and

U= Ik (kU

ke[Qm,]

be an (m 4 n + a + b)-qubit unitary operator, where U®) =

a) +b)
U ® I, is defined as in Lemma II.16. Here, U,g i) acts on
n+a+ b qubits. To be precise, if we split the n 4+ a + b qubits
into three parts (i) n qubits, (ii) a qubits and (iii) b qubits,

then U, (i) uses 1 query to Uy, which acts on: (i) the whole
n qublts (ii) the first aj qubits and (iii) the first by qubits.
Let |¢k>n+ak+bk = U, |0>n+ak+bk' Then we note that

) = U (V& Lusass) 10),, 10}, 00, 0),
—U S ar k), (00, 10),10),
ke[2m]
= % v, (v 0, 10,10,
ke2m]

= Z VvV Xk ‘k>m ‘¢k>n+ak+bk |O>LL;C ‘O>b;f )

ke[2m]

and

P = trwn+b (|¢> <¢|)
= Z (673 trb (|,(/)k>n+ak+bk <’(/)k| ® |0>a;c+b;€ <O|>

ke[an]

Z Ak trbk (|¢k>’ﬂ+ak+bk <wk‘) ® |O>a;c <0|

ke[an]
Z k(P )ntay ® ‘0>a;€ (0]

ke[2rn]

> (o)

k€ 2m]

where p(*) = p®|0), (0| is defined as in Lemma I1.16. To see
that p is a (1,a,0)-block-encoding of A = 3}, 1om) A,
we note that

019100, = >, (O1(Pk)ntar [0),
ke[2m]
ke[2™m]

Therefore, U (V ® I, ® Ip) prepares a subnormalized density
operator A. O

As it will be also used to design quantum algorithms in this
paper, we provide the LCU algorithm for comparison. Here,
we use the notion as in the full version of [22].

Definition I1.3 (State Preparation Pair): Let y € C™
with [lyll;, < B, and € > 0. A pair of unitary oper-
ator (Pr, Pr) is called a (3,b,¢)-state-preparation-pair if
Pr0), = > e ¢ili) and Prl0), = 3 cioe) dj|j) such
that Z]Enz] |ﬂc d; —y]| < ¢ and cjd; = 0 for allm<j <
2b,

Theorem 11.18 (Linear Combination of Unitary Opera-
tors [22]): Suppose
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1) y € C™ with ||y||; < 3, and (Pr, Pg) is a (8,b,e1)-
state-preparation-pair for y.

2) For every k € [m], Uy is an (n + a)-qubit unitary
operator that is an (a, a,e3)-block-encoding of an n-
qubit operator Ay.

Then there is an (n + a + b)-qubit quantum circuit W such
that

1) Wisa (af, a+b, asq + afes)-block-encoding of A =
2 kem) Yk Ak-

2) W uses 1 query to each of Pz, Pr and (controlled-)U},
for k € [m], and O(b?) elementary quantum gates.

G. Eigenvalue Threshold Projector

In this subsection, we show how to block-encode an eigen-
value threshold projector Ilg,,p(4) of @ subnormalized density
operator A in another. We note that a technique for block-
encoding eigenvalue threshold projectors in subnormalized
density operators was also provided in [32]. The major
difference is that our approach does not have any further
requirements on the subnormalized density operator A, while
the method of [32] requires that A > ¢II for some projector
II and the value of ¢ > 0 is known in advance.

First, we introduce the notion of truncated support. Let § >
0 and A be an Hermitian operator with spectral decomposition
A =%, [¥;) (] The d-support of A is

supps(A) = span{[y;) : |A;] > 0}

Note that supps(A) C suppy(A) = supp(A). Here, we write
IIs to denote the projector onto a subspace S.
Lemma I1.19 (Eigenvalue Threshold Projector): Suppose
1) U is an (n + a)-qubit unitary operator that prepares an
n-qubit subnormalized density operator A.
2) b,e € (0, 15] and 3262 < 4.
For every ¢’ > 0, there is a quantum circuit U such that
) U prepares an n-qubit subnormalized density operator,
which is a (1,0, §’)-block-encoding of B such that

1)
(4(1 —2¢) — 5”%) upp,s(4) < B
< g 2 512\ 11
> Z +e” + € supp(A)-

2) U uses O(d) queries to U and U, 1 query to controlled-
U and O((n + a)d) elementary quantum gates, where
d=0(5log(2)).

3) A description of U can be computed by a (classical)
Turing machine in poly(d,log(1/4")) time.

Proof: Let f(x) = #x’lm, and by Lemma IL.7, there
is a degree-O (4 log ( )) even polynomial P € R[z] such that
[P = fll1) < € and ||PH _1,1) < 1. By Corollary I.10, there
is a degree- O ($1log (1)) even polynomial R € R[z] such that
IRl ) <1 and

1—¢,1] ze]-1,-20]
R(z) € {[0,5} v € [=5,4]

U [26,1]
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Note that Q = PR € R[z] is a degree-d even polynomial,
where d = O (% log (%)) By Theorem I1.3, for 6 > 0, there
is a quantum circuit Ug such that
1) Ugisa(1,0(n+a),0)-block-encoding of A;, and A, is
a (1,0, dg)-block-encoding of Q(A).
2) Ugq uses d queries to U and U t, 1 query to controlled-U
and O((n + a)d) elementary quantum gates.
3) A description of Ug can be computed by a (classical)
Turing machine in poly(d,log(1/dg)) time.
By Lemma I1.2, using 1 query to each of Ug and U, we obtain
a unitary operator U that prepares A, AAJr We note that

|4144] - A@)2| < 41441 - Q(a)aa]|
+|e)aa] - e )|
< 25

Moreover, AlAAI can be regarded as a (scaled) projector.
To see this, let 15 be the indicator function that

15(2) 1, z€8,
xTr) =
s 0, otherwise.

Then Ilgypp, (4) = Lis,1)(A). We note that if 32 < 4, then

(Z(l - 26) - 61/25) 1_Isupp%(A) S A(Q(A))2
< (g +e? + 51/25) Msupp(a)- 3)

We need to show that
0
(0122 =62 ) 1 fo) < 0(Q0)?
0
< <4 + 52 + 61/28) ]1(0’1] (l‘)

for every x € [0, 1]. This is seen by the following four cases.
1) x = 0. This case is trivial as each hand side is equal to

0.
2) z € (0,8]. We have 0 < z(Q(z))? < x(R(x))? <
xe? < §e2.

3) x € (4,20]. We have
0 < 2(Q(x))” < 2(P(2)* < a(f(z) +¢)?
= 2(f(2))? + ze® 4 2z f(z)e < g +e2 4 64%.
4) & € (26,1]. The right hand side is 2(Q(z))? < 2 +

£2 + §1/2¢ is similar to Case 3. The left hand side is as
follows.

> z(P(x))*(1 - ¢)?

> x(f(x) —e)*(1—¢)®

> 2((f(2)? = 2f(x)e) (1 — 2¢)
g (51/2561/25) (1—2¢)

> —(1—2¢) — §'/%.

Therefore, we conclude that Eq. (3) holds. We claim the lemma
by setting B = A(Q(A))? and &' = 244,. O

D&\%/\\
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III. QUANTUM ENTROPIES

In the Introduction, we have already introduced several
quantum entropies such as the von Neumann entropy, quantum
Rényi entropy and quantum Tsallis entropy. In addition to
this, the quantum Min entropy S™"(p) and the quantum
Max (Hartley) entropy S™#*(p) are defined as limits of Rényi
entropies by

§™0(p) = S%(p) = lim S (p) = —In([lpl)).
§™(p) = Sg'(p) = lim S (p) = In (rank(p)) .
The unified entropy [56] is defined by
s _ # a\\S
Sa(p) - (1 _ a)s ((tI‘ (p )) 1)

for & € (0,1) U (1,+00) and s # 0, which includes the von
Neumann entropy S(p) = lim,—,1 SZ(p), the Rényi entropy
SE(p) = lim,_oS2(p) and the Tsallis entropy ST (p) =
Sa(p)-

In this section, we will propose a series of quantum algo-
rithms for computing several quantum entropies. Section III-A
provides a quantum algorithm for computing the von Neumann
entropy. Section III-B is for the Max entropy. Section III-C is
for the quantum Rényi and Tsallis entropies.

A. Von Neumann Entropy

The von Neumann entropy is one of the most important
quantum information quantities. As mentioned above, both
quantum algorithms for estimating von Neumann entropy
provided by [6] and [8] have time complexity exponential in
the number n = log, (V) of qubits of the quantum state. Here,
we provide a different approach that exponentially improves
the dependence on n given that the density operator of the
mixed quantum state is low-rank. Our key technique used
here is different from that of [8], where they approximated
a function < — In(z) and constructed a unitary operator that
is a block-encoding of S(p), while we approximate a function
x y/—In(z) and prepare a density operator that is a block-
encoding of S(p).

Theorem II1.1: Suppose that

1) U, is an (n + n,)-qubit unitary operator that prepares

an n-qubit density operator p with rank(p) < r.

2) n, is a polynomial in n."0
There is a quantum algorithm that computes the von Neumann
entropy S(p) within additive error & using O(E%) queries to
U, and O(E% poly(n)) elementary quantum gates.'!

Before the proof of Theorem III.1, we need the following
method of approximating functions by polynomials based on
Taylor series.

Lemma II1.2 (Corollary 66 of the Full Version of [22]): Let
zo € [-1,1], r € (0,2], 6 € (0,7] and f : [xo — 7 — 0,

10Theoretically, any n-qubit mixed quantum state has a purification with at
most n ancilla qubits, so it is sufficient to assume that n, < n. Here, we just
assume that n, = poly(n) for convenience.

USince the quantum algorithm is complicated, we do not distinguish
between the queries to a unitary operator and those to its controlled versions,
and we ignore poly-logarithmic factors.
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xo + r + 6] — C such that

xo—i—az

E akm

for all z € [—r — 0,7 + 4]. Suppose B >0 and

> lax| (r +6)F
k=0

Let € € (0, %], then there is an efficient computable polyno-
mial P € Clz] of degree O (4 log (g)) such that

Hf(l') - P(gj)”[wo—’l‘,l’o""’r‘] S 67
1Pl 11y S €+ 1l pmo—rs/2,m04r45/2) S €+ B,

HP”[_1,1]\[a;o—r—é/z,xo+r+6/2] se

By Lemma III.2, we are able to give an approximation of
scaled /— In(x) as follows.

Lemma II1.3: For every ¢',e € (0, 1], there is an efficient
computable polynomial P € R[z] of degree O (& log (%))
such that

—1In(z) -

2¢/—In(d) (5 1-6]
1Pl <1

24/—In(6")
expanded around zo = % is f(zo+z) = > oo, axz”. We note
that f(z) is holomorphic in C\ (—o0, 0]\ [1, 00) if we choose
the definitions of In(-) and \F to be their principle branches
in complex analy51s Thus the radius of convergence of the

o

Proof: Let f(x) = whose Taylor series

Taylor series of f(z) expanded around zp = % is R = 1.
We have
lim sup v/|ax| =
k—o0

Therefore, there exists ky € N such that for every & > ko,
it holds that {/]ax| < 2+ &'. Now we set r = 3 — ¢’ and
§ = §’/2, and we have

00 N\ Kk
Z|ak‘ (r+6)F <> (2+0) (;—(;) +0(1)

(- 5) o

Now applying Lemma III.2, there is an efficiently com-
putable polynomial P € C[z] of degree O (31log(£)) =
O ($ log (5)) such that
1f(z) = P(@H[a/,pé/] <e
IP@) =11y < €+ 1l 35 ja,1-360 147 -
1P|

[—1,1]\[367 /4,1—36' /4] = €

Here, we note that

30’ 3
s pancassn =1 () <3
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and we obtain || P|_; ;) < 1 combining the three cases above.
Finally, since we are only interested in the real part of P(x)
and x is always a real number, just selecting the real part of
the coefficients of P(x) will obtain a desired polynomial with
real coefficients. O
Now we are ready to give the proof of Theorem III.1.
Proof of Theorem IIL.1: Let é,e, € (0, 1) and

—1In(z
) = YR
2¢/—1n(9)
By Lemma IIL.3, there is a polynomial P(z) of

degree O (%log %)) such that [[P[_,, < 1 and
[P(z) — f()ll51-5 < €1. By Corollary IL11, there is an
even polynomial R(z) of degree O (% log (é)) such that
[Rll—y <1 and

R@)G{U_ELH
[0,61]

€ [~1+425,1— 24]
e[-1,-1+8§uUl-41]

We note that 1P(x)R(z) is a polynomial of degree d =
O(%log (% )H[71,1] < 3. Let
91 € (0,1) and by Lemma IL4, there is a quantum circuit
U such that

) U prepares an m-qubit subnormalized density oper-
ator A;, and A; is a (1,0, 07)-block-encoding of
p (3P(p)R(p))".

2) U uses O(d) queries to U, and UT 1 query to
controlled-U and controlled-U, g and O((n + a)d) ele-
mentary quantum gates.

3) A description of U can be computed by a (classical)
Turing machine in O(poly(d,log(1/d1))) time.

satisfying ||$P(z)R(z

Now we are going to show that
H01]— (51+ 51 >7
In (3)

lo(P(P)R(p))* = p(£(p))*]| < © ( + 51> -
In (3)

Hx(P(a:)R(x

which immediately yields

We consider four cases.
1) = €[0,¢]. In this case,

|2(P(2)R(x))* — (f(2))?]

< [a(P()R(x))?] + |=(f(x))?|
<6+08(£(6))°
=0+4d/4
= 0(0).
2) z €[0,1 — 24]. In this case,
|z(P(x)R(x))? — w(f(x))zl
s|x\(|<P(x)> 2))?|[(R(@))’]
+|(R(x)) *1|! (@))°])
<2[P(z) = f(z)] + 2|R(x) — 1
< 2e1 4261 = O(eq).
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3) x €[1—264,1—4]. We note that
every x € (0,1). In this case,
|2(P(2)R(2))* - z(f(2))?|
< |z(P(z)R(x))?| + |x(f(2))?
§|x(Pa:)2|+|x )) |
< 2|2(f(2))?] + |2(P(2))? — 2(f(2))?|

)
xln(w) -
n(0) f(@)]

—zIn(z) <1 -z for

<2——=+2[P(z) -

d
1 -
<
~— —21In(d)
< 20
— —21n(9)

+ 2
0
=0 (1
ln (S

+e1].

) )

4) x € [1—4,1]. In this case,
|2(P(z)R(z

+ 25,

R(Jc)) ’ + ‘.T 2‘

Based on this, we have

We note that tr (p(f(p))?) = 415(())

1
E}

o (2 st - 50

<@(r<@1+m)m<§)+5>).

On the other hand, tr(A;) has an upper bound that
1
i) < S0 _ ()
161n (3) 161n (3)
Let €5 € (0,1). By Lemma II.15, we can compute p such
that [tr(A1) — | < &2 with O (@ n
Ut
Finally, we choose 161n () to be the approximation of
S(p). The error is bounded by

|161n (%) p— S(p)|
<O (r((er+6)n(35)+6)+e2ln(3)). @

Let the right hand side of Eq. (4) become < ¢, then the number
of queries to U, is

VB 1\
O(d)~0<€2+\/5>_0

+0(1) < +0(1) =

\/15) queries to U and

B. Max Entropy and Rank of Quantum States

The Max (Hartley) entropy S™2*(p) = In (rank(p)) of a
quantum state p is the logarithm of its rank. Low-rank quantum
states turn out to be useful in quantum algorithms, e.g. [11],
[34], [37], [40], and [101]. Estimating the rank of quantum
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states is important in checking whether a quantum state fits in
a certain low-rank condition of a quantum algorithm. Recently,
a variational quantum algorithm was proposed in [14] to
estimate the rank of quantum states. Here, we provide a
quantum algorithm for rank estimation. For § > 0, the d-rank
of a matrix A is defined by

ranks(A) = min{rank(B) : ||A — BJ| < §}.

In particular, ranko(A) = rank(A). We note that if A
is Hermitian and has the spectrum decomposition A =
225 Aj [¥j) (1], then ranks(A) = tr (Mgupp, (4)) is the num-
ber of eigenvalues \; such that [A;]| > 4.

Theorem II1.4 (Rank Estimation): Suppose that

1) U is an (n + a)-qubit unitary operator that prepares an

n-qubit density operator p.

2) d€ ( s 10]
For ¢,¢’ € (0,1), there is a quantum algorithm that outputs 7
such that

(1 —¢e)ranks(p) — &' <7 <

using O (52 1og (3)) queries to U
O (53 log ( 55) poly(n )) elementary quantum gates.

Proof: Step 1: By Lemma II.19, introducing parameters
01,61 € (0, 10] with 32¢2 < 4, there is a quantum circuit U
such that

H U prepares an n-qubit subnormalized density operator
A, which is a (1,0, 61 )-block-encoding of II such that

( (1—2e) - ( )1/2 51) Wsupp, (p) < I

< (§ +ef+ (g>1/2 51) Hsupp(p)- )

(1 + ¢) rank(p) + ¢’

and

2) U uses O(d) queries to U and U, 1 query to controlled-
U and O((n + a)d) elementary quantum gates, where

10 (1)
3) A description of U can be computed by a (classical)

Turing machine in poly(d,log(1/d1)) time.
We note that ‘tr(A) - tr(f[)‘ < 2™§; and by Eq. (5) we have

(1 —2e — 4\/55_1/251> rank;(p) < 85~ tr(II)
< (1 + 857 1ed + 4\/5571/261) rank(p).

Step 2: Introducing a parameter €2, by Lemma II.15, we can
compute p that estimates tr(A) such that |p—tr(A4)] <
€9 with O (‘g—f + ﬁ) queries to U and U, where B is
an upper bound for tr(A). Here, we just choose B = 1.

Step 3: Output 7 = 85~ 'p as the estimation of the rank of
p. Here, we see that

<1 — 261 — 4\/55*1/251> ranks(p) — 8671 (276, + £3) < 7
< (1 + 86‘15%—1—4\/55_1/251) rank(p)+8571 (276, 4 £3) .

By letting e, = 56 <1 (note that it also holds that
3267 < 32e; = (55 < 0), g9 = 55 and 6, = 2"“65
the above inequality becomes (1 — 5) ranks(p) — &’ < 7 <
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(1+¢) rank(p)+e£’. To see this, we have to show the following
three inequalities.

1) 261 + 4v/2671/2¢; < . Note that 6~ > §-1/2 > 3.
We have 2¢1 + 4[5’1/261 < 07 ley +4V267 ey =
(1+4v2)61e; <3267 ') =e.

2) 86 'e? + 42671/ %¢ § E. Note that €2 < g7 < 1 and
51 2 6-1/2 > 3. We have 86 'e? + 4y/26~1/%¢; <
86 le1+4v207 ey = (84+4v2)6 ey <3207 e; = .

3) 8571 (278, + e3) < €' This is simple by directly taking
the values of €5 and 7.

Finally, the number of queries to U is

o3 (1) (24 1)) -0 (e (1))

And similarly, the number of elementary quantum gates is
0] ( - log ( ) poly(n )) O

Based on Theorem II1.4, we can obtain the exact rank of p
if IT/x < p for some projector IT and x > 0.

Corollary IIL.5 (Exact Rank): Suppose U is an (n+a)-qubit
unitary operator that prepares an n-qubit density operator p.
If IT/k < p for some projector IT and x > 0, then there is
a quantum algorithm that outputs r = rank(p) using O(x?)
queries to U and O(k? poly(n)) elementary quantum gates.

Proof The claim holds immediately by letting § = ¢ =
5= and ¢’ = 1/10 in Theorem IIL4. O

Now we furthermore define the J-Max entropy by
S3**(p) = In(ranks(p)). Based on Theorem IIL.4, we are
able to give an estimation of the Max entropy.

Theorem II1.6 (Max Entropy Estimation): Suppose that

1) U is an (n + a)-qubit unitary operator that prepares an
n-qubit density operator p.
2) § € (0, 10]
For € > 0, there is a quantum algorithm that outputs S such
that

Smax( ) € § 3 S Smax(p) +e,

using O(ﬁ) queries to U and O(
quantum gates.

Moreover, if IT/x < p for some projector II and £ > 0,
there is a quantum algorithm that computes the Max entropy
Sma"( ) within additive error € using O( ) queries to U and
O( poly( )) elementary quantum gates.

Proof By Theorem III.4, there is a quantum algorithm
that outputs 7 such that

- poly(n)) elementary

(1 - %) ranks(p) < ( - i) ranks(p) — Z <7
< (1 + %) rank(p) + Z
< (1+5) rank(p).

using O(54-) queries to U and O(5i- poly(n)) elementary
quantum gates. After taking logarithm of both sides, we have

In (ranks(p)) + In (1 - %) < In(7)
< In (rank(p)) + In (1 + %) ;
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which is
S5 (p) —e < In(F) < S™(p) +e.

We only need to output § = In(7) as an estimation of the Max
entropy S™**(p).

Moreover, if II/k < p for some projector IT and x > 0,
the claim is obtained by letting § = % (and then SP**(p) =
gmax (p)) O

C. Quantum Rényi Entropy and Quantum Tsallis Entropy

Now we are going to discuss how quantum algorithms can
compute the quantum Rényi entropy SZ(p) and the quantum
Tsallis entropy SZ(p). The key is to compute tr(p®), which
is given as follows.

Theorem II1.7 (Trace of Positive Powers): Suppose that

1) U, is an (n + n,)-qubit unitary operator that prepares

an n-qubit density operator p with rank(p) < r.

2) n, is a polynomial in n.

For a € (0,1) U (1, +00), there is a quantum algorithm that
computes tr(p®) within additive error ¢ using () queries to U,
and @ - poly(n) elementary quantum gates, where

~ ‘—{1/2 (e

O (7“320‘ /532%),
O(1/e), a>1Aais odd,
) (Tl/{%}/gl+l/{%}> , otherwise.

and {z} = — |z] is the decimal part of real number z.
Proof: We will discuss in three cases as stated in the
statement of this theorem.

Case 1: 0 < o < 1. In this case, we have tr(p®) < ri=.
By Lemma II.8 and introducing d; and €1, there is a quantum
circuit U such that

H U prepares an n-qubit subnormalized density operator

A, and A is a (4677,0,0 (0 + 1697 "))-block-
encoding of p©.

2) U uses O(d) queries to U, and O((n+n,)d) elementary

quantum gates, where d = O (% log (

0<a<l,
Q=

1
€1 :
3) The description of U can be computed by a classical
Turing machine in O(poly(d)) time.
Note that A is a (467", 0,0 (6§ + €167 "))-block-encoding
of p%, ie., ||45?_1A7p°‘|| < 0% + 615f‘_1), we have
|45f‘_1 tr(A) — tr(p®)| < O(r(6¢ + £10%71)). Therefore,

fr(A) <
r()—45;’—1

<O + 10 +re1) = B.

(tr(p™) + O(r (85 +£16871)))

By Lemma II.15 and introducing €2, we can obtain Z as an
approximation of tr(A) with Q = O (‘g—f + \/%) queries to

U such that [tr(A) — &| < e5. Then we output 46% 1% as an
approximation of tr(p®) by noting that

[46071% — tr(p™)| < © (67 a2 + r(67 +e16771))

The number of queries to U, is

Qd=0 (511 (“f+¢i2>> o (v )
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by taking §; = © ((6/7‘)1/0‘), e =06 ((5/7‘)”“) and g, =
(:) (El/a/rl/a—l)'

Case 2: a > 1 and « is an odd number. Let o = 20 + 1.
By Lemma II.1, there is a unitary operator U;, which is
a (1,n + n,,0)-block-encoding of p with 1 query to U,.
By Lemma II.12, there is a unitary operator Ug, which is a
(1,0(B(n + n,)), 0)-block-encoding of p” with 3 queries to
U,;. By Lemma II.2, there is a quantum circuit U that prepares
p?P+t = p@ with 1 query to U, and 1 query to Ugs. Note
that tr(p®) < 1 and by Lemma II.15, we can obtain Z as
an approximation of tr(p®) with O(1/¢) queries to U such
that |Z — tr(p®)| < e. In total, the number of queries to U, is
O(1/e) - B =0(1/e).

Case 3: a« > 1 and « is not an odd number. Let § =
L%‘lJ and ¢ = {QT_l} By Lemma II.13 and introduc-
ing 0; and ¢, there is a unitary operator U, that is a
(2,0(n+n,),0(e1 + 6f))-block-encoding of p¢ with Q1 =
@) (% log (&) ) queries to U;. By Lemma IL.12, there is a
unitary operator U thatis a (2,0(8(n+n,)), ©(e1 +6%))-
block-encoding of p?*¢ with 1 query to Us and 1 query to
U.. By Lemma I1.2, there is a unitary operator U that prepares
a subnormalized density operator A with 1 query to U, and
1 query to Ug., and A is a (4,0, O(e1 4 0%))-block-encoding
of p?B+ea+l = po e, |44 — p| < O(e1 + 65). Note that

tr(4) < 1 (ix(p™) + O(r(e1 + ) = B.

By Lemma II.15 and introducing €3, we can obtain Z as an
approximation of tr(A4) with Q2 = O (‘é—f + \/1?2) queries
to U such that |Z — tr(A)| < e2. Then we output 4% as an
approximation of tr(p®) by noting that

43 — tr(p®)| < O(eg + 7(e1 + 6Y)).

The number of queries to U, is

(B+Q1)Q2=0 ((ﬁ+511> (er\/l‘??))

5 ,rl/c
=0 <€1+1/c)

by taking &, = © ((¢/r)/¢), e1 = O (¢/r) and &2 = O (e).
O
In the following, we are going to show how to estimate the
quantum Rényi and Tsallis entropies based on Theorem III.7.
Theorem II1.8 (Quantum Rényi Entropy): Suppose that
1) U, is an (n + n,)-qubit unitary operator that prepares
an n-qubit density operator p with rank(p) < r.
2) n, is a polynomial in n.
For a € (0,1) U (1, +00), there is a quantum algorithm that
computes SZ¥(p) within additive error € using @ queries to U,
and @ - poly(n) elementary quantum gates, where

o (ri52 52,
O (r*'/e), a>1Aais odd,
O (r"_1+a/{a51}/51+1/{a771}) , otherwise.

0<a<l,
Q:

and {z} =z — |z] is the decimal part of real number z.



WANG et al.: NEW QUANTUM ALGORITHMS FOR COMPUTING QUANTUM ENTROPIES AND DISTANCES

Proof: We will discuss in cases as stated in the statement
of this theorem.
Case 1: 0 < a < 1. In this case, 1 < tr(p®) < ri=2,
By Theorem II1.7, there is a quantum algorithm that outputs
1 < < 7'~ such that |z — tr(p®)| < &’. Then

5/
In(z) — S&(p)| < © :
Let ¢/ = ©((1 — a)e). The number of queries to U, is
9, (ﬁ "'*f“) -0 (7 5 /e ;:) .

Case 2: o > 1. In this case, 717 < tr(p®) < 1.
By Theorem II1.7, there is a quantum algorithm that outputs
r1=® <2 <1 such that |z — tr(p®)| < ¢’. Then

1 a—1_/
’ ln(:v)—Sf‘(p)‘ g@(r < )

— o a—1

Let ¢/ = O((a — 1)rt—%).
Subcase 2.1: o > 1 and « is an odd number. The number

of queries to U, is
a ,,,0471
© (Q) =0 ( € ) '

Subcase 2.2: a« > 1 and « is not an odd number. The
number of queries to U, is

0 ((a+ (/oY) o)
=0 (Ta—1+a/{“;1}/€1+1/{a;1 ) .

O
Theorem II1.9 (Quantum Tsallis Entropy): Suppose that
1) U, is an (n + n,)-qubit unitary operator that prepares
an n-qubit density operator p with rank(p) < r.
2) n, is a polynomial in n.
For a € (0,1) U (1, +00), there is a quantum algorithm that
computes SZ (p) within additive error € using @ queries to U,

and @ - poly(n) elementary quantum gates, where
O(Jw/esﬁ>, 0<a<l,
Q=10(1/e), a>1Aais odd,

19) (rl/{“z 1}/51“/{&%1}) , otherwise.

and {z} = x — |z| is the decimal part of real number x.
Proof: By Theorem III.7, there is a quantum algorithm
that outputs 1 < z < r1=% such that |z — tr(p®)| < &’. Then

—Sf(p)§@<|1i/a|>.

Let ¢’ = O(]1 — | €). We will discuss in three cases as stated
in the statement of this theorem.
Case 1: 0 < o < 1. The number of queries to U, is

~ 3—a? 3+a ~ 3—a? 3+a
O(T’ 2a /5’2.1 ) :O<’I" 2o /5 2a )

Case 2: o > 1 and « is an odd number. The number of

queries to U, is
o 1
o(5) -0 (s) |

rz—1

11—«
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Case 3: o > 1 and « is not an odd number. The number
of queries to U, is

0 ((w (r/s’)l/{‘%‘l}) /5')
-0 (Tl/{%l}/slﬂ/{%l})_

O

We note that when o > 1 is an odd number, the query

complexities of our quantum algorithms for tr(p®) and S (p)

do not depend on r. This result can be applied to computing

the classical Tsallis entropy of a distribution p : [N] — [0, 1].
Suppose a quantum oracle U is given as

U0y =" Vp(i)li). 6)
1€[N]
For convenience, we assume that N = 2". This kind of

quantum oracle is called “classical distribution with pure state
preparation access”. We start from the quantum state |0),, |0),.,
and the algorithm for estimating the classical Tsallis entropy
of p is as follows.

1) Apply U on the first part of the quantum state, then the

state becomes
> V(i) i), 10)

i€[N]
2) Apply a CNOT gate with control qubit the j-th qubit of

the first part and target qubit the j-th qubit of the second
part for each j € [n], then the state becomes

> V() i),

i1€[N]

3) Note that if the second part of the quantum state after
step 2 is traced out, it becomes a mixed quantum state
(density operator)

p=>_ pli)li) (.

1€[N]

Apply the algorithm of Theorem III.9, we are able to
obtain an estimation of the quantum Tsallis entropy
ST (p) (i.e., the classical a-Tsallis entropy of p) within
additive error € with O(1/¢) queries to U and O(1/e -
poly(n)) elementary quantum gates.

Corollary II1.10: For odd integer o > 1, given the quantum
oracle U to a probability distribution p : [N] — [0,1] as in
Eq. (6), there is a quantum algorithm that computes the Tsallis
entropy SI(p) of p within additive error e, using O(1/e)
queries to U and O(1/e - poly(n)) elementary quantum gates.

For integer o« > 2, according to [58] (see also [41]),
there is a simple SWAP test like quantum circuit that outputs
0 and 1 with probability (14 tr(p®))/2, respectively, using «
copies of p. With a straightforward statistical method, we can
estimate tr(p®) within additive error ¢ by O(1/¢2) repetitions
of that quantum circuit. Directly applying this method also
implies a quantum algorithm, which computes the Tsallis
entropy (both quantum and classical) within additive error &,
using O(1/¢2) queries to quantum oracles. Compare to this
simple algorithm, our quantum algorithm (of Theorem II1.9
and Corollary I11.10) yields a quadratic speedup for odd o > 1.
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D. Lower Bounds

We establish lower bounds for estimating quantum entropies
in the low-rank case, which are derived from known lower
bounds for estimating entropies of classical distributions [59],
[60].

Theorem IIl.11: Suppose U, is a quantum oracle that
prepares the density operator p (see Definition I1.2), and
r = rank(p). For a > 0, any quantum algorithm that computes
SE(p) within additive error ¢ = ©O(1) requires Q(Q(r))
queries to U,, where

rl/g, a=0,

max{r1/70‘_°(1), rl/?’}, 0<a<l,
Qi) = Q(rl/z), a=1,

max{r%*ﬁ,rl/‘g}, o> 1.

Proof: We obtain lower bounds from those for classical
distributions. The quantum query model for classical distri-
butions we adopt is called the “classical distribution with
quantum query access”, which is defined as follows. Suppose
p: [N] — [0,1] is a probability distribution on [N]. The
quantum oracle U is defined by a function f: [S] — [N]
such that

Uls,0) = [s, f(s))
for s € [S] and S € N, satisfying

p(i) = 5 s € 18] 7(s) = i}

for i € [N]. It is pointed out in [8] that we can easily construct
a “purified quantum query access” oracle by preparing a
uniform superposition through the Hadamard gates, and then
makes a query to U. Therefore, all lower bounds in the
“classical distribution with quantum query access” model also
hold in the “purified quantum query access” model.

Let B(N) be the lower bound for estimating the Rényi
entropy. It is straightforward to see that if there is a quantum
algorithm that computes the quantum Rényi entropy using
Q(r) queries to U,, then with the same algorithm, we can
compute the Rényi entropy of a probability distribution p :
[N] — [0,1] using Q(N) queries to the “classical distribu-
tion with quantum query access” oracle. Therefore, we have
Q(r) > B(r). Our claim immediately holds by taking the
lower bounds of B(N) given in [59] and [60]. O

IV. QUANTUM DISTANCES

Distance measures of quantum states are quantum infor-
mation quantities that indicate their closeness. Testing the
closeness of quantum states is a basic problem in quantum
property testing. Two of the most important distance measures
of quantum states are the trace distance and fidelity.

In this section, we will provide quantum algorithms for
computing them as well as their extensions. Section IV-A
presents quantum algorithms for computing the trace distance
and its extension. Section IV-B presents quantum algorithms
for computing the fidelity and its extensions.
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A. Trace Distance

The «-trace distance of two quantum states p and o is

defined by
To(p,0) = tr (‘p;U ) :

Here, T1(p,0) = T(p,0) is the trace distance. The trace
distance of two pure quantum states (i.e., quantum states of
rank 1) can be computed directly from their fidelity, which
can be solved by the SWAP test [102]. The closeness testing
of the 1-, 2-, and 3-trace distances were studied in [8].

Our quantum algorithms for computing the a-trace distance
are given as follows.

Theorem IV.1: Suppose that

1) U, is an (n + n,)-qubit unitary operator that prepares
an n-qubit density operator p.
2) U, is an (n + n,)-qubit unitary operator that prepares
an n-qubit density operator o.
3) n, and n, are polynomials in n.
4) r = max{rank(p), rank(o)}.
For a« > 0, there is a quantum algorithm that computes
To(p, o) within additive error € using () queries to both U,
and U,, and @ - poly(n) elementary quantum gates, where

O(r3 /&), (mod 2)
Q = L O(r®/e fed/ot), 0<a<l1
0 (1"3“/{0‘/2}/54“/{“/2}) , otherwise

and {8} =5 — |B].

Especially, taking o = 1, we obtain a quantum algorithm
for trace distance estimation using O(r° /%) queries to U, and
Us,.

a=0

The key observation of our quantum algorithm is that
Tu(p.0) = tr (‘ b

. a/2
tr<‘ﬂ ’ )
2

a/2
II

where © = (p+0)/2, supp(u) is the support of u and
IIg is the projector onto a subspace S. A straightforward
idea is to first prepare a subnormalized density operator that
is a block-encoding of Ilg,pp(,), and then prepare another
subnormalized density operator that is a block-encoding of
|2 supp () v|*/? by the evolution of subnormalized den-
sity operators (Lemma IL.2), where v = (p — 0)/2. However,
we are only able to prepare subnormalized density operator
that is a block-encoding of a projector onto a truncated support
by Lemma II.19. In this way, we can prepare a subnormalized
density operator |1/|°‘/2 IT * for some § > 0

y Op )

p—0o
2

supp(u)

suppg (1) v|*

instead of |v|*/? Waupp(p) |2,
When § is fixed, the inherent error of this approach is
Proposition IV.2:

a/2 a/2 a/2 a/2
tr (|V| / Hsupp(u) ‘V| / ) —tr (‘V| / Hsuppé(u) ‘V| / )‘
<2 ré‘min{a,l}/2.
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Proof: Let p =}, Aj ;) (1;], where A; € [0,1] and By Holder’s inequality, we have

>.;A; = 1. Then [|[[v[[¢;)|| < /A;. This is seen by the

following.

o= ol i) = (Wil (p — o) ;)
= (| p* [03) + (w51 0% [5)
= (¥l (po +ap) [¥;)
< (5] P [05) + (W3] 0® [1h))
+ (5l po )| + 1(¥5] ap ;)]
< (| 0% 1) + (W51 0 [45)
+2{lp [ o ()l
= (W51 07 1) + (5] 02 ;)
N s
2 ({05l 2 [g) + (w3l o® 1))
< 2({Yjlp|vs) + (Y5l o [¥5))
=4 (] p|vy)
<A4llulpll
= 4);.

Note that

/2 a/2 a/2 a/2
‘tr (|V‘ / 1_Isupp(u) ‘V| / ) —tr (‘V| / Hsupp5(u) |V| / )‘
= 1 ((Moupp() — Hsupps(u)) v|*).

Then for o > 1, we have

£ ((Msupp(y Z (W v Iby)

0<A; <0

> (Wl

0<A; <0

> )l
0<A,; <6

> VN

0<)\j<5
< V6 rank(y)
<2 r\/g.

Before deriving bounds for 0 < o < 1, we need the following
lemma.

Lemma IV.3: Suppose that A is an n-dimensional positive
semidefinite operator, |1) is an n-dimensional vector, and 0 <
o < 1. Then

- Hsuppa(u)) |V|a) =

IN

IN

IA

LA [9) 1 < AT ()~
Proof: Let

A=A ) (W1,

j=1

where {|¢;)} is an orthonormal basis, and \; > 0 for all

1 <5 <n.Let
¢) =B lvy) -
=1

5673
1A= 1))2 =37 [ags
j=1
i AZaﬁ2u| ‘52(1 a)
= [e%
< Z|)\2a52a’1/a
~ 11—«
i 2(1-a) 1/(1—a)
= n 11—«
= Z X817 ZW
j=1 j=1
= [|[A [P )]
O

For 0 < a < 1, by Lemma IV.3, we have

tr ((Hsupp(u) - HSuppa(u)) |V|a)
= D Wl )

0<A; <0

> ™ el

0<A; <6

> I )=

O<>\j<5
a/2
< DN
0<)\_7‘<5
<2 ré®/?,

IN

IN

Therefore,

a/2 a/2 a/2 a/2
o (I i T (e e S |
<2 T,(smin{a,l}/2.

O
Hence, we could obtain a reasonable error by setting § small
enough.
Step 1: By Lemma II.17 with the Hadamard gate

H|0>=\/gl0>+\/g|1>,

we obtain an O(n + n, + n,)-qubit unitary operator U, that
prepares density operator 4 = (p+ 0)/2, using 1 query to U,
and U,, and O(1) elementary quantum gates.

Introducing three parameters 61,61, € (0, 1—10],
by Lemma II.19, there is a quantum circuit U;, which prepares
a subnormalized density operator A; and A, is a (1,0,d¢)-

block-encoding of II;, where

2 1/2

1)
(4;1 +e +(51/ €1> Hsupp(u)'
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Here, U; uses @ queries to U, and O(Q1(n + n, + n,))
(% log ( L
1 €1
Moreover, U; can be computed by a classical Turing machine
in poly (Qu,log (55))

Next, we are going to construct a unitary operator that is
a block-encoding of |V|a/ 2, By Lemma IL1, there are two
unitary operators V, and V, which are a (1,n + n,,0)-
block-encoding of o and a (1,n + n,,0)-block-encoding of
p, respectively. Here, V, uses 1 query to each of U, and
Ul and n, elementary quantum gates, and V, uses 1 query
to each of U, and U, ;f and n, elementary quantum gates.
Let n' = max(n,,ny), then V, ® Iy, and Vo @ Iy,
are (1,n + n’,0)-block-encodings of p and o, respectively.
According to Definition 1.3, we note that (HX, H) is a
(2, 1,0)-state-preparation-pair for y = (1, —1), where H is the
Hadamard gate and X is the Pauli matrix. By Theorem II.18,
there is a (2n + n/ 4+ 1)-qubit quantum circuit W which is
a (1,n +n' + 1,0)-block-encoding of v = (p — 0)/2, using
1 query to each of V), and V,, and O(1) elementary quantum
gates.

Now we analyze the error if we replace Ilg,p(.) by
467 M, in the following.

Proposition IV.4:

‘tr (|u|°“/2 (46711,) |u|“/2) - Ta(p,a)’
) (515;1/2 +r5}/2),

© (r17a€151—1/2 + réfm) , 0<a<l.

elementary quantum gates, where @Q; = O

time.

a>1,
<

Proof: Note that 11, < 461_1111 < IIy, where

HL = (1 - 261 - 451(51_1/2) II

suppas, (1))
Iy = (1 + 46%51_1 + 4615;1/2) Hsupp()-
This leads to
f(IL) < f (46, ') < f(Hp),

where f(IT) = tr <|u|a/2H|V|°‘/2) for convenience. There-
fore,

|f (451_1H1) —f (Hsupp(u)” < max{Ty,Tu},

where

)

Ty = |f (ML) = f (Wsupp(u))
Ty = | (M) ~ f (Maupp) |-
By Proposition IV.2, we have
To < |7 (0) = £ (Mappay, )|
| (Meappas, 1) = F (Mappn)|
< £ (200442067 ) T, ) +2 7(267) ™m0/
<o <€151_1/2Ta(p,0) + ra?i“{“v”/z’) .

Also we have

TU S f ((46%51_1 + 46151_1/2) Hsupp(u))
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<®e (6151_1/2Ta(p, J)) .
Combining the both, we have

|f (451_11_[1) - f (Hsupp(u))|
26 (s ) ROV

We note that T, (p, o) < 1if a > 1, and T, (p, o) < (2r)1=@
if 0 < a < 1. These yield the claim. O
In the following, we separately consider different cases of
o.
Case 1 (a Is an Even Integer):
Step 2: By Lemma II.12, there is a unitary operator W, s,
which is a (1, O(a(n+n’)), 0)-block-encoding of |1/|O‘/2, using
a/2 queries to W. By Lemma I1.2, using 1 query to each of
W 2 and Uy, we obtain a quantum circuit U, which prepares
a subnormalized density operator |v|*/? A; [v|*/%. We note
that

1917 A3 1™/ = o2 10 12| < 4y = | < b

Step 3: Introducing a parameter €3, by Lemma II.15,
we can compute § that estimates tr(|v|*/? A, [v|*/?) such that

’]5 — tr(|y|a/2 A |y|a/2)‘ < g3 with O (\?—? + \/1;3) queries
to U, where B = © ((51 +e2+ 6% +r6Q) is an upper

bound for tr(|v|*/* Ay |v|*/?). Note that

(]2 A p|*7?) < o (1072 10 0]7?) + © (rdq)
<0 ((51 + E% + 5i/251 + T5Q) .

Step 4: Output 467 'p ~ T,(p,0) as the estimation. The
additive error is

‘46;115 — Ta(p, 0)}

< 407" [ — (W] Ay v

407 fex((]* A ] = (vl T )
+ ‘tr (1w1°7 (467 ' 11) [0
= tr (1717 Mauppy [717?) |
<0 (ro)? + 218, % 4 07 (=5 +10q) )

In order to make ’45;113 — Ta(p,a)’ < g, it is sufficient to
let 57 = O(2/r?), e3 = O(3/r?), and other parameters
become small enough polynomials in r and 1/e. Under these
conditions, the number of queries to U, and U, is

ofen(2 1)) 000)

and the number of elementary quantum gates is O(Q -
poly(n)).

Case 2 (a > 1 and o Is Not an Even Integer):

Step 2: Now introducing two parameters d,c2 € (0, 1],
by Lemma IL.13, there is a quantum circuit Wy, /o) that
is a (1,0(n 4+ n'),0)-block-encoding of Ay, and Ay is
a (2,0,0(e2 + 5§a/2}))—block—encoding of |v|1*/?, using
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Q2 queries to W and O (Q2(n +n’)) elementary quantum 1/e. Under these conditions, the number of queries to U, and
gates, where Q2 = O (é log (é)) By Lemma I1.12, there Us is

is a unitary operator W, /2|, which is a (1, O(a(n +n')),0)- VB 1
block-encoding of [v|'*/% using [a/2] queries to TW. Again Q=0|Ci(Q@2+q) e + NG
by Lemma II.12, there is a unitary operator W, /o, which 511/{a/2)

is a (2,0(a(n + n')),O(e2 + 5§a/2}))-block-encoding of -0 (W) ,

|u\a/2, using 1 query to Wy, oy and 1 query to Wi, o).
By Lemma II.2, using 1 query to each of W,/; and U;, and the number of elementary quantum gates is O(Q -
we obtain a quantum circuit U, which prepares a subnormal-  poly(n)).

ized density operator A2A1A; We note that Case 3 (0 < a<1):

Step 2: Introducing two parameters dy,e2 € (0,%],
by Lemma II.13, there is a quantum circuit W, , that
is a (1,0(n + n’),0)-block-encoding of Ay, and A, is
a (2,0,0(c5 + 05/%))-block-encoding of |v|*/?, using
Q2 queries to W and O (Q2(n +n’)) elementary quantum

1
HAQAlA; -3 |2 10, |v]*/?

1
S HA2A1AJ2F_A2H1A£H + HAQHlAg — Z |l/|a/2 H1 |l/|a/2

_ 1 1 i
L, | HA;H gates, where Q2 = O (52 log (52)>‘ By Lemma I1.2, using

ST R e
2 1 query to each of W, /5 and Uy, we obtain a quantum circuit

+ (AL - 1 ||| || 1 |v|*/? U, which prepares a subnormalized density operator Ay A; A}
2 2 We note that
<0 <5Q + (01 + €1 + 51/261)(62 + 5§a/2})> . HAQAlAE 1 [/2 1, |72
4

Step 3: Introducing a parameter €3, by Lemma II.15, we can

T T
compute p that estimates tr(AgAlAg) such that =< HA2A1A2 - A2H1A2H

5 tr(404,4])] < + || Aot Af - i |72 1T, ]2
with O (g + \/1?3) queries to U, where < ||Ay =TI || + HA2 - % \y|a/2 (|14 || HA;H
B=0© ((51 +e7 + 51/251)(1 +r(es + 6;0‘/2})) + r5Q> +{|Af - % ||| ||| H; |2
is an upper bound for tr(4;A;A}). Note that <O (5Q NIE N 5%/261)(62 4 5;/2)> .
tr(A?AlA;) Step 3: Introducing a parameter sg}by Lemma II.15, we can
<tr (i W|*2 I, |l/|a/2) compute p that estimates tr(AsA; A)) such that

‘ﬁ — tI(AQAlA;) S €3

+0 (7 (0 + (01 +e2 + 81/ %e)(e2 + 65/
(e th v vaifente 7)) with O (V2 4

1 . 7
<o ((61 2461 2%e) (1 + r(e + 65H)) + réQ) . = ﬁ) queries to U, where

Step 4: Output 467 'p ~ T,(p,0) as the estimation. The B =10 (Tl_aél +r(01+et + 61 %) (e2 + 0577) + 7'562)
additive error is

14679 — Ta(p, )|
< 457! ’;3 - tr(A2A1A£)‘

is an upper bound for tr(A4;A4;A}). Note that
tr(A,A; Al)

1 a/2 a/2)
<tr|-|v I |v
+ 4571 [tr(Az AL Ab) — tr(Jv|*/? 10, Ma/z)‘ < <4 v 1Y
2 1/2 /2
tr (|u|“/2 (407 '11,) |y\a/2) +0 (7” (5Q + (01 et +0,7er)(e2 + 0y )))
—tr (|V|a/2 Hsupp(ﬂ) |V|a/2) ’ < S} (Tliafyl + T((Sl + 5% + 61/251)(52 + 53/2) + T5Q> .

. 1 . .
< @(7,5}/2 +5151—1/2 +r(es + 5§a/2})(1 +€151—1/2) S.te.p 4. Output 407D = Tn(p,0) as the estimation. The
additive error is

+

—1
+07 (e 4 10) ). 4675 — Tu(p,0)|
In order to make ‘451_1]5 —Tu(p, a)) < ¢, it is sufficient to let < 407t ’]5 — tr(AQAlAg)‘
51 = O(e2/r?), 65 = O((g/r)/1e/2}), g3 = O(e?/r?), and

— i /2 /2
other parameters become small enough polynomials in r and + 463 ! tr(As A1 Ay) — tr(|y| / I |v| / )
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_|_

tr (W/Q (467 '11,) |y|“/2)
a/2 /2
e (W T 1)
< @(TJ?/Q %072 r(en 4 6577 (1 4 £16, )
+07 e + 7“562))-

In order to make |451_1ﬁ — To(p,0)| < e, it is sufficient to let
51 = O((e/r)%/ ), 65 = O((e/r)¥/ ), e3 = O(2/@F1 [p2/a),
and other parameters become small enough polynomials in 7
and 1/e. Under these conditions, the number of queries to U o

and U, is
/B 1 _ r5/a+(1—a)/2
Q (Qle < P ) =0 (S )

and the number of elementary quantum gates is O(Q -
poly(n)).

B. Fidelity

Quantum fidelity estimation is a problem to compute the
fidelity of two mixed quantum states given their purifications.
The well-known SWAP test [102] can solve this problem when
one of the quantum states is pure. Recently, a polynomial-time
quantum algorithm was proposed in [11] for the case that one
of the quantum states is low-rank. However, their algorithm
has very large exponents of r (rank) and ¢ (additive error) in
the complexity. Here, we are able to improve the complexity
with much smaller exponents, compared to the O (125 /13-5)
quantum algorithm for fidelity estimation proposed by [11].

In addition, the sandwiched quantum Rényi relative entropy
D, (pllo) [48], [49] is a generalization of quantum state
measures, defined by

Fa(p,0) = exp (0= )Da(pll0) = tr (o5 po'5") ") .

Here, F'y/5(p,0) = F(p,0) is the quantum state fidelity. It is
clear that 0 < F,,(p,0) < 1for« € (0, 1) (see [48]). Recently,
the sandwiched quantum Rényi relative entropy is used in
quantum machine learning [103].
Our quantum algorithms for computing the a-fidelity are
given as follows.
Theorem IV.5: Suppose that
1) U, is an (n + n,)-qubit unitary operator that prepares
an n-qubit density operator p with rank(p) = r.
2) U, is an (n + n,)-qubit unitary operator that prepares
an n-qubit density operator o.
3) n, and n, are polynomials in n.
For a € (0,1), there is a quantum algorithm that com-
putes F,(p, o) within additive error &, using O (TS;T& / £
queries to U,, @ queries to U,, and @ - poly(n) elementary
quantum gates, where

o0 (?(7"32_;/63;;>, 8 €N,

8—a, 1 8ta, 1
O(rm +a{s}/52a+a{5}), B ¢N,

and § = (1 - )/20, {8} = 6 — | B].
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Especially, taking o = %, we obtain a quantum algorithm
for fidelity estimation using O (r?®/e5) queries to U, and
O (r5/<™) queries to U,.

We put the detailed proofs into the following subsubsec-
tions. In fact, such techniques used in estimating the relative
sandwiched Rényi entropy can also be used to compute the
relative Rényi entropy.

Case 1 (B Is an Integer):

Step 1: By Lemma II.1, there is a unitary operator U;, which
is a (1,n+ n,, 0)-block-encoding of o, using O(1) queries to
U, and O(n,) elementary quantum gates. By Lemma II.12,
there is a unitary operator Ug, which is a (1, O(8(n+n,)),0)-
block-encoding of ¢, using 3 queries to U;. By Lemma 11.2,
there is a unitary operator U,;, which prepares a subnormalized
density operator 7 = 0’ po®, using 1 query to Ug and 1 query
to U,.

Now introducing two parameters d; and 1, by Lemma I1.8,
there is a unitary operator U, which prepares a subnormalized
density operator 7’ and 7’ is a (4681, 0,0(6§ + £,6771))-
block-encoding of n*, using O(d;) queries to Uy, where d; =
O(% log i)

Step 2: Introducing a parameter €2, by Lemma II.15, we can
compute p such that |p — tr(n’)| < &3, using O (‘g—f + \/1;2)

queries to U, where B = © (5%70‘ + (61 +€1)) is an upper
bound for tr(n’). Note that

1
(o) < 181 () £ © (0 + 1)
<0 (5%704 +r(51 + 51)) .

Step 3: Output 46‘1)"1]5 ~ F,(p,o) as the estimation. The
additive error is

46775 — Fulp,0)| < 46771 [p— tr(n))|
+ [tr(467 ') — tr(n®)|
<O (r(6f +e1097 ) + 677 1e) .
In order to make |45i"_1ﬁ—Fa(p, a)‘ < g, it is suffi-

cient to let §; = O((e/r)Y/), &1 = O((¢/r)*/*), and
gy = O(e'//rt/e=1) Under these conditions, the number

of queries to U, is
3—«a
~ [ r2a
O ( 3+a > )
E 2a

B 1
0] <5d1 (f + )) =
€9 NG
and the number of queries to U, is
B 1 -
O d1 £ + — =0 T32+(,y 9
g2 e2 €72a
and the number of elementary quantum gates is
VB 1
o|\pdy | —+ — -poly(n,ng,n
(ﬁ 1 ( o \/5 p Y( p)
3—a
~ [ r2a
=0 (3+a poly(n)) .
£ 2a

Case 2 (3 Is Not an Integer):
Let {3} = B — | 3] denote the decimal part of 3.
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Step 1: By Lemma II.1, there is a unitary operator U;, which
is a (1,n+n,,0)-block-encoding of o, using O(1) queries to
U, and O(n,) elementary quantum gates. By Lemma II.13,
introducing two parameters d; and ep, there is a unitary
operator Uygy, which is a (1, 0(n+n,), 0)-block-encoding of
Ay, using O(Q1) queries to Uy and O(Q1(n+n,)) elementary
quantum gates, where Q; = O (% log é)
(2,0,0(e1 +5fﬁ}))-block-encoding of 017}, By Lemma II.12,
there is a unitary operator U|g|, which is a (1,0(8(n +
ns)),0)-block-encoding of o), using |3] queries to Uj.
Again by Lemma I1.12, there is a unitary operator Ug, which
is a (2,0(B(n + n,)),0)-block-encoding of A;cl%, using
1 query to U|3) and 1 query to U;g). By Lemma I1.2, there is
a unitary operator U, which prepares a subnormalized density
operator A;ol% palB) AT using 1 query to U and 1 query to
U,. Note that

and A; is a

HAlo LBJAT P po ‘
< ‘ Ayl — iaﬁ oll H‘TLMAIH
oAt — oA ol 105
b2 2

§@<51+6f5}).

Step 2: By Lemma I1.8, introducing two parameters o and
€2, there is a unitary operator Us, which prepares a subnor-
malized density operator As, using O(Q3) queries to U and
O(Q2(n+ny, +n,)) elementary quantum gates, where Q2 =

0 (éi log i) and Ay is a (46571,0,0(057 (8, + £2)))-
block-encoding of ( Ayo8) polBl AT
In order to analysis the error, we need the following lemma.

Lemma 1V.6: Suppose that A and B are two positive
semidefinite operators of rank < r, and 0 < a < 1. Then

[tr(A%) —tr(B*)| <3 r||A— B|“

Proof: Let J = A — B. Let the eigenvalues of A, B and
J be

M1 2> 2 2 o 2 N,
V1 2 V32 ZUN,
§1 286> 2>¢N,
respectively. Then we have i, 41 = - =uy =Vpy1 =+ =

vy = 0. By Weyl’s inequality [104], we have
vi— Il <vj+én <py <vi+& <vi+|J]

for every 1 < 5 < N. Furthermore, it holds that |,u] — z/a| <

5|J]|“. This is seen by the following two cases.

D v 2 [|J]|. In this case, v§* — ||J[|* < (v — [|J])* <
pg < (v +[[J)* < vg + | J]|*. Then we obtain that
g = v | < [ T]"

2) vj < [|J|. In this case, |u =8| < |t + [y]* <
oy 111+ ] < 23 1) 7] < 3]7]1°
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These yield that

N N

[tr(A%) — tr(B*) = > pg = > v
j=1 j=1
T
SR
j=1
<3 r|JI”

By Lemma IV.6, we have

tr ((Alawjpowj AI)Q) —tr ((ioﬁpoﬁ>a>‘

[e3

Ay olP pols] AT

<0O (r (51 +6i{6})a) .

Step 3: Introducing a parameter €3, by Lemma II.15, we can
compute p such that [p — tr(As)| < &3, using O ( +
queries to Uy, where

<3r oPpoP

\f

B=0 (55—" +r (51 + 5?}) +7(62 + 62))
is an upper bound for tr(As;). Note that
tI‘(AQ)
1 a
< {0 ((AloLﬁJpawA{) ) +O(r(8y + £2))
1 11—« 1 B .3 “ {8} &
§4§2 <tr<(4a pa) )+@(T(61+51 ) )
+ O(r(d2 + €2))
l—a {8} “
<6 52 +r €1+(51 +7’(52—|—€2) .

Step 4: Output 40‘“65‘_1;3 ~ F,(p,0) as the estimation.
The additive error is

- Fa(p> U)|
<4959 B — tr(Ay)|

(4851 45) — tr (41012 porl?) A{)a)

tr ((AlamjpawJ AJ{>Q> —tr <(ioﬁpoﬁ>a> ’

<0 (r(er+67)" 1057 (er +02) + 65 es)

|4a+1537115

+4°

+4°

In order to make [4°+165 75 — Fo(p,0)| < e, it is suffi-
cient to let §; = ((s/r)l/o‘{ﬁ}) g1 = O((g/r)t/ 18}, 65 =
O ((e/m)V*),e2 = O ((g/r)V/*) and e5 = © (/e /rt/a=1).
Under these conditions, the number of queries to U, is

VB 1 ~ 7’32;“&+ﬁ
o —+—=]]=0| == |-
<Q1Q2 ( €3 VEs St atay

and the number of queries to U, is
3—«
~ r2a
O ( 3+a > ?
£ 2a

VB 1Y) _
o(e(25))-
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and the number of elementary quantum gates is

\/E+ 1
€3 \/E3

= O | —szay—poly(n)
£ 2a Taiay

O | Q1Q2

: pOIY(na Ng, np)

C. Lower Bounds and Hardness

Our quantum algorithms for both fidelity estimation and
trace distance estimation requires time complexity polynomial
in the rank r of quantum states. Here, we show that unless
BQP = QSZK, there is no quantum algorithm for both fidelity
estimation and trace distance estimation with time complexity
polylogarithmic in r.

Theorem IV.7: If there is a quantum algorithm that computes
fidelity or trace distance of quantum states of rank < r within
additive error £ with time complexity poly (logr,1/¢), then
BQP = QSZK.

Proof: Here, we recall a decision problem called («, 3)-
Quantum State Distinguishability ((«, 3)-QSD). Given U, and
U, that prepares the purifications of density operators p and
o and a promise that either T'(p,0) < « or T(p,c) > 3, the
problem is to determine which is the case. It was shown in [20]
that (a, 3)-QSD is QSZK-complete if 0 < o < 3% < 1.

If there is a quantum algorithm for computing trace distance
with time complexity poly (logr,1/¢), then we can distin-
guish the two cases with time complexity poly(n) by letting
r = 2™ be the dimension of the two quantum states and
e=(B—aw)/2>0.

If there is a quantum algorithm for computing fidelity with
time complexity poly (logr,1/¢), then we can distinguish
the two cases with time complexity poly(n) by letting r =
2" be the dimension of the two quantum states and ¢ =

(1—a \/1—[32)/2>O This is because T'(p,0) < «
implies F(p,0) > 1—«, and T(p,0) > 3 implies F(p,0) <

1 — 32. Then («, 5)-QSD is reduced to distinguish which
is the case with promise that either F/(p,o) < /1 — 32 and
F(p,0) >1—a. O

Our quantum algorithms for estimating the fidelity and trace
distance achieve a significant speedup under the low-rank
assumption. One might wonder whether our algorithms can be
“dequantized” through quantum-inspired low-rank techniques
such as [105] and [106]. We suspect that it might be unachiev-
able because the following theorem shows that computing
fidelity and trace distance are DQC1-hard.

Theorem IV.8: Computing the fidelity and trace distance are
DQC1-hard, even for pure quantum states.

Proof: Tt was already proved in [12] that estimating the
fidelity is DQCl1-hard, even for pure quantum states. Here,
we reduce the problem of estimating the fidelity to that of
estimating the trace distance, and therefore show the DQC1-
hardness of estimating the trace distance.

For any two pure quantum states ¢ =
|@) (&]|, their trace distance is essentially

T(4,¢) = V1= (F(¥,9))*

|¥) (¢[ and ¢ =
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Therefore any algorithm that computes the trace distance
Y, p) will 1mmed1ately yield the fidelity F(v¢,¢) =

\/1 —(T(1,®))%. As a result, estimating the trace distance

is DQCl hard even for pure quantum states. O

It was shown in [63] that DQC1 is not (classically) weakly
simulatable unless the polynomial hierarchy collapses to the
second level, i.e, PH = AM. This, together with Theo-
rem IV.8, means that there is unlikely an efficient classical
algorithm that estimates the fidelity or trace distance. It should
be noted that this does not rule out the existence of a dequan-
tized version of our quantum algorithms because dequantized
algorithms often assume a different input model from The-
orem IV.8. More specifically, dequantized algorithms assume
“sampling and query access” [105], [106] to the input matrix
(in our case, the density operator of the quantum state) stored
in a pre-computed data structure.
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