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The Efficacy of Pessimism in
Asynchronous Q-Learning

Yuling Yan"™, Gen Li, Member, IEEE, Yuxin Chen", Senior Member, IEEE, and Jianqing Fan

Abstract— This paper is concerned with the asynchronous form
of Q-learning, which applies a stochastic approximation scheme
to Markovian data samples. Motivated by the recent advances
in offline reinforcement learning, we develop an algorithmic
framework that incorporates the principle of pessimism into
asynchronous Q-learning, which penalizes infrequently-visited
state-action pairs based on suitable lower confidence bounds
(LCBs). This framework leads to, among other things, improved
sample efficiency and enhanced adaptivity in the presence of
near-expert data. Our approach permits the observed data in
some important scenarios to cover only partial state-action
space, which is in stark contrast to prior theory that requires
uniform coverage of all state-action pairs. When coupled with the
idea of variance reduction, asynchronous Q-learning with LCB
penalization achieves near-optimal sample complexity, provided
that the target accuracy level is small enough. In comparison,
prior works were suboptimal in terms of the dependency on
the effective horizon even when i.i.d. sampling is permitted.
Our results deliver the first theoretical support for the use of
pessimism principle in the presence of Markovian non-i.i.d. data.

Index Terms— Asynchronous Q-learning, offline reinforcement
learning, pessimism principle, model-free algorithms, partial
coverage, variance reduction.

I. INTRODUCTION

HE asynchronous form of Q-learning, which is a stochas-
tic approximation paradigm that applies to Markovian
non-i.i.d. samples, has found applicability in an abundance
of reinforcement learning (RL) applications [1], [2], [3], [4].
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The input data takes the form of a Markovian sample trajectory
induced by a policy called the behavior policy; in each time,
asynchronous Q-learning only updates the Q-function estimate
of a single state-action pair along the trajectory rather than
updating all pairs at once — and hence the terminology
“asynchronous” [2], [5]. This classical algorithm has the
virtue of being off-policy, allowing one to learn the optimal
policy even when the behavior policy is suboptimal. Recent
years have witnessed a resurgence of interest in understanding
the performance of asynchronous Q-learning, due to a shift
of attention from classical asymptotic analysis to the non-
asymptotic counterpart. By and large, non-asymptotic results
bear important and clear implications for the impacts of salient
parameters (e.g., model capacity, horizon length) in large-
dimensional RL problems.

A. Motivation

A central consideration in modern RL applications is
data efficiency: the limited availability of data samples
places increasing demands on sample-efficient RL solutions,
and in turn, calls for reexamining classical algorithms like
Q-learning. When it comes to asynchronous Q-learning,
recent theoretical advances have led to sharpened sample
complexity analyses [6], [7], [8]. For concreteness, consider a
~-discounted infinite-horizon Markov decision process (MDP)
and a stationary behavior policy: asynchronous Q-learning
provably yields e-accuracy as soon as the sample size exceeds
the order of! [6]
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modulo some log factor, where pimi, stands for the minimum
occupancy probability of the sample trajectory over all state-
action pairs. While this bound (1) is tight in a general sense for
vanilla Q-learning, two issues immediately spring into mind.

o Uniform coverage vs. partial coverage. The factor 1/ fimin
in (1) imposes a firm requirement on uniform coverage
of the state-action space, namely, every state-action pair
needs to be visited sufficiently often in order to guarantee
reliable learning. Nevertheless, it is not uncommon for
a behavior policy to provide only partial coverage of
the state-action space; for instance, a behavior policy

'Here, the higher-order term o(s%) depends also on other parameters of
the MDP and of the sample trajectory (e.g., the mixing time, the discount
factor, and fimin)-
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might elect to rule out several actions that are clearly
underperforming. In truth, partial coverage of the state-
action space results in p4min = 0, thus making the general
bound (1) vacuous in this case.

o Lack of adaptivity to expert data. The general bound (1)
falls short of reflecting the quality of the sample trajectory
(except for a general uniform coverage parameter fimin)-
For instance, if the behavior policy is adopted by an
“expert” who is already aware of which actions are
(close to) optimal, then such expert data could be more
informative than a general sample trajectory with the
same [imin. It is therefore desirable for an algorithm to
adapt automatically to the quality of the data, in the
hope of achieving sample size saving when expert data
is available.

B. Main Contributions

This paper seeks to make asynchronous Q-learning adaptive
to near-expert data, allowing for partial coverage of the state-
action space in some important scenarios. A key idea that has
been recently proposed to accommodate partial coverage in
the presence of near-expert data is the principle of pessimism
(or conservatism) in the face of uncertainty [9], [10], whose
benefits have been established in the context of offline RL (or
batch RL). In a nutshell, the pessimism principle penalizes
the Q-function based on how infrequent a state-action pair
is visited, which effectively directs the attention of an RL
algorithm away from the under-covered part of the state-action
space. However, it remains unclear how effective this idea of
pessimism could be in the asynchronous setting when coping
with Markovian data.

In order to address this issue, the current paper revisits
asynchronous Q-learning in the presence of a Markovian
sample trajectory generated by a behavior policy . We focus
on a ~y-discounted infinite-horizon MDP with S states and
A actions, and suppose that the behavior policy is stationary
and satisfies a certain single-policy concentrability assumption
(associated with a test distribution p) with coefficient C* > 1;
informally, this means that the observed sample trajectory
effectively becomes expert data as C* approaches 1, as we
shall formalize inNSection II. Our contributions are two-fold;
here and below, O(-) stands for the orderwise upper bound
while hiding any logarithmic dependency.

o Asynchronous Q-learning with LCB penalization. We
propose a variant of asynchronous Q-learning by
penalizing each Q-learning iteration based on a lower
confidence bound (LCB). This variant of Q-learning
achieves e-accuracy (w.r.t. a test distribution p) as long
as the total sample size is above the order of
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provided that the accuracy level ¢ is small enough. Given
that C* can be as small as O(1) and given the trivial
bound 1/pmin > SA (so that (1) > (1 4 A==yizz)> our theory
leads to sample size benefits in terms of 1ts dependency
on A when the data is near-expert.
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o Variance-reduced asynchronous Q-learning with LCB
penalization. While asynchronous Q-learning with LCB
penalization allows for reduced sample complexity in
the presence of near-expert data, the dependency on the
effective horizon 1% remains suboptimal. To address
this, we leverage the idea of variance reduction (also
called reference-advantage decomposition) [11], [12],
[13] to further accelerate convergence of the algorithm,
which in turn yields a sample complexity
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for sufficiently small accuracy level . The scaling ﬁ
is essentially unimprovable even for the synchronous
setting with independent samples [10], [14]. Notably,
none of the prior works on offline RL were able to achieve
the scaling of (1 )3, that is, the best-known theory [10]

scales as O(L“) and relies on i.i.d. sampling.

Finally, we remark that the algorithmic and theoretical
frameworks put forward herein are suitable for two important
scenarios in the absence of active exploration of the
environment: (i) online reinforcement learning with a time-
invariant policy (so that the data arrives on the fly with no
policy evolvement), and (ii) offline reinforcement learning,
where the data generated by the behavior policy has been
pre-collected. In addition to the appealing sample complexity,
model-free algorithms also enjoy the benefits of low memory
and low computational complexity.

II. MODELS AND ASSUMPTIONS
A. Basics of Infinite-Horizon Markov Decision Processes

In this paper, we consider an infinite-horizon Markov
decision process, denoted by M = (S, A,v, P,r). Here, S
represents the state space that contains S distinct states; A
stands for the action space that contains A distinct actions;
7 € (0,1) denotes the discount factor, with - representing
the effective horizon; P : & x A — A(S) stands for
the probability transition kernel (with A(S) denoting the
probability simplex over the set S), such that P(-|s,a) €
A(S) denotes the transition probability from state s when
action a is executed; r S x A — [0,1] indicates
the deterministic reward function, such that r(s,a) is the
immediate reward gained in state s upon execution of action a.
We assume throughout that the immediate rewards fall within
the range [0, 1].

Let A(A) be the probability simplex over the set .A.
A policy 7 : § — A(A) is an action selection rule, such
that 7(- | s) € A(A) specifies the action selection probability
in state s. When m is deterministic, we often overload the
notation and let 7(s) represent the action selected in state s.
The value function and the Q-function of policy 7 are defined
respectively as

V7(s):=E Z’ytr(st,at) | s0 = 5],
t=0
QW(&G) = Z’Ytr(staat) | S0 = S,a09 = a},
t=0
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for all (s,a) € S x A, where the expectation is taken over
a random trajectory (sg, ag, S1, a1, $2, a9, -+ - ) induced by the
MDP M when policy 7 is employed. For a given initial state
distribution p € A(S), we can also overload the notation of the
value function to represent a certain average value function:

V™(p) :=Esnp [V”(s)] .

Moreover, it is well known that there exists at least one
deterministic policy, denoted by =*, that simultaneously
maximizes the value function and the Q-function over all state-
action pairs. Therefore, we introduce the following notation

V*(s) = max V™ (s), V*(p) == Egn,, [V*(5)],
and
Q*(s,a) = max Q7 (s,a)

to represent the optimal value function and the optimal
Q-function. Given a test distribution p € A(S) and a target
accuracy level € € (O, ﬁ) our aim is to develop a policy 7
obeying

V*(p) = V7(p) <e.

A kind of distributions that plays an important role in our
theory is the discounted state-action occupancy distribution
defined as follows: for all (s,a) € S x A,

dZ(S,a) = (1_7)27]‘P(St = S,a¢ :a/|7TaSONp)7
t=0

djy (s) == (1 fv)Z'ytIF’(st =s|m s0~p),
t=0
where the trajectory (sg,ao, $1,01,82,0az2,-+-) is induced
by the MDP under the policy m and a given initial state
distribution p. When 7 coincides with the optimal policy 7*,
we abbreviate

di(s,a) == d7 (s,a), di(s):=dl (s)=d (s,7°(s))
for all (s,a) € S x A.

B. Sampling Mechanism

Suppose that the observed Markovian sample trajectory
{(st;as)} />0 is obtained by executing a behavior policy m,
in the MDP M. We say that the total sample size is T if
the algorithm employs 7' state-action pairs of this trajectory,
ie., {(St’at)}0<t<T' Assume that pp(s,a) is the stationary
distribution of the this Markov chain generated by 7, with
the minimum state-action occupancy probability defined to be

Hmin 1= minAMb(Sva)'

sES,a€e

We impose the following assumptions on 7, throughout this
paper.

Assumption 1: The behavior policy m, is stationary, and the
Markov chain induced by 7, is uniformly ergodic.

Remark 1: In words, uniform ergodicity says that for any
initial state-action pair, the total-variation distance between the
distribution of (s¢,a;) and the stationary distribution of the
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chain decays geometrically in ¢; see [15, Definition 1.1] for a
precise definition of uniform ergodicity.

Furthermore, for a given test distribution or initial state
distribution p € A(S), we adopt the following concept as
introduced in [10].

Assumption 2 (Single-policy concentrability): Suppose that
there exists some constant C* > 1 such that
dx (s,a)

V(s,a) e S x A: £

<cC* 2
i s,a) = ?

where we define 0/0 = 0 by convention. Throughout this
paper, C* > 1 is called the single-policy concentrability
coefficient.

In some sense, the single-policy concentrability coefficient
measures the closeness between the stationary distribution of
the observed data and a certain occupancy distribution induced
by the optimal policy. In particular, if we take p = p* to
be the stationary state distribution of the MDP under the
deterministic policy #*, then it can be easily verified that
d« (s,a) = p*(s) 1{m*(s) = a}, allowing us to rewrite (2)
w.rt. the density ratio of two stationary distributions as
follows:

1 (s) .
(@)~

In this paper, the sample data is said to be near-expert if
C* = O(1), as in this case the empirical distribution of
the sample data is not far away from what is induced by
the optimal policy. Note that the introduction of the single-
policy concentrability coefficient C* is solely for the purpose
of theoretical analysis, and the algorithms proposed herein do
not require prior knowledge of C* at all. It is also worth noting
that C* (cf. (2)) is a function of the test distribution p as well,
although we suppress this dependency in the notation C* for
the sake of conciseness.

Another important quantity that affects the performance of
our model-free algorithms is the mixing time associated with
the sample trajectory. To be precise, for any 0 < § < 1, the
mixing time of the Markov chain induced by the MDP M
under behavior policy 7y, is defined as

VsecS: 3)

tmix (8) := min {t : max AdTV (Pt (-] s0,a0) ,,ub) < 5} .

s0€S,a0€

Here, P(-|so,a0) stands for the distribution of (s, a;) (i.e.,
the state-action pair in the ¢-th step of the trajectory) when the
chain is initialized to (so, ag), whereas dty(u,v) is the total-
variation distance between two distributions p and v over a
discrete space A’ [16], namely,

a1 (1) = 5 3 |u(o) = v(a)] = sup u(B) - »(B)|.
TeX =

In particular, we shall abbreviate
tmix = tmix(1/4)7

following the convention in prior works like [15]. Clearly, this
important quantity measures how long it takes for a Markov
chain to decorrelate itself from the initial state.



7188

Remark 2: Another simpler sampling mechanism studied
in prior literature (e.g., [10]) is i.i.d. sampling, under
which the observed sample trajectory takes the form of
{(st, at, s3) hr<e<r With

(st,a¢) ~pp and  s; ~ P(-| s8¢, a4), 1<t<T

independently generated. It is worth mentioning that the
theorems and analysis in the current paper automatically apply
to i.i.d. sampling by taking tyix = 1. Clearly, the Markovian
sample trajectory studied herein is in general more challenging
to cope with, due to the complicated Markovian dependency.

III. ASYNCHRONOUS Q-LEARNING
WITH LCB PENALIZATION

In this section, we describe how to incorporate the
pessimism principle into classical asynchronous Q-learning,
accompanied by our theoretical performance guarantees.

A. Algorithm

We introduce the key algorithmic ingredients of our first
algorithm: asynchronous Q-learning with LCB penalization.
The complete details can be found in Algorithm 1.

1) Asynchronous Q-Learning: Let us begin by reviewing
the basics of asynchronous Q-learning, which maintains
iterates {Q;} as the Q-function estimates. In each iteration ¢,
the algorithm takes action a;—1 ~ mp(-|s¢—1), observes the
next state s; ~ P(-|si—1,a:-1), and then updates its
Q-function estimate w.r.t. a single state-action pair
(s¢—1,a¢—1) as follows

Qt (St—1,at-1) = (1 = mn) Qe—1 (S¢—1,a4-1)
+ nn{r (st—1,a¢—1) +7Viz1 (s¢) }7
Q¢ (s,a) = Q-1 (5711) , V(s,a) # (St—hat—l)-

Here, n represents the number of visits to (s;—1,a;—1)
prior to the t-th iteration, 0 < 1, < 1 stands for the
learning rate, and the value function estimate is defined to
be Vi_1(s) := maxgea Qi—1(s,a).

2) The Pessimism Principle and LCB Penalization: In order
to accommodate under-coverage of the state-action space in
the presence of near-expert data, a key idea is to penalize the
Q-function of those state-action pairs that are rarely visited
(i.e., the ones that are not favored by the “expert”), so as
to downplay their influence on the Q-estimates. Specifically,
in the t-th iteration, we modify the Q-learning update by
inserting a penalty term b,,:

Q1 (st—1,ai-1) = (1 — 1) Qi1 (S4—1, ar—1) +
Un{r (st—1,a¢—1) +YVie1 (5¢) — bn}, (4a)
and

Q1 (870,) = Qi1 (S,CL) ) V(s,a) 7& (stflvatfl)’

where the penalty term b,, is chosen to be some lower-
confidence bound (LCB) determined by the Hoeffding
concentration inequality. More precisely, we shall set

Hlog (ST/9)
n(1-7)*

(4b)

by, = Ch S
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throughout this paper, where we take H = (ﬁ log STT] —

so that b, is on the order of 5( ﬁ ) — and recall that

n is the number of visits to (s;—1,a;—1) prior to time ¢. The
rationale behind this specific choice will be made clear in the
analysis.

3) Monotonicity of Value Function Estimates: In addition
to the above pessimism principle, another consideration is to
ensure that the value function estimate V; always improves
upon (or at least, is no worse than) the previous estimate.
Towards this end, we take

Vi (8¢—1) = max { Igleajl{Qt (s¢—1,0a), Vt—l(st—l)},

Vi(s) = Vi—1(s) for all s # s;_1,

which yields monotonically non-decreasing value function
estimates {V; };>0. This simple modification facilitates analy-
sis while ensuring that V;(s) is always non-negative (as long
as we initialize V;(s) > 0 for all s € S).

4) Computational and Memory Complexities: The whole
algorithm, as summarized in Algorithm 1 has low runtime
O(T) and low memory complexity O(min{T,SA}) (note
that if a state-action pair is never visited, we do not need
to record/update any quantity related to it).

B. Theoretical Guarantees

Equipped with LCB penalization, asynchronous Q-learning
is capable of achieving appealing sample efficiency, even
though the observed sample trajectory might not provide
full coverage of the state-action space. This is stated in the
following theorem, whose proof is postponed to Appendix B.

Theorem 1: Suppose that Assumptions 1 and 2 hold, and
recall that 7" is the total number of samples. With probability
exceeding 1— 4, the policy 7 returned by Algorithm 1 satisfies

v )_Vﬁ( )< C*S.2 C* Stmixt C*tixt?
P SN T A= T T T
(6)

where ¢ := log(ST/9).

By taking the right-hand side of (6) to be bounded above by
e, we immediately see that Algorithm 1 achieves e-accuracy
with high probability, as long as the total sample size T’

exceeds
~ SC* (S + ﬁ)tmixc*
0 = 5 . 7
(1—n)"¢e (1-7)"e
This also means that the sample complexity of Algorithm 1
scales as
~ SC*
Ol — ®)
(1—7)"e?

s
(S+ﬁ> (1_'7)3tmix '
When we have near-expert data (so that C* = O(1)), the
sample complexity can be as low as

~ S
o(=r2)

for any target accuracy level 0 < ¢ <
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Algorithm 1 Asynchronous Q Learning With LCB Penalization.

Input: number of iterations 7, initial state s.

Initialize: Qg (s,a) =0, Vu(s) =0, ng(s,a) =0 for all (s,a) € S x A, H = fﬁ log 2.

fort=1to T do

Set n < n(s,a), and take n, = (H +1)/(H + n).
Update

bn:Cb

for some sufficiently large constant Cp, > 0.
Update

| and Vi(s) = Vi—1(s) for all s # s¢_;.

B

Draw a;—1 ~ mp(-| $¢—1), and observe s; ~ P(-|s¢—1,as—1).
Let ng (st—1,a1—1) = ny—1(St—1,a:—1) + 1; and ny(s,a) = ni—_1(s,a), V(s,a) # (St—1,a1—1).

Qt (st—1,at-1) = (1 — ) Qi1 (St—1, as-1) + Un{T (8t—1,at-1) + Vi1 (s¢) — bn}
and Q¢(s,a) = Qi—1(s,a) for all (s,a) # (s¢—1,a:—1), where
Hlog (ST/9)

n(l—7y)°

Vi (Stfl) = max { max Q¢ (st-1,a), ‘/tl(stl)}7
acA

Output: 7 such that 7(s) = argmax,c 4 Qr(s,a) for all s € S.

In comparison, the general bound (1) developed in the previous
literature requires at least (1_5;7‘4452 samples (since 1/pmin >
SA) regardless of what behavior policy is employed. As a
result, the proposed algorithm enjoys enhanced adaptivity to
near-expert data, particularly in the presence of large action
space and/or partial coverage.

It is worth noting, however, that the bound (8) exhibits a
dependency ﬁ on the effective horizon as opposed to
ﬁ, due to the adoption of the Hoeffding-style penalty (5).
This is potentially improvable by designing more careful
Bernstein-style penalty (akin to [17, Section 3]). Nevertheless,
we do not pursue this for two reasons: (a) the Hoeffding-style
penalty streamlines analysis; (b) the Bernstein-style penalty
alone is insufficient to yield optimal sample complexity, and
we shall put forward another algorithm momentarily to achieve
sample optimality.

IV. VARIANCE-REDUCED ASYNCHRONOUS Q-LEARNING
WITH LCB PENALIZATION

As we have alluded to previously, the algorithm presented
in Section III falls short of achieving optimal dependency on
the effective horizon. To address this issue, a plausible idea
is to leverage the variance reduction technique — originally
introduced in finite-sum stochastic optimization [18] and
imported to online RL recently [12] — to further accelerate
convergence of the algorithm. This section is devoted to the
development of a new variant of asynchronous Q-learning that
incorporates both pessimism and variance reduction.

A. Algorithm

We start by describing the key ideas of a variance-reduced
variant of Algorithm 1. This algorithm enjoys the same

computational cost (i.e., O(T')) and memory complexity (i.e.,
O(SA)) as Algorithm 1, with full details are summarized in
Algorithm 2 (in conjunction with Algorithms 3 and 4).

1) Variance Reduction: Suppose for the moment that we
have access to a “reference” value function estimate V' that is
hopefully not far away from the true optimal value V'*. Let us
employ a batch of samples — more concretely, a total number
of T consecutive samples {(s%",af*f, s, ) : 0 < i < T}
— to compute an empirical estimate P : S x A — A(S) of
the probability transition kernel P. We can then incorporate
variance reduction into the update rule (4) of Algorithm 1 as
follows:

Qt (st—1,at-1) = (1 =) Qe—1 (S¢—1, ae—1) +
nn{T (s—1,ai-1) + YWVie1 (s0) =4V (s¢) +
7<]5( \ St—1, atfl)av> — by (Stfly at71) } 9

Here, the penalty term b,(s;—1,a;—1) is set to be a
certain data-driven lower confidence bound tailored to this
variance-reduced update rule. In particular, this penalty
term is chosen to track the uncertainty of both the
“advantage term” V;_1 (s;) — V (s;) and the “reference term”
(P(-]$t-1,a¢-1), V), inspired by the reference-advantage
decomposition introduced in [12]; see Algorithm 4 for a
precise description. As can be anticipated, if V is a more
accurate estimate of V* than V,_; (ie., V ~ V* and
[V —=V*|loo < [[Vi—1—V"*||s0), then the main stochastic term
V(s¢) (or V(s;) — V*(s¢)) in (9) is expected to be much less
volatile than the counterpart V;_; (s;) in (4), thus resulting
in substantial variance reduction and hence accelerated
convergence. It remains to develop a plausible approach that
produces such reliable “reference” value function estimates.
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Algorithm 2 Variance-Reduced Asynchronous Q-Learning With LCB Penalization.

Input: number of iterations 7, initial state s.
Initialize: V(s) =0 for all s € S, K = |log,(3T/4)].
for k =1to K do
Set Tyef = 4k=1 and T}, = 3 x 4k—1,
Call function Empirical-transition(T3*, V, s) (cf. Algorithm 3) and return (P,bf 1),
Call function VR-Q-epoch(T}, V', P,b'*f s1) (cf. Algorithm 4) and return (Q,V, s3).
Update the reference V =V, and set the initial state in the next epoch as s = s.
Output: 7 such that 7(s) = argmax,c 4 Q(s,a) for all s € S.

Algorithm 3 Empirical-transition(7"", V' sff)

Input: number of samples 7", reference V, initial state s
Initialize: n™*f(s,a) = 0 for all (s,a) € S x A, ¢ = log 2L
for t = 1 to T7f do

ref ref

Update

Draw a!*; ~ 7y, (- | s%f;), and observe s7¢f ~ P(-| s, a%ef)).

Let nref(slr‘ef1 arefl) - nref(sre_fl a;efl) +1.Set n «— nref( ref17a;ef1)

(n—1)P(sief | siel ), arely) + 1

P | i)

3

n
n—1 ref Sref ,aref + V ref
Mref(sgefha,;efl) ( )lu’ ( - - t 1) ( ))
ref ( oref ref ref
a'ref(slrffl? a;efl) o (n — 1)0’ € (Ste ate 1) + V ( e ) .
n
Compute the penalty term: for each (s,a) € S x A, take
ref [, ref 2 3/4
bref (53 a‘) = Cb \/U (8’ a)ref [u (s’ a)] L+ L 3/4 + Lref
n'f (s, a) (1 =) [nref (s, a)] (=) n™ (s,a)

for some sufficiently large constant C}, > 0.

Output: empirical probability transition P, penalty b, last state sqver.

2) An Epoch-Based Paradigm: The proposed algorithm
proceeds in an epoch-based manner (K = |log,(37/4)]
epochs in total). In the k-th epoch, we use the value function
estimate at the end of the previous epoch as the reference
function estimate V; the number of samples used to construct
the empirical transition kernel and the number of samples
employed to run the updates (9) are denoted respectively by
T,;ef and T}, both of which are chosen to grow exponentially
with the epoch number & (more specifically, we shall choose
Tref = 4%~ and T}, = 3 - 4F~1). Such choices allow one
to ensure that: (i) the estimation error keeps improving over
epochs; and (ii) the samples used in the latest epoch always
account for roughly 3/4 of the total sample size used so far,
thus mitigating inefficient use of samples despite the lack of
sample reuse.

B. Theoretical Guarantees

Armed with the variance reduction idea, we are able
to further improve the sample complexity in terms of the
dependency on ﬁ as stated below. The proof can be found
in Appendix D.

Theorem 2: Suppose that Assumptions 1 and 2 hold, and
recall that 7' is the total number of samples. Assume that
1/2 < 4 < 1. Then with probability exceeding 1 — 4, the
policy 7 returned by Algorithm 2 satisfies

V(o) — V() < SC*, i SC*4 i StmiXC*L2
T'l-—v)" T@-7v) T@A-79)
tmixC* 12
T(1-7v°"

where ¢ := log STT
Theorem 2 asserts that the sample size needed for
Algorithm 2 to achieve e-accuracy is at most

~ SC* SC* Sc*tmix tmiXC*
0] = + T 75— + 3 .
(1= (I-7"¢ (A-77e¢ (1-79)¢
(10)
In particular, if the accuracy level ¢ < min {1 —

7 B, m}, then the sample complexity of Algorithm 2
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Algorithm 4 VR-Q-epoch(T,V, P, b s4)

Input: number of iterations 7’, reference V, transition kernel ]5, penalty bef initial state sq.

Initialize: Qo (s,a) =0, Vo(s) =0, no(s,a) = 0 for all (s,a) €S x A, 1 =1log 2L, H =

fort=1to T do

Set n < n4(s,a), and take 0, = (H +1)/(H + n).

Set 2% (s,a) = p2, 2

VY (S¢—1,0i-1)

adv

1- 7771) On—1

= (
= (

St—1,0¢—1)

adv

adv (875_17 at—l) - [u’n

n

i (
o_adv (
Compute sd®¥ (s,_1,a,_1) = 0
Update

Qi (s—1,0i-1) = (1 = mn) Qe—1 (S¢—1, a1-1)

4
1:'\/—|'

Draw a;—1 ~ 7 (- | st—1), and observe s; ~ P(-|st—1,a:—1).
Let ng (St—1,a1—1) < ne—1(8¢—1,a¢—1) + 1; and ny(s,a) < ns_1(s,a) for all (s,a) # (s¢—1,at—1).

(s,a) and 02%(s,a) = 024, (s, a) for all (s,a) # (s;_1,a;_1); update

1- nn) ﬂ;dlll (St—la at—l) + Tin [W—l (St) - v(Stﬂ ’

(St—1,a1-1) + 1 [Vie1 (s¢) — V(St)]Q

(St—laat—l)}z-

+ {T(St—l,at—l) + Vi1 (s0) =V (s0) + 7<15(' |$1-1,00-1), V) — bn} .

and Q¢(s,a) = Q¢—1(s,a) for all (s,a) # (s¢—1,a-1),

where b; = b (s;_1,a;_1) 4+ b3 and

HY/434 H

n

for some sufficiently large constant Cy, > 0.
Update

| and Vi(s) = Vi—1(s) for all s # s4_;.

[H L sd®® (s;_1, as—1) — (1 — 1,)sd® (s¢_1, as—
badv:Cb< WL n(stlat 1) ( 77) nl(Stlat 1)_|_

)

n3/4(1—7v)  n(l-7)

Vi (8¢—1) = max { max Q¢ (s¢—1,a), Vt1(8t1)}7
acA

Output: Q-function estimate (7, value function estimate V7, last state s7.

simplifies to

6( 50*3 )
(1—9)"¢?

This bound is essentially unimprovable; in fact, even for the
simpler i.i.d. sampling mechanism described in Remark 2
(which can be viewed as a sample trajectory with ¢yix = 1),
a lower bound has been established by [10] that coincides
with (11) when C* = O(1).

All this confirms the efficacy of the pessimism principle in
conjunction with variance reduction when running model-free
algorithms.

Let us take a moment to compare our setting and results
with several offline RL papers that are most relevant to
our work. Reference [19] (resp. the concurrent paper [20])
proposed a model-based algorithm called PEVI-ADV (resp. a
model-free algorithm called LCB-Q-ADV) to learn the optimal
policy from a collection of independent episodes of offline
samples, both of which achieve optimal sample complexity
O(e~2H*SC*) for finite-horizon MDPs with nonstationary
transition kernels. In comparison, the current paper focuses on
asynchronous Q-learning in a stationary discounted infinite-
horizon MDP with data taking the form of a Markovian sample
trajectory induced by a behavior policy, which is drastically

(1)

different from and technically more challenging (e.g. i.i.d. data
vs. Markovian non-i.i.d. data) than [19] and the concurrent
work [20]. In addition, the problem studied in [10] can be
viewed as a special case of our paper, given the i.i.d. nature
of the sampling mechanism assumed therein. Reference [10]
derived a sample complexity upper bound O (%) , which
is suboptimal by a factor of (1—+)~2 compared to our result in
Theorem 2. Another concurrent paper [21] studied the model-
based approach (i.e. the VI-LCB algorithm), which contrasts
sharply with the model-free algorithms considered herein. It
is als noteworthy that the results in [21] fall short of handling
Markovian non-i.i.d. data.

In addition, the last two terms in our sample complexity
bound (10) rely on the mixing time. To examine the necessity
of the term (Sl(iif)"g‘z in (10), we proceed to develop a
minimax lower bound as follows; the proof is postponed
to Appendix F.

Theorem 3: Consider any S > 16, v € [1/2,1), and
tmix > %. Define the following set

A = {{M,p,mo} [IS] = 5,14 = 2,p € A(S),
S = A(A), C* < 3, the mixing time of the Markov
Chain induced by 7, and M is at most 2tmix}.
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There exists some universal constants cq, co > 0 such that, for
any ¢ € (0, f_—ﬂy] if the sample size obeys

Stmix
(L=v)e’
then with probability at least 0.5, one has

inf sup {V*(p) -V (p)} e

TSCQ

Here, the infimum is over all policy estimator 7 for the optimal
policy based on the observed sample trajectory.

In a nutshell, Theorem 3 reveals that when S > ﬁ —a
scenario that arises frequently in real-world applications — the
dependence of our sample complexity (10) on the mixing time
is at most loose by a factor of 1% Unfortunately, our current
theory falls short of characterizing the tight dependency of the
mixing-time effect on 1%; a new suite of analysis tools might
be needed in order to fully settle this issue.

Before concluding this section, let us briefly highlight the
key technical novelty of our analysis. The primary challenge
in establishing Theorems 1 and 2 lies in the development of
suitable concentration results concerning the sample trajectory
of interest. The classical concentration results for Markov
chains (e.g. in [15]) do not readily address concentration of
random variables in the form of

T
Z (ft (St, at) - E(s7a)~ub [ft (s,a)] );

t=1

12)

where f; : & x A — R might depend on the historical
sample trajectory {(s;,a;)}1<i<t—1 (so not just (s¢,a)). To
handle such complicated statistical dependency, we employ a
decoupling argument (cf. Lemma 5) to reduce the concentra-
tion of (12) into the a number of ¢y log(7/d) martingale
concentrations. Then we apply Freedman’s inequality [13,
Theorem 3] to cope with each martingale concentration,
thereby achieving sharp non-asymptotic concentration results
for (12). The interested reader is referred to Step 2.4 in
Appendix B-C for details. It is also worth emphasizing that the
proof techniques developed in the current paper are drastically
different from the ones used in [6] and [8]. In particular, the
techniques introduced in [6] and [8] impose firm requirements
that the data samples cover uniformly all state-action pairs,
which are rarely satisfied under the partial-coverage scenario
studied herein. What is more, minimax lower bounds related
to the mixing time of a Markov chain in the RL context were
previously rarely available. The analysis techniques developed
here for establishing Theorem 3 might shed light on how to
establish lower bounds for other settings that involve in-depth
understanding of the mixing time.

V. RELATED WORKS
A. Offline RL and Pessimism

The principal of pessimism (or conservatism) in the face
of uncertainty has recently been employed and studied
extensively in offline RL (also called batch RL), e.g., [9],
(101, [191, [21], [22], [23], [24], [25], [26], [27], (28], [29],
[30], [31], [32], [33], [34], and [35]. Among these prior

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 11, NOVEMBER 2023

works, [10] studied offline RL for infinite-horizon MDPs when
the offline data are i.i.d. samples drawn from some distribution
1 satisfying the single policy concentrability condition. They
showed that a model-based value iteration algorithm with LCB
penalization achieves a sample complexity of O(%),
which is comparable to our bound for Algorithm 1 (see (8))
and is worse than our bound for Algorithm 2 (see (11)) by
a factor of 1%,”2 (ignoring the o(¢~2) term and logarithm
factors). Note that the setting considered in [10] is a special
case of our setting by taking tnix = 1. In addition, [9]
proposed a pessimistic variant of the value iteration algorithm,
which achieves appealing performance under the episodic
linear MDP setting. Furthermore, the recent works [19],
[20] proposed several pessimistic variants of RL algorithms
for finite-horizon episodic MDPs. Focusing on offline RL
with episodic data generated using some reference policy
satisfying the single policy concentrability condition, these
algorithms achieve a sample complexity of O(H3SC*/e?).
Note, however, that none of these algorithms accommodate the
asynchronous case with a single Markovian trajectory. Finally,
the insights obtained from the studies of offline RL turn out
to be useful for optimal designs of reward-agnostic online
RL [36] and hybrid RL [37] as well.

B. Q-Learning

There are at least two basic forms of Q-learning: the
synchronous version and the asynchronous counterpart. Syn-
chronous Q-learning typically assumes access to a simulator
that generates independent samples for all state-action pairs,
and attempts to update all entries of the Q-function estimates
simultaneously [4], [6], [38], [39], [40], [41], [42]. The current
paper studies the asynchronous form of Q-learning, which
naturally arises when the data is a Markovian trajectory
induced by a behavior policy [2], [3], [4], [6], [7], [8], [43],
[44], [45], [46]. However, most prior works focused on the
case when the observed trajectory is able to cover all state-
action pairs with sufficient frequency [4], [6], [7], [8], [38],
[43]. For instance, the recent work [7] demonstrated that the
sample complexity of asynchronous Q-learning is at most
O( , which was subsequently sharpened by [6] to

tmix )
TG

#mi"(ll_ﬂ{)%z Hm:("‘li*_,y)). It is also worth noting that some
variants of model-free algorithms (e.g., the variant coupled
with upper confidence bounds) have proven effective for online
exploratory RL [13], [17], [47], [48], [49], [50], [51], [52],
[53]; while online RL is beyond the scope of the current
paper, the analysis framework therein based on the optimism
principle shed light on our setting as well. In comparison to
the model-based approach [54], [54], [55], [56], [57], model-
free algorithms like Q-learning often incur lower memory and

computational complexities.

C. Variance Reduction

The idea of variance reduction first appeared in the
stochastic optimization literature [18] and has been recently
employed in RL to speed up various algorithms [8], [11],
[12], [13], [20], [53], [58], [59], [60], [61], [62], [63], [64],
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[65]. Among these works, [11], [60] showed that in the
synchronous case, variance-reduced Q-learning is minimax
optimal, both in tabular MDPs and the ones with function
approximation. [8] showed that the sample complexity of
variance-reduced asynchronous Q-learning algorithm scales as
O(W) for small enough accuracy level e, thereby
matching the lower bound in the synchronous counterpart.

VI. DISCUSSION

In this paper, we have revisited the paradigm of asyn-
chronous Q-learning, which was designed to accommodate
Markovian sample trajectories. Noteworthily, all prior theory
for asynchronous Q-learning becomes vacuous when the
observed sample trajectory falls short of providing uniform
coverage of all state-action pairs, even when the observed
data is produced by an expert that intentionally leaves out
suboptimal actions. To address this issue, we have designed
two algorithms — asynchronous Q-learning algorithms with
LCB penalization and its variance-reduced variant — based
on the principle of pessimism in the face of uncertainty.
The sample complexities of these two algorithms scale as
O(%) and O(%), respectively, provided that the
target accuracy level ¢ is sufficiently small; in particular, the
latter one matches the lower bound established for the case
with i.i.d. data and is hence unimprovable. Compared to prior
literature, we have established the first theory that supports the
use of pessimism principle despite the Markovian structure of
data. Moving forward, there are numerous directions that are
worthy of further exploration. For example, the dependency
of our sample complexity on the mixing time scales as

=~ . * . * . . .
O(S twin 7y (im—'ﬁzg)’ while the minimax lower bound we
Stmix

(1—7)2e
have developed scales as Q( (177)5); it remains unclear what
the optimal dependency on tnix 1S, as well as how to achieve
it. Additionally, the current work focuses solely on tabular
MDPs; it would be of interest to extend the current analysis
to accommodate reduced-dimensional function approximation.
Going beyond offline RL, our analysis framework might shed
light on how to improve the sample complexity analysis for
discounted infinite-horizon MDPs in online exploratory RL
(note that the state-of-the-art sample complexity bounds in
this case [53] remain highly suboptimal except for very small

14
e (e, e < (15274)2 ).

APPENDIX A
NOTATION
We now introduce several notation that will be used multiple
times throughout this paper. For any positive integer n,

we define [n] := {1,---,n}. For any s € § and a € A,
define

Ps,a :P(|S,CL) ERD(S

to be the (s, a)-th row of a probability transition matrix P €
RSAXS For any t > 0, we define P, € R%4*S to be an
empirical probability transition matrix such that

Pt(S/ | S,a) _ {L if (s,a,s’) = (Stflva’tflvst) (13)

0, otherwise
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for all s,s’ € S and a € A. For any deterministic policy
7, we introduce two probability transition kernels P, : S —
A(S) and P™: S x A — A(S x A), defined in a way that

Pr(s'|s) = P(s'| s,m(s)) (14a)
P ! 'f ! — !
PT(s',ad |s,a) = (s'ls,0), if a .W () (14b)
0, otherwise

for any (s,a),(s',a’) € S x A. In addition, we define p™ to
be a distribution on S x A such that

o (s,0) = {p(s), ifa=7*(s),

. (15)
0, otherwise.

For any two vectors a = [a;]?_; € R™ and b = [b;]7; € R™,
we define the Hadamard product a o b = [a;b;]], as well as
the concise notation a? = aoa. We also use a < b (resp. a > b)
to denote a; < b; (resp. a; > b;) for all i € [n]. Moreover, for
two vectors @ = [ay,--- ,a,] and b= [by,--- ,b,]T, we abuse
the notation by letting

(a, b> = i: aibi
i=1

even when a is a row vector and b is a column vector. For any
s €S, a€ A and any vector V € RS, we define and denote

Vars’a(V) = Vars/Np(. | s,a) (V(Sl)) :Ps,a (VQ) - (Ps,av)2~

We let f(n) S g(n) or f(n) = O(g(n)) to denote | f(n)| <
Cg(n) for some constant C' > 0 when n is sufficiently large;
we use f(n) = g(n) to indicate that f(n) > Clg(n)| for some
constant C' > 0 when n is sufficiently large; and we let f(n) =<
g(n) represent the condition that f(n) < g(n) and f(n) 2
g(n) hold simultaneously. Throughout this paper, we define
0/0 = 0. For any sequence {a;};2, and two integers m;
and mo, we define

mo min{ng,mQ}
E a; = E a;
i=m1 i=max{ni,mi}

if max{ny,m1} < min{ng, mo}, and 0 otherwise.

APPENDIX B
ANALYSIS FOR Q-LEARNING WITH LCB
PENALIZATION (THEOREM 1)

In this section, we present the proof of Theorem 1, which
consists of several steps to be detailed below.

A. Preliminary Facts and Additional Notation

Before proceeding, we first introduce the following
quantities regarding the learning rates:

t
o=@ —m) (162)
j=1
and
i Hé-:m (1—=mny), ift>i,
ne = i ift =1, (16b)
0, if t <,
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where we recall our choice n; = (H +1)/(H + j). We make
note of the following results that have been established in prior
works (e.g., [17, Lemma 4.1] and [13, Lemma 1]).

Lemma 1: The learning rates satisfy the following proper-
ties.

1) For any integer t > 1, >2¢_ nf =1 and 7} =

2) For any integer t > 1 and any 1/2 <a <1,

1< 1 2
a (l CL
3) For any integer ¢t > 1,

2H
max 77 < —
1€[t] t

and

4) For any integer ¢ > 1,

= 1
;nle—l—ﬁ.

For any iteration ¢ < T, we remind the reader that n;
represents the number of times (s,a) has been visited prior
to iteration ¢ (see Algorithm 1). For notational simplicity, let
n = ny(s,a) when it is clear from the context, and suppose
that (s,a) has been visited during the iterations k3 < -+ <
k, < t. We also find it convenient to define the (deterministic)
policy estimate m; : S — A recursively as follows:

7t (8) 1= arg max Qt (8t—1,0a) (17a)
if s=s;_1 and V; (s) > V;_1(s), and
i (8) = -1 (8) (17b)

otherwise. If there are multiple a € A that maximize
Q: (s¢—1,a), we can pick any of these actions.

The following lemma provides a useful upper bound on
Q* — @y, and in the meantime, justifies that the value function
estimate V; is always a pessimistic view of V™ (and hence
V™). The proof of this lemma is postponed to Appendix C-A.

Lemma 2: With probability exceeding 1 — 4, for all s € S
and ¢ € [T, it holds that

Q" (s, W*(S)) —Qy (s, ﬂ'*(s))
< VZH?PS,W*(S) (V* - th) + Bn(saﬂ-*(s))a

i=1

where n = ny(s,7*(s)) and we define

H.
Bn(s,7(s)) = Bn :=3Chy | ———;
n(l—7)
in addition, we also have
Vi(s) < VT(s) < V*(s), Vs e S.

Next, let us define two disjoint sets of state-action pairs,
divided based on the associated occupancy probability induced
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by the behavior policy:

7= {(s,w*(s)) | s €S8, (s, 7(s)) > ST}’ (18a)

76 = {(5,71-*(5)) | s € S,,ub(s,ﬂ*(s)) < S(ST} (18b)

It turns out that the state-action pairs in Z¢ are rarely visited,
as formalized by the following lemma. The proof is deferred
to Appendix C-B.

Lemma 3: With probability exceeding 1 — d, we have

TC N {(Shat)}f:tmix( ) =2

B. Step 1: Error Decomposition

Before proceeding, let us introduce several quantities that
will play an important role in our analysis in (19), shown at
the bottom of the next page, where we recall the definition of
7 in (18).

Let us begin with the following basic inequality:

V*(p) = V7™ (p) = <p,V* VA € o,V — Vi)
(u> 1 iy 1
< TZ<p, VA AL 700 (0)

t=1

Here, (i) holds true according to Lemma 2; (ii) follows from
the monotonicity of V; in ¢ (by construction); and (iii) follows
simply from the definition of . We then turn attention to
bounding «g, towards which we observe (21), shown at the
bottom of the next page. In (21) the first identity holds since
V*(s) = Q*(s,m(s)) and 0 < V*(s) — Vi(s) < 1/(1 —~)
for all s € S, the second line relies on the fact that V;(s) >
max, Q¢(s,a) > Q¢(s,7*(s)), while the last line invokes
Lemma 2. With probability exceeding 1 — 4, the first term
¢ can be upper bounded by (22), shown at the bottom of
page 7196, where we remind the reader of our notation p”  in
(15). In (22), (i) is valid (i.e., p(s¢,as)/pn(s, a) is well defined
for t > tmix(9)) due to Lemma 3; (i) holds by grouping
the terms in the previous line; and (iii) utilizes Lemma 1
and the property that V* > V; (cf. Lemma 2). Therefore,
we arrive at

—~

%)

Emix

0 <

(P, V= Vi) +(C+ 6o

1

>

tm'X( )
< (p, V* = Vi) + a1+ o + ¢o

t=1
1 3
+v (1 + H) (+00pPrs, V* — Vo)

= a1 + &o + 0o + Yo + ¢o,

where we have used the definition of &;. Repeat the same
argument to reach

ajgaj+1+§j+9j+¢j+¢j
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for all j > 1. This in turn allows us to conclude that

ag <hmsupoz]+Z§J +Z¢9 Jrz% +Z¢j

5,/_/ W—/ \/—/ R/—/ H/—/
=
=:£ =:0 =) =:¢
We will then bound the terms «, &, 0, v and ¢ separately in
the subsequent steps. Before continuing, we make note of a
useful result.
Lemma 4; Recall that H = |4

§ < 1. For any vector with non-negative entries V € R? |

(23)

log ‘%TT-‘ for some 0 <

7195

C. Step 2: Bounding Each Term in (23)
1) Step 2.1: Bounding «: It is first observed that

314 T
1 .
a = limsu 1+ = P V* =V,
maw |7 (15 7) | S Py v )
G T 1\3 ko
§1_71ilgls;p 7<1+H>] @y,

Here, (i) is valid since p(P,-)7 is a probability distribution

we have _ over Sand 0 < V*—V, <1/(1—~)holds forall 1 <t¢<T;
i 1\’ ) (i) holds since
j
.| (1+H> (p(Pre), V)
=0 1\* 1-7)°
<L<d*v>+L||V|| 24) 7<1+H> <7(1+ 4 > <! 2
~ ST — ) I e
Proof: See Appendix Cc-C. g forally <1
r 1 379 T _
o= |7 (1 + H) > (pPre V= V). (19)
N 1
9j =17 <1 + H> Z [P(Pw* )]} (57 ’/T*(S)) min {ﬂnt(s,ﬂ'*(s)) (Sﬂ ’/T*(S))v 1_} ) (19b)
Y
1 t=1seS
1 37 J tm;x(é) 1 3 j+1
&= |7 <1 + H) (p(Pre)), V= Vi) + | (1 + H) ] (p(Pr)TH V= Vo), (19¢)
L 1 =1
1 377 T ' n¢(s,a)
w] ~ ly (1 + H) Z [ Z ( ‘n— ] S a Z ’I”;’Lt(s a)P V* - Vkl('S?a))
L J t=tmix(6) Ls€S,ac A
* *N\ g nt(staat)
1\ [p™ (P™)7] (s1,a) ne(se,ar)
—_ 1“!‘* tttPStat V*_V‘Stat ? (19d)
( H) i (e, at) ; g o kitsuan))
) 1\%¥*t2 L [pﬂ*(Pw*)j] (s¢,a¢)
j = I+l 1+) ﬂsa ’ P‘?fﬂ. V**V
¢J 7 ( H ; (s¢,a¢)ET b (St7at> St,at ( t)
1 * * .
_ _ us T J _
(1 + H> Z [p P™) } (s,a) Ps.o (V¥ =V4) |, (19¢)
s€S,acA
tmix(é)_l T 1
= X GV Ve Y Ypmin{Qr (i) - Vit 1}
t=1 t=tmix(5) SES v
tmlx(‘s)_l T 1
<X vent Y Y pEmin{Q o) - Qs ). 1 |
t=1 t=tmix(5) SES "
tmix(é) T nt(S,ﬂ'*(S))
< PV =V +y > p(s) T L (V= Vi)
t=1 t=tmix(5) SES i=1
=
d 1
+ Z p (8) min {ﬁnt(sﬂ*(s)) (s, W*(s)), 1_7} . 21

=60
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tmix(9) o0 J

2) Step 2.2: Bounding £: By utilizing (24) and (25), we can
demonstrate that

(e 5)

LT\ P
t=1 3=0

1 37J+1
”(”z{) (p(Pre) 1V = Vo)

7r*7

v+ —Vt>

A

tmix((s)
T (1 —7)*
+ tmix 1 1
——log -+ —————log —.

T e T e
Here, the second line holds due to (24) and the basic fact
0 <V*(s) = Vi(s) < 17 the penultimate line makes use of
the fact ||V* — Vi|loo < 1== once again, whereas the last line

holds since tmix(0) < tmix log 5
3) Step 2.3: Bounding 6: When it comes to 6, we can
deduce thatwhere we define, for each s € S,
tmix

(e (9) 8 (iT)

for some sufficiently large constant Cpymin > 0. In (26),
shown at the bottom of the next page, (i) relies on (24); (ii)
utilizes [8, Lemma 8]; (iii) follows from the fact that

T T
;\/E<H/1 ﬁdx—1+2(ﬁ—l>§2ﬁ, 7)

A
~
3
3
—
s

tburn—in(s) = Churn-in
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4) Step 2.4: Bounding 1.: Recall the definition of 1,
in (19). In order to bound v, we make the observation (28),
shown at the bottom of the next page. In (28), d(-, ) is defined

such that
o) 1 3
7=0

for any (s,a) € S x A. For any tmix(0) <t < T
(s,a) € Z, let us define

J

o™ (P (s,0)

and any

= n¢(s,a)

d (S’ a) n¢(s,a) *
e ) ;o Ps a V - V . s
b (s, ) ; i a ki(s,0))

ft (57 a) =
allowing us to rewrite
T

Z {]E(&a)wu, [fi (s,a)] — (1 + 11{> fe (e, at)} )

t=Tmix (5)
(29)

W =

Let us take a moment to look at some properties of f;. It is
straightforward to check that

1) when a # 7*(s), one has fi(s,a) = 0;

2) fi(s,a) is monotonically decreasing in t.
The latter property follows from the non- decreasing property
of V; in t (by construction), and that nn’(s "* is decreasing in t,
as well as Zn’(s ) n"t(é @) — 1 (cf. Lemma 1). On the other
hand, when a = 7*(s) and (s,a) € Z, we can invoke (24) to
arrive at

(iv) uses Assumption 2; and (v) invokes the Cauchy-Schwarz élv(s, ™(s)) < ! dr(s) + %, (30)
inequality and the fact that )__d% (s, 7*(s)) = 1. 1=y STH(1 =)
T nt(s,ﬂ*(s)) (e (s))
¢=v Z Z 0T P ) (V= Vi(s.m (90)
€S i=1
4 P (s,a) i ne(s,a) *
=7 Z Ub (Sva) (S (l) Z n PSJT*(S) (V - Vk;)
t=tmix(5) SES,a€EA S i=1
(i) 1 1 ) 1 T Pﬂ* (sh Qg neee) ni (s, (lt)P 1% v,
< — S S¢,at *— i(s
v (1 H)_Z ((no) ey et 57y (V" = Vistoran) + o
= mlx(é) i=1
(ii) 1 T /)77* (St Clt) ) j
:7(1+> Z L{(st,a¢) €I} —F—+ Z 7751 (s¢,az) Py, a, (VT = Vi) + 20
H) po (st ae) \ rsea
t=tmix(0) j=n(s¢,at)
(iii) 1 2 T p (St at)
1+ = 1 T P V-V
(14 ) Ltlewa) eI R L V)
1\° <
7(1+H) S >0 P (s,a) Paa (VX = Vi) + 10 + oo
t=0 s€S,ac A
\3Z 3
:7(1+H) Z<PP7T7V —Vt>+1/)0+¢0<041+1/)0+¢0+’Y<1+H> (pPr, V= Vo) (22)
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and consequently,

1 d* (Sya) 5 !
Ry |
fi(s,a) {17%(8,@) STHL =) o (5,)

nt(S-,(l)

S ot (V= Vi)

=1

< 1 d; (870’) 6 !

~M1—ym(s,a)  ST*(1—7) b (s,a)

_ § ST

S —q)F T STHI-7) 5

. 010702 = Cy. Gh
(1—7)

for some constant ¢ > 1. Here, the second line follows
from Assumption 2, the properties that Z”f sa) :”(S @),

0 <V*(s)=Vi(s) < 1/(1—=) forall 0 < ¢ < T the third line
is valid since pp(s,7*(s)) > 6/(ST) when (s,7*(s)) € Z.
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such statistical dependency, we define
T
where T := tmix((S/Tz) < tmix l0g =

K= |7 5

Armed with this notation, one can decompose i as shown
in (32), shown at the bottom of the next page. In what follows,

we bound k1, ko, k3 and k4 respectively.
o The term x4 can be easily bounded using (31) as follows

SIS

t:tmix(é) t=K7+1

kg < ]E(S-,a)"‘l"b [ft (s,a)]
C* tmix
EERALLI PN

T

o With regards to x3, we make the observation that

1
KJJ:<1+H>

Kt

Z [fi—r (56, a¢) = fe (51, a1)]

t= T+1

We now proceed to bound (29). It is worth noting that both (l) < ) Z Z [fir (5,0) — fi (5, 0)]
f+ and (s¢, a;) depend on sg, ag, $1, ..., St—1,ar—1. To handle t=r+1 sES.acA
) 317 T 1
0:2 "y( > ] ZZ min {Bm(s,‘ff*(s))’l_ }
§=0 t=1seS v
T oo 1\3 J ‘ 1
=SS [ 8) ] S et {5}
t=1 j=0 s€ES v
I { 1 1 T
< — d% (s)min < By, (s (s))s }—|—
1_7;;5 5 () ny(s,7*(s)) 1—~ STH(1—~)1—~
tburn-in( ) *
d H. 1
S + dy (s) +
~ 2 * 4 2
s€S ; ;S‘t tbumzm( )+1 \/nt (s,m(s)) (1 =v)"  T3(1—n)
(i) dy (s) m,XL H. 1
= d* (s) 7T 2
2 i (5, (9)) Zg Z(H b (5, 7+(5) (1—7)" | T3 (1)
(111) C Stmix HT 1
— : Zd* $ T( ' 4 + 3 2
- 2 p(s,m(s)) (1 =) T3 (1—~)
(‘V) C* Stmix C*HT <V) C*St ix C*ST2
< ’“L ,/1 qu/d*sw mx® & ‘ (26)
- seS

J

>

SES,acA

( 7T

()] =

t=tmix (5)

n¢(s,a)

} s,a) Z nf‘(sa)P V _Vk,;(s,a))

(P (s,a0) L
: z

’I’lt(St at) Shat (V Vk (o0, at))

—(H;)[

Z d(s,a)

s€S,acA

()

T
> |
=t (6)

’ﬂt(St,at)

E(St,at) Z

po (50, a) =

nnt(St’at)Pst,af (V* _

o (8¢, ar)

ne(s,
Z m s G)P V* — Vki(s,a))

Vii(sean) | - (28)
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(ii) . respectively. We need the following lemma to decouple
( ) . 2;1 z;g fier 8 L ) fi (s, T (3))] the complicated statistical dependency.
T sE

Lemma 5: One can construct an auxiliary set of random

1 i . AN B cpo
_ (1 I H) {Z S fi(s, 7 (s) variables {(si,al):1 <k < K —1} satisfying

t=1 sesKT { (Sﬁaai) 1<k<K-— 1} iid. b, (33a)
- > th(s,ﬂ*(S))} P{ (830 @k) = (Skr4isGprys)  forall 1<k < K — 1}
t=(K—1)7+1s€S )
1 C* Sti T =l=7 (330
2 1+>TSC = —™1o < T
( H T =92 o0 and

Here, (i) holds since f;(s,a) is monotonically decreasing

in t; zind (ii) holds since, by definition, f(s,a) = 0 if 0<t< (k- 1)7—+i}. (330)
a # 7*(s).

o Similarly, ko can be bounded by Proof: See Appendix C-D. (]

With the above set of auxiliary random variables

(s}, at) is independent of { (s;,at)

k2 {(si,al):1<k <K —1} in place, one can obtain
Kt
= E s,a)~ [ft (87(1)] - E s,a)~ [ft*T(& a)] =
t;A{ (s,a)~pp (s,a)~pu t &= Z E  [fo1)rri (5,0)]
Kr - k=1 (Sva)N.“'b
1 S
= D EGarm [fi (50D Egayp [fi (5,0) - (1 + ) Sty (4 dl) }
t=(K—1)7+1 =1 H

C*toni T 1) &= o

<7 C; = &1 . - _ - { At
« Finally, we turn attention to bounding x;. For each 1 < }
- E —1)7+7 ’
i < 7, we will bound (5.0)opin [f-nyrsi (5:0)]
K—1 1 K-1
Gi= > { E - [foyrri (s.0)] g 2 E [fanrei(sa)]
k=1 (Sva)'\“ﬂb k=1 (s,a)~pp
1 1 _ ' with probability exceeding 1 — 6/7. Recognizing the
-“\'tr Foemtyri (Skris Gkri) property (33c), we are ready to use the Freedman
T K-—1 1
b= tz::l e {E(s a)~pp fkr+t (5 G)] (1 + H> Srryt (Sk‘r+ta akTth)}

T

+ + ZTj 1 {E<s,a>% [fi (s,a)] — (1 + ;) , (st,at)}

taie(8) 1=K+

i=1 k=1

S

=K1

+ {E(s,a)w,ub [fk7'+i (57 a)] - E(s,a)wub [f(k—1)7'+i (S, a)] }
i=1

E
I
-

=IKk2

T K-1
) f(k 1)1+ Sk‘f‘-‘rla akT—i—z) fkT+i (SkT-i-ia akT—i—i)]
=1 k=1

=:K3

( {E(s,a)Nub [fi (s,a)] — (1 + I%I) Tt (s¢, at)} . (32)
t= tm.x(é) t= KT+1

=:iKk4
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inequality (cf. [13, Theorem 3]) to bound &;. Introduce
the random variable

[f(krfl)‘r+i (37 CL)] s
(34)

Xy = f(/cfl)‘r+i(5§-ca a;g) - E

(s,a)~pp

and define a filtration Fo C F1 C --- C Fi_1 with

Fior = o {{(shai) Fyoy {0} 5577
for 1 <k < K — 1. It is straightforward to verify that
| Xp| <R:=Cf, E[Xp|Fr-1]=0
forall 1 < k< K —1, and

W= Z (X3 | Fra]

A
Mx”

k

E [f(k Vi (8% ak) | Fee 1}
1
K-—1

< f E [f—1yr+i(shrat) | Frei]

Q

||
MHH

[f—1)r1i (s,0)] < CFK. (35)

(S a)"ﬁub
Invoke the Freedman inequality in [13, Theorem 3] to
show that for any integer m > 1,

K-1

> x

k=1

A\
_
0]
=
W
—N—
=

‘\%
——
=}
o
[N}
=
3
+
|~
=

N
®©
=
3
0

+
o

2T'm

]

< SHC W—|—4HCflog

2T'm
)

- 2H Z E (s,a)~pp [f(k )7+ (S CL)]

+0 <HCf log ?)

holds with probability exceeding 1 — §/T. Here, the
penultimate line relies on the AM-GM inequality,
whereas the last line holds by using (35) and taking
m < log K < logT < T. Consequently, we see that
with probability exceeding 1 — 6/7T,

=
§i=—<1+H)ZXk

k=1

2T'm
0

+Cf 8—10g + Cflog

ﬁ E [f(k—l)T-‘ri (Saa)]
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K- | K-l
z:: o 2 (s,aH)ZN% [fk=1)r+i (5,0)]
S HCylog § < (C*’;)3 log 5

As a result, with probability exceeding 1 — & we can

guarantee that
C*1L T C*tmixt o (T
g i — | x——7=1 - .
Kzlf fN <5) (1_’}’)3 0g (6)

The above bounds taken collectlvely allow us to conclude that

V< K1+ Ko+ K3+ Ky
*tmix T * tmix T
< Cibglog2 <> + &zlog () .
(1-7) 0/ (1-7) 0
5) Step 2.5 Bounding ¢: By replacing fi(s,a) in
Step 4 with

gt (S,(L) = Ps,a (V* - ‘/t)a

we can employ an analogous argument to show that ¢ admits
the same bound as 1, namely,

C*tmixt log? (T) N C* Stmix o (T)
- T Ay )

We omit this part for the sake of brevity.

¢<

D. Step 3: Putting All Pieces Together
To finish up, taking the bounds on «, 6, 1 and ¢ collectively
gives

ag<a+§+0+Y+9

C* Stmixt C*ST2 C*tmixt 5 (T
S p) 5 T 5 log 5
(1=1) (1-7" (1-9)
Ot (1)
- °\3
C*ST? C*Stmixt C*tmixt

2 (T
G— 1= Tap ™ (6>

Consequently, we can invoke (20) to conclude that

7T ao
Vi) =V (p) < 77
- C*S.2 C*Stmixt  C*tit?
T(1-v)° TO-9? TO-v%
APPENDIX C

AUXILIARY LEMMAS FOR THEOREM 1

A. Proof of Lemma 2

Consider any given pair (s,a) € S x A. For notational
simplicity, we write n = n(s,a), the total number of times

that (s,a) has been visited prior to time ¢. We also set kg =

—1, and let
ki = min{{O <k<T:k>ki_y,(spap) =

(s,a)},T}

(36)
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for each 1 < ¢ < T. Clearly, each k; is a stopping time.
In view of the update rule in Algorithm 1, we have

an{ s,a) +YVi, (k1) — bs (s,a)},

which together with the Bellman optimality equation
Q* =r+~yPV™* gives

(Q" — Q1) (s,a) =7 (s,a) +yPs V"

72771{ s,a) +YVi, (Sg,4+1) — bs (s,a)}

PV = S Vi () — b (5.0) )

i=1

Z ’YPsaV_Vk)

Zm

((P = Pi,)Vi,) (s,a)

+) nibi(s,a), (37)
i=1
where the last two lines are valid since 2?21 n =1

(cf. Lemma 1).

From now on we only focus on the case where a = 7*(s).
Define F; to be the o-field generated by {(s;,a;)},. It is
straightforward to check that for any 1 < 7 < T,

{]1,%<T ((P — Pk)Vk) (s,ﬁ*(s»}r

i=1
is a martingale difference sequence with respect to {F;}i>o.
Then, we can invoke the Azuma-Hoeffding inequality together
with the basic bound ||V, ||co < ﬁ to show that for any fixed
se€Sand T € [T],

ET: Liern] (P = Pe) Vi, ) (5,7 (5)) ‘
=1

1 ST H
. "
S e,

holds with probability exceeding 1—4/(ST'). Here, the last line
utilizes Lemma 1. Taking the union bound over 7 < T' allows
us to replace T with n = n(s,a) in the above inequality,
namely, for any fixed s € S and a € A, with probability
exceeding 1 — 0/S we have

Sy|——= (%)

;ﬂ?V((P—Pki)Vki)(S, SN naoae

holds for all n = ny(s,7*(s)) with 1 < ¢t < T. In view of
Lemma 1, for any s € S and a € A we know that

na(s,

H. na,(sa
C -
"\ ni(s,a) (1) Z:

< 2C

ST
log =5

Sy e’

=1

7'('*(8)) H.

b; (s,a)

ne(s,a
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Therefore, when C), is sufficiently large, it follows that

(@ - Qt) (s.7(5))
H.
< i Py s (s) (V= Vi) +3Chy | ————.
7 Z 0} Py e (5) k) 430 [
Taking the union bound over s € S and defining
H.
ﬁn(s,ﬂ'*(s)) =3Ch | ——.,
n(l—7)
we can conclude that with probability exceeding 1 — 4,
(@ = Q1) (s,7(5))
<D o) (VF = Vi) + Ba (5,7 (s))
i=1

forall s € S and t € [T].

Additionally, observe that V* > V™ holds trivially due
to the optimality of V*. We are therefore left with showing
V7 > V;. Suppose for the moment that with probability
exceeding 1 — 0, for all s € S, t € [T] and j € [t], it holds
that

(Qm Q]) (5 ﬂ'f( ))

> ’y-Ps,Trt(s) (V t— Vv]) 1 {nt(s,m(s

) > 1};

the proof of this claim (40) is deferred to Appendix C-A.l.
As a consequence, for every s € S and t € [T, there exists
j(t) € [t] such that

(VT —=Vy) (s) = L Q™ (s,m(s)) — Qjry (s, me(s))
(l:l) Qﬂ—t (Svﬂ-t

(5)) = Qi (5. (1) (3))
(iif)

> min {VPS,m(s) (V™ = Vi) 70}

@iv) x
> min {’yPg w5 (VT = V) ,O} .

Here, (i) and (ii) hold since the update rule of Algorithm 1
asserts that there must exist some j(¢t) < ¢ such that V;(s) =
Vi (s) Qi) (5, Tj1)(s)) and mi(s) = mj)(s); (ii)
utilizes (40); and (iv) follows from the monotonlclty of V;
in t (by construction). By setting

(40)

Vi) (s),

Smin ‘= arg Héln (Vme —

we can deduce that

(V™ = Vi) (smin) = min {9Py ) o) (VT = V2) 0}

> min {fylsréig (V™ = Vy) (s) 70}
= V4) ($min) , 0},

which together with the assumption 0 < v < 1 immediately
gives

= min {vy (V7

(Vﬂ-t - ‘/;f) (Smin) Z O

Given that (V™ —V;)(s) > (V™
s € §, we conclude the proof.

- V;f) (Smin) for every
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1) Proof of Inequality (40) : First of all, if n¢ (s, m¢(s)) = 0,
then for all j € [t], Q; (s, m(s)) = 0 since it is never updated;
therefore, (40) holds true. From now on, we shall only focus
on the case when n (s, m(s)) > 1.

Consider any s € S, t € [T] and j € [t]. For the moment,
let us define {k;}7_, w.r.t. the state-action pair (s, m(s)) in
the same way as (36). We can then repeat the argument in (37)
to obtain (41), shown at the bottom of the page. In (41), the
last inequality follows from (39), as well as the facts that
Z;L:j(ls’m(s))nzl"(s’ﬂt(s)) = 1 (cf. Lemma 1) and that V; is
non-decreasing in t. It thus boils down to showing that for
every s€ S, t € [T] and j € [t],

n;(s,m(s))

Z an(G,Wr(g)),y((P — Pkl)Vh) (577'(',5(8))

=1

5\/ H. .
n;(s,m(s)) (1 =)

If this were true and if C), is sufficiently large, then we could
combine the above two inequalities to conclude the proof
of (40).

We then prove the inequality (42). Notice that for all
(s,m¢(s)) such that ny(s, m:(s)) > 1, it must appear at least
once in the sample trajectory. Therefore it suffices to show
that for all 0 <! < T and t € [T, it holds that

(42)

ne(sy,ar)
Z n?t(sz,al),y((P _ Pk)Vk) (s1,a1)
i=1

< H. -
ne(si, ar) (1 —7)

where we abuse the notation by defining {k;}7_, for the state-
action pair (s;,a;) in the same way as (36). Furthermore,
it suffices to only check those (s;, a;) in the sample trajectory
that were visited for the first time, i.e., n;(s;,a;) = 0 and
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ni+1(s;,a;) = 1. It is straightforward to check that, for any
1<7<T,

{]lk7v<T ((P - Pki)vki) (Slyal)} .
1=

is a martingale difference sequence with respect to {F;}i>o,

where F; is the o-field generated by {(s;,a;)}",. Then we

can invoke the Azuma-Hoeffding inequality to show that: for

any such (s;, ;) and any 7 € [T], with probability exceeding

1-4/T?,

Z]lki<T U?((P - Pki)Vki) (51, a7)

i=1

Taking the union bound over 7 € [T] allows us to replace 7
with n.(s;, a;) in the above inequality, namely, this shows that
for any such (s;,a;), with probability exceeding 1 — §/T we
have

ni(s1,ar)

Z n?t(shaz)((P _ Pk,-)Vki) (s1,a1)

=1

<\/ H.
N nesi @) (1—7)?

for all ¢ € [T. Taking the union bound over all such (s;, a;)
(which are concerned with at most 7" pairs), we see that with
probability exceeding 1 — 9,

n¢(s,a1)

Z n?t(sl,al) ((P — Pkl)vkz) (317 al)

i=1

S\/ H.
ni (s, ar) (1 — )

(@™ = Q) (s:m(s)

n;(s,me(s))

_ (r Jr,ypvm) (s,m(s)) _ Z n;:‘(&m(s)){r(s,ﬂt(s)) + Vi, (Sk;+1) — bi (s,wt(s))}

i=1

ny(s,m(s))

n; (s, (s))

_ Z n?j(SJ‘-t(S))’y{‘PS,ﬂ'f,(S)VTrt _ Vki (Ski+1) } + Z nzlj(saﬂt(s))bi (s,m(s))
=1

i=1

n;(s,mi(s))

= > O P v Vi) + (P PO (s ) f+ Y

i=1
n;(smi(s)) (o)
> nj(s,me(s .
2 2 ; 'ylrgnilélnP
i=

n;(s,m(s))
S )
=1
n;(s,m(s))
Z 'YPSJTt(S) (Vm B ‘/t) -

i=1

Z n?j(S,m(s))W((P _ Pki)Vki) (8,71'15(8)) + Cb\/

nj(s,me(s))
n:'j(sﬂt(s))bi (s’ Wt(s))
i=1

;5 (5,74(s))

s, (s) (Vvﬂ't - ka) + Z 77;1] (Smt(S))’y((P - PkL)VkL) (87 ﬂ-t(s))

i=1

H.
n;(s,m(s)) (1—7)*

(41)
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is valid for any 0 < j < T and any t € [T]. This establishes
the inequality (42), thus concluding the proof.

B. Proof of Lemma 3
For each (s, 7*(s)) € Z¢, we first have

P{ (sgyap) = (8,7‘('*(8)> | (s0,a0) ~ ,ub} = lp (s,ﬂ'*(s))
6
ST
given that uy, is taken to be the stationary distribution of the
sample trajectory. By virtue of the union bound, we obtain

P (I N {(Styat)}t Frmin (

2172 Z P{ (s¢,a1) =

t=tmix s:(s,7*(s))EL"
>1-4.

<

5 =9 | (s0,a0) ~ ,Ub)

7(5))| (s0,a0) ~ b}

In addition, for an arbitrary pair (s,a) € S X A, the definition
of the mixing time gives

’P ({ (st,a) }tT:tmix(tS) C 7| (s0,a0) ~ ,Ub)
~B ({00}, €T (s0.00) = (5.0)) | <6
Combine the above results to yield
P ({ (s, a¢ }t b (8) S T | (s0,a0) = (s,a)) >1-26

for an arbitrary pair (s,a) € S x A.

C. Proof of Lemma 4
For any given integer K > 0, one can decompose

oo

> v

J=0

I
7
_|_
.Mg
 S———"

IN
A~
—
+
|~
~ <
w

K 3K 1
()

=2

Here, the last inequality holds since dj =

2oV p(Pre)’.
By taking

(1 =)

K:H:{4 sq

]7
Wogé
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we can derive
3K 3H .
1 1 (i)
1+ = =(1+ = <ed=0(1
( +H) ( +H> se=0()

K _ Klog—(1—7)) & ~k(1—y) _ 0

and
v

Here, (i) holds since (1 + 1/z)* < e for all z > 0; (ii) is
valid since log(1 —x) < —z for all z € (0,1). It is also worth
noting that

1 1
1 3 S 1—v)\3
L=y (1+4)"  1-y(1+7)
i 1
- 1—7[11—1—%(1—7)]

- . (43
1=y (1-gy) ~1-v 43

where (iii) holds since (1 + z)* < 1 + 61z/16 for all

0 <z < 1/4. We then immediately arrive at
mg——m V)

and

)

S —— V.-
Taking the upper bounds on «; and as collectively leads to
the advertised inequality

1 3
14 —
(a)
1

ST V)

<p<Pﬂ'*)j7 V>

oo

D

=0

4]

ST (1 —7) Voo

D. Proof of Lemma 5
For notational simplicity, we denote
Xi = (st,a¢), 1<t < T,

clearly, {X;};>o forms a Markov chain on X £ S x A, with
stationary distribution pp. In what follows, we demonstrate
how to construct the sequence Yi ; = (sk_;,a% »),
Yi o = (8% o ak o), ..., Yi = (s8,a%) so as to satisfy
the desired properties.

Let us start by constructing Y;-_;. Recall from the definition
of the mixing time that: for any fixed state-action pairs

X0, T1," " T(K—2)r4i € X, one has

TV(L (X (k—1)yrti | Xo =20, X(K—2)rti =T(K—2)r4i) 5

)
,Ub) T2

where £(-) denotes the law of the random variable. In view
of the definition of the total-variation distance, we know
that there exists a random variable Y, ';"““>""" such
that conditional on the event Xy, = xg,..

L0y T(K—2)1+1i
T(K—2)r44» the law of YV 77727 obeys

S X(k—2)r+i =

LOseeey T(K—2)T+i _
£ (Vi | Xo =, ...

= Ub,

X(K—2)r4i = T(K-2)r+i)
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and Y,.0 ;"7 s almost identical to X(x 1), in the
sense that

P{X(Kfl)rﬂ # Y;(ﬂi"’”mfz)wi |

o
Xo = o, .- 7X(K72)7—+i = x(K72)T+i} < Tz

As a consequence, we can construct Y _; as follows

7 L L0y T(K —2)7+1
Y 1= E Yy
Ty T(K—2)74iEX
W Xo =20, ., X(K—2)rti = T(K—2)tpti )}
as can be easily verified, for any xo, 1, , T(Kk—2)tmti € X
one has

K(Y[i(fl |X0:{,C0,...
L0y T(K—2) 741
= L

Xo =m0, .., X(Kk—2)yr+i = T(K—2)r+i)

X (K—2)r+i = T(K—2)r+i)

= Hb-
All this in turn implies that
Yy ~m and Yy L {Xo, X1...,X(k_0)yrti}-

In addition, it is also seen that (44), shown at the bottom of
the page, holds.

Next, we turn to the construction of Y} _,. Consider any
fixed zg,z1, - - ,:E(K_g)TH,y}(_l € X. Given that Y- | I
{Xo0,X1..., X(k—2)r+:}. the conditional law of X (x 2y,
obeys
L(X(k—2)r4i | Xo =0, ., X(K—3)r+i = T(K—3)r+i>

Yi_1= yilcq)

=L (X(k-2yr4i | Xo=%0, -, X(Kk—3)r4i =T(K-3)r+i) -
This in turn allows one to obtain
TV(C(X(K—z)T+i | Xo =20, -, X(K—3)r+i = T(K—3)r+i>

Yli(—1 = y}(—l)vﬂlb)
= TV(ﬁ(X(K—Q)TH | Xo = w0, ...,

é
X(K-3)r+i = x(K*fﬂ)T«F’L‘)?Mb) < T

According to the definition of the total-variation distance,

i
L0,Z1, »T(K—3)T+isYK—1

there exists a random variable Y., such
that: conditional on the event Xo = =xo,..., X(k_3)r4i =
T(K—3)7+is Yf<—1 = y,i_l, the law of Y;?l;hm ST

obeys
£07$1»"‘7$(K73)T+i»y§<71 _
E(YK72 ‘Xo—xo,...7

X(K—?))T-‘ri = T(K-3)1+i> Yli(—l = yé{-l) = UMb,
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i
L0,T1, " T(K—3)r+i YK —1

and Y, 7,
in the following sense

is almost identical to X (g _9)44

Z0,T1,""

P(X(K—2)‘r+i #Yr 'y

‘»1(K73)T+i-,yfr<_1 | XO =20
- ) tt

X(K—3)yr+i = T(K—3)r+is Yie_1 = nyfl) < T2

With the above set of random variables in mind, we can readily
construct Yy, as follows:

>

TO,T1, (K —3)r+i Yk _1 EX

'1{X0:Io,...

Z0, L1, 1x(K73)T+i7y;(71
YK—2

Yy =
X (K—3)yr+i = T(K—3)r+is Yie_1=Yk_1}-

As can be straightforwardly verified, for

T, L1, (K -3)r+is Y —1 € X we have

any

L(Yie o | Xo =120, .., X(Kk_3)r4i = T(K—3)r+i»
Y1 = yllc—l)
O, L1y

= L(YKfz

X(K—3)r4i = T(K—3)r+i» Yic—1 = Y1) = Hb,

71(K—3)r+i:y;<71 _
| Xo = o,

ey

thus implying that Y;-_, ~ up and
Yli(72 L {X07 Xl ce 7X(K—3)7-+i7 Y[i(fl} .
This reveals that Y3 _,, Y} _, "% pp. In addition, we can also
show that (45), shown at the bottom of the next page, holds.
Moving forward, we can employ similar arguments
to construct Y} 5, ...,Y{ sequentially such that

YiYE, Vi R and forall 1 < k< K — 1,

; 0

Vi L { X0, X1, ., X(g—1)r4i} - T2

As a result, we arrive at

P (Yli = XT+i7 e 7Y1i(—1 = X(K71)7+i)
K-1 5

21—ZIP(Y,j:XkT+i)21—T.
k=1

This concludes the proof.

APPENDIX D
ANALYSIS FOR VARIANCE-REDUCED Q-LEARNING
WITH LCB PENALIZATION (THEOREM 2)

This section presents the proof of Theorem 2, which
is concerned with the performance of variance-reduced
Q-learning with LCB penalization. Recall that Vk+1 =Vr,,
that is, the value estimate in the last iterate of the k-th epoch

P (Y1i<—1 # X(K—l)T-‘ri) =

2.

Z0,yeo o T(K—2)74i EX

' P{X(Kfl)rﬂ' £ Y, e

IN

0
™ 2

0, s T(K—2)r i €EX

P(X():l‘o,...

P(Xo =0, .., X(Kk-2)rti = T(K—2)r4i) =

X (K—2)r+i = T(K—2)r+i)

Xo =10y, X(K-2)r4+i = m(K*Q)‘IZFi}
1)

et (44)
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is also used as the reference for the (k+ 1)-th epoch. For each
1 <k <K, we define

Ap =Y p(s) (V*=Vi) (s)

SES

(40)

Clearly, the proof of Theorem 2 boils down to bounding A .
As we shall see momentarily, obtaining a tight bound on Ay
relies on bounding another closely related quantity Ag_q,
define for each 1 < k < K as follows:

Ay = Z p(s) (VF=Vi)(s).

seS

(47)

Here, we set
_ dy=(1=7)p
pi=—"t——.
Y
The sequence {A}5_ | will be bounded by induction in
the sequel. We shall present our proof by describing three key
steps following some preliminary facts.

(48)

A. Preliminary Facts About the k-Th Epoch

Let us first look at what happens in the k-th epoch. For
notational simplicity, we will denote V := V_;. Similar to
the proof of Theorem 1, for any iterate ¢ < Ty, let n = n.(s, a)
and assume that (s,a) has been visited during the iterations
k1 < -+ < k, < t. We also need to define the policy 7 :
S — A as follows

7 (8) := arg Iglezﬁ( Q¢ (s¢—1,a),
if s = 5,1 and Vi(s) > V;_1(s), and

7 (8) := m—1 (8)

otherwise. If there are multiple a« € A4 that maximize
Q+ (8t—1, a) simultaneously, then we can go with any of them.
We make note of the following lemma.

Lemma 6: With probability exceeding 1 — 4, for any s € S
and ¢ € [T] we have

Q" — Q1) (5,7(s))

n

<A W Poa (V* = Vi) + Ba(s,7%(s)),

i=1

where n = n; (s, 7*(s)) and

B (s.0) = 300y 2 {3 (s.0) — [ (s, )"}

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 11, NOVEMBER 2023

+ Scb\/nrefE&a) {J'Ef (s,a) — [pref (s, a)]2}

,3/4

(1 =) [ (s,0)]*/*
L
(I —7)nref(s,a)
In addition, it holds that
Vi(s) S V™ (s) < V*(s)

forall se Sand 1 <t <Tj}.
Proof: See Appendix E-A. (]
Moreover, both 024 (s, a) and 0" (s, a) — [ (s, a)]? play
an important role in determining the variance of the update,
and we are in need of the following bounds on these two
quantities.
Lemma 7: With probability exceeding 1 — 6, for all s € S

and ¢ € [T}] we have

+ 3C,

+3Ch (49)

Ufﬁ‘zsm*(s))(s,ﬂ*(s))

< Py (V7 —V)2+O< 1 1

and

O'ref(S,Tl'*(S)) _

[ (s, 7% (5))]”

= Varsﬂr*(s)(V) +0 (

In addition, it holds that

— 1
> di(s,a)Var o (V= V) < —VAH;

s€S,acA
> dy(s,a)Var, o (V) < —— +
s€S,acA
Proof: See Appendix E-B. (|

B. Step 1: Connecting Ny, With Ay_;

In this step, we aim to establish a connection between Ay
(cf. (46)) and A_; (cf. (47)). In view of the monotonicity of
V} in t (by construction) and Lemma 6, we can derive

Tk
1
Ay =(p. V" =Vr) <= (o V" = V).

t=1

(50)

30 H3/%,3/4 30 H. Before continuing, we find it convenient to introduce a set
+ bn3/4 (1—7) + bn (1 — »y) of quantities in (51), shown at the bottom of the next page,
P (Yii(—z 7é X(K—2)7+i)
= Z P (Xo =20, -+, X(k—3)r4i = T(k—3)r+i» Y1 = Y1)

TO,@1, T(K—3)r4i Y e 1 EX

Z0,T1, "

P <X(K—2)T+i # Yo

]
e 2.

TO,T1, (K —3)r 4+ Y1 EX

IN

sT(K—3)T i:?,li,
( )T+ K1|XO

P (Xo =0, , X(k-3)r+i = T(k—3yr+i» Yie_1 = Yk _1) =

=X, ,X(K—3)7+i = T(K-3)7+i> Y1i<71 = yZK1>

T2 (45)
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similar to our proof for Theorem 1.Repeat the same analysis
as in Step 1 of the proof of Theorem 1 (which we omit here
for brevity) to yield

o0 o0 o0 o0
ay < limsupaj+Z£j+z9j+z¢j+z¢j7
J—0o0 j=0 i j j

——

=«

;/—’ ;/—/ S~
=:£ =:0 = =:¢

as well as the properties that a = 0,

2t mi 1 toni 1
5 mix 10 - + mix 10 =,
¢ 1—7 &% T (1 —~)? &5

Ctrit (T) L St (T)

(1—7)° 6/  (1—n)? 3)’

Ctrit (T) L St (T)
5) (1-9)7° o

65—l
(1—=2)

It then comes down to bounding 6, which is different from

what has been done in the proof of Theorem 1. Towards this,

we first invoke Lemma 4 to reach
Tr oo 1 3 ]
1=33 |0 (1 ) 1 > [o(Pre ) (57 (9)
t=1 j=0 seS
. N 1
- min {ﬂnt(s,ﬂ*(s)) (57 m (S))v }

ESHIL =1

t 1seS
(52)

(S

J

min {ﬂnt(sm*(s)) (s, W*(S)) ,

. 1 T
STH(1—=v)1—~

To proceed, let us use the definition of 3, (s, a) (cf. (49)) to
achieve the decompose (53), shown at the bottom of the next
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page, where we define, for each s € S, that

Mlg @T)

for some sufficiently large constant Chypn_in > 0.

Before continuing, we first collect a few immediate and
useful results of [8, Lemma 8]: with probability exceeding
1 — 4, we have

ne(s, 7 (s)) 2 tus(s,7(s))

for all s € S and tpym.in(s) < t < Ty; in addition, when
T,;ef = Tk > tourn-in($), one has

n' (s,7%(s)) = i (s, 7(s)),

provided that Cl,p,.in is large enough. We then bound the terms
wo, . . . ,wg separately.
o The first bound wy can be easily bounded by

1
wo < Z tburn—in(s)d; (S)

sES 1_7

tburn—in(s) = Cburn-in

(54)

VseS, (55

d* (s,ﬂ*(s))%

< tmixt

*
s€S o (5,7

< Z Cc* tm.XL _ ClStmixL

)

seS

where the last line follows from Assumption 2.
o To control w;, we observe that

Tk
ZEDINDY

sES t=tburn-in (S)

o i oadv (s, *(s
x\/m(s,ﬂ*@) 95,7 (5))

dp(s)

[ 1 319 Ty ‘
o = ’7<1+H> > (p(Pr V= Vi),
1l t=1
1 379 Ty
0; = 7<1+H> ZZ[;J(P
L t=1seS
1 37 J tmix(8)
&= |y (1 + H) > (p(Pr ) VH = Vi)
t=1
i 1 37 T
L J t=tmix(6) Ls€S,acA

P (P )] (0, 1) (Z)

1
(o2 ) min { B0 (4,7 6) 25

()]

j+1

(p(Pres )1V = V),

n¢(s,a)

( 7r ] SCL Z nnt(sa ba V Vk(sa))

nnf(st,af)thm (V — Vi, (St,at))]

b (S¢, ay) =1
AR o7 (P ) (5100
= Adt (14 = 1 P, ., (V¥ =V,
¢J Y ( + H) tz:; (s¢,a¢)ET Lo (stvat) 50t ( 75)

s€S,acA

P (P Y] (5,0) Pua (VF = V3)

619
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H. 2 inequality; and (v) comes from Lemma 7 and the
< * — *(g *— . . ’ .
NZ Z d, (s) \/nt (877'(*(8)) Py e (s) (V V) definition of H (i.e., H < 1i,y
SES t=tpum-in(s) is identical to ws, which we shall bound momentarily.
=wi,1 o When it comes to ws, we apply Lemma 7 to reach

H3/4 3/4

PSS ) . , L .
Z Z (1—7) i’/ (s,7*(s)) WQNZ Z d; (s) \/nref(vars,w*(s)(v)

SES t=tpum-in(s) *
SES t= thurn- ln( ) S’ T (S))

=iwi,2
=wsa 1
where the last inequality follows from Lemma 7. The first T 3/4
t dmits the following bound * ‘
erm wy ; admits the following boun +Z z ds (s) — - 571 -
SES t=thumn-in(5) (1—7) [” (Sﬂf <s))}
wi,1
’ =iwsz,2
®
=~ d* *
Z Z L (s, m (S)) Regarding wo 1, we make the observation that

sES t=tpurn-in (S)

H. —\2
'\/wb(s W*(S))Psms) (V==V) way 2 > Z d5 (5,7 (s))

SES t= thurn- |n( )

(ii) \/C*HL 2 7 —
< ds (s 77*( ) PS,TF* s V-V : —V s,m* (s 14
Sest . ( ) (s) ( ) \/wa(s W*(S)) arg o ( )( )

(i) —
\/C*HLTkZ \/d* S T* Sﬂ.*(s) (V* —V)2 S \/C*LTkz \/d* S TI'* Vars ﬂ*(s)(V)

(111)

seS seS
(1\/ — /(% * A
vV C*SHLTk Z d* S, i S () (V* - V)2 = C LTk Z \/dp (Sa a) Vars,a(v)
seS s€S,acA
(m —
= OSHT, | 3 di(s,a) Pog (V* ~ V) SVOSTe | Y di(s.a) Vargu(V)
s€S,acA s€S,acA
C*SLZTk
3 k—1-
(1—7)?
Here, (i) follows from (54); (ii) utilizes Assumption 2; — \/ C*SuTy, + \/ C*SuT), Ap_1.
(iii) arises from (27); (iv) applies the Cauchy-Schwarz I—v 1—n
Ty 1
> D d;(s)min {ﬂws,w*(s)) (s.7(5)), 1—7}
seS t=1
> > 3 I, )
< P 50 ¢ (s, 70(9) — [ (5. 57(9)]
s€S  t=1 ' SES t=tpumin(s) nt(s,w (s))
=:wo =iwi
Ty . ;
+ dy (8) | =y 1o (s,7(s)) — [t (s, 7(s))
ngt—t%n(s) p \/nmf(s,w (s)) { [ ] }
=:iwo
T 3/4,3/4 T
H?/*, H.
+ a5 (s) + 5 (5) ———
ZS—Z() Pl (s, 1 (s) (1) ZS_Z<> P (s, (s)) (1= )
=:ws3 =:iwy
>y o >y :
+ a5 (s) + d3(s) — (53)
SES t=tburn-in(5) ’ (I—=7) [nref (877T 3/4 SES t=tpumin(s) (1= nmf(s’ﬂ' (5))

=!Ws =!We
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Here, (i) relies on (55); (ii) invokes Assumption 2; (iii)
utilizes the Cauchy-Schwarz inequality; and (iv) follows
from Lemma 7. The other term ws » is the same as ws,
which will be bounded momentarily.

o Regarding w3, we have

(.Uggz Z s (s, m*(s))

s€S t=tburn-in (S)
H3/4L3/4

(1 — ) 134y (s, 7% (5))

QO g5 [ )]
< T $3/4
seS t=1
(iii) )34 34,3/
< T1/4(C)—H 3 [ (s, ()]

1_7 seS

iv 3/4r73/4,3/4
(<) T1/4M53/4 (Zd*(s,w*(s

~ Tk

1= v s€S
g T1/4(C*)3/4S3/4L3/2
-~ Tk

1/4
))
(1—y

Here, (i) follows from (54); (ii) utilizes Assumption 2;
(iii) follows from the fact that for any 7" > 1,

T 1 T
> = a1 <1 +/ 34y < 4TV,

t=1 1

(56)

(iv) follows from Holder’s inequality; and the last line
holds since Y-, d% (s, 7*(s)) = 1.
o Regarding w4, we have

Tk
WYY

SES t=tburm-in(5)

(i) O
< C*H.

~

H.
=)t (5,7 (5))

d; (5, 71'*(3))

i 1) C*Si2 log Ty
— o~ T N2
1—y s€ES t=1 t (1=1)

Here, (i) utilizes (54); (ii) relies on Assumption 2; and
(iii) follows from the fact that for any 7" > 1,

T T
1
> ;<1 +/ 27 e =1+ (logT — 1) < log T; (57)
1
« Moving on to ws, we develop the following upper bound:

s g Z i d;(s,ﬁ*(s))L3/4

Sttt L= D (T4 (s, 77(s)
.. 1/4
@) (C)/ [ (s,7(s))]

Toley EiE (TyE)/
(i) 174 (C*)3/13/1 . 1/4
=T, — - Z [dp(s,ﬂ*(s))]
seS
(%) Tkl/4 (C*)3/483/4L3/4 .
I—v

Here, (i) follows from (55); (ii) results from Assump-
tion 2; (iii) holds since T,;ef = Tj; and (iv) invokes
Hélder’s inequality and )__ d% (s, 7*(s)) = 1 once again.
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o We are left with bounding the last term wg, towards which
we observe

L

0) &
DS

sES t=tburn-in (g)

e ) T o)

o iy C*
< C Z Tk (/-\) C S L )
~l- et 1—x

SES

Here, (i) follows from (55); (ii) utilizes Assumption 2;
and (iii) holds since T,;ef = T}.
Taking the preceding bounds on wy, w1, wa, w3, wy, ws and
wg together with (52) and (53) yields

) 1
L E s )

t 1seS
n 1 T
ST*(1—=v)1-v

1
S —— (wo+wi +wa +ws +ws +ws + ws)

I—»v
n 1 T
STH(1—7)1—~
C*Stmixt C*SL2Tk C*S.Ty,
g &t N e
(1-=7) (1- )
+T1/4 (C*)3/453/4 3/2 C*S2 long
(177)11/4 (177)2
C*Stmixt C*SLQTk c* SLTk
g CBtme y JOED R [
(I-=7) (1- )
C*8.3
(1—y)*

where the last line has invoked the AM-GM inequality:
1/4 (C*)3/453/4 3/2

(1- )11/4
_ 2T1 (C*)1/451/4 . (C*)1/251/2L3/2
(1= (1—)*
1/2(0*)1/251/2 C*8,3
(1=)°*? (1-y"

Putting all of the above results together, we can conclude
that

1 1
Ap < —ap < —
RS A0S (a+&+0+9+09)

C*S.2 c*S C*8.3
d iV A1+ g 3 : 1
Ty (1 =) Ty (1—7)" Tp(l—17)
* . x4 .2
C Stm.xb2 C* timixt . (58)
T (1=7)" Tp(1—7)

C. Step 2: Bounding Ay, by Induction

Thus far, we have established an intimate connection
between Ay and A (see (58)). In order to bound Aj_1,
we find it helpful to look at an auxiliary test distribution

_ dy—(1=7)p
p=-"L——"
5
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instead of p. The following property about p plays an
important role in the subsequent analysis.
Lemma 8: Suppose that 1/2 < < 1. It holds that

J

0o 1 3 ]
— 5P, )
> 7(1+H) (p(P=)’.V)
7=0
1 ST )
< ——{(d7, - 4 -
Proof: See Appendix E-C. O

Armed with Lemma 8, we can repeat the same analysis in
Step 1 to bound each Ay. The difference between (24) and (59)
requires us to replace d in Step 1 with d log(S7/d), which
leads to

C*S3 Cc*Si*
S TV AR-1+ ' 3+ ) 4
T (1—7) T (1—7)" Tip(l—7)
C* Stmixt? C*tmixl®
Te(1-7)? Te(1-79)°

for each 1 < k < K. The above inequality can be expressed
as follows

Ak < A2+ B,

where
* 4 * 4
ap =C %:2*’% with A =C %
T (1—7) (1—=7)
and
C*8.3 C*Su* C* Stmixt?
ﬂk = 3 C 4 2
T (1—7) T (1—7) Ty (1—7)
*tmix 3
Ty (1—7)

for some sufficiently large constant C' > 0. In addition, it is
also observed that

By induction, for each 1 < 5 < K we have

Aj< By Bl a8l +
~— NG
=:6j _'5j 1 :Z5j72

1/2 1/4 172972 172971
toajo o, ag By

::61
1/2 1/4 1/2-7'—2 1/2971 A 1727
toajo 0500 oy AV

=:00

In the sequel, we bound each term J;, 0 < i < j separately.
e Let us begin with Jy, which can be calculated as
follows

Note that
j—1
j—1 j—2 1 —~j—k
Jt ettt g =)
k=0
j—1 j—1
1 k . Jj+1
iy g2 g =i (2 ) 2+ 5
k=0 k=0
=2 2 1
=2) +2j7_1»
where the penultimate line holds since
gy T e T = N = "I gy
ok T L ok-1 Lk ok Lok
k=0 k=1 k=0 k=0 k=0
= j+1
T4k i1 T T 9l
k=0

Therefore we have
5o = A271/2j*147j+1—1/2fA(1)/2j

2-1/2771

S PO il ( 1 )1/2"
eV a-y! 1-7

<L

1-1/27 v
C*Sit 1 \Y? _Crs

1 1
(1-7) i(1=7)
Next, we develop a uniform bound on every §;, 1 < i <
j — 1. We first observe that

L
| it g1

and
j+%+¥+ ,,+j2]j:2]72+22j_1
221'—2;1—2.

These properties allow one to derive

d;
j—i—1 L jej—id1 J—i
< A2-1/2 it/ +1ﬁi1/2

1-1/297¢
o g2 ( Cc*Sut g2
h (1—7)* '

1—-1/277% 1/27 71
_ i Cc*S4 / C*813
TT\-9) (1-7)°
i1 1—1/27 7% 1/29 -1
S 32 < C* St ) 2 ( C* St ) /
1-°
i1 1/277% 1/297¢
S N C*SL T st
(1—9)°

i

4 2t C*SL 1172 C*tmixl® /2
(1-79)°
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< C*Si* 1 | C*8.3 C* St mixt?
~N o4 N4 + = 3 + 2
T1-y" T\ (a-9° Ti1-7)
C*tmixL?’
T; (1—7)°

Here, the last line has used the weighted AM-GM
inequality that x4 By > (a 4 B)z/ (@+8)yB/(a+8) for
all o, B, 2,y > 0.

Armed with the above results, we can readily conclude that

. < ) 1 Jp— . i .
Aj<d+d;+] 1Sr?gajx_1(5z do + B +3 1§I§1§a]x_162

< C*Sitj 4 J C’*SL33 n C*Stmixﬂg
L= T\ (A-7)" T;(1-9)
C*tmixt>7 C*S3
-9 VT
< C*813 C*Sity C*Stmixt?j
T (1= T0-7)" -9
C*tmixL3j3 , 60)
T; (1 =)
where the last line relies on the fact that le/ 2= 0 27
D. Step 3: Putting All This Together
Recall from (58) that
C*512 C*St C*S?
STV Y a7 T
C* Stmixt C* toixt®
T(1-9)" T(1-v)°"

which invokes the fact that T =< 7. From (60) and the fact
that T 1 < T, K <logT, we see that

C*S.3 C*Si*logT  C*Stmixt’logT
AK—l 5 3 4 2
Tl-v)" TQQ-7) T(1-7)
C*tmixt® log T
T(1-7)7° "
which in turn allows one to deduce that
C*S5.12
———V Ak
T(1-7)
1/2 1/4
< C*8:i? Cc*Si?
~\Ta-9) T(1-7)°
=:C1
1/2 1/2
N C*S.? / C*Si*log T /
T(1-7)* T(1-7)"
=:(2

1/2 1/2
n C*8.2 / C*Stmixt?log T /
T(1-7)* T(1-7)?

=:(3

7209

1/2 1/2
n C*Si? / C*tmixt® log T /
T(1-v)" T(1-7)°

=:Cs
C*Se C*Si3log T C* Stmixt
T(1-7)7° T@A-9" T@A-7)?
C*tmixt?
NR A L
T1-")

Here, the last step follows by applying the AM-GM inequality
as follows:

C*S3 C*St
Cl 5 4 + 3
T(1-7) T(1-7)
C*Si3y/IogT
QS ———a
T(1-7)
C*Si3log T C* Stmixt
GRS 1 2
T(1=7) T(1-79)
C*Si3logT C* tmixt?
a3 1 3
T(l=7) T(1-9)
The above bounds taken collectively demonstrate that
< C*St C*Si3logT C* Stmixt
NTa-? T Ta—yt T
n C*tixt?
T(1—-7)"

To finish up, combine the preceding bound with (50) to
reach

_ _ 0
V() =V (p)=(p, V" =VT) < (p,V* = Vry)
i) 1 <X

< ﬁgmw—w =Ax

< C*St C*S2logT
T1-7)7° T@a-7)"
C*Stmixb C*tmixb2
T1-v)? T@1-9°%

where (i) holds true according to Lemma 6, and (ii) follows
due to the monotonicity of V; in ¢. This concludes the proof
of Theorem 2.

APPENDIX E
AUXILIARY LEMMAS FOR THEOREM 2

A. Proof of Lemma 6

Consider any state-action pair (s,a) € S x A, and let n =
n¢(s,a). For each 1 <4 < Ty, define

k; = min{{O <j<Ty |j > ]{,‘1;17(8]‘70,]‘) = (S,Cl)}, Tk},

and denote ky = 0. Clearly, each k; is a stopping time. From
the update rule in Algorithm 3, we can write

Qi (s,0) = Yo [ (5,0) + Vi, (s41) =7V (s,01)
=1

+ 'Ylss,av —b; (Sa a) .
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This  taken  together  with the
Sornt =1 gives

Q" = Q) (s,0)

= (r+7PV*) (s,0) - Zn? 7 (5.0) + Vi, (s5,41)
sV —

elementary  fact

=V (1) + b; (s, a)}
=Y 0P (VF Vi)
i=1
+ 30 (P = Py) (Ve, = V) (5.0)
=1
+ VZU? ((P — IS)V) (s,a) + Zmnbi(& a). (61)

=iQ2

From the update rules in Algorithms 3-4 as well as Lemma 1,
we see that

anlbi(s,a) €
i=1

Bu(s,0), 2B, (s.0)] . (©)

where

B (s.0) = o[22 Lo (o, (9)) — i (s ()7

H3/4 3/4 H.
+C—g—— +
PR3 —q) (1 —7)

+ O [y {7 (1) = 0 .0

,3/4

(1) [nref(s, a)]**

L

T e sy a)”

+ Gy

From now on, we shall focus on the case where a = 7*(s).
The terms 1 and ap are controlled separately in the following.
« Regarding o, we first define a filtration {F;} 7%, " as

Fi = 0{{(5'C a) 1<]<l€} U D;“,uf;lll)j}.

7777

Here, (s7,a?) (resp. (s, al"")) is defined to be the i-
th state-action pair used to update the Q-function estimate
(resp. construct the empirical transition kernel) within the
7-th epoch; and we set

D; = {(s]
It is straightforward to check that forany 1 <7 < T,
{1er (P=P) (i —7)) (5:7°(5) }

is a martingale difference sequence with respect to
{Fi}i>o0. Then we can invokethe Freedman inequality to

D;ef — {(sj",ref aj",ref) 0<i< ij(ef}’ (63a)

al) 0<i< Ty}, (63b)

T

i=1

obtain: for any fixed s € S and T € [T, with probability
exceeding 1 — 0/(ST),

> dg<r, ) (P = Pi) (Vi, = V) (s,7%(5))

i=1

T

5 Z (77:)2 Vars,ﬂ"‘(s) (Vkl — V) L

i=1
n 1
1—’yllgza<x‘rnl
H. — H.
T\ TS 1”’ romio Ve = V)4 57

Invoke the union bound to show that with probability at
least 1 — 6, the above inequality holds simultaneously for
all 7 € [T] and s € S. Replacing 7 with n = n(s, 7*(s))
yields that, with probability exceeding 1 — 6,

_HT
(1=v)n
(64)

Hr & _
‘O(1| 5 77— Zn;ﬂvars,ﬂ'*(s) (Vki - V) +
i—1

holds for all s € S and t € [T}], where n = ni(s, 7*(s)).
In addition, the update rules in Algorithm 2 tell us that

2 ( Zm Vi, (k1) =V (Sk,41)]

_Zm ( (Vi —7)> (s,a)

and

o3 (s,a) = Zn? (Vi (s141) =V (s0041)]

—Zm(

Recognizing that

n
Z n; Varg 4 (Vki — V)

(Vi — 7)2) (s,a).  (65)

i=1

= annps,a (VkL - V)Z - Zn? [Ps,a (Vk:L _V>]2 5
i=1 i=1

we can connect Varg , (Vki — V) with uad" and aad" as

in (66), shown at the bottom of the next page, leaving us
with two terms o1 and a2 to control.

— The first term «;,; can be bounded by the
Azuma-Hoeffding inequality. We can employ similar
arguments as used when proving (38) and invoke
the Azuma-Hoeffding inequality to show that: with
probability exceeding 1 — §/S, for all s € S and
t € [Tk], it holds that

H.

a9
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— Moving on to the second term o2, we invoke the
identity Y, " =1 to deduce that

a1,2

n 12

= Zm”
- (Z’??) 277 s7r"(s ki _V)]Z
i=1

Vk - V)) (s, W*(S))

< zn; 0 (P, (Vi = V) (s, W*(S))- 2
- [ZH: 0} Ponrs) (Vee = V) 2
zﬁy (P _ P m—mmw@ﬂ
(S me-m s
@ﬁwgkﬂaﬁm0@4m@w@ﬁ
w [
n(l—7)"

Here, (i) arises from the Cauchy-Schwarz inequality;
(ii) follows from the fact that 0 < Vi, =V < 1/(1—
7) and the identity Y., 7 = 1; and (iii) follows
by repeating the argument used to establish (38) and
invoking the Azuma-Hoeffding inequality (which we
omite here for the sake of brevity).

With the preceding bounds in place, we conclude that

with probability exceeding 1 — O(0),

n
Z Wivars,w* (s) (sz - V)

i=1
I:M?zd (SﬂT s) )}2 +oa o
[Midv (5,7 ()]

nd"(s,w (s) )
(s,7(s)) —
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holds for all s € S and t € [Tj]. Putting the above
results together and using the fact o2% (s, 7*(s)) >

(2 (s, 7% (s ))] (due to Jensen’s inequality) reveal that
with probability exceeding 1 — O(9),

Hi < - H.
< — n * = D a——
o] < 4|~ Eﬁ Ve (Vi = V) + 5,
\/H o2 (s, (s) ) — [ufﬂ"(s,w*(s))]z}

N H3/4 3/4 N H.
n3/A(1—7)  n(l-7)

holds for all s € S and ¢ € [Ty].

Regarding sz, we first recall that n'*f(s,a) denotes the
number of visit to (s,a) among the samples used to
compute P. Let ky = —1, and for each 1 < ¢ < T,;ef,
define

ki
=min{{0<k<T{ |k > ki_1, (sp,ar)=(s,a)}, T}'}.

Akin to how we establish (64), we can use the Freedman
inequality to show that: for any fixed s € &, with
probability exceeding 1 — §/.S,

ool = [y (P = P)V) (.7 ()|

Tref
— 1 - ref Evd
77Wﬁ&wwﬁgypfa)mv
1 { ;ef’ ;ef (S,F*(S))}‘
1 ' (5,7 (s)) ) .
=7 nref (S, W*(S)) P (P P )s,Tr*(s) 4
Vars,ﬂ'*(s)(v) L+ 2

(L =) nref (s, 7 (s))

n

> 0Vars ey (Vi = V) = {oi(s,7(s) = [ (s,7())]”}

=1

—-25277 o (s) (Vi -47 EE:”
—Zm@%%—ﬁ)
i ((P=Pe) (Vi = V)" (s,

ZT}Z Py, Vk —V))

P (Vi, = 7)) (s.7*(5))]

- S (B (5,7 e @ﬂ

=011

] Zm [Pareo) (Ve = V)],

=ilx1,2

(66)
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Here, the first line results from the identity Z?:l nt = 1.
It follows from the update rule in Algorithm 2 that

n'(s,a)

1
ref _
H (S’ (1) - nref (S, a Z V sk +1
71"“(9 a)
= nref S Cl EZ: )
and
1 n'Ef(s‘,a) )
£ .
0" (s,a) = n<f (s, a) ; V' (Skit1)
nrefis a
1 : —2
= — P,V
nref (5, a) ; ( ki ) (87 CL) )

allowing us to deduce (68), shown at the bottom of the
page. Using the similar argument in proving (38) and
the Azuma-Hoeffding inequality, we can show that with
probability exceeding 1 — 6/,

1 L
1= 2\ e (s,a)°

The second term a3 o can be bounded by

Q21 §

N 1 n(s,m* (s)) o
= oo ; ((Pe; = P)V) (s,7*(s))
1 n'™ (5,7 (s))
. m ; ((Pk +P) V) (S W*(S))
9 1 n'®(s,m* (s)) o
P, —P)V) (s,7(s
T 1l-v n'Ef(s,ﬂ*(s)) ; (( ki ) )( ( ))‘
< 1 )
T =)tV e (s, (s)

Here, the penultimate line follows from the fact that 0 <
V(s) <1/(1—~) for all s € S, whereas the last line can
be proved by using the similar argument used to establish
(38) and invoking the Azuma-Hoeffding inequality. These
bounds taken collectively allow us to derive

Varsm*(s)(V) =o' (s,ﬂ'*(s)) — [,um‘f (s,w*(s))]
+ O (a1 + az2)

2

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 11, NOVEMBER 2023

(69)

Consequently, it is immediately seen that: with probabil-
ity exceeding 1 — O(9),

o

oy (7T )b o))

3/4

+ - +
(1—7) [nref (8,7‘(’*(5))] 34 (1

holds simultaneously for all s € S.
With the above bounds on a7 and as in place, we can take
these together with (62) to obtain

0<Z77;Lb s,

< sm (5.7(5)) = Bn (5.7 (5)),

with the proviso that C,, > 0 is sufficiently large. Substitution
into (61) then gives: with probability exceeding 1 — O(J),

_ ’Y) nref <S7 W*(S))

+a1+a2

(@ = Q) (5,7(5))
< 'anznps,ﬂ'*(s) (V* - Vki) + ﬁn (S’ T‘—*(S))

holds for all s € S and ¢ € [T}].

The second part of the lemma — namely, V;(s) < V7 (s) <
V*(s) for all s € S and t € [T;,] — can be proved in a way
similar to the proof of the second part of Lemma 2. We omit
it here for brevity.

B. Proof of Lemma 7

In view of (65), we can deduce that
oo (s, (s)) = 2777 (Pki (Vi —V)2> (5,7%(s))
i=1
=S " 0PP i) (Vi = V)’
i=1

Varg (s (V) — o™ (s,7%(s)) + [ (8,71'*(8))]2

Ps,Tr" (s) (V
n' (s,7* (s))

Y) = Poe g V)2 = 0" (5,7 (5)) + [0 (5,7 ()]

— (Pore9V)” (68)

—2 1 —2
< |P, « - P *
> | s (s)(V ) ’I’Lref(s,ﬂ'* (S)) ; ( kZV ) (877T (S)>
. W) ?
m i=1 (PkiV) (S’W (S))

=:iq2,2
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+Zm ((Pe, = P) (Vi, = 7)) (s,7"(5))
< Pm*(s) (v -7v)°

+Zm ((Pe, = P) (Vi, = V)% (s,7"(5))

H. )
n(l-y)")"

Here, the penultimate line follows from the fact that V; is non-
decreasing in ¢ and V <V, < V*, while the last inequality
invokes the upper bound on a1 (cf. (67)) derived in Lemma 6.
In addition, we observe that

oref (s, m* (s)) — [uref (s, m* (s))]

1 v
(1= Ve (s,m(s)) )
which follows directly from (69).

Next, we turn to bounding the sum >, d7(s,a)Vars, V),
which can be decomposed into

Zd* (s,a) Varg o(V

S Ps,ﬂ*(s) (V* _V) + @) (

2

= Vars),r*(s) (V) +0

Z dy (s,a) Varg (V™)

s€ES,acA

=il

+ 3 dy(s,a) [Var, o(V) = Var, o (V)] .

s,a

(70)

=iz
This leaves us with two terms « and as to control.
e With regards to «3, we first define
v = [vs]ses € R® obeying

v = Varg 5y (V)

a vector

for all s € S,
which clearly satisfies
V=P [V o V*] = (P V*) o (Prs V)

= Py« (V*oV*)—%(r—V*)o(r—V*)

:PW*(V*OV*)—iror—

1
2 ¥V*0V*+2V*or

< % (VP —I) (V¥ V*) +2V*or.
Here, the second identity follows from the Bellman
optimality equation V* = r+ vP,. V*. Recognizing that
dy(s,a) = dy(s) 1{a = 7*(s)} and dj = (1 —v)p(I —
fyPﬁ*)*l, we obtain (72), shown at the bottom of the
next page. In (72), (i) follows from (71); (ii) relies on
the triangle inequality as well as the Bellman optimality
equation V* = (I — vP.«)~'r; and (iii) arises from the
property 0 < V*(s) < 1/(1—+) for all s € S as well as
the assumption that v > 1/2.

o Regarding as, we make the observation that

(71)

s
I:PSV‘ZW ’ - PS!”’ (V*Q)

Z d; (s,a) {PMVQ —

s€S,acA
+ [PV}
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> a0 { PV - Pa(V2) ]
s€S,acA
+Zd;(s,a){PsaV* — [PaV] }

< Zd*(s,a)Psa(V*—V) Pyo (V¥ +V)

Z d; (s,a) sa( *—V),

s€S,acA

B

2
—

I /\

(73)

where the third line holds since 72 §7 V*2, and the last
line is valid since ||Ps g1 =1 and ||[V]oo < [[VH oo <
7= Recognizing that

dy = (1—7)p+~dyPr+, (74)

we can use the fact dJ (s,a) = d} (s) 1{a = 7*(s)} to

derive
Z ds (s,a) Pso(VF = V)
s€S,ac A
= d5(8) Py (5)(V* = V) = (s Ppe , VF = V)
SES
d*—(1— _ _
:< P (7 7)p7V*—V>:<ﬁ7V*—V>:A}c71-

Substitution into (73) leads to
2
ag < ——Ap_q.
1—nv

o Take the preceding bounds on «; and «y together
with (70) to yield

8 2
Zd (s,a)Var, o(V) < ag+ay £ — +——A

1_ 1_ k—1-

Finally, we turn attention to »__ _d% (s, a) Var, ,(V* — V).

s,a P
This sum can be bounded as follows

Z % (s,a) Varg o(V* = V)

< Y d(sa)P (Vv -T)
s€S,acA

7Zd* 57r*5 (V*7V)2
seS

_ <d;— (i— V)P’ (V* —V)2>
_y e -

seS
= <p, (v *V)2> < v =V (v =v)
S mAk 1

where the first identity holds since d* (s,a) = d* (s) 1{a =
7*(s)}, and the second line invokes (74).
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C. Proof of Lemma 8
Recall that

. dy=(1=9)p
pi=——"T""")
v
which is clearly also a probability vector. To prove the
lemma, we find it helpful to introduce the following occupancy

distribution induced by p:

d% (s) =

oo
—v)thP(st =s| 7", 80~p).

t=0
Repeating the argument used to establish (24), we can easily
see that: for any vector V € R? with non-negative entries,
it holds that

J

) 1 3 i

> | <1 + H> <pP,T*7V>

7=0
ey — TN L)
ST VIt gy 1V

Consequently, it boils down to analyzing the distribution d;g.

For any integer K > 0, employ the identity
dy = P> (Pr)" to deduce (76), shown at the bottom
of the next page. In (76), (i) and (ii) make use of the
identity dy = (1—7)p Z;io 47 (P,+)7 and the assumption that
v > 1/2. By choosing

K = CKI ST
1—x K3

for some constant C'xr > 0, we can guarantee that
n (o] ST
d5 (s) < 4Ckd}(s)log 5 +e(s). (77)

This inequality further motivates us to bound e(s). Towards
this, note that e(s) satisfies

- (1—’Y>2 — i
Ze(s)—#szyp(P
i=K

se€S
1-7)° i 1=v (0
SRS OO
v i=K i=K i=K
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:1’77 <ZW 3 (2'1)71')

=K i=K+1
-7 K~K = i
— (K + >
i=K+1
1— K+1
_1-n (K7K+v >
g L=y
., ST b
< 20xy" Hog == +9" 5 o (78)

with 1 the all-one vector, where the second line holds
since p(Py+)" remains a probability vector (and hence
p(Pr+)'1 = 1). Here, the last line follows from our assumption
that v > 1/2 and the fact that

VK = eKlogll—(1-m] < o=K(1-7) < ¢

g\ 8
= —= <
() ==r

provided that Cx > 5.
We are now ready to establish the claim of this lemma.
Substituting the bounds (77) and (78) into (75) leads to

—Ck log(ST/95)

(d5, V) S (ds, V) log L doe@ Vi
SES
. ST
N <dp? V> logT =+ ST 1Vl
As a result, one can readily conclude that
e} 1 3 J
= J
> 7<1+H> (P2, V)
7=0
1 ST 0
< — {d5,Vilog — + ———— ||V ...
APPENDIX F

ANALYSIS FOR THE MINIMAX LOWER
BOUND IN THEOREM 3

Without loss of generality, we assume throughout the proof
that S is an odd number.

Construction of Hard MDP Instances: For any vector
0 = [05]1<s<s € RY with ||f]|c < 1/2, define an MDP
My = {S, A,~, Py,r} parameterized by 6 with the state

Zd* ) Var, o) (VF) = (dj,v) = (1 -7)
sES

< (1=9)llplh H(I - ’er*Vl”Hoo B

S @ APe) T (Pe - Dy (o)

= =P

i) (1 —~)? _
U —apy o v
(1-9)7* 1 1—y
< v+ = v A 20—
2 1—7” [ 5 V12, +2(

=[Py
_+2(1-9) H(I—A/Pﬂ*)’l (V*or)H

NI +y (I =yPr)] (V¥ V)

P(I*’YPN*)71U

HOO

oo

20 =)Vl || =)

I

1_7 * * *12
OO+THV oV +2A =MV,

8

DIVIE S 2 (72)
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space S = {0,£1,...,£571} and the action space A =
{£1}. Several key elements are constructed as follows.
o We first define the initial state distribution as

p(s) = (1 — 7_iix>]l(s =0)+ mﬂ(s #0)
for all s € S, where Tmiy is defined to be
o 1602
= Ty

It is self-evident that as long as ¢; < 32ce, we have
Tmix = 2 and hence p is well-defined.
o The transition probability kernel is constructed such that

et (- L) (o)1=

1 1
+(z—0sa)1{s=—s}|+—p(s)
2 Lmix
for any (s,a,s’) € S x AxS.
e The reward function is taken to be
1, if s > 0;
r (87 a) = .
0, ifs<0.
o The behavior policy is chosen to be
1
7rb(a‘|s):§7 V(s,a) € S x A

o Furthermore, we shall define
0= {HGRS:F)SE{i;} for s > 0, and
98—0fors§0},
and we consider a class of MDP given by { My : 6 € ©}.

In what follows, we shall also let I/ represent the uniform
distribution over ©.
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Useful Properties About the Constructed MDP: Next, for
any 6 € ©, we gather a couple of basic properties about My
and the Markov chain induced by the behavior policy 7.

o The stationary distribution g, of the Markov chain

induced by 7, is given by
(79)

o (5,0) = p (5) m (a ] 5) = 5 (s)

for all (s,a). The mixing time of this Markov chain is at
most 2¢mix, since it is clear that
Lo fo1
t !

for all (sg,ap) € S X A, as long as t > 2tyx.
o For any policy m, it can be verified that

<

drv (P5 (-] s0,a0) , in)

3
dy (s) < 5P (s) (80)

for any (s,a) € S x A. The proof of (80) is deferred to
Appendix F-A. This immediately gives
d‘k
C*= sup L <
(s,a)eSx.A Mb (S’ a)

(s,a) G

ds (s,a) (lgl) 3,
(s)

where (i) follows from (79), and (ii) utilizes (80).
« The optimal policy 7 is given by

sup
(s,a)eSxA P

7y (s) = sign (6s) , Vs >0, (81)

and 7;(s) can be either 1 or —1 for s < 0. In addition,
for any s > 0 and any policy = that is independent of 6,
we can show that

E

(Ve (s) =V (s)] =
Mg:0~U

_
~35(1—-9)

The proof of (81) and (82) can be found in Appendix F-B.
Proof of the Claimed Lower Bound: Let

(82)

Xq,..., X7 i Bernoulli(1/tmix)

S * (1 _ ) A2 e > o _ 2l .
d5(s) =(1-1) [Zvim(}’w*)i (S)gM DSOS A (P )t (5)—M [szp(ﬂr*)l (s)
i=0 v v i=0 j=0 v i=0
RS 2 2o ‘
e P(ZV(EJ) (-2 [wapw*)l (¥
=0 =0
=B IS oty | ) - B2 [Zv"p(Pw*)i (=122 [pr(mf (5)
Li=0 i=0 i=0
. 2 [K-1 4 . 2 0o 4 ‘
-4 77) S igio(Per) | () + L220 77) [ZW;}(RT*Y (5)
L :=0 i=K
2 [K-1 2 0o
< K(l _'Y’Y) 'le(-P'n'*)z (S) + (1 _,Y’Y) [ Z"Vip(-P'n'*)z (S)
=0 i=K
@) . (1-7° &
< 2K (1 =) dy(s) + — > i p(Pr) | (s)- (76)
i=K
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and
Yi,....Yr i Bernoulli(1/7mix)

be two independent sequences of Bernoulli random variables.
Let S7 be the number of different state pairs {+s} visited by
the sample trajectory. From the construction of the Markov
chain, we know that St is stochastically dominated by 1 +
Zthl X;Y;. In view of this, we have

T
T
E[S]|<E |1 XYl =1
[ T} - + ; e + tmimeix
<1+ <5
c— 2 <2
- (1—7) Tmixe — 8’
where the last relation holds since Tmix = ~2%2— and S > 16.

(1—7)e
This implies that with probability at least 0.5, St < S/4. Then
for any estimator 7, with probability at least 0.5 we have

Afpax V*(p) = V7™ (p)

> E [V*(p)—=V"(p)]
Mg:0~U

=2 r() B V() =V (s)]
seES

g S—1 g 1 vy (1>1) €
=\ 2 ) (S = D)Tmix 35 (1 — ) — 4800cs

Here, (i) holds since there are at least (S —1)/2 — St states s
satisfying s > 0 and the state pair {£s} is not visited by the
sample trajectory. For any such state s, any estimator based on
the observed sample trajectory is independent of 5. Then (i)
follows from (82). In addition, (ii) holds as long as St < S/4,
S > 16 and v > 1/2. By replacing ¢ with 4800cq¢e, we arrive
at the desired lower bound.

A. Proof of Equation (80)

Let PJ : S — S be the probability transition kernel defined

=2 Puls

acA

as

"I s,a)m(als), V(s,a) €S x A.

For any policy 7 and any v € A(S) satisfying v(s)+v(—s) =
p(s) + p(—s) = 2p(s) for all s € S, we have (83), shown at
the bottom of the page, for any s’ € S. In (83) the last relation
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follows from v(s) +v(—s) =
we have

|(wFg) (5)

2p(s). Therefore for any s € S,
1 1

— ) < 5 10l () + 5 160 v (=)

= (101l £ (5)-

We can then employ standard induction arguments to verify
that for any n > 0,

[o(F5)"] () +

This immediately gives

[p(Pg)"](=s) = 2p(s).

az (s) = (1-7) i}w‘ o (P7Y] (s)
—p(s)+(1- )f(j) 7 o (BFY = o] (5)
Sp(8)+(1—7)§ 110l 2 (5)

= (1410l p(s) < ps).

B. Proof of Equations (81) and (82)

For any policy =, the Bellman equations assert that

Q7 (s,a) =7r(s,a) +7{tiixvﬂ (p) + (1 - tnlﬂx)

[+ (3 -oavio])

VT (s)=m(1]

and

$)Q7 (s, 1) +7(-1]8) Q™ (s,—-1)

for any (s,a) € S x A. For any given s > 0, denote by
x = V7™(s) and y = V™(—s). Since §_; = 0, we have
Q™ (—s,1) = Q™(—s,—1) = V™(—s) = y. Then the above
Bellman equations give (84), shown at the bottom of the next
page. Solving the system of equations (84) with respect to
z and y gives (85), shown at the bottom of the next page.
Similarly, we can also derive

1 9

1_7(1_%) tmix

VT(0) = V7™ (p).

(WPF) (s) = v(s)[m(1]s) Po (s

[s,1) +m(=1]s)

v(s') +

5 (s s, —1)]

K; +95> 1{s' =s}+ (; - 95> 1{s' = —8}}

- 95> 1{s' =s}+ (; - 95> 1 {s’ = —8}} =~ (8'>]
(&) b= (27r(1; =)= /)] (83)
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Then it boils down to determining V™ (p), for which we have where
1
V(o) = E [V (s O<R"<— .
()= B [V () LT
_ (1 1 ) )+ Z VT (s) It is straightforward to compute
Tmix 5750 - ]- 7—mlx CO N
1 E [V5(s)]= + £ [R(s)].
1--L Z M0t 1- Ly (1 _ 7) Me:0~U
— mix + m|><
1 tmlx - ]- mix . P
1= (1 - K) 5>0 ) For any policy 7 that is independent of 65, we can also
1 1 compute
1-y(1-&) -6 (1-F&)ertl9-1) & [V (s)]
Mg :0~U
This further leads to (86), shown at the bottom of the page. By _1 Co
taking together (85) and (86), one can check that the optimal T2 1-— Jy (1 _ ) (2w (1]s) —1)
policy 7} is given by 1 "o
3 ° + B[R (s)]
7 (s) = sign(6s) 1+ 1y (1 - %) 27 (1]s) — 1) Masd~td
: Co -
for any s > 0. The choice of nj(s) for s < 0 does not affect = 5 + E [R™(s)]
the value function and can be chosen aribtrarily. 1-— %’yz (1 — %) (27 (1]s) — 1)2 Mo:0~U
Let Cy
< s+ E [R7(s)].
2-y(1-3%) 1 1 1 1-d92 (1) Mo
CO :: ml)( — + - mix
2 — 2y (1 -7 ) 2 21=9y+ tm,x Therefore, we can conclude that
5 6y LE -V
11(1—7) 0 N
1y(1— .
where the last step holds since ¢mix > 10/(1 — 7). Then (85) > Co—2 T tm'xl + K {R ¢ (5)]
N 1—3v(1—7)  Meb~u
implies that mix
- E [R"(s)]
- CO - MQ:GNZ/{
V(S)=1 p (1 )(2 11s) - )+R 45 1 1
— 0, ™ >
K 341 (1=7) (1= tmx  35(1—=7)
1 1 1 1
=7 (1 1 1-— — 4+ 0, - — T
st {( =) [ o) (50 + v o]
1 1 1 1
-1 1 1-— — Z X 7r
sl St G (GRS CRD Rl
1 1 1 A
=7\1- 5 T@rfs) =1zt |5 —@2r(L]s) =1)bs |y, +1+-—V"(p) (84a)
1 1 ¥
—v(1- - 4 4
y 7( tm.x) <2x+ 21/) V) (84b)
2~ (1 L ) ) )
VT (s) = tl n 1 t7 V™ (p) (85a)
2_27(1_m) 1—937(1 )(277(1| s)—1) 1—7(1—tmix) mix
v 1- tiix 1 1
VT (—s) = ( ) + t”_ VT (p) (85b)
?*27(1*tmix)1*9s7( )(27r(l| )= 1) 11—~ <1f W) mix
1 1 1
VT(p) = (86)

e I
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where the last two relations follow from (87) and the
assumptions that v < 1/2 and ¢ > 10/(1 — 7).
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