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Corrections to “Analog Error-Correcting Codes”

Ron M. Roth

In the above article [1], Lemma 2 contained an error, which
also affects the proof of Theorem 1 therein. Specifically,
Theorem 1 holds only when ¢ = 0 or when 7 = 0; otherwise,
the “if” part in the theorem requires a stronger condition.

Our fix includes a slight change in the requirements from a
decoder (that corrects 7 errors and detects o additional errors),
in forbidding false alarms only when the number of errors is
at most 7. Specifically, conditions (D1) and (D2) in Section I
in [1] should now read as follows.

(D1) If e € B(n,7) then “¢” # D(y) C Supp,(e).

(D2) If D(y) # “¢” then Suppx(e) C D(y).

Respectively, the wording of Lemma 2 should be changed
as follows (the change is underlined).

Lemma 2: Given a linear [n, k] code C over R and nonneg-
ative integers 7 and o, let §, A € RT be such that

A > 2(har 40 (C) +1)6 .

Suppose that y € R™ is such that E(y) N B(n,7) # . Then
for every two vectors e € £(y) and e’ € E(y) N B(n, 1),

) Suppa (e) Q,SUPpo(e/) .
We include below the modified proofs of Lemma 2 and

Theorem 1, as well as a reworked Example 1.
Proof of Lemma 2: Let e, e’ € E(y) be such that e’ €
B(n, 7). Then

y=ctet+e=c +& +¢€,
where ¢,c¢’ € C and €,&’ € Q(n,0). It follows that
(1

i.e., the right-hand side of (1) is a codeword of C and, as such,
its m-height does not exceed h,,(C), for every m > 0.
Suppose to the contrary that Suppa (€) € Suppy(€’). Then
ei = 0 yet [ej| > A for some position j € [n); without
loss of generality we assume hereafter that e; > A. Writing
w = 27+ o, we have w(e) +w(e’) < w and, so, from (1) we

get the following inequality:

d—c=e+e—¢c —¢€,

Ej+6j—59— 6;- SQhw(C)é
~~
0

Thus,
ej <2hy(C)-0+¢) —e5 <2(h,(C) +1)d <A,
thereby contradicting the assumption that e; > A. U
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Proof of Theorem 1: Let w denote again the value 27+ 0.
We start by proving necessity and assume to the contrary that
a decoder exists for some nonnegative A < 2(h,,(C) + 1).
We first consider the case where h,,(C) < oo, namely, w =
2740 < d(C). Let ¢ = () je[ny € C be such that h,(c') =
h.,(C). Without loss of generality we assume that

co=leo| = || = ... = |yl = ... = |

n
20
@ ={ %
In either case,

co=hw(C)-|c,] =2h,(C)-§.

and that
if C # {0}

otherwise

)

Let
y=e+te,

where the entries of € = (¢;) e[, are defined by

{ —6
E5 =

/2
and the entries of e = (e;), ¢ are defined by
c;+26
€5 = 0

Note that € € Q(n,d) and that e € B(n, T + o); moreover,

eo =ch+20 =2(h,,(C)+1)6 > A

if j € [w)
otherwise

ifjer+o0)
otherwise '

Hence, upon receiving y = 0 + € + e, the decoder must have

one of the following return values:

w1
e €,

« a set of locations that contains the index 0.
Yet y can also be written as

y:c/—i—s'—I—e’,

where the entries of € = (g;) ¢, are defined by

6/_{ 0
j —ci/2

and the entries of €’ = (/) jc[n) are defined by

—c =26
e;:{ 7

Note that &’ € Q(n,d) and that €’ € B(n,7); moreover,
e, = 0. Hence, upon receiving y = ¢’ + &’ + €, the decoder
must return a set of locations that does not contain the index 0.
Thus, we have exhibited conflicting requirements from the
decoder, thereby reaching a contradiction.

When h,(C) = oo (i.e, w > d(C)) yet A < oo, our proof
is still valid if we take ¢’ to be of Hamming weight w(c’) =

if j € [w)
otherwise

if j €w)\[r+0)
otherwise
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Fig. 1. Received vector y for Example 1.

d(C) and ¢}, > A (say); note that ¢,, = 0 (and so (2) is not
applicable).

We now turn to proving sufficiency: we assume that A >
2(hy(C) 4 1)d and present a decoder D for C that corrects 7
errors and detects o additional errors.

For every y € R™ such that £(y) N B(n, ) # (), define the
following intersection:

Ay) = Nereg(y)nB(n,)SupPPy(€’) -
The return value of D for every y € R" is defined by
A it E(y)NB(n, ) #0
Dly) = { (y) (y) N B(n,7) #

“e otherwise

Let y = c+e-+e now be a particular received vector, where
ceC,ecQ(n,d), and e € B(n,7+0). If e € B(n, 7), then
necessarily £(y) N B(n,7) # () and therefore D(y) # “e”.
Moreover, A(y) C Suppy(e) and, therefore, condition (D1)
holds. As for condition (D2), observe that D(y) # “e”
implies by our definition of D that E(y) N B(n,7) # 0.
Hence, by Lemma 2, Suppa(e) C Supp,(€e’) for every e’ €
E(y) N B(n,T) and, so, Suppa (e) C A(y). O

Example 1: Let C be the [n,1] repetition code over R,
which is generated by the all-one vector 1 € R™. We provide
an explicit description of the decoder in (3) for C, for 7 <
(n—1)/2and 0 =n—1—27.

Given a received vector y = (y;)¢[n) in R", we assume for
convenience of notation that its entries are permuted so that

Yo > Y1 = oo 2> Yn—1 - “4)

With each entry, we associate an interval Z; = [y, — 0, y; +9].
Figure 1 shows an example of a vector y for n = 12, with
the respective intervals.

A vector e € R™ belongs to £(y) N B(n, ) if and only if
|Suppy(e)| < 7 and

3)

N Z#0, )

JESuppg(e)

where Suppy(e) = [n) \ Supp,(e). Indeed, each element c
that belongs to the intersection (5) corresponds to a codeword
c = c¢-1 such that y—c—e € Q(n,d). Denote by s(e) and t(e)
the smallest and largest indexes, respectively, in Supp,(e);
note that

tle)—s(e)>n—71—1.
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Input: y = (y;) ey € R™ such that (4) holds.
Output: D(y), which is either a subset of [n), or “e”.
If yj > Yj4n—1-~ + 26 for all j € [T+1) then
Return “e”;
Else {
i —min{j € [7+1) : yj < yjan—1-7 + 20}
i +—max{j € [n)\[n—1-7) : yj_(n_1-7) <y; +20};
Return [¢) U ([n) \ [{'+1)).

}

Fig. 2. Decoder y — D(y) for the repetition code.

Due to the assumed ordering on the entries of y, it follows
that (5) is equivalent to

Toe) NTy(e) # 0
which, in turn, is equivalent to

Yste) < Yi(e) +20 .

E.g., Figure 1 was drawn for an error vector e for which
Suppg(e) = {0,1,2,11}, in which case s(e) = 3 and
t(e) = 10.!

Conversely, any index j € [7+1) such that

Yi < Yjgn—1—7 + 26

defines a set {j,j+1,...,j+n—7—1} which is contained in
(and, even more so, equal to) Suppg(e) for some vector e €
E(y) N B(n,7).

These observations lead to the decoding algorithm shown
in Figure 2. The “if” clause checks whether £(y) N B(n, 1)
is empty. E.g., for the vector y in Figure 1, the return value
will be “e¢” if and only if 7 < 4. The “else” clause then
computes the set A(y). Specifically, among all error vectors
in £(y)NB(n,7), let e and €’ be such that s(e) is the smallest
and ¢(e’) is the largest; note that i = s(e) and i’ = t(e’). Since
7 < (n—1)/2, the sets Suppg(e) and Supp,(€’) intersect and,
s0,

Ay =

ec&(y)NB(n,r)

Suppy(e) = {i,i+1,...,i'} .

For the vector y in Figure 1 and for 7 = 4, the returned
set will be {0, 1,11}, since y; > y;j47 + 29 for j = 0,1 yet
Y2 < Yo + 20, and ys > y11 + 20 yet y3 < yio + 26. U
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'However, Figure 1 is consistent with other error vectors as well. For
example, we may slightly increase c so that it belongs to Zo N Zg (thus not
to Z10), thereby corresponding to an error vector with support {0, 1, 10,11}.
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