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Asymptotic Errors for Teacher-Student Convex
Generalized Linear Models (Or: How to Prove
Kabashima’s Replica Formula)

Cedric Gerbelot, Alia Abbara, and Florent Krzakala

Abstract— There has been a recent surge of interest in the
study of asymptotic reconstruction performance in various cases
of generalized linear estimation problems in the teacher-student
setting, especially for the case of i.i.d standard normal matrices.
Here, we go beyond these matrices, and prove an analytical
formula for the reconstruction performance of convex gener-
alized linear models with rotationally-invariant data matrices
with arbitrary bounded spectrum, rigorously confirming, under
suitable assumptions, a conjecture originally derived using the
replica method from statistical physics. The proof is achieved by
leveraging on message passing algorithms and the statistical prop-
erties of their iterates, allowing to characterize the asymptotic
empirical distribution of the estimator. For sufficiently strongly
convex problems, we show that the two-layer vector approximate
message passing algorithm (2-MLVAMP) converges, where the
convergence analysis is done by checking the stability of an
equivalent dynamical system, which gives the result for such
problems. We then show that, under a concentration assumption,
an analytical continuation may be carried out to extend the result
to convex (non-strongly) problems. We illustrate our claim with
numerical examples on mainstream learning methods such as
sparse logistic regression and linear support vector classifiers,
showing excellent agreement between moderate size simulation
and the asymptotic prediction.

Index Terms— Parametric statistics, estimation error, message
passing, expectation-maximization algorithms, optimization, con-
vergence, convex functions, linear matrix inequalities.
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I. INTRODUCTION

A. Background and Motivation

N THE modern era of statistics and machine learning, data

analysis often requires solving high-dimensional estimation
problems with a very large number of parameters. Developing
algorithms for this task and understanding their limitations
has become a major challenge. In this paper, we consider this
question in the framework of supervised learning under the
teacher-student scenario: (i) the data is synthetic and labels
are generated by a “teacher’rule and (ii) training is done with
a convex Generalized Linear Model (GLM). Such problems
are ubiquitous in machine learning, statistics, communications,
and signal processing.

The study of asymptotic (i.e. large-dimensional) recon-
struction performance of generalized linear estimation in the
teacher-student setting has been the subject of a significant
body of work over the past few decades [1], [2], [3], [4],
[5], [6], [7], and is currently witnessing a renewal of interest,
especially for the case of identically and independently dis-
tributed (i.i.d.) standard normal data matrices, see e.g. [8], [9],
[10]. The aim of this paper is to provide a general analytical
formula describing the reconstruction performance of such
convex generalized linear models, but for a broader class of
more adaptable matrices.

The problem is defined as follows: we aim at reconstructing
a given iid. weight vector xo € RY from outputs y €
RM  generated using a training set (f,),—1,. s and the
“teacher” rule:

y = ¢(Fxo,wo) (D

where ¢ 1is a proper, closed, continuous function and
wo ~ N(0, old) is an i.i.d. noise vector. To go beyond the
Gaussian i.i.d. case tackled in a majority of theoretical works,
we shall allow matrices of arbitrary spectrum. We consider
the data matrix F € RM*N_ obtained by concatenating
the vectors of the training set, to be rotationally invariant:
its singular value decomposition reads F = UDV” where
U € RMXMy ¢ RVXN are uniformly sampled from the
orthogonal groups O(M) and O(N) respectively. D € RM*N
contains the singular values of F on its diagonal. Our analysis
encompasses any singular value distribution with compact
support. We place ourselves in the so-called high-dimensional
regime, so that M, N — oo while the ratio « = M/N is kept
finite. Our goal is to study the reconstruction performance of
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the generalized linear estimation method:

% € argmin {g(Fx,y) + f(x)} 2
xERN

where ¢ and f are proper, closed, convex and separable
functions. This type of procedure is an instance of empirical
risk minimization and is one of the building blocks of modern
machine learning. It encompasses several mainstream methods
such as logistic regression, the LASSO or linear support vector
machines. More precisely, the quantities of interest repre-
senting the reconstruction performance are the mean squared

error E = E [+ ||xo — %[|3] for regression problems, and the
xTx

——— for classification
[EEIEIE

reconstruction angle ¢, = arccos
problems.

B. Main Contributions

« We provide a set of equations characterizing the asymptotic
statistical properties of the estimator defined by problem (2)
with data generated by (1) in the asymptotic setup, for sep-
arable, convex losses and penalties (including for instance
Logistic, Hinge, LASSO and Elastic net), for rotation-
ally invariant sequences of matrices F. For sufficiently
strongly convex problems (in the sense of Lemma 3),
our assumptions are classical with respect to earlier work.
To extend the result to convex problems however, we require
a concentration assumption that we discuss further in
section III.

« By doing so, we give, under the aforementioned set of
assumptions, a mathematically rigorous proof, of a replica
formula obtained heuristically through statistical physics
for this problem, notably by Kabashima [11]. This is a
significant step beyond the setting of most rigorous work on
replica results, which assume matrices to be i.i.d. random
Gaussian ones.

e Our proof method builds on a detailed mapping between
alternating directions descent methods [12] from convex
optimization and a set of algorithms called multi-layer
vector approximate message-passing algorithms [13], [14].
This enables us to use convergence results from convex
analysis and dynamical systems to study the trajectories of
vector approximate message-passing algorithms.

« Beyond the high-dimensional result on the estimator defined
by the GLM, our convergence analysis provides a generic
condition for the convergence of 2-layer MLVAMP, regard-
less of the randomness of the design matrix and of the
dimensions of the problem, for sufficiently strongly convex
problems.

C. Related Work

The simplest case of the present question, when both f and
g are quadratic functions, can be mapped to a random matrix
theory problem and solved rigorously, as in e.g. [9]. Handling
non-linearity is, however, more challenging. A long history
of research tackles this difficulty in the high-dimensional
limit, especially in the statistical physics literature where this
setup is common. The usual analytical approach in statistical
physics of learning [1], [2], [3] is a heuristic, non-rigorous
but very adaptable technique called the replica method [15],
[16]. In particular, it has been applied on many variations
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of the present problem, and laid the foundation of a large
number of deep, non-trivial results in machine learning, signal
processing and statistics, e.g. [17], [18], [19], [20], [21], [22],
[23], [24], [25]. Among them, a generic formula for the present
problem has been conjectured by Y. Kabashima, providing
sharp asymptotics for the reconstruction performance of the
signal xq [11].

Proving the validity of a replica prediction is a difficult task
altogether. There has been recent progress in the particular
case of Gaussian data, where the matrix F' is made of i.i.d.
standard Gaussian coefficients. In this case, the asymptotic
performance of the LASSO was rigorously derived in [26],
and the existence of the logistic estimator discussed in [8].
A set of papers managed to extend this study to a large set
of convex losses g, using the so-called Gordon comparison
theorem [27]. We broaden those results here by proving the
Kabashima formula, valid for the set of rotationally invariant
matrices introduced above and any convex, separable loss ¢
and sufficiently strongly convex regularizer f under classical
conditions. We extend this result to any convex, separable g
and f under stronger assumptions.

Our proof strategy is based on the use of approximate-
message-passing [28], [29], as pioneered in [4], and is similar
to a recent work [30] on a simpler setting. This family of
algorithms is a statistical physics-inspired variant of belief
propagation [31], [32], [33] where local beliefs are approx-
imated by Gaussian distributions. A key feature of these
algorithms is the existence of the state evolution equations,
a scalar equivalent model which allows to track the asymptotic
statistical properties of the iterates at every time step. A series
of groundbreaking papers initiated with [26] proved that these
equations are exact in the large system limit, and extended
the method to treat nonlinear problems [29] and handle rota-
tionally invariant matrices [34], [35]. We shall use a variant
of these algorithms called multi-layer vector approximate
message-passing (MLVAMP) [14], [36]. The key technical
point in our approach is an analysis of the convergence of
MLVAMP. This is achieved by phrasing the algorithm as a
dynamical system, and then determining sufficient conditions
for convergence with linear rate. Our analysis guarantees
converging trajectories above a threshold value of the strong
convexity parameter of the problem, which is sufficient to
complete the proof in that region. We use an analytic con-
tinuation to extend the result to convex problems, at the cost
of an additional condition discussed after stating our main set
of assumption.

II. BACKGROUND ON MLVAMP

In this section, we present background on the multi-
layer vector approximate message-passing algorithm devel-
oped in [36]. In doing so, we will introduce the key quan-
tities involved in our main theorem. MLVAMP was initially
designed as a probabilistic inference algorithm in multilayer
architectures. Here, we only focus on the 2-layer version
for inference in GLMs, and use the notations of [35]. The
algorithm can be derived in several ways, notably from
expectation-consistent variational inference frameworks such
as expectation propagation [37], where the target posterior
distribution is approximated by a simpler one with moment
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matching constraints. In the maximum a posteriori setting
(MAP), the frequentist optimization framework is recovered,
with additional parameter prescriptions due to the probabilistic
models, as we will see below. The derivation of the algorithm
is, however, not our point of interest. We focus on providing
a self-contained interpretation from the convex optimization
point of view, in particular in terms of variable splitting.

A. Link With Variable Splitting and Proximal Descent

A common procedure to tackle nonlinear optimization prob-
lems involving several functions is variable splitting, so that
each non-linearity may be treated independently. Augmenting
the Lagrangian with a square penalty on the slack variable
equality constraint leads to the family of alternating direction
methods of multipliers (ADMM) [12], where the objective is
iteratively minimized in the direction of each initial variable
and slack variable. The descent steps then take the form
of proximal operators of the non-linearities. For example,
on problem (2), adding a slack variable z = Fx would lead
to the augmented Lagrangian:

9(z,y) + f(x) + 07 (z — Fx) +

where o > 0 is a free parameter that can enforce strong
convexity of the objective if large enough and 6 is a Lagrange
multiplier. Updating x from an update on z amounts to a linear
estimation problem, which can be solved by least squares.
This is implemented, for example, in linearized ADMM [12],
where the proximal descent steps are coupled to least-square
ones.

MLVAMP solves problem (2) by introducing the same
splitting as in (3) with an additional trivial splitting for each
variable: X1,Xo2,%1, 2o such that x; = X2, z1 = Fxq, 25 =
Fx5. In the convex optimization framework, parameters like
gradient step sizes, or proximal parameters need to be chosen.
In the expectation propagation framework, they are prescribed
by expectation-consistency constraints, which leads to addi-
tional steps in the algorithm. MLVAMP thus consists in
four descent steps on Xi, X2, Z1,Z2, and the updates on the
parameters of the functions corresponding to those descent
steps. This is shown in the MLVAMP iterations (see (1)
further), where x1, z; are updated using the proximal operators
of the loss and regularizer, while z, and x, are obtained
through least-squares. As mentioned above, the parameters
of proximal operators (or denoisers in the signal processing
literature) and least-squares are set by probabilistic inference
rules (here moment-matching of marginal distributions). It is
shown in [38] that, in the MAP setting, these updates amount
to adapting the parameters to the local curvature of the cost
function.

«
Sllz=Fx[3 3

B. 2-Layer MLVAMP and Its State Evolution

We lay out the full iterations of the MLVAMP algorithm
from [36] applied to a 2-layer network in Algorithm 1. For a
given operator T : X — R? where d is M or N in our setting,
the brackets (T'(x)) = éZle T(x); denote element-wise
averaging operations. For a given matrix M € R*? the
brackets amount to (M) = 1Tr(M). For a given function,
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Algorithm 1 2-Layer MLVAMP

g(;), hg;), ) 5(;), Ag;), number of iterations

Require: Initialize h
T.

for t=0,1...,T do

/I Denoising x
A(t) = g1 x(hgtm)a Agtm))
A (t

- (Ouia(--)) /QF)

(t) _ 1/ (f) (f)

]~ @R om0
// LMMSE estimation of z
A(t) h® Ko oW (t))

(t) = go:( 200 Moz Wogs (t)QZ
ng = <3h(f>92z(~ : )> Q57
Q / (t) Q(t)

h = G~ ORE) /0

/! Den01smg Z

A o000,

Xiz = <ah(f)glz(~ : )> /@1
QD Z 1 /30 _ o

B = (60 /3 — QUn) Qi

// LMMSE estimation of x

£ _ g (2 B2, 00, 0
' :
Xg;j) <3hg392x(---) /Q5)
A(t+1) (t+1) A1)
R Z (& 0D 0T 500y g

end for

return X, Xs

for example g1,, we use the shorthand gi,(...) when the
arguments have been made clear in a line above and are left
unchanged. The denoising functions g;, and g;, can be written
as proximal operators in the MAP setting:

) Qm f
g12(h"), §2>—argmm{f<> <55 — i3

xERN
= Prox, , ~ v (h{)) “4)
f/Qy; Ve
_ oY
g1-(h?, §?>—argmm{g<y, 2) + 5=z —hi! |3
zeRM
= Prox - (h{) )
g(Ly)/Qi, V1= e

The LMMSE denoisers g2, and g2, in the MAP setting read
(see [14]):

FM” (Q5)hS) + Q5)F hy?) ©)
M(t (Q;)h t) + Q(t+1 FTh(t+1)) (7)

ng( . ) -
92:(.-.) =

where we defined the matrices M(t) (Q(QZ)FTF'Fng)Id)*l
and MY = (Q\“™VFTF + @ )Id) 1. As mentioned in the
previous section, MLVAMP returns at each iteration two sets
of estimators (xgt),fcg)) and (zgt),zét)) which respectively
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aim at reconstructing the minimizer X and Zz = FX. At the
fixed point, we have x(t) =% and 2\ = “(2), as proven
in [39]. The intermediate vectors hg?, hgltx), h(t) nd h(t) have
the key feature that they behave asymptotlcally as Gaussian
centered around xo and zg = Fx(, under the set of assump-
tions given in appendix E-B. More precisely, at each iteration,
they converge empirically with second order moment (PL2)
towards Gaussian variables:

PL(2)

. At t
lim QT — iil)xo SR
: T (t) () (t) PL_(Q) o (1) £ (1)
TOWRY — mPVze) T4 /{0
i, U@ — o) " 110l
Jm QU — i)z PLE) JoWeld (g)
where fﬁ), g;), ﬁ), gz) are 1i.d standard normal random

variables independent of all other quantities. The definition
of PL(2) convergence is reminded in Appendix A, and we

use the notation PL®) following [34], [36]. We can roughly
say that the Q, m, X’s parameters characterize the distributions
of the h’s. Using the representation (8) in the iterations
of MLVAMP results in a scalar recursion that tracks the
evolution of the parameters of the aforementioned Gaussian
distributions. This recursion provides the so-called state evo-
lution equations. The existence of state evolution equations
is the reason why we use 2-layer MLVAMP in our proof.
Indeed, they allow the construction of iterate paths that lead
to the solution of problem (1), while knowing their statistical
properties.

III. MAIN RESULT

Our main result characterizes the asymptotic empirical dis-
tribution of the estimator X defined in (2) with data generated
by (1), and of Z = FX. We start by stating the necessary
assumptions.

Assumption 1:

(a) the functions f and g are proper, closed, convex and
separable functions.

(b) the cost function ¢(F.,y) + f(.) is coercive, i.e.
lim x| oo 9(FX, y) + f(x) = +o0.

(c) there exists a finite constant B, such that LI%|3 < By
almost surely as N — oo. We also assume that, for any
pseudo-Lipschitz function of order 2, if there exists a
finite constant By such that YN € N, %; Ef;l o) <
B>, then the limit limpy_, o % D oing O(&;) exists.

(d) for any x € dom(f) and any x’ € Jf(x), there exists a
constant C' such that ||x'||a < C(1 + ||x||2). The same
holds for g on its domain.

(e) there exist sequences of real analytic functions g, f. such
that for any z, lim. o ge(x) = g(x), lim. o fe(x) =
f(z), and for all e > 0, g/ and f! belong to the Schwartz
space.

(f) the empirical distributions of the underlying truth xg,
eigenvalues of FTF, and noise vector wy, respec-
tively converge empirically with second order moments,
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as defined in appendix A, to independent scalar ran-
dom variables xg, wo, A with distributions pz,, Px, Puw,-
We assume that the distribution py is not all-zero and has
compact support.

(g) the design matrix F = UDV' € RM*N js rota-
tionally invariant, as defined in the introduction, where
the elements of the Haar distributed matrices U,V are
independent of the elements of the ground truth vector
Xg, hoise wq and elements of D.

(h) the solution to the set of fixed point equations (9) exists
and is unique, for any convex g and f verifying the
assumptions above

(i) finally assume that M, N — oo with fixed ratio
a= M/N.

The coercivity assumption (b) ensures that the minimiza-
tion problem Eq.(2) is feasible and that the estimator exists.
Most machine learning cost functions verify this assump-
tion, including any convex loss which is bounded below
and regularized with a coercive term such as the ¢; or
l5 norm, see [40] Corollary 11.15. Non-coercive problems
include unregularized logistic regression and unregularized,
underspecified least-squares for example. The scaling assump-
tions (d) are required for the state evolution equations of the
MLVAMP iteration corresponding to the optimization problem
Eq.(2) to hold, as discussed in appendix E-B. Such condi-
tions are often encountered in high dimensional analysis of
M-estimators, see, e.g. [27], and are verified by the setups pro-
posed in the experiments section. The convergence of averaged
sumes of PL2 observables in assumption (c) and the analytic
approximation in assumption (e) are required for our analytic
continuation to hold, and we show that any combination of
hinge, logistic and square loss with ¢; or ¢y regularization
verifies the latter in Appendix H, subsection H-F. We show
in Lemma 4 that, for sufficiently strongly convex problems,
these two assumptions are not required. The concentration
assumption we require has been proven to hold for a number
of convex problems with Gaussian random design regardless
of the strong convexity of the problem (see the related work
section), and we believe rotationally invariant matrices do not
change this behaviour. However, since we are unable to prove
it below the threshold value of the strong convexity parameter,
it remains an assumption. Additional detail on the notion of
empirical convergence is given in appendix A. This analysis
framework is mainly due to [26] and is related to convergence
in Wasserstein metric as pointed out in [25]. We are now ready
to state our main theorem.

Theorem 1 (Fixed Point Equations): Under assump-
tion 1, consider the ground-truth x¢ and let zg = Fxg,

instance of problem (2), let x be its unique solution. For
a convex (non-strictly) instance of problem (2), let x be its
unique least /5 norm solution. Then let zZ = Fx%. Then, for any
real analytic, pseudo-Lipschitz function of order 2 ¢ whose
second derivative belongs to the Schwartz space, the following
holds:

lim ) " E[¢(xo, Prox

N—oo N

(Hz))]

N
§ J30 z;mz

£1Q0)
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3 A a.s.
A}l_rfloo iV Z;WZO,@', Zi) = IE[qb(zo,Proxf/Qg) (H.))]
=
where H, = % VASELIUNN S % VESELIL R

lx 1z
expectations are taken with respect to the random variables

o ~ pxo» AZO ’A\’ N(07 \/pz)y glx,flz ~ N(O, 1) The
parameters Q7,, @7, M1, Mi,, X1z, X1, are determined by
the fixed point of the system:

. R —1
Que = Qu(E [0, 5, ()] —1)

~ N —1
Qo: = QueB [ 0, ()] = 1)
_Elangg, ()]
Moy = B — Mig
i Pz Xz
o Blaomg /0. (Hz)} )
Moz = - — Mz
i PzXz
B[, (H)]
)%21 - __f/ngi - pm(mlx + QO)Q - )A(lz
R
E [ 0. (Ho)]
XQZ - - g(.,y)>/<§21z - pz(mlz + m2z)2 - )A(lz
. 1Z -t
P Y
QQ;C + )\QQZ
. A -t
S S e Y
QQ;C + )\QQZ
A 1 |:m2x + /\m22:| ~
My = —E | 5| — 1,
Xa QQI + AQQZ
= 2 E F@Q” i Mjm)] — 1,
QX 2Pz Q2z + AQ2.
)2 _ 1 >A(2:c + A)ZQZ + Px ('th;r + )\sz)Q
lz — — o N ~
Xa (Qa0 + AQ22)?
— Pz (mlz + mQI)Q - )221
Xl = LE )\()%21 + >\X22 + Pm(mh + >\sz)2)
: Oéxg (QQI + AQQZ)Q

— pa(m, +1922)% — X2z, (9)

where Xz = (le + Q2z)71’ Xz = (le + QQz)il,
and expectations are taken with respect to the random
variables g ~ pro, 20 ~ N(0,v/p2), ¥y ~ ©(20,w0)s
&1, €12 ~ N(0,1), and eigenvalues A ~ py. i is a shorthand
for the scalar proximal operator:

o) = angin {17(2) + 50 = 2 |
zeX

The set of fixed point equations from Theorem 1 naturally
stems from the “replica-symmetric” free energy commonly
used in the statistical physics community [15], [16]. The free
energy depends on a set of parameters, and extremizing it
with respect to all parameters, i.e. writing the zero gradient
condition for each parameter, provides the set of equations (9).
We state this correspondence in the following corollary to
Theorem 1:

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 3, MARCH 2023

Corollary 1 (The Kabashima formula): The fixed point
equations from theorem 1 can equivalently be rewritten as
the solution of the extreme value problem (10), shown at the
bottom of the next page, defined by the replica free energy
from [35].

[ is a parameter that corresponds in the physics approach
to an inverse temperature. In the 0 — oo limit (the
so-called zero temperature limit), the integrals defining ¢,
and ¢, concentrate on their extremal value. Note that they
are closely related to the Moreau envelopes M [40], [41] of
f and g, which represent a smoothed form of the objective
function with the same minimizers:

A Q1o
¢x(m1x; lele;c;xnglx) = =

2 Q1a

(H)

1
where Vv > 0, M. f(z) = inf, {f(x) + ng - z|§} .

We provide details on this correspondence in appendix C.
In the zero-temperature limit we consider, it is possi-
ble to have more precise information on the geometry
of the cost function defining the optimization problem in
Corollary 1. Indeed, it is composed of functions whose
convexity or concavity are staightforward to establish:
linear terms, inverses, logarithms, squares and expecta-
tion of Moreau envelopes. The convexity of the latter is
well documented in [27]. First,AnoteA thatA theAparameters
Xas Xzs X1z, X2 X125 X225 Qs 2y @1z, Q205 Q12, Q2 are pos-
itive so we may restrict their feasibility set to R, while
Mgy My, M1z, M1z, Moy, Mo, can take any value in R. Then,

¢; = +|%[? and m} = +x[%. The Cauchy-Schwarz
inequality thus gives
*\2
. m
- )
Pz
Similarly with z,
*\2
. m
o> (m?)
P

We may thus restrict the feasibility sets of g, q., m,, m, such
that they verify these inequalities. In these regions, the function
gs 1S convex in X, Xz, linear in ¢, ¢, and concave in m,, m..
The terms involving g, ¢», My, M2, Xz, X- 1IN gg and gp are
all linear. Moving to g, the cost function defining it is convex
in ng, QQZ (negative logarithm and inverse function on R),
linear in X2z, X2. and convex in mo,, Ms,. Regarding gp,
all terms are linear except for the replica potentials. Using
Moreau’s identity, we may write

d)z(mlzv levf(lz; xO;glm) - Mlef* (mlzxo + \/ )A(lzglm)

where f* is the conjugate of f. Using the properties sum-
marized in [27], the cost function defining gr is convex in
M1z, M1z, le, le. The convexity with respect to X1z, X1z
is harder to characterize due to the composition of the Moreau
envelope with the square root, and should be studied locally for
more information. The extremization may then be rewritten as
a maximization over the variables in which the cost function is
concave and minimization over the variables in which the cost
function is convex. Note that this does not give information
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on the uniqueness of the solution, which would require joint
strict convexity and strict concavity. As immediate corollaries
to Theorem 1, we can determine the asymptotic errors of the
GLM and the optimal value of the loss function. To charac-
terize the asymptotic reconstruction errors and angles, we can
define the norms of the estimators and their overlaps with the
ground-truth vectors as the limits

m) = lim i = lim 2" 2
z Nooo N # M—oo M
%13 o lzli3
* *
6 = Jim ¢z = Jim T

We then have:

Corollary 2: Under the set of Assumptions 1, the squared
norms m}, m; of estimator X defined by (2) and z = FX,
and their overlaps ¢}, ¢; with ground-truth vectors are almost
surely given by:

—E [xon ; (Hz)} , @y =E [nz’f (Hz)]

Qs Q3

m; =E |:ZO77g( ) (Hz)] - =E [77%(> (Hz):|
Q1 Q7.
with H, and H, defined as in Theorem 1.

With the knowledge of the asymptotic overlap m}, and
squared norms ¢, py, most quantities of interest can be
determined. For instance, the quadratic reconstruction error
is obtained from its definition as E = p, + ¢} — 2m},
while the angle between the ground-truth vector and the
estimator is 6 = arccos(m/(\/pzqk)). One can also evaluate
the generalization error for new random Gaussian samples,
as advocated in [3], or compute similar errors for the denoising
of zg.

IV. NUMERICAL RESULTS

Obtaining a stable implementation of the fixed point equa-
tions can be challenging. We provide simulation details in
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appendix F along with a link to the script we used to produce
the figures. Theoretical predictions (full lines) are compared
with numerical experiments (points) conducted using standard
convex optimization solvers from [42]. The comparison with
finite size (N ~ a few hundreds) numerical experiments
shows that, despite being asymptotic in nature, the predictions
are accurate even at moderate system sizes. All experimental
points were done with N = 200 and averaged one hundred
times.

A. Validity of the Replica Prediction

We start with a simple verification of the replica prediction
in Figurel, on a classification problem where data is generated
as y = sign(Fxgo). We consider two types of singular value
distributions for F' and three types of losses: a square loss,
a linear support vector classification (SVC) loss and a logistic
loss. Technical details and expressions are given in appendix F.
We use ridge regularization with penalty f = % [|-113. We plot
the reconstruction angle ¢ as a function of the aspect ratio
of the problem « in Figure 1. A first plot is done with
a Marchenko-Pastur eigenvalue distribution for FTF corre-
sponding to F being i.i.d Gaussian. We then move out of
the Gaussian setting and change the eigenvalue distribution
for (34), which has a qualitatively similar behaviour: it has
bounded support, and includes vanishing singular values at a
given value aw = 1 of the aspect ratio. We recover a result
close to the i.i.d. Gaussian one, including the error peak for
the square loss when v = 1. In both cases, the SVC and the
logistic regression perform similarly. Note that error peaks can
also be obtained for the max-margin solution as shown in [43],
using a more elaborate teacher.

B. Sparse Logistic Regression

We now use the replica prediction to study sparse logistic
regression with i.i.d Gaussian and row-orthogonal data, the

f=- extr {gr + 9c — gs}, (10)
Mz, Xaqz,Mz3X2,92
1 A 1 . . « A .
gr = _extr R =0 Q1a — Xz X1z — MipMy — arivizm, + = (qulz - XzXlz)
M1z, X1z,Q12,M12,X12,12 2 2 2
'HE |:¢m (mlzv le; le; Zo, glm):| + o |:¢z mlza Q1Z7 )A(lz; 20, flz):| } 5
1 . . « A N
gc = extr XCEXQCE — MgMagy — M M2, + = - XZXQZ)
Mo, K20, Q20,22 , K22, Q22 2
1 + A Moy + AN
_5 ( [108;(62% + AQQZ i| |:X21 X22:| —E pz( 2x 22
QQI + AQQZ (QQCE + )\QQZ
1 (qx ) o (qz m? )
gs =35\ —— S\ -
2\ Xz PaXe 2 \X:  pXz

where ¢, and ¢, are the potential functions

N A .1 B 2 -~
d)ﬂﬂ(mlx’leleI;xO’glm):Bh_{réoglog/ L2 22+ B(Miezo+VX1cé1e)T ﬁf(as)dm7

N 1 2 Ve
¢z (112, Q125 X125 20, X12) = ﬁlim Blog/ IR (s Vi) 030 Adz.
—00
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Fig. 1. Illustration of Theorem 1 in a binary classification problem with data
generated as y = ¢(Fxg) with the data matrix F being Left: a Gaussian
i.i.d. matrix and Right: a random orthogonal invariant matrix with a squared
uniform density of singular values. We plot the angle between the estimator
and the ground-truth vector 6§ = arccos(mk/(\/pzqZ)) as a function of
the aspect ratio & = M /N with three different losses: ridge regression,
a Support Vector Machine with linear kernel and a logistic regression. f is a
£ penalty with parameter Ay = 10~3. The theoretical prediction (full line)
is compared with numerical experiments (points) conducted using standard
convex optimization solvers from [42].

latter being ubiquitous in signal processing. Row-orthogonal
data gives rise to a discrete eigenvalue distribution for F7F
of zeroes and ones:

Apry ~ max(0,1 — «)d(0) + min(1, a)d(1)

and is often found to outperform Gaussian sensing matrices for
recovery tasks, see e.g. [21] or [30]. In what follows, we define
the sparsity p of the ground truth vector as the fraction of
non-zero components which are sampled from a standard
normal distribution. Labels are generated with y = sign(Fxg)
as for Figure 1.

1) Effect of Sparsity: In Figure 2, we start by plotting the
reconstruction angle against the aspect ratio of the measure-
ment matrix for different values of the sparsity of the teacher
vector, for /5 regularization f = 22||-||3 and ¢; regularization
f = M|‘ll1, and a fixed value of regularization parameters
A1, A2. In the case of ¢s-regularization, we observe that the
reconstruction performance remains the same whatever the
sparsity of the original teacher vector as all curves collapse
together (top and bottom left). The ridge regularization is thus
unable to differentiate sparse and non-sparse problems. For /1,
better performance is observed when the sparsity increases.
Comparing the values for /o and ¢; also shows that, for a
non-sparse signal, {5 and ¢; reconstruction perform similarly.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 3, MARCH 2023

The largest difference is observed at p = 0.1, where the
{1 penalized logistic regression significantly outperforms the
ridge one. We thus keep this value of the sparsity parameter
for the next figures.

2) Varying the Regularization Parameter at Constant Spar-
sity: In Figure 3, keeping the sparsity of the teacher constant
at p = 0.1, we look to tune the regularization strength.
An interesting effect appears in the ridge-regularized case with
row-orthogonal measurements: the curves collapse to a single
one when the aspect ratio goes below o = 1. We find that the
optimal regularization strength for the ¢ penalty lies around
Ao = 0.01, and for the ¢;-penalty around A; = 0.1, for both
types of matrices.

3) Comparing Case: In Figure 4, we directly compare
the reconstruction performance of logistic regression on a
sparse problem with previously tuned regularization parameter
of /5 and /¢y penalties, with the two types of measurement
matrices. We naturally observe that the ¢; penalty leads to
better reconstruction of the sparse vector. Row-orthogonal
matrices outperform the i.i.d. Gaussian ones with both reg-
ularization, although the gap is less significant with the ¢4
penalty.

4) Discussion: Several non-trivial effects are observed when
studying the interplay between eigenvalue distribution of the
design matrix, loss function, regularization and structure of
the underlying teacher vector. Looking for analytical sim-
plifications of the fixed point equations from Theorem 1 in
specific cases would be interesting to understand how the key
quantities interact and lead, for example, to the collapsing
observed in ¢5-penalized problems. This further motivates the
use of these equations to determine reconstruction limits of
generalized-linear modeling. Some examples include limits of
sparse recovery for different types of measurement matrices,
or finding if optimal losses can be designed to achieve perfor-
mances close to Bayes optimal errors.

V. SKETCH OF PROOF OF THEOREM 1

Our proof follows an approach pioneered in [4] where the
LASSO risk for i.i.d. Gaussian matrices is determined. The
idea is to build a sequence of iterates that provably converges
towards the estimator X, while also knowing the statistical
properties of those iterates through a set of equations. We must
therefore concern ourselves with three fundamental aspects:

(i) construct a sequence of iterates with a rigorous sta-
tistical characterization that matches their equations of
Theorem 1 at the fixed point,

verify that the sequence’s fixed point corresponds to the

estimator X,

(iii) check that this sequence is provably convergent, other-
wise the iterates might drift off on a diverging trajectory,
and the fixed point would never be reached. We thus make
sure the statistical characterization indeed applies to the
point of interest X.

(i)

In short, we have a sequence of estimates (xj)ren taking
values in RY, and their exact asymptotic (in N) distribution for
any k > 0. To show that these statistics extend to X, we need
to show that limy_. o, x;, = X. To do so, we need the sequence
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Effect of the sparsity of the planted vector. We plot the angle between the estimator and the ground truth in a binary classification problem with

y = sign(Fxo) as a function of & = M/N, for different values of sparsity p. We use logistic regression. Figures in the top are for F Gaussian i.i.d., while
figures in the bottom are for F' row-orthogonal. Left: we use a /2 penalty with parameter Ao = 0.1, and notice that the angle is the same for any sparsity.
Right: we use a £1 penalty with parameter A; = 0.1. The theoretical prediction (full line) is compared with numerical experiments (points) conducted using

standard convex optimization solvers from [42].

to converge (i.e. point iii), and its fixed point to be X (point ii).
As indicated in the introduction, we will use an instance of
the 2-layer MLVAMP algorithm to construct this sequence.
Note that, for the sake of brevity, we do not verify that
limiting points of 2-layer MLVAMP trajectories limg_, oo X
converge empirically to the Gaussian distribution prescribed
by the state evolution equations. This point is treated explicitly
in [25].

The following lemma establishes the link between the state
evolution equations and our main theorem.

Lemma 1 (Fixed Point of 2-Layer MLVAMP State Evo-
lution Equations): The state evolution equations of 2-layer
MLVAMP from [36], reminded in appendix E, match the
equations of Theorem 1 at their fixed point.

Proof: See appendix E. |

This confirms that 2-layer MLVAMP is a good choice
to design the sequences that we seek. We know that the
iterates of 2-layer MLVAMP can be characterized by state
evolution equations which correspond, at their fixed point,
to the equations of Theorem 1 by virtue of Lemma 1. The
necessary assumptions for the state evolution equations to hold
are verified in appendix E-B. We must now show that the
estimator of interest defined by (1) and (2) can be reached
using 2-layer MLVAMP. We thus continue with point (ii).

Lemma 2 (Fixed Point of 2-layer MLVAMP): The fixed
point of algorithm (1) matches the optimality condition of the
unconstrained convex problem Eq.(2)

Proof: See appendix D. |

This part is a consequence of the structure of the algorithm
and properties of proximal operators. We now move to point
(iii) and seek to characterize the convergence properties of
2-layer MLVAMP. Instead of directly tackling the convergence
of 2-layer MLVAMP on any convex GLM, we take a detour
and focus on a constrained problem, where functions f and g
are augmented by a {5 norm with ridge parameters o, As.
The called on intuition is that the algorithm will be more
likely to converge in a strongly convex problem. We start
by showing the convergence of MLVAMP in the constrained
strongly convex setting, for values of A\ larger than a certain
threshold, and any strictly positive As.

Lemma 3 (Linear Convergence of 2-Layer MLVAMP for
Strongly Convex Problems): Assume f and ¢ are twice dif-
ferentiable. Define the constrained problem

%(A2, A2) = arg min {Q(Fx7 y)+ f(x)} (11)

xERN

where f(x) = f(x) + % |x]3. §(x.y) = g(x,y) + 3 [x]3.
Consider 2-layer MLVAMP applied to find (11), from which
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Tuning the regularization parameter. We still plot the angle between the estimator and the ground truth in a binary classification problem with

y = sign(Fxg) as a function of a = M /N, for a fixed sparsity of planted vector p = 0.1, for different values of regularization parameters. Figures in the
top are for F' Gaussian i.i.d., while figures in the bottom are for F row-orthogonal. Left: ¢o penalty with different values of regularization parameter Ao.

Right: ¢; penalty with different values of regularization parameter ;.

T
we extract at each iteration the vector h(*) = h(QtZ), hgtm)

Let h* be its value at the fixed point of algorithm (1).
We then have that, for any Ao > 0, there exists a value
A5 such that, for any Ay > A5, there exists a strictly
positive constant ¢ verifying 0 < ¢ < Ao, such that for
any t € N

t
* c *
I - wE < () I -

The convergence of h(*) implies that estimators &5“ and &ét)

returned by 2-layer MLVAMP also converge to the desired
%(A2, A2), i.e., under the conditions listed above

lim [|%®) — %(\2, A2)||2 = 0.
t—oo

Proof: See appendix G. |
For a loss function g with any non-zero strong convexity
constant, and a regularization f with a sufficiently strong
convexity, 2-layer MLVAMP converges linearly towards its
unique fixed point. Note that this convergence result is inde-
pendent from the dimension. We elaborate on this lemma in
the next section. An immediate consequence is the following
lemma, which claims that Theorem 1 holds when 2-layer
MLVAMP converges. Since this result does not rely on an

analytic continuation, the assumptions on the concentration of

Sm/81 Gaussian iid.  As=0.01
Row-orthogonal As=0.01
Gaussian i.i.d.  A\=0.1
Row-orthogonal A;=0.1
pyre
Y
/84

Fig. 4. Comparing reconstruction performance for Gaussian i.i.d. and row-
orthogonal matrices. In this figure, we compare the reconstruction angles
between the estimator and the ground-truth for binary classification obtained
with £1 and /2 penalties. We use logistic regression. The sparsity of the sparse
vector is fixed to p = 0.1. For both Gaussian i.i.d. and row-orthogonal data
matrices, we see that 1 penalty with Ay = 0.1 performs better than the
02 penalty with Ao = 0.01. For those two penalties, row-orthogonal matrices
allow to obtain smaller reconstruction angles than Gaussian i.i.d. matrices.

PL2 observables of x, given by the state evolution property,
and approximation of the cost function by analytic functions
with fast decaying higher order derivatives are not required.
The result can also be stated for any PL2 observable, with
no restriction on its derivability and decay of higher order



GERBELOT et al.: ASYMPTOTIC ERRORS FOR TEACHER-STUDENT CONVEX GENERALIZED LINEAR MODELS

derivatives. We summarize the necessary assumptions in the
following list:

Assumption 2:

(a) the functions f and g are proper, closed, convex and
separable functions.

(b) the cost function g¢(F.,y) + f(.) is coercive, i.e.
lim x| oo 9(Fx, y) + f(x) = +o0.

(c) there exists a constant By such that +[|%/|3 < B; almost
surely as N — oo.

(d) for any x € dom(f) and any x’ € df(x), there exists a
constant C' such that ||x'||s < C(1 + ||x||2). The same
holds for g on its domain.

(e) the empirical distributions of the underlying truth xq,
eigenvalues of FTF, and noise vector wy, respec-
tively converge empirically with second order moments,
as defined in appendix A, to independent scalar ran-
dom variables x,wo, A with distributions pa,, Px, Puw,-
We assume that the distribution p) is not all-zero and has
compact support.

(f) the design matrix F = UDV' ¢ RM*N js rota-
tionally invariant, as defined in the introduction, where
the elements of the Haar distributed matrices U,V are
independent of the elements of the ground truth vector
Xg, hoise wqo and elements of D.

(g) the solution to the set of fixed point equations (9) exists
and is unique for any convex functions f, g verifying the

(h) finally assume that M, N — oo with fixed ratio o =
M/N.

Lemma 4 (Asymptotic Error for the Twice Differentiable,
Sufficiently Strongly Convex Problem): Consider the strongly
convex minimization problem with twice differentiable f and
g (11). Under the set of assumptions 2, for any 5\2 > 0,
there exists a A3 such that, for any Ao > A3, Then, for any
pseudo-Lipschitz function of order 2 ¢, the following holds:

N
. 1 .\ a.s.
i ; P(w0,i, &:) = E[p(wo, Prox, 5 (Hz))]

M
% > 0(z0: 2:) = El(z0, Prox o (He))]

i=1

lim
M —oco

where the scalars le, le and the random variables H,, H,
are defined as in Theorem 1.

Proof:  Using the result from Lemma 3, we have
limy oo impy oo % [[x® — %(X2, A2)[|3 = 0. As proven
in [25], the state evolution parameters will converge to
those of the fixed point of the state evolution equations
along a converging trajectory of 2-layer MLVAMP. Using
the assumption on the bounded averaged norm of X, the
state evolution equations to show that the averaged norm of
the iterates are bounded along a converging trajectory, and
the state evolution equations to obtain the exact asymptotics
of each iterate along the converging trajectory, an identical
argument to that of the proof of Theorem 1.5 from [26] gives
Lemma 4. |

We are now left to prove Theorem 1, for any range of para-
meters (Ao, 5\2) 5\2 can already be chosen arbitrarily small.
This means we need to relax the threshold value on A5 for the
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validity of the scalar quantities involved in Theorem 1. To do
s0, we start by introducing another modification of the original
problem, where the objective functions are assumed to be real
analytic. Lemma 4 naturally holds for real analytic convex
functions. Proving Theorem 1 on the real analytic problem
then boils down to performing an analytic continuation on the
Ao parameter, and is detailed in Appendix H. We thus have
the following intermediate result:

Lemma 5 (Asymptotics of the Real Analytic Problem):
Consider assumption 1 is verified. Suppose additionally that
J and g are real analytic. Then Theorem 1 holds for any
Ao >0 and any Ao > 0.

Theorem 1 can then be proven from Lemma 5 by showing
that the solutions of the original problem and of its real
analytic approximation are arbitrarily close, and by carefully
studying the limits A2 — 0 and Ay — 0. This is deferred to
Appendix H. Note that the proof of the analytic continuation
presented here makes the one from [30], which was incom-
plete, rigorous.

The remaining technical part is the proof of the convergence
Lemma 3. For this purpose, we use a dynamical system refor-
mulation of 2-layer MLVAMP and a result from control theory,
adapted to machine learning in [44] and more specifically to
ADMM in [45].

VI. CONVERGENCE ANALYSIS OF 2-LAYER MLVAMP

The key idea of the approach pioneered in [44] is to
recast any non-linear dynamical system as a linear one,
where convergence will be naturally characterized by a
matrix norm. For a given non-linearity O and iterate v,
we define the variable u = O(v) and rewrite the initial
algorithm in terms of this trivial transform. Any property
of O is then summarized in a constraint matrix linking v
and u. For example, if O has Lipschitz constant w, then for
all ¢:

lut* —uF < w?vY - vO 3,

which can be rewritten in matrix form:

2
T |W Id 0
v >
U [ 0 —Id“} U220
(t+1) _ y(@®)
v v
here U =

where I, ,I;, are the identity matrices with dimensions of
v,u, i.e. M or N in our case. Any co-coercivity property (ver-
ified by proximal operators) can be rewritten in matrix form
but yields non block diagonal constraint matrices. We will thus
directly use the Lipschitz constants for our proof, as they lead
to simpler derivations and suffice to prove the required result.
The main theorem from [44], adapted to ADMM in [45],
then establishes a sufficient condition for convergence with
a linear matrix inequality, involving the matrices defining
the linear recast of the algorithm and the constraints. Let
us now detail how this approach can be used on 2-layer
MLVAMP.
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A. 2-Layer MLVAMP as a Dynamical System: Sketch of
Proof of Lemma 3

We start by rewriting 2-layer MLVAMP in a more compact
form:

Initialize h{”), h{"”
b, = w{"0{"nf)
WO WM + WO ()
i = O (Wi'ni) + w0 () a2
where
o _ Q% 1 D) T L A (-1
W, = A§t+1) §t+1)(Q F F—i—szId) —1Id
(t) (t+1) (t+1) T (t) T
_ A7)~ 1
X2z 1lx
0 _ Q% (1 o st . A0 -1
W3t = D) WF(QZ?:F F+Q5,1d)"F' —1d
le X2z
QL ) 0
W4(t) — A(t)Qx(t (QQ FTF + QQzId)
1z X2z

(@]l

(t) " < 1
= A—x = Prox A(t) () —1Id
1 f i
0 \ g e
(t) 2 1
— z L) —
2 = 20 | CoAm e yyop () —1d ] (d3)
2z Xlz le
For the linear recast, we then define the variables:
ugt) _ @Et) (h§2)7 vt — Wgt)h(t) + W(t) (t )7
uy) = 0 (v1V),

st B — ) By

(@]l

— WO + W),

where ui,hi, € RY; and v, us, hy, € RM. We then define
as new variables the vectors

of)

o)

t
ugt) ’ 2 ué )
This leads to the following linear dynamical system recast
of (12):

h+) — AOR® L BO )

D = c{Pn® + DPu®

Y =cPn® + DYPu® (14)
where
Iy Onrxn

A =00 Myxrsn) BY = [ t t ]
(M4N)x(MAN) Wi Wi

C(f) Onxm  In D _ Onvxnv Onxn
Onvxnv Onxn Onxnm  In

cl) = [ w 0M><N] D& — {OMxM w } .
Onrxvr Onrxn Insy  Omxw
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O denotes a matrix with only zeros. The next step is to
impose the properties of the non-linearities @(t) O through
constraint matrices. The Lipschitz constants wft ), w2 of
OY ,Og can be determined using properties of proximal
operators [46] and are directly linked to the strong convexity
and smoothness of the cost function and regularization. The
relevant properties of proximal operators are reminded in
appendix B, while the subsequent derivation of the Lipschitz
constants is detailed in appendix G and yields:

JERL ) PN S (“W
25 (QF) + A2)?
o _ QY (Q8)? - (A(“)2 s
Y2l A0 10 ' (15)
(QYY + A2)?
We thus define the constraints matrices
(t)\2 (t)\2
M = [(w10> _OJ oIy, MY = [(“’20> _OJ ® Ins

where ® denotes the Kronecker product. We then use a time
dependent form of Theorem 4 from [44] in the appropri-
ate form for 2-layer MLVAMP, as was done in [45] for
ADMM.

Proposition 1 (Time Dependent Version of Theorem
4 from [44]): Consider, at each time step ¢t € N, the following
linear matrix inequality with 7,y € [0, 1]:

0 (ATPA® — (7,))*P (A®)TPBO® (16)
= (B(t))TPA(t) (B(t))TPB(t)
T
L[e D) MO 0awan] [ef DY
& DY) [osuen AML] [0 DY)

If, at each time step, (16) is feasible for some P > 0 and
Et), ét) > 0, then for any initialization h(®, h® converges
to h*, the fixed point of (14):

vt, [|h —h*|| < v/w(P)(7")"||h”

where x(P) is the condition number of P and we defined
TF = sup; 7()-
Proof: see appendix G-A |
We show in appendix G how the additional ridge penalties
from the constrained problem (11) parametrized by Ao, A2 can
be used to make (16) feasible and prove Lemma 3. The core
idea is to leverage on the Lipschitz constants (15), the operator
norms of the matrices defined in (13) and the following upper
and lower bounds on the Q parameters defined by the fixed
point of state evolution equations:

/\mm(Hf) X gr) < /\max(Hf)
)\min(H ) g (H_l) g /\max (Hg)
Q%) A nin (FTF) < “*” < QY Amas (FTF)
A(t) A(t)
2x < A (L) < 2x
Amaz(FFT) 12 N nin (FET)’

where Hy,’H, are the Hessian of the loss and regularization
functions taken at the fixed point. These bounds are obtained

— b7l
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from the definitions of x,, x. in the state evolution equations
(or equivalently in Theorem 1), and the fact that the deriv-
ative of a proximal operator reads, for a twice differentiable
function:

Dy, (%) = (Id + yHf(ny5(x)))

Detail of this derivation can also be found in appendices B
and G. For the constrained problem (11), the maximum and
minimum eigenvalues of the Hessians are directly augmented
by A2, A2, which allows us to control the scaling of the Q
parameters. The rest of the convergence proof is then based
on successive application of Schur’s lemma [47] on the linear
matrix inequality (16); and translating the resulting condi-
tions on inequalities which can be verified by choosing the
appropriate )\2,)\2, (t) (t) Convergence of gradient-based
descent methods for sufﬁ01ently strongly-convex objectives is
a coherent result from an optimization point of view. This
is corroborated by the symbolic convergence rates derived for
ADMM in [45], where a sufficiently strongly convex objective
is also considered.

B. Numerical Experiments for Lemma 3

Here we provide numerical evidence for the linear conver-
gence condition proved in Lemma 3. We consider a logis-
tic regression penalized with the ¢; norm (A; = 0.1) with
an ill-conditioned design matrix, with i.i.d. standard normal
elements. This corresponds to the setting of Figure 3. Since
the logistic loss is strongly convex on any compact space,
we do not need to add Ay. We follow the convergence of
2-layer MLVAMP for this problem for increasing values of
an additional ridge penalty A\ = 0,0.01,0.05, 01 and plot
the average distance between successive iterates 3 ||h(f+1
hgt;l)HQ and the evolution of the reconstruction angle 6
as a function of the number of iterations. We perform two
experiments with aspect ratios a« = 1 and o = 0.2. For
a = 1, 2-layer MLVAMP converges without any additional
ridge penalty, and convergence is accelerated by larger values
of Ao. As a sanity check, note that the reconstruction angle
of the estimator returned by the algorithm for Ao = 0 (grey
line on the lower left plot) converges to the value predicted
at Figure 3 for « = 1,1 = 0.1 and a Gaussian matrix. For
o = 0.2n the design matrix is ill-conditioned and we see that
2-layer MLVAMP diverges. Adding the ridge penalty leads
to converging trajectories for a sufficiently large value of Ao,
as shown on the upper right block. Larger values of Ay again
lead to faster convergence.

APPENDIX A
CONVERGENCE OF VECTOR SEQUENCES

This section is a brief summary of the framework originally
introduced in [26] and used in [36] and [34]. We review
the key definitions and verify that they apply in our setting.
We remind the full set of state evolution equations from [36]
at (27), when applied to learning a GLM, in appendix E,
along with the required assumptions for them to hold in
appendix E-B.
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The main building blocks are the notions of vector sequence
and pseudo-Lipschitz function, which allow to define the
empirical convergence with p-th order moment. Consider a
vector of the form

x(N) = (x1(N),...,xn(N))

where each sub-vector x,,(N) € R” for any given r € N*. For
r=1, which we use in Theorem 1, x(/N) is denoted a vector
sequence.

Given p > 1, a function f : R” — R* is said to be pseudo-
Lipschitz continuous of order p if there exists a constant C' >
0 such that for all x;,x5 € R?:

[£061) — £(x2) |

Then, a given vector sequence x(N) converges empirically
with p-th order moment if there exists a random variable X €
R" such that:
o E[|X||P < o0; and
o for any scalar-valued pseudo-Lipschitz continuous f :
R"™ — R of order p,

1 N
~ Zlf(xn(zv

Note that defining an empirically converging singular value
distribution implicitly defines a sequence of matrices F(N)
using the definition of rotational invariance from the introduc-
tion. This naturally brings us back to the original definitions
from [26]. An important point is that the almost sure con-
vergence of the second condition holds for random vector
sequences, such as the ones we consider in the introduc-
tion. Note that the noise vector wy must also satisfy these
conditions, and naturally does when it is an i.i.d. Gaussian
one. We also remind the definition of wuniform Lipschitz
continuity.

For a given mapping ¢(x,A) defined on x € X and
A € R, we say it is uniformly Lipschitz continuous in x at
A = A if there exists constants L; and Ly > 0 and an open
neighborhood U of A such that:

< Cllx = %o [L+ [l [P~ + 2P -

lim
N —o0

= E[f(X)].

[¢(x1, A) — d(x2, A)|| < Lalx1 — x2|
for all x1,x2 € X and A € U; and
[o(x, A1) — d(x, A2)|| < La(1 + [|x[])[ A1 — Az

forall x € X and Ay, As € U.

We discuss the required assumptions for the state evolution
equations to hold in detail, and why they are verified in our
setting, in appendix E-B.

APPENDIX B
CONVEX ANALYSIS AND PROPERTIES
OF PROXIMAL OPERATORS

We start this section with a few useful definitions from
convex analysis, which can all be found in textbooks such
as [40]. We then remind important properties of proximal
operators, which we use in appendix G to derive upper bounds
on the Lipschitz constants of the non-linear operators Oy, O,.
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Convergence of 2-layer MLVAMP, a =1
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Convergence of 2-layer MLVAMP, a = 0.2
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Fig. 5. Convergence of 2-layer MLVAMP on a logistic regression with ¢; penalty with Ay = 0.1, a Gaussian design matrix and two values of the aspect ratio
a =1 (left) and o« = 0.2 (right). For o« = 1, the algorithm converges regardless of the additional ridge penalty and we recover the performance predicted
by Theorem 1 for the plain ¢; regularization. For a = 0.2, the plain ¢; leads to an unstable iteration and a sufficiently large additional ridge indeed leads to
convergence. In both cases, the larger the additional ridge, the faster the algorithm converges.

In what follows, we denote X the Hilbert space with scalar
inner product serving as input and output space, here RY or
RM . For simplicity, we will write all operators as going from
X to X.

Definition 1 (Strong Convexity): A proper closed function
is o-strongly convex with o > 0 if f — &/[.]|* is convex. If f
is differentiable, the definition is equivalent to

@) > F)+ (VF@)x—y) + Sl =yl

for all z,y € X.

Definition 2 (Smoothness for Convex Functions): A proper
closed function f is B-smooth with § > 0 if §H||2 — fis
convex. If f is differentiable, the definition is equivalent to

F(&) < F) + (VT ) — ) + 5~y

for all x,y € X.

An immediate consequence of those definitions is the
following second order condition: for twice differentiable
functions, f is o-strongly convex and (3-smooth if and only
if:

old X Hy = Sld.

Definition 3 (Co-coercivity): Let T : X — X and 8 € R7.

Then T is 8 co-coercive if T is firmly-nonexpansive, i.e.
(x —y. T(x) = T(y)) = BIT(x) = T(y)|3

for all x,y € X.
Proximal operators are 1 co-coercive or equivalently firmly-
nonexpansive.

Corollary 3 (Remark 4.24 [40]): A mapping T : X — X
is B-cocoercive if and only if ST is half-averaged. This means
that T can be expressed as:

1
20
where S is a nonexpansive operator.

Proposition 2 (Resolvent of the Sub-Differential [40]): The

proximal mapping of a convex function f is the resolvent of
the sub-differential 0 f of f:

T=—(1d+8)

Prox, ; = (Id +~vof) '

The following proposition is due to [46], and is useful to
determine upper bounds on the Lipschitz constant of update
functions involving proximal operators.

Proposition 3 (Proposition 2 from [46]): Assume that f
is o-strongly convex and S-smooth and that v €]0, co[. Then

Prox,; — 1+1761d is ——L——-cocoercive if B > o and O-

Lipschitz if § = 0. If ?-i/l[;s no smoothness constant, the same
holds by taking 5 = +o0.

We will use these definitions and properties to derive the
Lipschitz constants of O1, Oy in appendix G.

Lemma 6 (Jacobian of the Proximal): Using proposition 2,
the proximal operator can be written, for any parameter
~ € RT and x in the input space X:

Prox, f(x) = (Id + ~of) ! (x).

For any convex and differentiable function f, we have:

Prox, ¢ (x) + vV f(Prox,(x)) = x.



GERBELOT et al.: ASYMPTOTIC ERRORS FOR TEACHER-STUDENT CONVEX GENERALIZED LINEAR MODELS

For a twice differentiable f, applying the chain rule then
yields:

DProx7 f (x) +vH  (Prox. (X))DProx7 § (x) =1d

where D is the Jacobian matrix and H the Hessian.
Since f is a convex function, its Hessian is positive semi-
definite, and knowing that  is strictly positive, the matrix
(Id 4 vH¢(Prox.s)) is invertible. We thus have:

DProxwf (x) = (Id + yH;(Prox, s(x))) .

Lemma 7 (Proximal of Ridge Regularized Functions): Since
we consider only separable functions, we can work with scalar
version of the proximal operators. The scalar proximal of
a given function with an added ridge regularization can be
written:

= (Id + v(9f + X)) (%)
= (A +yx)Id+~f) ()

where the second equality is true only for differentiable f. If
f is real analytic, we can apply the analytic inverse function
theorem [48] and verify analyticity in Ao of the proximal.

Finally, we remind a result from [40] describing the
limiting behavior of regularized estimators for vanishing
regularization.

Proposition 4 (Theorem 26.20 from [40]): Let f and h be
proper, lower semi-continuous, convex functions defined on
X. Suppose that arg min f N dom(h) # @ and that h is coer-
cive and strictly convex. Then A admits a unique minimizer
xo over argmin f and, for every e¢ €]0,1[, the regularized
problem

Prox_ ;122 2 (@)

arg min f(x) + eh(x)
xeX
admits a unique solution x.. If we assume further that h is
uniformly convex on any closed ball of the input space, then
lim,_.qg X = Xo.

APPENDIX C
FROM REPLICA POTENTIALS TO MOREAU ENVELOPES

Here we show how the potentials defined for the replica free
energy of corollary 1 can be mapped to Moreau envelopes
in the zero temperature limit, i.e. 5 — oo where 3 is
the inverse temperature. We consider the scalar case since
the replica expressions are scalar. All functions are separa-
ble here, so any needed generalization to the multidimen-
sional case is immediate. We start by reminding the defin-
ition of the Moreau envelope [40], [41] M., of a proper,
closed and convex function f for a given v € R and
any z € R:

Mag(=) = inf {f(z) + (122} — 2}

The Moreau envelope can be interpreted as a smoothed version
of a given objective function with the same minimizer. For ¢;
minimization for example, it allows to work with a differ-

entiable objective. By definition of the proximal operator we

1837

have the following identity:

+(1/29)]lx - z[13}

Prox,f(z) = argmin { f(z)
z€R

Moy (z) = f(Prox,r(2)) + ZH%

We can now match the replica potentials with the Moreau
envelope. We start from the definition of said potentials,
to which we apply Laplace’s approximation:

1
5 IProx. s (2) -

(b:c (Thl:m Ql:ra )Zlgd Zo, Elx)

= Jim —1og/ SR B st Ristie)e B @) gy
- —%(x*f + (o + V/Tisbis)e® — f(a)

where

& 1202 + (Maeto + /X1zie )T — }

This is an unconstraint convex optimization problem, thus
its optimality condition is enough to characterize its set of
minimizers:

- lel‘* + (mmﬂ?o + V Xlxglx) - 8f($*

2* = arg min {
x

) =0

1 7 xr X xr x
— "= (Id+ —0f)~* (ml %o + VX1 5! )
le le
<= 1" =Prox_;s_ (mma?o —i: Xlx&x) .
Q1 le

Replacing this in the replica potential and completing the
square, we get:

¢x(m1x; th Xlx; Zo, gl:r)

le 2 X2 A
= — f(Proxy (X)) — —=[|X — Prox,s(X)[|5 + 5 Q1
2

. X2
= Qo - X

=@ M Qll, f( )

where we used the shorthand X = ZueZotviXielis
1z
APPENDIX D

FIXED POINT OF MULTILAYER VECTOR
APPROXIMATE MESSAGE PASSING

Here we show that the fixed point of 2-layer MLVAMP
coincides with the optimality condition of the convex prob-
lem 2, proving Lemma 2. Writing the fixed point of the scalar
parameters of algorithm (1), we get the following prescriptions
on the scalar quantities:

1 1 1 A A
_E_:_:le+Q2x
Xz X1z X2m
1 1
— = - le + QQZ (17)
Xz X1z X2z
Ql;ergc + QQxXQ:r =1
leXlz + QQzXQz = 17 (18)

and the following ones on the estimates, as proved in [39]
section III:
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We would like the fixed point of MLVAMP to satisfy the

following first-order optimality condition
of (%) + F1og(Fx) = 0, (19)

which characterizes the unique minimizer of the unconstraint

convex problem (2). Replacing hi,’s expression inside hg,
reads

h2m - (ﬁ - lehlz> /QQCE

x

_ (ﬁ _ <§ _ ngh21>> Qe
Xz Xz

and using (17) we get X; = X, and a similar reasoning
gives Zo = Z1. From (6) and (7), we clearly find Zo = FXa.
Inverting the proximal operators in (4) and (5) yields

- 1 -
X1+ =—0g9(X1) = hy,
1z
. 1 .
71+ —=—09(21) = ha.. (20)

1z

Starting from the MLVAMP equation on hy,, we write

hlz - (ﬁ - Q21h21> /le

x
(£~ (QuF"F + Quuld)s + Qo F'hs.)
le
A R 1 R
QQZF F+Q2x 1— = Id X9
— A XCEQQQ:
QQCE
A 1
87 (G (5= 1) m - 0s(a)
Xlez
which is equal to the left-hand term in (20). Using this

equality, as well as z; = FXy and relations (17) and (18)
yields

Of (%2) + FTog(Fxz) = 0.

Hence, the fixed point of MLVAMP satisfies the optimal-
ity condition (19) and is indeed the desired estimator:
X1 =X =X

APPENDIX E
STATE EVOLUTION EQUATIONS

This appendix is intended mainly for completeness, to show
that the fixed point equations from Theorem 1, stemming from
the heuristic state evolution written in [35] are indeed made
rigorous by the results presented in [36].

A. Heuristic State Evolution Equations

The state evolution equations track the evolution of
MLVAMP (1) and provide statistical properties of its iterates.
They are derived in [35] taking the heuristic assumption
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that hyy, hy,, hoy, ho, behave as Gaussian estimates, which
comes from the physics cavity approach:

A(t 2 o PL2 ~
QU —ixa "2 R0

1z
VI(Qs)hy) —ii)x0) " /45064
U@ —milz0) "= \/xiVe)
%hy) —milae 256 @D
where £ denotes PL2 convergence. U and V come from

the singular value decomposition F = UDV” and are Haar-

sampled; 5&), gg), ﬁ), étz) are normal Gaussian vectors, inde-

pendent from xg, zg, V' x¢ and U7 zy. Parameters Qgtx), 5‘2,
(22, (2? are defined through MLVAMP’s iterations (1); while
arameters Ym0 5@ 5@ anq o B o) L)

p 1o %1z 1P2x0 11022 X1z X120 X2z X2, A€

prescribed through SE equations. Other useful variables are

the overlaps and squared norms of estimators, for k € {1,2}:

~(t o (t
o _ X% 0 = 153”13
kx N kx N
~(t ~(t
o _mz) o 23
kz M kz M

Starting from assumptions (21), and following the derivation
of [35] adapted to the iteration order from (1), the heuristic
state evolution equations read:

(0) AW) - (0) - (0) ~(0) ~(0)

Initialize le s Qo s My s My, Xig s Xos > 0.
O _g mgtx)xo + thx)é? »
Mg = B |20 60 AW (222)
x
) _ 1 E | mgtng?O‘f' )A(gtm)gﬁ) (22b)
Xiw = a0 o N0)
lx lx
~ (t ~(t t
O _ g |2 Do + 1/ 11e (220
B =500 A0
x
50 _ L a0 (22d)
2z T (1) lx
lx
(t)
~ (t mq, A (t
rig, = P e (22¢)
TAlx
t t
Xét) _ QB _ (mg;r))Q _ th) (22f)
(A2 pe(xi))?
- (t) - (%)
métz) = p_xE % (22g)
a 2x + /\Q2z
1 A
0-lpg| A Aw] @
a 2x + )\QQZ
0 _ g | AR +A50)
2 = L1 TAD L A2
(Q2z +AQ52)
oL (Q) +2Q5))?
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SORE 0

1= = (@) W2z (22))
X2z
(t) mg) (t)
my, = (Zt) My, (22k)
pZXQZ
(t) (t)y2
~(t q z ( ) ~(1
= e R ) (221)
(XQZ ) Pz (XQZ )
(1), (1)
) my; zo X1z 51
my; =B 207g(y,.) /G gt) (22m)
t (1)
127 20 | gy.0/Q0 ()
le 1z
t () o
o_ple (N,
Nz =5 yy,)/080 5(®)
1z
. 1 .
t+1 t
o = NORE % (22p)
A (1) _ mgt) . (1)
g = —La — ! (229)
szlz
(t) (t)\2
~(t q1- mq, .
(1) _ (1) ( 1(2 0 220)
(xi7)? pz(xlz)
: s " ) + /\m(tjl
m, —2 S (225)
+ /\Q
(t+1) 1
2w (22t)
+ /\Q t+1)]
o _ xgz Y
2z -
( + )\Q(t+1 )
N (t+1 N (t+1
+ pE (1 i t+1) > (22u)
(Q5) + Q55 )2
N 1 N
t+1 t
o = —m — Qb (22v)
X2z
(t+1)
~ m ~
gi;‘rl) = 2;(rt+1) - mgz) (22w)
pxXQ;[-
1 1
ey _ @Y mEt)? -
lx (t+1)\o (t+1)\9 — Xog- ( X)
X2z ) palXae ')?
We are interested in the fixed point of these state evolution
equations, where thx) = Xéx) = = qér) = ¢,
m = ) = e D (t]S N
%tgs - gt T Xlz X2z XZ’ (hz q2z Qz,
my, = mQZ = m, are achieved. From there we easily recover

eq. (9). However, these equations are not rigorous since the
starting assumptions are not proven. Therefore, we will turn
to a rigorous formalism to consolidate those results.

B. Necessary Assumptions for the Rigorous State Evolution
Equations

Here we remind the main assumptions needed for the
rigorous state evolution equations to hold, as they are listed for
Theorem 1 of [36], and show they are verified in our setting.
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Assumption 3:

o the empirical distributions of the underlying truth xg,
eigenvalues of FTF, and noise vector wy, respectively
converge with second order moments, as defined in
appendix A, to independent scalar random variables
2o, Wo, A with distributions p,, px, Pw,- We assume
that the distribution p, is not all-zero and has compact
support.

o the design matrix F = UDV' € RM*N js rota-
tionally invariant, as defined in the introduction, where
the elements of the Haar distributed matrices U,V are
independent of the random variables xg, wg, A

e assume that M, N — oo with fixed ratio o =
independent of M, N.

o the activation function ¢(., wo)
pseudo-Lipschitz of order 2.

« the constants <8h<f)g1z(h§tx), A§2)>,<8hgf,>g1z(h(ltz), A§2)>
<ah<gg2m<h;;>,h;z+l>, 24,Q8))
<8 (f)g2z(hg;), hi?, Q% QL )> from algorithm (1) are all
in [O 1].

o the component estimation functions g1z (h;

t f t t+1 t t+1
glz(h§t%7 ((1t) R 2r(h() h( )a éx)a éz )7

g2-(hy, hy, 21, , Q;z) from algorithm (1) are uni-
formly Lipschitz continuous, at all time steps ¢, respec-
tlvely in h%t) at Q(lfz), in hgtz) at Q(lfz), h(f) at Qé? and in

22 at Q
The first four points are included in the set of assumptions 1
and are therefore verified. We need to check the last two points,
starting with the function glx(h(t) A(t)) Proxf/Q(f>(h(t))

M/N

from Eq.(1) is

() A (t))

) 1lax />

1oy ¥ 1lx
Since proximal operators are firmly nonexpansive, they are

1-Lipschitz and we thus have, using the separability of the
function f:
t t

(Opo 910, Q) = ZProxﬁ/Qm(h%z» 0,1]
where each f; : R — R is the same function applied to each
coordinates. Now consider the restriction of glx(h(fz), g?)
its second argument. Its gradient w.r.t. Q% at a given point
hg? verifies, assuming the function f is differentiable:

IV g0 Prox, g0 (13) 2

= ll(1d + Q(wﬂf@roxf/@@(h“ D)V B2

1lx
<IVSB)]:
< C(1+ |h{) )

where the last line is obtained using the scaling conditions
on the subdlfferential of f from assumption 1. Then, for any

le ’ le ’

|[Prox . ;) — Prox c(1+ h)2)Q" — Q)|

7100 ol <

and glz(hgtx), (12) is uniformly Lipschitz in hgtx) at
QM, at any time index ¢. The argument is identi-

cal for glz(hgtz), (lfz)) = Prox, 50 (hgtz)) The functions
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g%(hg;),hgjl), Aétx), Agjl))vg%(hgx)ahgz)v Agt;g’ Agz)) have

explicit expressions and it is straightforward to check the last
two points using linear algebra and the assumptions on the
spectrum of F'F.

C. Rigorous State Evolution Formalism

We now look into the state evolution equations derived for
MLVAMP in [14]. Those equations are proven to be exact in
the asymptotic limit, and follow the same algorithm as (1).
In particular, they provide statistical properties of vectors
hy,, hs,. hy, hy,. We can read relations from [36] using the
following dictionary between our notations and theirs, valid at
each iteration of the algorithm:

Qlﬂm QQ:C; le; QQZ
Xlelx; XQmQQz
Xlz@lzv XQZQQZ

'70 arYO 571 771
<—>a5,a{)”

<—>af,af
0.0 .0

0
X0,20, Pzs Pz < QOv

h1x7h2x7h1z7h2z‘ » g ,Tg,0rq,I .

1:T05 71

(23)

Placing ourselves in the asymptotic limit, [36] shows the
following equalities:

r, =Qi+Qy
ri = Q)+ Qf
r; =QY+Qp

ri =Q)+Qf

where Q; ~ N(0,7,)Y and Q; ~ N(0,7; )% are i.i.d.
Gaussian vectors. QF, Qf have the following norms and
non-zero correlations with ground-truth vectors QJ, QY:

(24)

_ledz . _airad
©~ N ©*~ N
_lefiz . _aar
1 — M 1 — M .

With simple manipulations, we can rewrite (24) as:
rg = Qo+ Qg
oy T 0 TH+
(1+¥)v Q)+ V' Q)
r; QY+ Qp

+ o~
(1 + C—lo) U +UTQf

1

[le

T .+
Virg

| e

[le

Uy (25)

where for k € {1, 2} vectors
A+ % o0 +
Q= +Q
k

and Q,,Q; have no correlation with ground-truth vectors
Q0. QY. UTQf, V' QY. Besides, Lemma 5 from [34] states
that VI'QZ and UTQ] have components that converge
empirically to Gaussian variables, respectively A(0,7;") and
N(0,7;"). Let us now translate this in our own terms, using
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the following relations that complete our dictionary with state
evolution parameters:

mlx sz
— — 1 — — 1
le QQZ
A + A +
m C, m C
A21 1 + % i 1z 1 + _10
Q2x To le 1
X1z _ X2z _
—~ — T —~ — Ty
2 Q2
lz 2z
> +\2 S +\2
C, C
Xow v () e v (a) g
2 0 2 0
QQI 7o 1z 1

Simple bookkeeping transforms equations (25) into a rigorous
statement of starting assumptions (24) from [35]. Since those
assumptions are now rigorously established in the asymptotic
limit, the remaining derivation of state evolution equations (22)
holds and provides a mathematically exact statement.

D. Scalar Equivalent Model of State Evolution

For the sake of completeness, we will provide an overview
of the explicit matching between the state evolution formalism
from [36] which was developed in a series of papers, and
the replica formulation from [35] which relies on statistical
physics methods. Although not necessary to our proof, it is
interesting to develop an intuition about the correspondence
between those two faces of the same coin. We have seen
in the previous subsection that [36] introduces ground-truth
vectors QJ, QY, estimates r(jf, rf which are related to vectors
Q(j)[, Qli. Let us introduce a few more vectors using matrices
from the singular value decomposition F = UDVT. Lets, €
RY be the vector containing all square roots of eigenvalues of
FTF with p, its element-wise distribution; and Sy € RM the
vector containing all square roots of eigenvalues of FF” with
py its element-wise distribution. Note that those two vectors
contain the singular values of F', but one of them also contains
max(M, N) — min(M, N) zero values. p, and p, are both
well-defined since p) is properly defined in Assumptions 1.
We also define

Py =V7'Q
P} =UQ!

Py =V'Qf
P =UQf

P, =V'Q,
Py =UQ;.

By virtue of Lemma 5 from [34], the six previous vectors have
elements that converge empirically to a Gaussian variable.
Hence, all defined vectors have an element-wise separable
distribution, and we can write the state evolution as a scalar
model on random variables sampled from those distributions.
To do so, we will simply write the variables without the bold
font: for instance Z) ~ pu,, s, ~ pu, and @, refers to
the random variable distributed according to the element-wise
distribution of vector Q. The scalar random variable state
evolution from [36] now reads:

0) _—(0)

o Dy O, (27a)
Q(;(O)N '/\[(07 7_0*(0))7 Q;(O)N N(O, Tf(o)), Oéa(o)7 a;(o)
Initial pass (ground truth only)

Initialize ~; ¢

S5 ~ Dy, Su ™~ Dps QY ~ Py (27b)
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o =E[(Q)*] By ~N(0,75) (27¢)
Q(l) = SMPO 7’? = E[(SMP(()))Q] = E[(SM)Q]T(()) (27d)
PY ~ N(0,70) (27e)
Forward Pass (estimation):
o =En _0(@+@") @76)
(t)
'y _
1o = B - (27)
Qg
+) _ 1 0., H-®
) {"f/v[;(” (Qo+Qo ) (27h)
- Qo - Q Qo t)}
0 Oa
(7. p0+<t>) ~N (o K+(t)) (7))
— ()
of® — g _m (27K)
V (t) _,_,y(-)i-(t)
—( )
—+(t —(t
L ( ) +(t) -7 (t) (271)
1
1 82’}/;(t) ®
QY = { — @ " +QY) @7m)
ROl PO D
570 ") () 0 _+®) -0
+W(P +Fy) — QY —aQ,
M s+ %
KO = Cov ( 0 f‘“) (27n)
(Pf,Pj“)) ~ N (O,Kl+ “>) (270)
Backward Pass (estimation):
oy =B, o (P4 PEO)] 27p)
+(¢)
—(t+1 v +(t
71 ( ) 71(t+1) _ 71 (t) (27q)
1
—(t+1) _ 1 +(t)
B PGy {ng(y DY (PP +P77) (270
1
_po a1<t+1>P1+<t>}
o B (P2 27s)
QY ~ N (0,7 ) 270
+(t)
—(t+1) _ Yo
o =E [7;(t+1)82+7+(t)] (27u)
+(t)
—(t+1 Vi +(t
o Y = e - @7v)
Qg
ey { (gt
- _ _ 1
1—a0 (t+1) M (Hl)sg—l-'ygr(t)
’Y(;r(t) P+(t) P po_ (t+1)P+(t)
+ ek T ( +F)) — B
P (27w)
W
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(27x)

27y)

TO*(tJrl) —F [(P*(tJrl))Q}

% ~ N7 ).

E. Direct Matching of the State Evolution Fixed Point
Equations

To be consistent, we should be able to show that equa-
tions (27) allow us to recover equations (22) at their fixed
point. Although somewhat tedious, this task is facilitated using
dictionaries (23) and (26). We shall give here an overview of
this matching through a few examples.

o Recovering Eq. (22e)

Let us start from the rigorous scalar state evolution, in par-
ticular Eq. (27h) that defines variable QF. We get rid of
time indices here since we focus on the fixed point. We first
compute the correlation

g =E[Q5Q7]
1 —
T 1-ap {E]Qbn;; @ +Q0)] -7} @8
where we have used E[(Q9)?] = 7. At the fixed

point, we know from MLVAMP or simply translating equa-
tions (17), (18) that

_ 1 7,+7+ _
l—ad =ay, —_:074_0, Yo ad =75 ap -
g Yo

Simple manipulations take us to

E {anf/»m* (Qg + QE)}

o = - — 7+ 25)
o "o
o E Qs (@ +Q0)| v
(Hi)vo*— o —. 9)
70 To %o

Now let us translate this back into our notations. The term
E anf/%— QS + QJ)J simply translates into m1,, and the
rest of the terms can all be changed according to our dictio-
nary. (29) exactly becomes

hence we perfectly recover equations (22¢) at the fixed point.
« Recovering Eq. (22f)
We start again from (27h) and square it:

B (99)°] = oare{ B[, @+ 00)]

+ (af)’E [(Q5)%] - 2E |Qfny .- (@6 + Q7))
~203E[Qp ., (@ + Q) +E[@]] |

i = ﬁ{ (02, @5+ Q)] +78

—2E QB (O + Q7]

~ 20§ E Q5 n?, (@) +Qp)] } (30)

+ (o )?7g
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Since Qg is a Gaussian variable, independent from QJ), we can
use Stein’s lemma and use Eq. (27f) to get

E[Qonf/7 (@6 + Qo )} =agTg - €2))
Moreover, from (28) we have
2 2 0 0 0)?
() ag)* = (E [Qonf/75 (Qo + Q(;)} - 7'0) ;
(c)2(ag)? (E {QSHMJ (@0 + Qa)} )?
7 a 7
= —2E |Qfn ., (@ +Q0)| + 7. (D)
Replacing (31) and (32) into (30), we reach
+
(7 - 98 @ =& [ (@ + 03]
Q0 Q)+ Qo
( [ 077f/7 0 - . )D —(af )y, (33)
(TJr_ (C(J)r)2> ( +)2 |:nf/'Y (Q0+QO ):| ( )
A (a)?
2
(B Qs @+Q0)]) (02
- 7—8(046)2 - (P)/O ) To -
Notice that E [7) QY+ Qg )} simply translates into our

variable ¢, from its definition (22¢), and our dictionary
directly transforms (33) into Eq. (22f):

2
Miy

2
Pz X1z

N q1x
X2z = 2
Xlx

— Xlz-

o Recovering Eq. (22s)
We first note that for any function h,

E[h(s,)] = min(1, o)E[h(s,)] + max(0,1 — «)h(0).

7, 8°
+

and s2 ~ py. Applying this to h(s) = —
rYl S + 'YO

and starting
from (27m), we rewrite
-2
TS
of =E |\ ——"x
Y1 Sp, + Yo
1 A
-l
a |y A+

with A\ ~ p,, which translates into Eq. (22s):

X2z = lE [%] .
@ Q2x + )\QQZ
In a similar fashion, we can recover all equations (22) by
writing variances and correlations between scalar random
variables defined in (27), and using the independence prop-
erties established in [36]; thus directly showing the matching
between the two state evolution formalisms at their fixed point.
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APPENDIX F
NUMERICAL IMPLEMENTATION DETAILS

The plots were generated using the toolbox available at
https://github.com/cgerbelo/Replica_ GLM_orth.inv.git

Here we give a few derivation details for implementation
of the equations presented in Theorem 1. We provide the
Python script used to produce the figures in the main body
of the paper as an example. The experimental points were
obtained using the convex optimization tools of [42], with a
data matrix of dimension N = 200, M = aN, for a € [0.1, 3].
Each point is averaged 100 times to get smoother curves.
The theoretical prediction was simply obtained by iterating
the equations from Theorem 1. This can lead to unstable
numerical schemes, and we include a few comments about
stability in the code provided with this version of the paper.
For Gaussian data, the design matrices were simply obtained
by sampling a normal distribution N (0, /1/M), effectively
yielding the Marchenko-Pastur distribution [49] for averaging
on the eigenvalues of FT'F in the state evolution equations:

V(O,X—a)T(0,b— )T
@ 27\

S SRR}

and (0,z)* = max(0,z). For the example of orthogonally
invariant matrix with arbltrary spectrum, we chose to sam-
ple the singular values of F from the uniform distribution
U([(1 = a)?, (14 «)?]). This leads to the following distribu-
tion for the eigenvalues of FZF:

Aprr ~ max(0,1—a)d(A—0)+

where

Aprg ~ max(0,1 — «)d(0) + min(1, a)d(\, @) (34)

where I is the indicator function and

1 1

d(/\7 a) = (2((1+a)2 —(1 —04)2) H{\/XE[(I*Q)2,(1+&)2]} ﬁ) :

The only quantities that need additional calculus are the
averages of proximals, squared proximals and derivatives of
proximals. Here we give the corresponding expressions for the
losses and regularizations that were used to make the figures.
Note that the stability and convergence of the state evolution
equations closely follow the result of Lemma 3. For example,
a ridge regularized logistic regression, which is a strongly
convex objective in both the loss (on compact spaces) and
regularization will lead to more stable iterations than a LASSO
SVC.

A. Regularization: Elastic Net

For the elastic net regularization, we can obtain an exact
expression, avoiding any numerical integration. The proximal

of the elastic net reads:
1 A
Prox#(/\ =— s(., A—1>
Q! 1+ Q_lz le

\XM+%%HM@)Q)
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where s (., A ) is the soft-thresholding function:

Qix
A\ Tk Qu if le < _Qu
S le, —_ = 0 lf :
le A1 if A1 Qlw
Tk — m 1 Tk > m

We assume that the ground-truth zy is pulled from a
Gauss-Bernoulli law of the form:

¢(wo) = (1= p)o(0) +p exp (—3/(20%)).

1
V2no?
Note that we did our plots with p = 1, but this form can
be used to study the effect of sparsity in the model. Writing
X = (M1220 + VX12€12)/Q12, and remembering that &1, ~
N(0,1), some calculus then shows equations (35)-(37), shown
at the bottom of the next page. We now turn to the loss
functions.

B. Loss Functions

The loss functions sometimes have no closed form, as is the
case for the logistic loss. In that case, numerical integration
cannot be avoided, and we recommend marginalizing all the
possible variables that can be averaged out. In the present
model, if the teacher y is chosen as a sign, one-dimensional
integrals can be reached, leading to stable and reasonably fast
implementation (a few minutes to generate a curve comparable
to those of Figure 1 for the non-linear models, the ridge
regression being very fast). The interested reader can find
the corresponding marginalized prefactors in the code jointly
provided with this paper.

a) Square loss: The square loss is defined as:

Flay) = 5= )

its proximal and partial derivative then read:

v

Prox%f(?) 1 ’yp-f— my
0 Y
8—pPI'OX%f(p) = m
Using this form with a plain ridge penalty (elastic net with
¢y = 0) leads to great simplification in the equations of

Theorem 1 and we recover the classical expressions obtained
for ridge regression in papers such as [9], [30].
b) Hinge loss: The hinge loss reads:

f(z,y)

Assuming y € {—1,41}, its proximal and partial derivative
then read:

= max(0,1 — yz).

+24 0 y(l-yp) =21
Proxis(p)=q 'y if 0<y(1-yp) <1
p if  y(1-yp)<O
5 Lif  y(1—-yp) =1
FoProxap(p) =4 0 if 0<y(l—yp)<1
p K 1 if (1 —yp) <0.
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c) Logistic loss: The logistic loss reads:

f(z,y) =log(1 + exp(—~yx))

Its proximal (at point p) is the solution to the fixed point

problem:
Yy

v(1 + exp(yz))’
and its derivative, given that the logistic loss is twice differ-
entiable, reads:

rT=p+

1
1+ 245/ (Prox 1 ¢ (p))
1
141 (2 + 2cosh(Prox 1 f(p)))_l .

0
8_pPrOX%f(p) =

APPENDIX G
PROOF OF LEMMA 3: CONVERGENCE
ANALYSIS OF 2-LAYER MLVAMP

In this section, we give the detail of the convergence proof of
2-layer MLVAMP.

A. Proof of Proposition 1
This proof is quite straightforward and close to the

one of Theorem 4 from [44]. Let dht = dh® — h(t-1),

sut = suld — ut=Y fwlt = wt) — wlt=1),

Multiplying Eq.(16) on the left and right by

[(6h*)T (6u®)T] and its transpose respectively, we get

(AW (sh") + B (su’)) "P(AW (sh') + B (5u’))

— (1(1))*(h") "P(dh")

+617(C}"(60') + D (u')) "M (G} (6) + Dy (su'))
(G 51+ Do) MY 0hE) + Do)
< 0.

Using the definition of iteration (14), this simplifies to
(6h'™) TP (sh"™) — (7(,))*(sh") "P(sh")
+B1(6wh) TMLY (5wh) + Ba(5ws) ML (Gwi) < 0

Owing to the Lipschitz properties of @gt) , @ét) and the defi-

nitions of wgt), wgt), the terms factoring (31, 32 are both non-
negative. We thus have, at each time step ¢:

(6h*T)TP(sh*™') < ;) (6h") TP(sh").

Letting 7* = sup, 7(;), an immediate induction concludes the
proof.

(t+1) At) A) At+1)
B. Bounds on Q1 , 527 éxa éz

We remind that, since the functions f and g are separable,
their Hessians are diagonal matrices. For any time index ¢, the
following bounds hold:

e On Qg;)
(f) — 1/X(t) gtm) where X( ) — <3h<1fT) 91z (.- )> /Q(;z)a
_ 1 A(t) -1
=5 (Tr [(leld—l—Hf(Prox)) }) ,
Q(t)

then W

2D 4 i (Hp) < QW 0 4 A (M),
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. On Q (t+1)

gtz) where X( ) — <5‘h§f,z>91z(. ) )> /Qitﬁa

1 1 A (L)
O 4 o _(Tr {( 1z

AEFD — 10

then Id—l—Hg(Prox))_lD )

M

(f) +>\mzn(H ) (f) Q(H'l) Q(f) +)\maz(Hg)
e On Qgtz)
(t) - 1/X(f) (2’2 where x( ) = <3hgt>92z(~ . )> /QA(QZ,’))
1 T (t) !
then ——— — [FFT QYFFT + QY 1d .
o +qQf) M S )

The matrices on the rh.s. of the previous equation are all
diagonalizable in the same basis. Then each eigenvalue has

the form
/\k(FFT)

DN (FFT) + QY
which leads to the bound
Q5
Amaz(FFT) S

A ()

2x

Amin (FFT)’

A(t)

9+ 2+ QY < QY+

. On Q1t+1)

A(t)

HFD_1 D
T

where = <ah(f)92m( : )>/Q(227

1 { DT L AB 7
S O IFTF + O 1d :
(t+1 —I—Q ( 2 )

which leads to

th =
en N

O L O

(t) +>\mzn(FTF) (f+1) <
< Q)+ Ao (FTF)QY.
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C. Operator Norms and Lipschitz Constants

1) Operator Norms of WI(“,Wz(t),Wg(t),W4(t).' The
norms of the linear operators Wl(t), Wz(t), W3(t), W4(t)
can be computed or bounded with respect to the singular
values of the matrix F. The derivations are straightforward
and do not require any specific mathematical result. Denoting
|[W/| the operator norm of a given matrix W, we have the
following:

1) 1
W3] = 2 ('Q(t+ QU A (B )|
A + QUi (FTF)
|Q(t+1 Q2t+1)/\max(FTF)| )
)+ QYD N (FTF)
A(t+1)
HW2(t)|| — 122 - )\maf(F F)
t t At ~(t
SOOI ) L A D g )
(t) A(t) A(t)>\ FET
W = <2 max ('Qm 12 min (FE7)
Q1 Q5 Amm(FFT)
|Q2:s — 1;; /\max(FFT)|>
O+ O Ao (FFT)
A(t
HW4(7‘)” — é;r) )\maw(FTF)
D0 QL + QY Ain (FTF)

2) Lispchitz Constants of (’)(“ (’)(“ We now derive upper
bounds of the Lipschitz constants of OY),Oét) using the
convex analysis reminder in appendix B. We give detail for
(5@, the derivation is identical for @ét). Let (01, (1) € R3?
be the strong-convexity and smoothness constants of f, if they
exist. If f has no strong convexity constant, we set o1 = 0,
and if it holds no smoothness assumption, we set 3, = 4oc0.
Note that, from the upper and lower bounds obtained in
appendix G-B, we have o1 < sz < [

E[Proxf/Q (X)]
2 - 2
1 A+ Xiw M MV2R1z exp(—5)
= S (1-p) ~ erfc = — = (35)
1+ 4% (Q1a)? V2X1a VT
° 2,72 _ A%
L M+ R+ oty A - M2 + 0?d,) ep(— 55— S
(Q1z)? 2(X1z + 021, VT
Similarly, we have
E[Prox, (X)) = (1 —p)erfe ( & > + perfc A1 (36)
£/Q L+ 3= g Vi) F 2(X1z + 0%mi,)
and
ElzoProxg o, (X)] = M erfc - a - . 37)
e le + )\2 Q(le + O—Qm%z)
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a) Case 1: 0 < o
following expression:

< ﬁ].’

Proposition 3 gives the

Prox 1 ) ) Id

B 1( Lo
15r=3 > ;
a7 2\1+01/QY) 1+ 61/Q)

1 1 1
T3 SOl @ ) 1
1+01/Qi; 1+ 61/Q1,
where S is a non-expansive operator. Replacing in the expres-
sion of O leads to:

A(t)

~ 1 1 1

Ogt _ Y1z ( + —111d
(f) QX(t) gtm) +o (f) +ﬁ1

n 1 1 1 g )
= 1
2X(t) §2 + 01 52 + b

Knowing that Qﬁ? + Q(t)

(38)

5e =1/ Xg?, and separating the case
where the first term of the sum in Eq.(38) is negative or
positive, O; has Lipschitz constant:

A(t)
' - 01 B —
w?) = A(lf) max < (2;”) (f) ) . (39)
Q + 5

2x 1z T Ul

b) Case 2: 0 < o; = 0;:

Proposition 3:

) 2
_ 2 _ 12
[Prox . s(a)—Prox s ;(u)]3 < - /Am> le—yl3.

In this case, we have from

With the firm non-expansiveness of the proximal operator
gives, we reach for any z,y € R Eq. (40), shown at the
bottom of the next page, detailed below. The upper bound
on the Lipschitz constant is therefore:

8 |, WQEP-@) ),
i Q1) +01)?
c) Case 3: no strong convexity or smoothness assumption:
This setting is not necessary for our proof, because we only
handle penalty functions which have a strictly positive strong
convexity constant, by adding a ridge term. However, we list
it for completeness. In this case, the only information we have
is the firm nonexpansiveness of the proximal operator, which
leads us to the same derivation as the previous one up to (40),
where the first term in the sum can be positive or negative.
This yields the Lipschitz constant:

o _ QL) < 25 )
wy’ = —=max |1, =% |.
o QY
d) Recovering (15):  In our proof, we make no assump-
tion on the strong-convexity or smoothness of the function,
but addlng the ridge penalties Az, A2 brings us for both O(t
and (’) to either the first of the second case above. It is

stralghtforward to see that the Lipschitz constant (41) is an
upper bound of (39). We thus use (41) for generality, and
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recover the expressions (15) shown in the main body of the
paper.

L0 _ QL |, Q) - @)
“I1 (t) ( (t)_|_>\)
S0 — Q2 [ (@8 (@)

% Q1+ he)?

D. Dynamical System Convergence Analysis

We are now ready to prove Lemma 3.

We will use the bounds derived above to prove the con-
vergence lemma. Since we have proved the required bounds
at any time step, we drop the time indices in the remainder
of this proof for simplicity. The choice of additional regu-
larization is Ay arbitrarily large, and Ao fixed but finite and
non-zero. ng,le can thus be made arbitrarily large, and
QQZ,le remain finite. We write the corresponding linear
matrix inequality (16) and expand the constraint term. Some
algebra shows that:

Onxnr Omxw
ciM,C, =
L [ONXM wilnxn
2T
T _ |wsW3 W3 Opxn
CQMQCQ_[ Onxm Onxnw

CIMiD; = 014 n)x (M+N)
D{MiC1 = 0(arN)x(M+N)

0 SWIwW
CgMQDQZ MxM W3 VV3 4
Onxn Onxn
Onrxcm Onrxn
DIM,C, =
2 22 [w%WZW3 ON><N:|
0 0
D?MlDl _ M x M MXxN
Onxnvr —Inxw
—Iyxm Omxn
DIM,D, =
27 |:ON><M wiWi Wy

where all the matrices constituting the blocks have been
defined in section VI. This gives the following form for the
constraint matrix:

H, H,
H! H,
where
H, — (B1wsWEIW;3  Opxn
| Onxm Bowilnxn
H, — Omxn BiwiWiw,
Y =
|ON M Onxn
Hy — —Bilmxm (VY /
Onxn —Bolnxn + BiwiWiw,

Thus the LMI (16) becomes:

—T2P+H1
0=
Hj

H,
BTPB + Hs
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We take P as block diagonal:

p_ P Ouxw
Onxn P2
where Py € RM*M and P, € RMN are posi-

tive definite (no zero eigenvalues) and diagonalizable in
the same basis as FTF, which is also the eigenbasis of
Wi, W3, WI'W,y WIW,. We then have:

We are then trying to find the conditions for the following
problem to be feasible with 0 < 7 < 1:

|:’7'
Schur’s lemma then gives that the strict version of (42), which
we will consider, is equivalent [47] to:

P+ WgPQWQ
WIP,W,

WIP,W,

T _
aren [P Y

2p - H,
—H2T

—H,

_(B”PB + Hg)} = 0. (42)

— (B"PB +H;3) -~ 0 and “3)
P —H, + Ho(B"PB + H3) 'HY - 0.
Let us first consider —(BTPB + H3).

1) Conditions for —(BTPB + Hj;) = 0: Expanding
—(BTPB+H3) = 0 and applying Schur’s lemma again gives
the equivalent problem:

BiInxn — BowiWIW, — WIP,W, =0 and  (44)
BoInrxnr — P1— W3 PoW,
~ WIP,W KiWTP,W, > 0. (45)

where K| = (ﬁlINxN — 62w§WIW4 — W’{PQWl)_l
We start with (44). A sufficient condition for it to hold true
is:

B > ﬁQWS/\max (WZW4) + Ana (PQ)/\max (W?Wl)
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Using the bounds from appendix G-C, we have:

~ 2
)\maz (W{WI) < <€22$ )

lx
|Q1m QQZ mzn( TF)| |Q1m_Q22>\maz(FTF)| ’
Q2m+Q2z mzn(FTF) 7 QQI + QQZ)\maz(FTF)
2 N 2
< max < —% mm(FTF)> : <1— Q2 )\max(FTF)>
le le
- b17
and
le QQI

W Amax (W4 W4 (

) ()

QQZ XQZQIZ

% (QQZ le mam F F)
le + )\2 QQm + QQZ mzn(F F))
< le (2)\2 - Alz le )

. 2
o [ Qut Qe Amaz (FTF).
Q2:(Q1z + \2)
For arbitrarily large Q1., the quantity
A . 2
2)\ 4+ 22 (QQZ) le + QQZ )\mam (FTF)
le Q QQZ(QIZ + )\2)

is trivially bounded above whatever the value of Ao, ng Let
b2 be such an upper bound independent of As, ng, le The
sufficient condition for (44) to hold thus becomes:

ﬂl > 52@12b2 + Amam(PQ)bl

where by, by are constants independent of Ao, ng, le.
We now turn to (45). A sufficient condition for it to hold
is:

(46)

ﬂQ > )\maz (Pl) + )\maz (WgWQ)Amaz (PQ) (47)
()\ma:r (PQ))Q)\ma;r (WTWQ))\max (W{Wl)
ﬂl 52"‘]2 max (WTW4) Amam (PQ)AMMC (W,{Wl) .

1

n@%w—@ﬁ@ﬁ=<Q

(t e ||Pron%>f(a:)

—Prox_1_;(y)|3
5t

lx

1 2
GONG] <$ - varoxﬁf(x) - PfOXﬁf(y)> + = - y|2>
(Q?))Q ( 1 1 ) ) )
<[ 2z ( § —2— ||Prox+f(x) — Prox_1 f(y)||2 + |x—y|2) 40
Q5 @22 Qi) I a7 (40)
(@9)2 ( | | ) ( 1 ) )
=\ =0 - +1 ] [z =yl
Q5 QP60 oD ) \ T el

_<QQ>QC@$F—<¥%2+
At A() 2
QQI (le to1 )

1) lz = yll3.
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Note that condition (44) ensures that the denominator in (47)
is non-zero. We then have:
)\maz(FTF)
(QQCE + Q22>\mzn (FTF))2
A Qiz
Q22(1 + Q 2m)
le

~ 2
)\maz (WgWQ) < Q2AZ
X2z le

Anaz(FTF).

This quantity can be bounded above by a constant independent
of Ao, @2z, @1, for arbitrarily large (Q2,. Let b3 be such a
constant. Then a sufficient condition for condition (45) to hold
is:

62 > /\max(Pl) + b3/\max (PQ)
b1b3 ()\m(m (PQ))Q
ﬁl - BQlebQ - )\m,a;c (PQ)bl

We see that 3; must scale linearly with le which is one
of the parameters that is made arbitrarily large. Then 3; also
needs to become arbitrarily large for the conditions to hold.
We choose (31 = 252Q1Zb2 + Anaz (P2)by for the rest of
the proof. Condition (46) is then verified, and (32 needs to be
chosen according to condition (48), which becomes:

b1b3 Agnax (PQ)
B2Q1:b2

This has a bounded solution for large values of le. We now
turn to the second part of (43).

2) Conditions for P —H;+H,(BTPB+H;)'HY = 0:
We need to study the term —Hy(B7PB + H3) 'HI (with
the minus sign since the middle matrix is negative definite
from conditions (44,45) which are now verified). As we will
see, because of the form of Hy, we don’t need to explicitly
compute the whole inverse. Let

(48)

62 > /\max(Pl) + b3/\max (PQ) +

Z=-B"PB+H;) ' = [Zl ZQ} :

Z7  Zs
Z has the same block dimensions as (B?PB + H3). We then
have:
~H,(B"PB + H3) 'H] = H,ZH?
_ (BB WIWLZsWIW3 Onrxn
Onsxm Onxn| "

We thus only need to characterize the lower right block of
Z. It is easy to see that conditions (44) and (45) also enforce
that both the Schur complements associated with the upper
left and lower right blocks of —(B”PB + H3) are invertible,
thus giving the following form for Zs using the block matrix
inversion lemma [47]:

Zs = (biIy — Powi Wi Wy
—~W{P,W; - WP, Wy Ko W2 P,W, )t
where Ky = (8113 — P1 — WIPyW,)~ 1. We thus have the
following upper bound on the largest eigenvalue of Zs:
1

)\maz(ZZB) < ~ 5
ﬂl - 52Q1zb2 - Amam(PQ)bl —k
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where
b1b3>‘?naz (PQ)
52 - )\max (Pl) - b2/\max (PQ)

Using the prescription 3, = 252@12192 + Anaz (P1)b1, we get:

k=

1 by
)\max(z3) = A bibzA2  (P2) SA
B1Q1:b2 — G S F APy @l

where b, is a constant independent of the arbitrarily large para-
meters Ao, Qax, Q1,. Thus Amaz(Z3) can be made arbitrarily
small by making A, arbitrarily large.

We now want to find conditions to ensure

P — H, + Hy(B"PB + H3) 'HY ~ 0,
which is equivalent to:

T°P1 — fowi Wi W3 — 35wy Wi W ZsWi Wy = 0
T2P2 — ﬂlwfIN i 0 (49)

We start with the upper matrix inequality, for which a sufficient
condition is:

7'2 Amin (P 1 ) - 62(“)% Amaz (W§W3)
- gwg /\max (W§W3))\max (W;;W4))\max (ZS) > 0.

Using the bounds from appendix G-C, we have:
w3 Amaz (W5 W)

< <Q> (1 ; w)mmwg Wa)

22 (Q1z + Ao)?
< 220Q1. + 2+ (sz)2
b (Qu + 5\2)2
. 2 . 2
X max ( - %Amm(FTF)> , <1— C?IZAWH(FTF)>
2x 2x
< ; < Xy + (5\% +A(Q22)2)>
le le
. 2 . 2
X max ( - %Amm(FTF)> , <1 - @)\maz(FTF)>
2x 2x

Thus there exists a constant b5, independent of \a, le, ng

such that, for sufficiently large Q1.:

b
wg/\max (WEWS) < = >

1z
Remember that we had:
W3 Amaz (Wi Wa) < Qraba,

which gives the following sufficient condition for the upper
left block in (49):

b babsb

2 5 2 020504
T Amin(Pl)_52A— _ﬁQ ~
le le

A sufficient condition for the lower right block in (49) then
reads:

> 0.

TQ)‘min(PQ) - ﬁlw% > 07
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where we have:

Qu\ (), (@)~ (Qu
Q2z (Q1z + A2)?
X (261Q1:b2 + Mnaz (P2)b1)

_ i A 2 (QQm)Q - (le)Q
a QQCE (le) <1 * (le + >\2)2 )

ﬁlw% =

x <261Q1Zb2+>\mm(P2) f’l ) .

2z 2z

We remind the reader that le, ng grow linearly with )\2.
Thus the dominant scaling at large A2 is (exchanging Q2
with 1, up to a constant) reads:

bs

2
61"‘]1 < ~ )
1z

where bg is a constant independent of the arbitrarily large
quantities. The final condition becomes:

b babsb
TQ)‘min(Pl)_52 A5 _53 2A5 4 >0
le le
b
T2 Amin (P2) — —— >0
1z

where we want 7 < 1. We now choose 72 = ¢/Q1. with a
constant ¢ independent of Ao, Q1., @2, that verifies

&> max (521?5 + (33b2bsby be >
)\min(Pl) ’ /\min (PQ) ’
such that:
c b babsb
AC )\min(Pl)_ﬂQ A5 _55 2A5 1 >0
1z 1z le
c be

— Ani (PQ) — = > 0.
QlZ " le

Since (32 is bounded for large values of le, and the b;
and c are constants independent of )\2,@21,@12, we can
then enforce ¢ < Q1. using the additional ridge penalty
parametrized by Ay on the regularization to obtain 7 < 1
and a linear convergence rate proportional to y/¢/A2. We see
that the eigenvalues of the matrix P are of little importance as
long as they are non-vanishing. We choose P as the identity.
In the statement of Lemma 3, we write ¢ the exact constant
which comes linking le to Aa.
This proves Lemma 3.

APPENDIX H
ANALYTIC CONTINUATION

In this section, we prove the validity of the analytic con-
tinuation and approximation argument used to prove Theo-
rem 1, under the required set of assumptions 1. According
to Lemma 4, for any 5\2 > 0 and Ay > A}, any scalar
pseudo-Lipschitz observable of order 2 ¢, we have almost
surely

1

N
ngnoo NZ; ¢(x0,’ia i"t (AQ)):E[¢(xO7 Proxf/ngﬁ (Hx))] (50)
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where H, = (15,70 + \/X12&12)/Q1x is defined in Theo-
rem 1. We would like to show that this equality still holds for
any A2 > 0. To do so we will show that, for a real analytic
approximation of problem Eq.(2), both sides of Eq.(50) are
real analytic in A\o. We may then use the real analytic con-
tinuation theorem, as given in [48] to extend to any Ao > 0.
We will treat the case Ao = 0 separately. In what follows,
we will write the dependency in A of the estimator explicitly,
ie., x =x(\2).

A. Real Analyticity of the Left Hand Side of Eq.(50)

We remind a useful characterization of real analytic func-
tions from [48]:

Proposition 5 (Proposition 1.2.10 from [48]): Let f €
C*(I) for some open interval I. The function f is in fact real
analytic on I if and only if, for each a € I, there are an open
interval J, with o € J C I, and finite constants C' > 0 and
R > 0 such that the derivatives of f satisfy:

. i
FP (@) < 0%, Vae

We also remind the formula for the higher order derivatives
of a composition of two infinitely differentiable functions:

Proposition 6 (Faa di Bruno’s Formula, [48] Theorem
1.3.2.): Consider two scalar functions f and ¢ defined on an
open interval I € R. Assume that both functions are infinitely
differentiable on I and taking value in I. Then the derivatives
of h =go f are given by

W) =3 kl!kQ’!n.!. . kn!g(k) (F()
k1

(f(11>!(t)) (f@;!(t)) .(f(’:!(t)Y"

where k = k1 + ko + ... + k,, and the sum is taken over all
ki, ko, ..., k, for which k1 + 2ks + ... + nk, = n.

The following lemma establishes bounds on the higher order
derivatives of x(\2) with respect to As.

Lemma 8: %x(\2) is infinitely differentiable w.r.t. Ao and,
for any integer p, there exists a constant K’ such that its ele-
mentwise p-th derivative, denoted DE\’; )fc(/\g) verifies, almost
surely

k2

1 N

FIDE %3 < K 51)

Furthermore, Dg\z ) %X(\2) is a Lipschitz function of X(\2).
Proof: Recall the strongly convex problem, for any finite

N7

A2

2 x3

R(A2, A2) = argmin §(Fx,y) + f(x) +
xeX
where we absorbed Ay in § as we are only interested in
prolonging on As.
The optimality condition then uniquely defines %(\2) of
each value of Ao and reads:

F'VG(FX(\2),y) + VF(R(A2)) + Aak(A2) = 0.

The function FTVG(F-,y) + Vf(-) + Ao is real analytic in
RY and its Jacobian FTHgF + Hy + A2l is non singular
since f and g are convex. The implicit function theorem [48]
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then ensures that, at any finite N > 0, the function %X(\2) is
elementwise real analytic in Ao. We can now prove the lemma
by induction.

a) Initialization: Owing to assumption 1, we have almost
surely

1
lim —||%(A <K’
Jim < R00)B <

and the identity is a Lipshchitz function of X(\2). The function
of )\ defined by:

A2 = Vg(FX(A2),y) + VF(X(A2)) + Aa%(A2)

is always zero valued from the definition of X(\2), thus all its
derivatives are zero. Taking the first derivative with respect to
Ao yields:

(FTH;(Fx(X2),y)F + Hp(X(A2)) + AoIn) D&(N\2)

+&(A) =0 (52)

where DP is the (N x 1) dimensional element-wise p-th
differential of X(\2). We then define the operator

0 R — RNXN
| { N = FTHo(F&(Ao),y)F +H; ((0\2)) + Aoy
We obtain a simple expression for DX(\z)

Di(}\Q) = —Oil(Ag)f{(Ag).

Since f and g are convex, the operator norm of O~!()\g) is
bounded with probability one, and DX(\2) is a Lipschitz func-
tion of %(\2) where + || D&()\2)[|3 is almost surely bounded.

b) Induction step: Assume the property is verified up to
p — 1. For higher order derivatives, applying Leibniz’s rule on
Eq.(52) gives, denoting OV (\,) the i-th derivative of O(\2),
for the (p-1)-th derivative of (52):

p—1
> (p i )“”(&)D“’ I%(Aa) + DPTIK(Ny) =
i=0
such that
p—1 _1
Z (p i )O(i)(Ag)D(p_i)i()\Q) + (’)()\Q)D(p)f(()\g)
i=1

+ DP V% () = 0.
We obtain the recursion on the differentials of X(\2):

p—1

DPR(\g) = _01(>\2)<Z (P; 1>O(i)()\2)D(pi)§(()\2)

i=1

+ D(p—l);((/\Q)),

where the matrix inverse O~ !()\g) is well defined for any
Ao > 0 since f and g are convex. Using proposition 6, the
assumption on the fast decay of the higher-order (larger than 2)
derivatives of f and g, the bounded spectrum of the matrix F,
and the induction hypothesis, the operator norm of O®)(\,)
is bounded with probability one for any p € N, D®P)%()\,)
is a Lipschitz function of %(\2) as a finite sum of Lipschitz
functions of X(\2), and its averaged squared norm is bounded
almost surely. This concludes the induction. |
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Lemma 9: Under assumption 1, the function (\2) defined
as

P:R—-R

Ay — Nlim (0,5, 24(AN2))

HMZ

is real analytic for Ay > 0.

Proof: Since ¢ is pseudo Lipschitz of order 2, there exists
a constant Cy such that, for any x € R, ¢(z) < Cy(1 + 22).
Thus:

. e )
Jim [(Ao)] < Jim =2 (1 + [%()I13)

which is almost surely bounded. By assumption, the bound-
edness of v is enough to obtain its convergence. For the first
derivative, the pseudo-Lipschitz property ensures that there
exists a constant C’é) such that, for any = € R,

d¢

7 (@) < Cy(1+ []).

Then

20| < Chli 0] L+ 1310%))

so there exists a constant Cz/p such that
lim Dip(x2)
. 1 . . N
< Jim. ﬁ% ([[Dx(A2)[|2 + [[Dx(A2)]|2][%(A2) |2)

which is almost surely bounded. We have also proved in
the previous lemma that Dx(\2) is a Lipschitz function of
A2, thus Dip(Ag) is a PL2 function of %(\2) and its limit
exists according to Assumption 1 (c). For the higher order
derivatives, we use proposition 6 to obtain, for any coordinate
1<i<n

4@
|d)\(p) ¢(& Z k‘l'kQ (b(k) (Zi(A2))

(x <A2>> 1(3@52)@2)) " (cei-p)(m)’“p
1 9! T

The assumption on the higher order derivatives of ¢ from
Theorem 1 and Lemma 8 implies that the term

fﬁ”(&)) . <@§2’<A2>> " (ﬁi’” <A2>>""“
1 91 R S

has bounded absolute value with probability one, for all coor-
dinates 7. Using the characterization of real analytic functions
and assumption 1 (¢) from proposition 5, this concludes the
proof. |

o™ (2:(\2)) <

B. Analytic Continuation to (X2, \;) € R x R

From assumption 1, the set of fixed point equations from
Theorem 1 admit a unique solution for any Ao, A2. Addition-
ally, the implicit function theorem [48] can also be applied to
the set of fixed point equations from Theorem 1 regarding the
dependencies in Ay, Ao to show that each quantity involved
is real analytic in \g, A2. At this point, we have two analytic
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functions, the observable and the one defined by the fixed
point of the state evolution equations, that coincide for any
A2 € [\5, +0o] and any Ay > 0. We can now use the analytic
continuation theorem [48] to show that these functions remain
equal for any A2 > 0 and for A2 > 0. This concludes the proof
of Lemma 5.

C. Real Analytic Approximation of Strongly Convex Problems
Consider

. o A
%c(A) = argmin g(Fx,y) + fe(x) + T I|x]3
x€eRN

. . A2

X(A2) = argmin §(Fx,y) + f(x) + 5 |1xI3
xERN

where ¢, fe are real analytic approximations of the loss g and

regularizer f verifying assumption 1(e). To relax the analytic

approximation, we need to prove the following equality.

2%1&520—Z¢ Peilha)) = Jim —D
Under assumption 1 (c) and owing to the deﬁnltlon of PL2
functions, it is sufficient to prove

1
hr% th —HXE(/\z) —%(A\2)[3 =0.

Denote C the cost function g(F.,y)+ f(.) and its real analytic
counterpart C. the cost function g.(F.,y) + fc(.).

vx € R? hII(l)CE(X) =C(x).

Since minimizers of convex functions are fixed points of the
corresponding proximity operators, it holds that

L 5 2
~ 1Xe(A2) = x(A2)ll3

1 . .
= FlProxc, () 2p 3 (Re(A)) = Proxe ) ag s (R(A2)I

1 . 5 2
S lProxe, (3 (Re(A2)) = Proxe, () az 3 (X(A2))llz

1 . .
57 IProxe, 4 22 1.3 (RO2)) = Prox ) ag s KOS

The results from appendix G-C.2 show that proximity opera-
tors of strongly convex functions are contractions, thus their
exists a positive constant Ly, < 1 such that for any realisation
of F,x% wq

1

N N 1 N .
FIE ) = %(2)|3 < FLnsl%(A2) = %(A2)l13

1 ) .
7 IProxe, 432 1.3 (R2)) = Proxg ) ag s (RO2)) 3.

Furthermore, the function Prox, Otz Hz(.) converges uni-
el 3 1112

formly to Prox when € — 0, and thus

C(.>+*—2~2H.H§('>

. . 1
lim lim —
e—0 N—oc

X AIProxe, ()4 223 (X (A2))

which gives

- PrOXC(.)+*,T2||.||g(&()‘2)”\%:0

1
lim lim —||x6()\2) —x(N\2)|3

e—0 N—oo [V

. . 1. .
< Ly, lim lim 2 %c(A2) = %(%a)|3.
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Since L), < 1, this implies

lim lim
e—0 N—oo

1. N
& (2) =% ()5 = 0.

D. Continuous Extension to ;\2 =0
Making the dependence on 5\2 explicit, define

%(A2, Ao)=arg min g(Fx,y) + f(x) +
xERN

%(0, A2) = argmin g(Fx,y) + f(x) +
xERN

Ao o
7IIXII§ + 7IIFXII§

2
22 .

Both cost functions defining %(2, A2),%(0, \2) are strongly
convex for any A2 > 0. We can then use the same argument
as in the previous subsection C to conclude

lim lim —||x(/\2,)\2) —%(0,X2)[|5 = 0.

ArﬁoNﬁex

E. Continuous Extension to \; =

For My = 0, the estimator X()\o) is still unique for any
A2 > 0. We now need to study the limiting ridgeless estimator

i arg min g(Px,y) + () + 22 x[3
A2—0  xex 2

for functions f, g that may not be strictly convex. To do so
we will use Theorem 26.20 from [40], which is reminded
in appendix B, proposition 4. Under assumption 1 and
since the [ norm is strongly convex thus uniformly convex,
we have, denoting X the unique least [, norm element in
argmin, c v g(Fx,y) + f(x),

lim )2()\2) = )A(().

A2 —0
We can therefore uniquely define the continuous extension of
any continuous observable ¢ of X(\2) such that p(A2 = 0) =
¢(Xo). Then this observable and the corresponding function
implicitly defined by the set of fixed point equations are
continuous on [0, 4+oo[ and equal for any A2 €]0, +o0], and
thus also equal at Ao = 0 using the definition of continuity
and the fact that |0, 4+o0c[ is dense in [0, +00[.

F. Real Analytic Approximation of Usual Cost Functions
With Fast Decaying Higher-Order Derivatives

In this section, we show that any combination of the square,
logistic and hinge loss with ¢; or ¢y verifies Assumption 1
(e), i.e. they can be approximated with real analytic functions
whose second derivatives have higher-order derivatives that
decrease faster than any polynomial. The square loss and ¢
immediately verify these assumptions. Assuming y = 1 with-
out loss of generality, the second derivative of the logistic loss
is given by @)

P exp(z
90 = T exp(a))

All higher order derivatives will be a polynomial in exp(z)
divided by a higher order polynomial in exp(z) plus one.
Thus, for any sign of x, higher-order derivatives of the logistic
loss will decrease exponentially fast when the absolute value
of x goes to infinity. We now turn to the ¢; penalty. Real
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analytic approximations of functions may be constructed by
considering their convolution with a Gaussian kernel, which is
also known as the Weierstrass transform. Denoting W, [f] the
Weierstrass transform of a function f with parameter ¢ > 0,
we obtain for the ¢; penalty

Wl @)= = [ lalesp (=t —0)?)

7o (2o (=5t w2 Lo (50 )
= eexp | ——=x x| exp|—=—u®)du
2me P\ 72 0 P 7o

whose second derivative reads
I,
exp | ——=x
p(-57)

EW Il @) =2

— W] () = —=

dx? Ve
thus W, [|.])] is strongly convex and its higher order derivatives
all decay faster than any finite order polynomial. A similar
computation shows that, for the hinge loss,

We [max(0,1 — )] (x)

1 +o0 1 )
= \/ﬁ/oo max (0,1 — u) exp (—2—6(u—x) )du

—\/%<(1—$)\/§+Eexp<—2i€(l_x)2>
+(1—x)/0“’e>cp (—%6(1_@2) du)

whose second derivative reads
d? 1

1 2
EWS [max(0,1— )] (z) = Jone exp (_ﬂ(l — ) ) .

Thus the hinge loss and ¢; penalty verify Assumption 1 (e).
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