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Abstract— In-memory computing with cross-point arrays
of resistive memory is a promising technique for typical
tasks, such as the training and inference of deep learning.
Recently, it has been shown that a cross-point array of
resistive switching memory (RRAM) with a feedback con-
figuration can be used to solve linear systems, compute
eigenvectors, and rank webpages in just one step. Here,
we demonstrate the PageRank with a real data set (the
Harvard500) and an eight-level RRAM model, describing
the conductance update, the standard deviation of each
level, and the conductance ratio. By carefully placing each
memory conductance value via a program-verify technique,
we show that an accuracy of 95% can be achieved for
the ranking result. The equivalent throughput of the eigen-
vector circuit for PageRank is estimated to be 0.183 tera-
operations per second (TOPS), while the energy efficiency
is 362 TOPS/W. This article supports the feasibility of in-
memory PageRank with significant improvements in speed
and energy efficiency for practical big-data tasks.

Index Terms—Eigenvector, in-memory computing,
PageRank, resistive switching memory (RRAM).

I. INTRODUCTION

HE cross-point array of resistive memories, such as

the resistive switching memory (RRAM) and the phase
change memory (PCM), has been extensively adopted for in-
memory computation to eliminate the memory bottleneck of
the conventional von Neumann architecture [1], [2]. In par-
ticular, cross-point arrays can accelerate the matrix-vector
multiplication (MVM), thus allowing to speed up the solution
of various data-centric problems, such as the training and
inference of deep neural networks [3], the image and signal
processing [4], [5], and the iterative solution of linear systems
[6] or differential equations [7]. Recently, a cross-point RRAM
circuit with a feedback configuration has been proposed and
demonstrated to solve linear systems and evaluate matrix
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eigenvectors in one step without iterations [8]. The eigenvector
computation forms the mathematical basis for the PageRank
algorithm [9]; thus, the cross-point RRAM circuit is very
promising to accelerate webpage ranking for search engines.

In this article, we demonstrate in-memory eigenvector cal-
culation in one step for the ranking of the Harvard500 data
set, which contains 500 relevant webpages of the Harvard
University [10]. To simulate the cross-point RRAM circuit for
PageRank, we developed a statistical RRAM model based on
the experimental observations, featuring eight discrete con-
ductance levels with their corresponding variations. By using
a verify algorithm to control the conductance variations in
the array, we show that the accuracy of PageRank can
reach 95%. Finally, we show the transient simulation of the
PageRank circuit, from which the equivalent throughput and
energy efficiency of the circuit can be estimated. The results
demonstrate improved speed and energy efficiency of the in-
memory computing hardware compared with the conventional
approach.

The RRAM device adopted in this work is composed of
a Ti/HfO,/C stack [11]. To fabricate the RRAM device, a
HfO, film of thickness t,x = 5 nm was deposited by the
e-beam evaporation on a confined graphitic carbon bottom
electrode (BE), and then, a Ti thin top electrode (TE) layer
was deposited without breaking the vacuum. To initiate the
resistive switching (RS) of the device, the forming process was
conducted by applying a dc voltage sweep from 0 to 5 V to the
TE, with the BE being grounded. The resulting soft breakdown
of the dielectric HfO, layer caused the conductive filament
formation and the consequent RS behavior. Set and reset
transitions took place under positive and negative voltages
applied to the TE, respectively.

The RRAM devices had a one-transistor/one-resistor (IT1R)
structure to enable the analog programming of the device
conductance. To this purpose, the gate voltage (V) applied
to the transistor was used to control the conductance level
of the RRAM device. This is shown in Fig. 1, where four
discrete levels of conductance can be obtained with increasing
compliance current Ic, i.e., the Vg-dependent transistor’s
saturation current. The various conductance values can be
stored in the cross-point array to execute in-memory matrix

EXPERIMENTAL DEVICES AND RESULTS
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Fig. 1. Current-voltage characteristics of the multilevel operation of the
RRAM device. The applied Vg is 0.9, 1.0, 1.2, and 1.4 V for the four
curves from the bottom to the top, respectively.

computation in the analog domain. During the computation,
a sufficiently high Vg, e.g., 3.5 V, is applied to minimize the
voltage drop across the transistor.

The dc conduction and RS characteristics of the RRAM
device were collected by a Keysight BISOOA Semiconductor
Parameter Analyzer, which was conducted in a conventional
probe station for electrical characterization.

1. IN-MEMORY PAGERANK
A. Eigenvector Circuit of a Cross-Point RRAM Array

We addressed the evaluation of the eigenvector, namely, the
solution of the matrix equation

Ax = Ix (D

where A is a square matrix, A is an eigenvalue of A, and x
is the corresponding unknown eigenvector. This problem can
be mapped by a cross-point RRAM circuit with a feedback
configuration, as shown in Fig. 2(a), where the conductance
matrix G4 of the cross-point array contains the elements of
matrix A, while the feedback conductance G, of the transim-
pedance amplifiers (TIAs) represents the positive eigenvalue 1.
In the circuit, the output voltage vector v multiplied by G;
yields the cross-point currents that, in turn, are given by the
MVM in the cross-point circuit, namely

Gav=G v )

which is equivalent to (1). As a result, v yields the solution
to the eigenvector equation, thus enabling the eigenvector
computation in one step with the circuit.

The circuit of Fig. 2(a) can be viewed as a closed-loop
integration of the power iteration algorithm [12], where a
single operation is conducted instead of individual discrete
iterations. Note that the single-step operation in the circuit
allows completing the whole (virtual) power iteration in the
analog domain, thus avoiding repeated data transfer from
output to input, and the associated analog-digital conversion.
Due to the high parallelism of the cross-point architecture,
we expect that the MVM computation time does not explicitly
depend on the size of the matrix A. Due to the positive
feedback of the circuit, only the dominant eigenvector, namely,
the one corresponding to the largest eigenvalue, can be com-
puted. Also, to guarantee the circuit capability, G, should be

slightly smaller than the nominal value to provide a loop gain
larger than 1 while maintaining a good accuracy [8].

To experimentally demonstrate the circuit of Fig. 2(a), we
considered the calculation of the dominant eigenvector of a
3 x 3 positive matrix. Fig. 2(b) shows the experimental result
as a function of the analytical solution, while the matrix A is
shown in the inset. The linear relationship in Fig. 2 supports
the hardware-based eigenvector computation in one step. Note
that the circuit in Fig. 2(a) can also address problems with
negative eigenvalues, provided that the analog inverters are
removed. Matrices with both positive and negative entries
can be addressed by splitting the cross-point array in two
arrays [8].

B. RRAM Compact Model

To study the continuous modulation of the RRAM con-
ductance, we conducted 1200 experiments where Vs was
increased from 0.8 to 1.9 V with a step AVg = 0.05 V during
the set transition. The set transition was induced by applying
a triangular voltage pulse to the TE of the device. After each
set transition, the device conductance was measured at low
voltage. Fig. 3(a) shows the measured conductance value for
all the experiments. The mean value g of the conductance
shows an almost linear increase from 2 to 32 xS, which
supports our RRAM device for implementing analog matrix
entries [13]. Note that conductance levels show an intrinsic
variation due to the stochastic filament formation during the
set transition [14].

The RRAM conductance levels follow a normal distrib-
ution, as indicated by the seven equally spaced levels (L,
Ly, ..., L7) in Fig. 3(b) with increasing ug from 2 to 32 uS.
The standard deviation oG of conductance is about 3.8 uS for
each discrete level, in line with previous reports [14], [15].
Due to the clear overlaps between adjacent levels, it might be
difficult to identify the state of a device after programming.
However, assuming that all devices have strong retention,
once the cross-point array is programed to solve a specific
problem, the device conductance values are fixed and no more
recognition of the device state is needed, thus eliminating the
confusion caused by state overlaps. The inset of Fig. 3(b)
shows the distribution of the reset state Lo, indicating a log-
normal distribution with uc = 0.019 uS and oj0gc = 0.29.
The eight conductance levels allow for a 3-bit RRAM to
implement the analog elements. Note the large ratio between
the maximum and the minimum conductance values, namely,
(Gmax/Gmin) = 1684.

C. PageRank of Harvard500

The cross-point eigenvector circuit shown in Fig. 2 can be
straightforwardly used to implement the PageRank algorithm,
as the citation matrix contains only positive entries by def-
inition [9]. To demonstrate the circuit at a relatively large
scale, we solved the PageRank with the Harvard500 data set
of 500 webpages [10].

In PageRank, each page is ranked based on the number
of citations by other pages. The citation matrix C elements
are defined as follows: If page j contains a link to page i,
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Fig. 2. (a) Eigenvector circuit of a cross-point RRAM array, which maps
the eigenvector equation. (b) Experimental eigenvector solution of a
positive matrix, in comparison with the normalized analytical eigenvector.
The matrix is shown in the inset, whose largest eigenvalue is 6.5.
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Fig. 3. (a) 100 traces of RRAM conductance G as a function of Vg. The
blue line is the mean conductance value which increases almost linearly
with V. (b) Distributions of G for an eight-level RRAM from experimental
measurements and the compact model. Seven high conductance levels
are extracted from (a). The inset shows the distribution of the reset
state Lg.

the element C;; is set to 1; otherwise, C;; = 0. More pages
citing one page indicates that the latter is more important.
Also, citation by important pages gives rise to the importance
of the page. Fig. 4(a) shows the citation matrix of Harvard500.
To rank the webpages by their importance, a transition matrix
T is defined according to

pCij :
+0, if 3.Ci; #0
Ty =1 2 Cij tY 3)
1/N, if Zicij:()

where N = 500 is the number of pages, p = 0.85 is the
random walk probability, and 6 = (1 — p) /N is the probability
of randomly picking a page. A uniform probability 1/N is
assigned if a page gets no link. The transition matrix can
be viewed as a stochastic matrix with the largest eigenvalue
always being 1 and the dominant eigenvector giving the
importance scores of the webpages.

Fig. 4(b) shows the resulting transition matrix for
Harvard500. Most entries in the transition matrix have small
values, as the citation matrix is sparse in Fig. 4(a). In partic-
ular, 74.5% of the entries are equal to 3 x 10~4, while 24.4%
of the entries are equal to 2 x 1073, These small values are
implemented by using the reset state of the RRAM devices,
thus simplifying the programming of the cross-point array. The
unique nature of the transition matrix also supports the low
power consumption of the circuit, thus further improving the
energy efficiency of the in-memory PageRank.

(@)1 =

0 log(A)

500

e 500
1 500 1 500

Fig. 4. (a) Citation matrix of Harvard500, with dots indicating a value
of 1, while the rest of the matrix is 0. (b) Logarithmic plot of the transition
matrix for the Harvard500 data set.
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Fig. 5. Mapping result of the transition matrix of Harvard500 by the dis-
crete levels of the RRAM, namely, the ideal value in the transition matrix
as a function of the discrete level, and the corresponding proportion of
discrete levels in the matrix implementation.

To simulate PageRank of the Harvard500 webpages within
the eigenvector circuit, the transition matrix 7 was mapped
in a cross-point array where RRAM devices were assumed to
obey the 3-bit compact model of Section III-B. Fig. 5 shows
the amplitude and proportion of each level in the discretized
matrix T. The top 0.04% largest entry in T were mapped by
L7, while other entries were mapped by lower levels. Due
to the unique structure of T, only six levels were needed to
map the whole matrix, with 99% of the matrix entries falling
within L.

Fig. 6(a) shows the dominant eigenvector of the discretized
transition matrix, namely, the importance score of each Har-
vard500 webpage, obtained by the SPICE simulation of the
cross-point circuit. Fig. 6(b) shows the correlation between
the computed score and the analytical solution of the original
transition matrix. The cosine similarity, defined as Cosim =
(x1-x2)/(lx1ll - llx21l), where vectors x; and x, represent,
respectively, the ideal and simulated scores and ||| is the
Euclidean norm, is equal to 0.98. Cosim appears a suitable
figure of merit for the correctness of the webpage ranking,
as it is more affected by the more important pages with high
score. Fig. 6(c) illustrates the ranking result of the top-10 pages
from the ideal analytical solution (left) and the simulation
results (right). Compared with the ideal solution, only one
page is missed out, which is ranked in the 14th place in the
simulation, while the 11th page in the ideal solution is ranked
in eighth place in simulation. Some of the positions of the
other nine pages are interchanged, which would not impose an
obvious influence in the search results. These results support
the feasibility of implementing the PageRank with discrete
conductance levels of RRAM device.
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Fig. 6. PageRank results for the discretized transition matrix.
(a) Normalized importance scores of the 500 pages. (b) Simulated score
as a function of the ideal solution, with a Cosim of 0.98. (c) Comparison
between the ideal (left) and the simulated (right) ranking results of the
top-10 positions.
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Fig. 7. (a) Conductance level distribution of the transition matrix map-
ping according to the RRAM statistical model considering conductance
variations. (b) PageRank results from the RRAM, as a function of the
ideal solution, showing a relatively low Cosim of 0.87.
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Fig. 8. PageRank results with a program-verify algorithm. (a) Conduc-
tance level distribution of the matrix mapping result by the RRAM model
with a single verify pulse. (b) PageRank results from the program-verify
RRAM model transition matrix, as a function of the ideal solution, showing
a significantly improved Cosim. (c) Comparison between the ideal (left)
and the simulated (right) ranking results of the top-10 positions.

While simulations in Fig. 6 assume idealized distributions
with zero standard deviations, a more realistic study should
consider the conductance variation of each level in the cross-
point array. Fig. 7(a) shows the conductance level distribution
of mapping the transition matrix of Harvard500, assuming that
the experimental deviation og = 3.8 S in Fig. 3(b). The
dominant eigenvector of the transition matrix T mapped by
the discrete and statistical RRAM model was simulated in
the circuit. Fig. 7(b) shows the correlation between the sim-
ulated scores and the ideal values, indicating a relatively low
Cosim of 0.87. To improve the ranking accuracy, we adopted
a program-verify algorithm aimed at reducing the device
variation for matrix implementation. In the program-verify
technique, if the device conductance falls out of the central +o
range of the target level, an additional programming operation

¢¢$$

Cosim

O Restriction = & o,

0.8 A Restriction= £0.50; |

0 1 2 3 4 5
Verify pulse

Fig. 9. Average Cosim as a function of the number of verify pulses,
with corresponding standard deviations. Ten simulations were conducted
for each verify scheme. The targeted conductance is restricted in the
+o0 or +£0.50 range.

is executed. Fig. 8(a) shows the resulting conductance dis-
tribution for the program-verify technique. Fig. 8(b) shows
the simulated dominant eigenvector, indicating a significantly
improved Cosim = 0.93. The webpage ranking in Fig. 8(c)
shows that nine pages appear in the top-10 positions though
the missed page is more deviated from the correct position.

We have systematically studied the impact of the verify
algorithm on ranking accuracy. Fig. 9 shows the calculated
Cosim as a function of the number of verify pulses. For each
verify, simulations were carried out. The single-pulse verify
scheme provides the most significant improvement for the
ranking result, with the average Cosim increasing from 0.85 to
0.93. As the number of verify pulses increases, the accuracy
reaches a saturation region of Cosim = 0.95. The program-
verify algorithm, thus, improves the accuracy of the eigenvec-
tor circuit to implement the PageRank algorithm. If the device
conductance is constrained within the central £0.5¢ range
for the verify scheme, an even higher Cosim up to 0.97 can
be achieved, which, however, increases the time and energy
consumptions for device programming, thus implicating an
accuracy-time tradeoff. Another important concern about the
cross-point circuit is the wire resistance, especially for large
array implementations. To alleviate its impact on the results
of the ranking, optimized memory devices operating with
relatively high resistance values can be used [5], [8]. Also,
adopting intermediate interconnect technology nodes for cross-
point arrays is helpful to keep the wire resistance sufficiently
low though in contrast with the aggressive downscaling of
conventional high-density memory [16].

IV. PERFORMANCE ANALYSIS

To study the throughput and energy efficiency of the eigen-
vector circuit for PageRank computation, we simulated the
transient behavior of the circuit to compute with SPICE.
Fig. 10 shows the simulated output voltages as a function
of time for all 500 webpages, indicating a response time of
43.8 us to reach the norm of error of 0.1% compared with the
steady-state solution. In the simulation, a supply voltage Vpp
of =1 V was provided to the amplifiers, while the maximum
output voltage was limited to 0.5 V.

The performance of the in-memory computing circuit can
be compared with conventional digital computers, where
PageRank is solved by the power iteration method [17].
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Fig. 10. Transient behavior the eigenvector values in Fig. 8 according to
SPICE simulations of the circuit of Fig. 1. The maximum output voltage
was limited to be 0.5 V in the simulation. The normalized result of the
steady-state output voltages gives the importance scores given in Fig. 8.

In this case, for a network of N pages, the required number
of floating-point operations is zN?, where z is the number
of iterations. We simulated the power iteration method in
MATLAB for the case in Fig. 8, resulting in 32 iterations to
achieve the same accuracy as the eigenvector circuit. During
the power iteration simulation, the same initial solution as
in Fig. 10 was assumed, which is the noise voltages of inverters
in SPICE. As a result, the equivalent throughput of the in-
memory circuit is (32 -500%)/(43.8-107%) = 0.183 tera-
operations per second (TOPS).

The power consumption of the circuit was estimated by
summing the product of the output current and the supply
voltage for each amplifier, which is the lower bound for power
consumption of analog circuits [18], and applies to both the
analog inverters and the TIAs in Fig. 2(a). The resulting power
consumed by the cross-point array and the inverters is given
by

500
Pi= )" Gr,VjVpp =2525 uW @)
ij=1
while the power consumed by the TIAs is given by

500
Py =" G;ViVpp = 252.5 uW. 5)

i=1
Note that P; and P, are equal since the feedback conduc-
tance is identical to the equivalent conductance of the RRAM
cross-point array, as expressed by (2). The overall power
consumption is, thus, 505 uW, corresponding to equivalent
energy efficiency of (0.183/(505-107%)) = 362 TOPS/W.
The low power and, hence, the high energy efficiency of the
circuit are attributed to the relatively low-conductance range
of the memory device, as well as the special structure of
the transition matrix of PageRank, where most elements are
represented by the reset state of the device. Compared with the
energy efficiency of 2.3 TOPS/W of the tensor processing unit
(TPU) [19], the cross-point circuit provides 157 times better
performance, thus supporting the high efficiency of in-memory

computing for practical big-data tasks.

V. CONCLUSION

This article demonstrates an in-memory PageRank accel-
erator based on the cross-point array of RRAM devices.

The RRAM device was experimentally characterized to pro-
vide parameters for a compact statistical model of RRAM.
By using the RRAM model and a program-verify algorithm,
the PageRank of the Harvard500 data set was computed by
the circuit, with a cosine similarity of 95% for the ranking
result with respect to the floating-point solution. Due to the
one-step computing approach and the sparse nature of the
citation matrix in PageRank, the cross-point eigenvector circuit
demonstrates clear advantages over conventional computing in
terms of throughput and energy efficiency. These results sup-
port in-memory computing as a fast, low-power architecture
to accelerate PageRank and other big data tasks.
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