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Emittance Effects on Gain in W -Band TWTs
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Abstract— We consider the main effects of beam emittance
on W-band traveling-wave tube (TWT) performance and gain.
Specifically, we consider a representative dielectric TWT struc-
ture with ∼5 dB/cm of gain driven by a 5-A, 20-keV, sheet
electron beam that is focused by a wiggler magnetic field. The
normalized beam transverse emittance must be about 1 µm or
lower to ensure that both the transport is stable and the gain is
not degraded by the effective energy spread arising from the
emittance. This emittance limit scales roughly inversely with
frequency.

Index Terms— Electron beams, millimeter-wave amplifiers,
traveling-wave tubes (TWTs).

I. INTRODUCTION

NOVEL W -band, and higher frequency, traveling-wave
tubes (TWTs) are achieving new levels of power [1]–[6].

This power increase is enabled by an increase in beam
current, which in turn leads to greater space-charge effects
and increased beam transverse normalized rms emittance.
A beam’s emittance can be considered as a pressure that
defocuses the beam, similar to space charge. Beam emittance
can be caused by, for example, the transverse thermal spread
of the electron emission at the cathode (see Fig. 1) or by
the electron flow around a cathode shadow grid. The beam’s
evolution in the emittance-dominated regime is fundamentally
different from that in the space-charge dominated regime and
it can have a direct impact on a TWT’s performance.

Emittance can affect beam interception during transport,
as discussed in [7]–[9]. In addition, emittance can impact
the stability of beam transport in periodic focusing structures
and can degrade gain. Its effect on transport stability and
gain, along with the intrinsic emittance growth in periodic
focusing structures, are the focus of this paper. It is well
known that emittance degrades the gain in free-electron lasers–
due to the conservation of energy, a large emittance leads to
an effective increased energy spread [10]. We will show that
this same mechanism starts to become important for nominal
W -band TWT parameters, and may be dominant for tubes with
frequencies above W -band.

For this analysis, we consider the parameters associated
with the photonic-bandgap (PBG) W -band TWT project at
Los Alamos [11], [12]. The PBG slow-wave structure is shown
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Fig. 1. Electron gun simulation showing the initial transverse beam velocity
spread from the random thermal electronic motion at the cathode, leading to
an initial beam emittance.

Fig. 2. Notional PBG slow wave structure. The white material is dielectric
with dielectric constant of about 20. The dark areas are vacuum and are
longitudinally uniform. A sheet electron beam is transported through the wide
slot. The holes confine a TM11-like mode over a wide bandwidth; other modes
are not confined.

in Fig. 2, where an elliptical electron beam with a high
aspect ratio interacts with modes in a dielectric structure. The
nominal beam parameters for this device are 5-A current,
20-keV energy, and 1-μm normalized rms emittance in the
beam’s narrow dimension. Periodic wiggler focusing is used
to confine the beam within the narrow beam tunnel in the
structure.

This paper is organized as follows. In Section II, we review
relevant emittance concepts and provide background
emittance definitions. In Section III, we estimate gain for an
example dielectric PBG TWT based on simple arguments.
In Section IV, we determine the maximum emittance that
allows us to stably transport the beam through the beam
tunnel. In Section V, we calculate how the gain is degraded
by the beam emittance using a quasilinear gain analysis. and
in Section VI, we calculate the possible emittance growth due
to nonlinear effects in periodic focusing. Most novel W -band
and higher frequency TWTs under investigation [1]–[6],
[11], [12] are compact and at relatively low voltage (≤20 keV),
therefore, this analysis will be done nonrelativistically
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(except for the definitions in Section II). Extension to
relativistic beam energies is straightforward.

II. RELEVANT EMITTANCE CONCEPTS

The emittance is defined in a transverse dimension
(here for y) at a longitudinal position z along the TWT as

εy,norm = γbβb

√
〈y2〉〈y ′2〉 − 〈yy ′〉2 (1)

where the brackets indicate ensemble averages, the primes
refer to an axial derivative, and γb and βb are the beam’s
relativistic mass factor and velocity normalized to the speed
of light c, respectively. We are most interested in emittance
effects for the case where the beam is focused with a periodic
magnetic field; here, we assume single-plane wiggler focusing
(known as natural focusing), where the focusing is in the
y-direction across the wiggler’s gap. The conclusions are
the same with two-plane focusing and for periodic focusing
relying on the axial magnetic field [i.e., periodic permanent
magnet (PPM) focusing] [13].

Using X2 = 〈x2〉 and Y 2 = 〈y2〉 for the rms beam sizes,
the vertical envelope equation for an elliptical beam is [13]

Y ′′ = −Y

(
e

cmγbβb

)2

B2 + I/IA

γ 3
b β3

b

1

X + Y
+ ε2

y,norm

Y 3γ 2
b β2

b

(2)

where e and m are the electronic charge and mass, respectively,
B is the rms focusing magnetic field, I is the beam current,
and IA is ∼17 kA. Importantly, the emittance defocusing
term in the envelope equation dominates when ε2

y,norm >

(I/IA)Y 3/γbβb(X + Y ), which is achieved for small enough
beam sizes. For nominal beam parameters for W -band TWTs
(5-A, 20-keV electron beams with transverse rms sizes of
0.1 mm × 1 mm), the emittance defocusing dominates if it
is greater than 1 μm. Since thermionic electron guns with
these parameters typically have emittances of 1 μm to a
few micrometers, W -band TWTs are largely operating in the
emittance-dominated regime.

The thermal energy of the emission from the cathode
provides a lower limit on the beam’s transverse rms emittance.
The normalized thermal emittance is given by [14]

εy,therm = Ycath

√
kT

mc2 (3)

which, assuming a nominal temperature of 1200 K, leads to a
lower emittance limit of about εy,therm = 4.5×10−4Ycath. One
way to keep the thermal emittance at or below the threshold of
1 μm is to have a moderately high emission current density,
for instance, by using a long-life scandate cathode operating at
10 A/cm2 [15]. A cathode edge radius of 4 mm (Ycath = 2 mm)
would then produce a 5 A electron beam with a thermal rms
emittance of ∼0.9 μm. Some moderate emittance growth is
likely from the beam dynamics in the diode region, but that
can be kept insignificant for low-perveance designs.

III. NOMINAL W -BAND TWT EXAMPLE

We can use a dielectric structure with a metallic boundary,
see Fig. 3, as a representative example for the PBG slow-wave
structure, where the metal boundary approximates the trapping

Fig. 3. Nominal PBG slow wave structure used in the analysis. Two blocks
of dielectric with constant ε are separated by a vacuum gap δ shown in yellow.
The external metallic boundary surrounding the structure is not shown.

effect of the PBG structure. (It is important to note that the
height and width of the PBG structure will be larger than for
a metal-clad dielectric structure.) We assume a 5-A, 20-keV
beam that travels down a central beam tunnel with a gap of
width δ. We can estimate the gain by treating the gap as a
perturbation. The gain calculated in this way for this substitute
structure compares reasonably well with the gain in our actual
structures [12], numerically determined with CST Microwave
Studio [16] (after some manipulation of the PBG geometry is
made to keep the RF mode centered about the beam tunnel).
This calculation has two purposes: 1) to identify the limit on
the beam tunnel height (and thus the beam height itself), which
is used for the stability analysis of the electron transport in
Section IV and 2) to provide a characteristic gain formula
to use in the analysis of emittance-based gain degradation in
Section V.

We start by assuming that the electric fields for the TM11
mode in the dielectric are the same as if the tunnel is not
present

Ez = E0 sin
(πx

b

)
sin

(
π ŷ

a − δ

)
e j (ωt−β1z)

Ex = − jβπ

h2b
E0 cos

(πx

b

)
sin

(
π ŷ

a − δ

)
e j (ωt−β1z)

Ey = − jβπ

h2(a − δ)
E0 sin

(πx

b

)
cos

(
π ŷ

a − δ

)
e j (ωt−β1z) (4)

where the xy origin is at the lower left corner of the waveguide,
ŷ = y if y ≤ (a − δ)/2 and ŷ = y − δ if y ≥ (a + δ)/2,
and h2 = β2

x + β2
y , with βx = π/b and βy = π/(a − δ).

Note that β1 = (k2
0 − β2

x − β2
y)

1/2
is the axial wavenumber

of the cold dielectric waveguide mode without beam, where
we define k0 = ω(εμ0)

1/2. In addition, we will assume that
the hot RF mode has an axial propagation constant β =
β1 + δβ, where the complex value δβ is small compared with
β1 and its imaginary part is responsible for the structure’s
gain.

The structure’s dielectric constant must be high to synchro-
nize the beam velocity to the RF phase velocity. Next, we find
that dielectric constant. Following that, finding the power flow,
we calculate the coupling impedance and then the gain.

A. Dielectric Constant in the Representative PBG Structure

Assuming that the field is excluded from the beam tunnel,
we find the dielectric constant from matching the mode’s phase
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velocity to the electron beam velocity

vbeam = vphase = 1√
μ0ε

1√
1 − f 2

c / f 2
(5)

where f is the mode’s frequency and ε = ε0εr . The cutoff
frequency is fc = (1/(2

√
μ0ε))((1/(a − δ))2 + (1/b)2)

1/2

which gives us

εr = c2

v2
beam

+ c2

(
1

a−δ

)2 + ( 1
b

)2

4 f 2 . (6)

B. Coupling Impedance for the Dielectric Structure

The nonrelativistic Pierce parameter is C3 =
((Ibeam)/(4Vbeam))Kint, where the coupling impedance
is Kint = ((E2

beam)/(2β2
1 Pave)) [17], Ibeam is the total current

of the electron beam, and Vbeam is the beam voltage. From
the vacuum wave equation, the field at the center of the beam
tunnel (and at the center of the electron beam) is related to
the unperturbed structure mode field by

Ebeam = Ez(x = b/2, y = a/2)

[
cosh

(
ω

vbeam

δ

2

)]−1

. (7)

The average power flow is

Pave =
∫ b

0

∫ a

0

( |Ex |2 + |Ey|2
2ηTM

)
dx dy (8)

where the TM mode impedance is given by

ηTM =
√

μ0

ε

√
1 − f 2

c / f 2, or

Pave = E2
0

ω2π2

8
√

μ0/ε

(
b

a−δ

)
+ ( a−δ

b

)
((

π
a−δ

)2 + (
π
b

)2
)2

√
με

vbeam
. (9)

The coupling impedance is then

Kint = 4π2

εrε0ω

1

(ω/vbeam)3

1
(a−δ)2 + 1

b2

(a − δ)b

×
[

cosh

(
ω

vbeam

δ

2

)]−2

. (10)

C. Gain in the Dielectric Structure

The gain in decibel is given by G = A + BC N where
A is the insertion loss (−9.54 dB) and N is the number
of wavelength over a given distance [17]. Fig. 4 shows the
gain at 95 GHz for different beam tunnel heights as a and
b are changed, keeping the ratio b/a = 5 (with a 20-kV,
5-A beam) constant. Fig. 4 indicates that a maximum allowable
dielectric height a is about 1.5 mm with a maximum tunnel
height δ of about 0.5 mm to achieve ∼5 dB/cm. These rough
estimates are in decent agreement with the detailed structure
simulations [12]. For the analysis in the following, we note
that C = 0.009 for a gain of 5 dB/m.

Fig. 4. Gain versus tunnel height δ for different dielectric heights a with the
width fixed at five times the height. Although the approximations used are
challenged for much of the red line and some of the blue line, these curves
do indicate that a maximum tunnel height is about 0.5 mm and the maximum
dielectric height is about 1.5 mm.

Fig. 5. Required wiggle period and resulting α stability parameter as a
function of beam emittance, assuming a wiggler gap of 2.5 mm and an rms
beam size of 0.075 mm × 0.5 mm.

IV. EMITTANCE IMPACT TO STABLE FOCUSING

Beam emittance impacts the ability to stably focus the
beam through such a narrow tunnel. Here, we assume that
we are using a PPM focusing scheme, specifically a wiggler,
instead of a solenoidal field, in order to eliminate the beam’s
edge curling due to the ExB drift [18]. The peak wiggle
field for a permanent magnet wiggler with magnet block
height λw/2, where λw is the wiggler magnet period, is closely
approximated by

Bw = 1.723Bre−πg/λw (11)

where Br is the remnant field (∼1.27 T for NdFeB and
∼0.9 for SmCo), and g is the gap between the magnet
planes [19]. We can find the required magnetic field for
balanced flow from the envelope equation (2) with Bw = √

2B
(to have the same rms field strength). Assuming a minimum
wiggler gap of 2.5 mm (to accommodate the entire height of
the dielectric structure), we find the wiggle period λw from the
equation above. The Mathieu stability requirement for wiggler
focusing is [13]

α =
(

λ2
w

8π2v2
beam

) (
e2 B2

w

4m2

)
< 0.66. (12)

The wiggle period and the stability parameter are shown as a
function of beam emittance in Fig. 5, where the rms vertical
beam size is about 15% of the tunnel height to minimize
interception (a thorough study of interception in emittance-
dominated transport can be found in [9]). For these conditions,
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Fig. 5 indicates the emittance for low scalloping transport
(α < 0.3) must be <1.5 μm.

V. GAIN DEGRADATION DUE TO EMITTANCE

Free-electron lasers operate in the emittance-dominated
regime. It is well known that how beam emittance degrades
their performance [10]—confining the beam increases the
beam’s transverse motion due to nonzero transverse emittance,
which leads to an effective energy spread, which, in turn,
degrades the beam-wave interaction. Similar degradation is
possible in TWTs; in this section, we calculate the extent of
this degradation.

Specifically, we derive an expression for the decrease in gain
due to a beam’s energy spread using a quasi-linear theory. This
derivation largely follows Watkins original derivation [20] in
order to find the modification to the usual TWT dispersion
function, and then, we use a waterbag energy distribution
(where the beam’s energy distribution is uniform over some
energy interval) to derive an expression for the gain as a
function of rms energy spread. We assume that the gain only
depends on rms quantities and not the exact beam distribution,
which is a common and accurate assumption for accelerator
and beam physics [21], [22].

We separate the distribution and density functions into
dc and RF [with exp( j (ωt − βz)) dependence] components,
ft (z, v, t) = fdc(v) + fRF(z, v, t) and ρt (z, t) = ρ0 +
ρRF(z, t), which are related by ρRF(z, t) = ∫ ∞

−∞ fRF(z, v, t)dv

and ρ0 = ∫ ∞
−∞ fdc(v)dv. As before, we assume that

β = β1 + δβ where δβ is very small and β1 is the axial
propagation constant of the cold RF mode. We also assume
that the beam is synchronous, or β1 = ω/vbeam. To simplify
the derivation, we will additionally assume here that the
electron beam fills the dielectric waveguide. The form of the
degradation in gain for the case the beam is instead confined to
a beam tunnel (as in Section III) is the same as will be found
here, with the gain itself only differing by some geometrical
factors close to unity.

We start with the linearized Vlasov equation

0 = ∂ fRF

∂ t
+ v

∂ fRF

∂z
− eEz(z, t)

m

∂ fdc

∂v
(13)

where Ez is the axial electric RF field, to derive an electronic
equation

j (ω − βv) fRF = −eEz(z, t)

m

∂ fdc

∂v
. (14)

The quasi-linear analysis is simple for a dielectric block.
We use the driven wave equation for the vector potential,
∇2 Az + k2

0 Az = −μ0 J , and the continuity equation to get
the following circuit equation:

(−β2
x − β2

y − β2 + k2
0

)
Az = −μ0ω

β

∫ ∞

−∞
fRF(z, v, t)dv.

(15)

Using

Ez = k2
0 − β2

jωμ0ε
Az (16)

which follows from the Lorentz gauge �∇ · �A =
−(1/(εrc2))((∂)/(∂ t)), we obtain:

Ez = β2
x + β2

y

k2
0 − β2

x − β2
y − β2

j

εβ

∫ ∞

−∞
fRF(z, v, t) dv (17)

as the circuit equation. Combining this with the electronic
equation and integrating by parts gives the quasi-linear
dispersion relation

(
β2

1 − β2) = −(
β2

x + β2
y

) e

mε

∫ ∞

−∞
fdc(v)

(ω − βv)2 dv. (18)

After integration using a waterbag distribution (i.e., f =
ρ0/2vth for the interval vbeam − vth ≤ v ≤ vbeam + vth), we
have this dispersion relation

(
β2

1 − β2)
[(

ω

vbeam
− β

)2

− v2
thβ

2

v2
beam

]
= 2β4

1 C3. (19)

Here, we have used Ibeam = ρ0abvbeam, the fields for the TM11
mode in a dielectric filled waveguide, and have defined
the Pierce parameter as before by C3 = IbeamKint/
4Vbeam, where Kint = ((π2)/(εrε0ω))(1/((ω/vbeam)3))
(((1/(a2)) + (1/(b2)))/(ab)) (there is a factor of four decrease
relative to (10), because the beam is no longer concentrated
at the field maximum and we are ignoring the cosh term
altogether). Importantly, a normal-mode derivation [17] yields
the same form of the dispersion relation and the nature
of the decrease in gain due to a velocity distribution as
shown in (19) is general. We can identify the term depending
on vth in (19) as equivalent to Pierce’s space charge term
4QC, where 4QC = v2

th/βv2
beamC3. The solution for this

form of a dispersion relation is well known, with the gain
being [23], [24]

jβimag = jβ1C

√
3

2

[
1 −

(
vth

3Cvbeam

)2
]
. (20)

The rms velocity deviation from vbeam for a waterbag distri-
bution is vrms = vth/

√
3; so, we can rewrite (20) in terms of

the rms velocity deviation as

jβimag = jβ1C

√
3

2

[
1 −

(
vrms√

3Cvbeam

)2
]

(21)

where, as stated earlier, we assume that the exact distribution
does not largely effect the decrease in gain. The gain is affected
as the velocity spread approaches

√
3Cvbeam.

Next, we calculate the rms energy spread induced from the
emittance. For a monoenergetic beam, the axial velocity is
related to the vertical velocity by v2

z = v2
beam − v2

y , where
v2

beam = 2 eV/m, we are ignoring the beam’s potential
depression, and V is the electron gun voltage. The beam is less
(if at all) confined horizontally so the horizontal divergence
can be ignored.

To calculate vrms, we first find the average beam axial
velocity in terms of the vertical rms velocity which we assume
has a normal distribution about vy = 0 with variance σv . The
deviation in axial velocity from vbeam is �vz = −v2

y/2vbeam.
Integrating over the vertical velocity distribution, we find the
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average deviation to be �vz,ave = −σ 2
v /2vbeam. The axial rms

velocity spread is then

vrms =
√〈

�v2
z

〉 − (�vz,ave)2 = σ 2
v /

√
2vbeam. (22)

From the definition of emittance (1), we obtain σv =
εy,normc/Y or

vrms

vbeam
= 1

2
√

2

ε2
y,norm

Y 2

(
mc2

eV

)
. (23)

Thus, the gain is degraded if the emittance approaches

εy,norm ∼
√

2
√

6

√
eV

mc2 Y C1/2. (24)

For nominal values of V = 20 kV, C = 0.009, and Y =
0.1 mm, the emittance limit is ∼4 μm.

VI. EMITTANCE GROWTH DURING TRANSPORT

In Sections IV and V, we have shown that the beam
emittance needs to be on the order of a couple of micrometers
or less, for nominal W -band TWT parameters. This puts a
limit on both the beam’s initial emittance and the amount
of allowable emittance growth during transport. In 1936,
Scherzer [25] showed that the higher order radial focus-
ing terms are always present in cylindrical magnetic lenses,
leading to an unavoidable aberration in electron microscopes
that limit resolution to 50 to 100 wavelengths. Appling his
theory to beam transport, these aberrations can cause emit-
tance growth. In this section, we will calculate the equivalent
emittance growth from a wiggler field.

Using results from [13], the wiggler field for natural
focusing is given by

Bz = Bw sinh(kw y) cos(kwz)

By = Bw cosh(kw y) sin(kwz) (25)

where kw = 2π/λw . The horizontal velocity with no initial
magnetic field on the cathode is given by the planar Busch’s
theorem [13]

vx = eBw

mkw
cosh(kw y) cos(kwz) (26)

which leads to the following equation of motion:

y ′′ = y

(
eBw

mvbeam

)2 (
1 + (kwy)2

2

)
cos2(kwz). (27)

This nonlinearity is equivalent to that for cylindrical PPM
focusing where the nonlinearity arises from the expansion of
the off-axis field, given by Bz(r, z) = B0(z) − r2 B ′′

0 (z)/4.
We make a worst case bound by calculating the nonlinear

response to this force assuming that the electrons are fixed in
vertical position. In reality, there would be vertical mixing in
emittance-dominated transport. With this approximation, we
consider the emittance growth from this nonlinear response

y ′′ =
(

eBwkw

2mvbeam

)2

y3. (28)

For simplicity, we assume that the beam density is uniform
within an elliptical cross section and we rewrite the wiggle

magnetic field in terms of emittance from (2), leading to these
rms quantities after a short drift of �z

〈y ′2〉 = (�z)2
(

cεy,normkw

2vbeamY 2

)4

2Y 6 (29)

and

〈yy ′〉 = −�z

(
cεy,normkw

2vbeamY 2

)2 4

3
Y 4. (30)

The maximum emittance growth is then

(�εy,norm,max)
2 = v2

beam

c2 (�z)2
(

cεy,normkw

2vbeamY 2

)4 2

9
Y 8 (31)

or

dεy,norm

dz

∣∣∣∣
max

=
√

2π2

3

c

vbeam

ε2
y,norm

λ2
w

. (32)

Note that the emittance growth is independent of beam size,
and only depends on its velocity and emittance, and the wiggle
period. For our nominal beam parameters (20 keV beam with
an emittance of a few micrometers and a wiggle period of
about (1/2) cm), we find an emittance growth rate of about
1 μm/cm which could be problematic for a TWT with 50 dB of
gain over 10 cm. Even though this is an upper limit, it indicates
that care must be taken with transport in a wiggler as short
at 10 cm. Note that small emittances will strongly suppress
this emittance growth mechanism, again indicating the need
for submicrometer beam emittances.

VII. CONCLUSION

We have considered the two key emittance effects relevant
to high-frequency TWTs for the case of low beam voltages
requiring a sheet electron beam for high power. For our
example sheet-beam W -band TWT parameters, the emittance
limit for stable transport in a periodic focusing structure is
about 1 μm. Also, the nominal tube gain of about 5 dB/cm is
liable to degrade if the emittance exceeds much over 1 μm.
In addition, we found that beam emittances much larger than
1 μm will stimulate even greater emittance growth in transit.

Although this analysis was done for our nominal beam
and TWT parameters, these results are general. Note that
the emittance limit is lower at higher frequency, because the
beam size scales proportional with wavelength (at least in
one dimension). From (24), we directly see that the beam
emittance needs to decrease linearly with wavelength to avoid
gain degradation (assuming C stays constant). The emittance
dependence for stable transport is more complicated, but ends
up with roughly the same scaling. From (10), Bwλw should
be kept constant. Assuming all sizes (including the wiggler
dimensions) scale with wavelength, the wiggler peak field can
scale inversely with wavelength. From (1), the emittance also
needs to scale with wavelength.

Roughly speaking, since the threshold emittance at W -band
is about 1 μm, it is about 0.4 μm at 220 GHz and 0.1 μm
at 1 THz.

Also, note from (32) that the scaling of the possible emit-
tance growth from periodic focusing nonlinearities makes this
effect worse at higher frequencies. To mitigate this, a quadru-
pole focusing lattice could be used (for either cylindrical or
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sheet beams) [26], which would suppress this type of emittance
growth.

A major consequence of this analysis is the observation
that conventional cylindrical thermionic guns and guns using
field emitters will likely not be suitable for high-power
(i.e., high current) TWTs at W -band and higher frequencies.
References [7], [8] show that the cylindrical low-perveance
nongridded guns have emittances of 2 μm to a few μm
and field emitter guns have emittances of about 10 μm. The
required reduction in beam emittance can be achieved by
increasing the current density on the cathode for cylindrical
guns [see the scaling in (3)], using an elliptical cathode
geometry [27], [28], or by using an emittance partitioning
scheme like a flat beam transform (FBT) [29], [30]. An FBT
design approach for a thermionic gun suitable for a W -band
TWT was given in [31].
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