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Elliptic Stochastic Fields in Reverberation Chambers
Luk R. Arnaut, Senior Member, IEEE

Abstract—A theoretical and experimental characterization of
complex elliptic random fields inside a reverberation chamber is
performed. The real and imaginary parts of the pseudovariance
and noncircularity quotient are found to be simultaneously nonzero
and to have comparable magnitudes, in general. The I/Q statistical
anisotropy and correlation have a spectral envelope that is robust
under varying experimental conditions and decays at −5 dB per
decade, on average. Expansion coefficients for a circular random
base field are extracted for a widely linear field representation.
Joint, marginal and conditional probability density functions are
derived for both the unconditional and the directional energy and
for the phase. An iterative stochastic algorithm is developed for the
systematic extraction of the sampling distributions. These distribu-
tions provide increased model accuracy and improved agreement
with empirical distributions, provided the constellation of sample
stir data conforms to a symmetric complex elliptic distribution.

Index Terms—Complex elliptic distribution, random field,
reverberation chambers, stochastic modeling.

I. INTRODUCTION

IN the characterization of dynamic complex electromagnetic
(EM) environments based on stochastic methods, first-order

probabilistic [1], [2] and second-order spectral [3], [4] density
functions are essential tools. In EMC, these enable the statistical
quantification of system reliability, immunity, risk, and safety.
In particular, accurate models for the probability density func-
tions (PDFs) are needed for estimating the probability of failure,
uncertainty quantification based on propagation of probability,
confidence intervals, extreme-value distributions, etc.

The usual working assumption in modeling random EM fields
is that of circularity, i.e., independent and identical distributed
in-phase (I-) and quadrature (Q-) components of the complex-
valued time-harmonic field phasor (exp(jωt) time dependence
assumed). For ideal Gaussian fields, circularity is equivalent to
uncorrelated I/Q components with identical I/Q variances. Cir-
cularity leads to statistically homogeneous, isotropic, unpolar-
ized, incoherent random fields [1], [3], [4]. Although statistical
field anisotropy of Cartesian components and finite-sample ef-
fects have served as useful departures for realistic random fields,
the effect of noncircularity on the distribution of field magni-
tude, power, and phase remains to be investigated generally and
systematically, which is the subject of this paper. Explicit results
for several special cases were reported in [5].
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In the context of EMC, mode-tuned and mode-stirred re-
verberation chambers (MT/MSRCs) offer an environment for
studying quasi-static or dynamic random fields, respectively. In
overmoded conditions, modeled by an angular spectrum of ran-
dom plane waves, circularity arises are a result of the local inco-
herent superposition of multiple reflected waves whose range of
phase differences is well in excess of 2π. Thus, even an initially
linearly polarized CW excitation field (I-component) rapidly
tends toward circularity (I/Q balance) at the receiving antenna
because of 1) a large number of reflections and 2) path length
differences in excess of the wavelength. While a large number
of reflections is essential in order to make statistical modeling
feasible, differences in path lengths can be limited, resulting in
an imperfect mixing (randomization) of the reflected field and
a smaller spread among Q- compared to I-fields.

While the exposition in this paper focuses on the EM field,
the methods also apply to other complex-valued stochastic EM
quantities, e.g., current, permittivity, conductance, wavenumber,
near-field energy or power, etc. Moreover, in wireless communi-
cations, noncircularity also arises in certain digital modulation
schemes (BPSK, PAM, etc.). Precise knowledge of their statis-
tics is important to optimize the transmission.

II. THEORY

A. Complex Elliptic Field

For later use, we briefly review and extend some definitions
relating to noncircularity.

1) Definitions: Let E ′ and E ′′ denote the I- and Q- compo-
nents of a complex-valued random electric field E ≡ E′ + jE ′′

at frequency f with complex conjugate E∗. Second-order prop-
erties of E are governed by its (real) variance

σ2
E

Δ= 〈(E − 〈E〉)(E − 〈E〉)∗〉 = σ2
E ′ + σ2

E ′′ (1)

and its (complex) pseudovariance τE ≡ τ ′
E + jτ ′′

E [6], [7]

τE
Δ= 〈(E − 〈E〉)2〉 = σ2

E ′ − σ2
E ′′ + j2σE ′,E ′′ (2)

with ρE ′,E ′′
Δ= σE ′,E ′′/(σE ′σE ′′) obtained as the (real) I/Q cor-

relation coefficient. For second-order circular random fields, I
and Q are statistically balanced (σ2

E ′ = σ2
E ′′) and uncorrelated

(ρE ′,E ′′ = 0), whence τE = 0. In this case, the second-order
properties of E are solely governed by its variance.

The noncircularity quotient �E ≡ �′E + j�′′E is the correlation
coefficient between E and E∗ [8]. From (1) and (2), we obtain

�E
Δ= ρE ,E ∗ =

τE

σ2
E

(3)

=
σ2

E ′ − σ2
E ′′

σ2
E ′ + σ2

E ′′
+ j

[
1
2

(
σE ′

σE ′′
+

σE ′′

σE ′

)]−1

ρE ′,E ′′ (4)
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Fig. 1. Contributions to �E as a function of σE ′′/σE ′ . The equal ordinate
values of the points indicated by the symbols demonstrate that I/Q anisotropy
and I/Q correlation are exchangeable.

i.e., a function of σE ′′/σE ′ [9] and ρE ′,E ′′ . The real part �′E
measures the statistical I/Q anisotropy, i.e., the difference be-
tween the spreads of I- and Q-fluctuations relative to their overall
(combined) variance [11], whereas �′′E depends on both the I/Q
correlation and the imbalance σE ′′/σE ′ . In quantum electrody-
namics, �E is known as the phase rigidity [12].

The tangent of the correlation angle ϑE , i.e.,

tan ϑE
Δ=

τ ′′
E

τ ′
E

=
[
1
2

(
σE ′

σE ′′
− σE ′′

σE ′

)]−1

ρE ′,E ′′ (5)

measures the I/Q correlation relative to the I/Q anisotropy. Note
that statistical planar field anisotropy and mutual correlation
as in (4) for the intensities of two Cartesian spatially orthogo-
nal fields was previously studied in [10] and [11, Section 5.2].
Here, the focus is instead on electrically orthogonal I- and Q-
components, for a single spatial direction.

Fig. 1 shows the dependencies of |�′E |, |�′′E /ρE ′,E ′′ |,
ρE ′,E ′′cotϑE , and |�E | on σE ′′/σE ′ , the latter for ρE ′,E ′′ =
0.25. One effect of nonzero ρE ′,E ′′ is the reduced sensitivity
(slope) of |�E (σE ′′/σE ′)| compared to �′E (σE ′′/σE ′), particu-
larly near I/Q balance (σE ′′/σE ′ = 1). When ρE ′,E ′′ = 1, this
variation is completely eliminated (|�E | = 1, ∀σE ′′/σE ′). Fur-
thermore, |�E | increases with |ρE ′,E ′′ |, for arbitrary σE ′′/σE ′ .
This can be conceived as an effective shift of σE ′′/σE ′

toward 1 for constant |�E |. For example, for ρE ′,E ′′ = 0
(i.e., |�E | ≡ �′E ), choosing σE ′′/σE ′ = 0.775±1 yields |�E | =
−6.02 dB, which is also obtained for ρE ′,E ′′ = 0.25 when
σE ′′ = σE ′ . More generally, for any (�′E , �′′E ) �= (0, 0), e.g.,
when (σE ′′/σE ′ , ρE ′,E ′′) = (0.902, 0.254) �= (1, 0), one can ex-
change this pair for (0.759±1 , 0) or (1, 0.269) while maintaining
|�E | = −5.70 dB (see symbols in the figure). Thus, statistical
I/Q anisotropy and I/Q correlation are fully exchangeable for ar-
bitrary |�E |. This aspect will be important in the interpretation
and implications of (10) in Section II-B1.

Fig. 2. Components aEc and bE∗
c of the WL expansion (6) for E − μE .

Mutually perpendicular solid and dashed lines represent in-phase and quadrature
components of Ec , respectively (left figure), which are then mirrored to E∗

c and
scaled in length by |b|/a (middle figure), followed by rotation by arg(b) (right
figure).

2) Widely Linear (WL) Composition: The ellipticity of an
arbitrary random field E can be regarded as a perturbation to
its ideal circularity. Consider a zero-mean circular complex ran-
dom field Ec = E ′

c + jE ′′
c , which may be Gaussian or other. Its

I- and Q-components can be individually scaled by differ-
ent (real) factors cR and cI to yield the linear composition
E = μE + cRE ′

c + jcI E
′′
c . The WL representation of E is, for

complex a, b [13] (see Fig. 2)

E = μE + aEc + bE∗
c . (6)

In particular, Ec can be standardized to a unit base field Ec,0 (i.e.,

μEc , 0 = 0, σEc , 0 ≡
√

2σE ′
c , 0

=
√

2σE ′′
c , 0

Δ= 1, ρE ′
c , 0 ,E ′′

c , 0
= 0).

Choosing a = 1 thus results in

E = μE + σEc

(
Ec,0 +

b

σEc

E∗
c,0

)
. (7)

As such, (b/σEc
)(E∗

c,0/Ec,0) defines a complex fractional
change to Ec,0 that yields E. With the variance σ2

E = σ2
Ec

+ |b|2
and pseudovariance τE = 2σEc

b for a specified (i.e., measured)
E, these yield three scalar equations, from which the model
parameters (b′, b′′, σEc

) follow as

b′ =
τ ′
E

2σEc

, b′′ =
τ ′′
E

2σEc

, σEc
=

σE√
2

√√√√1 +

√
1 − |τE |2

σ4
E

(8)

whence, with (4), limτE /σ 2
E →0(b/σEc

) = �E /2.
The merit of the WL representation for noncircular E lies in

the fact that methods and theorems for time-harmonic random
circular EM fields and currents can be easily extended to elliptic
fields (modulated or randomized) by an appropriate linear com-
bination of a circular phasor and its complex conjugate. Thus,
the phasor representation of E = |E| exp(jφ) becomes

Re[E exp(jωt)] = Re[|a||Ec | exp(jωt + φc + φa)]

+ Re[|b||Ec | exp(jωt − φc + φb)]. (9)

B. Intensity, Energy, and Power

1) Ensemble Distributions: The stochastic representation
and generation of PDFs for multidimensional elliptic
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Fig. 3. PDF fU (u) for intensity of elliptic field U = |E |2 , for selected values
of |�E |.

random fields is detailed in the appendix. There, it is shown
using complex stochastic calculus that for a 2-D elliptic Gaus-
sian E, the ensemble PDFs of the intensity (normalized en-

ergy) U ≡ |E|2 = E ′2 + E ′′2 Δ= U ′ + U ′′ and phase angle Φ Δ=
tan−1(E ′′/E ′) are

fU (u) =
exp

[
− u

σ 2
E (1−|�E |2 )

]
σ2

E

√
1 − |�E |2

I0

(
|�E |

σ2
E (1 − |�E |2)

u

)
(10)

fΦ(φ) =

√
1 − |�E |2

2π[1 − |�E | cos(2φ − ϑE )]
(11)

for 0 ≤ u < +∞ and −π ≤ φ < +π, respectively.
Fig. 3 shows (10) for selected |�E |. Increasing |�E | increases

the kurtosis, including a heavier tail. The latter is of particular
importance for characterizing extreme values in EMC (immu-
nity and emissions testing) and in wireless communications
(fading). The phase PDF fΦ(φ) exhibits oscillatory nonunifor-
mity that increases with |�E |, manifesting itself in two peaks
centered at φ = ϑE /2 and ϑE /2 + π, signifying an increased
concentration of scattered data near the major axis of the con-
centric ellipses of equiprobability density (with a consequent
depletion near their minor axis). For circular fields (�E = 0),
the well-known negative exponential (χ2

2) PDF for U and asso-
ciated uniform PDF for Φ [1] are retrieved as special cases of
(10) and (11).

The discussion of Fig. 1 now applies to the dependence of
fU (u) on |�E |: the case of nonzero I/Q correlation ρE ′,E ′′ with
an arbitrary σE ′′/σE ′ (see purple asterisk in Fig. 1) can be ex-
changed for either one of the two points with vanishing ρE ′,E ′′

but different σE ′′/σE ′ (blue circles), while still achieving the
same |�E | and, hence, fU (u). Conversely, �′E = 0 can be made
to vanish (σE ′′ = σE ′) while increasing ρE ′,E ′′ to the same effect
(green square).

Unlike for circular fields, the PDF of the full energy of an
elliptic field based on a particular selected I/Q direction (phase)

Fig. 4. Contour plot of σU |Φ /σ2
E for ϑE = 100◦ as a function of |�E |

and φ.

φ is no longer independent of φ, viz.,

fU |Φ(u|φ) =
fU,Φ(u, φ)

fΦ(φ)
=

1 − |�E | cos(2φ − ϑE )
σ2

E (1 − |�E |2)

× exp
[
−1 − |�E | cos(2φ − ϑE )

σ2
E (1 − |�E |2)

u

]
(12)

i.e., a χ2
2 PDF with a rescaled standard deviation

σU |Φ =
1 − |�E |2

1 − |�E | cos(2φ − ϑE )
σ2

E (13)

that depends on the direction φ of cutting the joint PDF “cloak”
fU,Φ , whose ellipses of equiprobability density have an orien-
tation and aspect ratio that depend on �E . As an example, the
dependencies of σU |Φ/σ2

E on |�E | and φ for ϑE = 100◦ and
σ2

E ≡ σU (�E = 0) are shown in Fig. 4.
As an engineering application, the PDF (12) is relevant in I/Q

demodulation of quasi-stochastic communication signals, e.g.,
for COFDM, where guard intervals contain decaying echoes.
The interval length must be sufficiently long in order to avoid
intersymbol interference, whose level is a function of the echo
intensity. To this end, the maximum echo delay time for the
COFDM signal must be determined, requiring accurate knowl-
edge of fU (u). The transmission can be emulated and assessed
using, e.g., a vector modulation analyzer [14]. In detection prob-
lems, variates that depend on multiple values of Φ are of interest,
e.g., for the ratio (U1 |Φ = φ1)/(U2 |Φ = φ1 + π/2) for two per-
pendicular directions in the I/Q plane, which follows from (12)
as a Fisher–Snedecor F (2, 2) variate.

Conversely, and again unlike for circular fields, the I/Q phase
can be estimated conditional-probabilistically from the energy
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based on

fΦ |U (φ|u) =
fU,Φ(u, φ)

fU (u)
=

[
πI0

(
|�E |u

σ2
E (1 − |�E |2)

)]−1

× exp
{

|�E |u
σ2

E (1 − |�E |2)
cos[2φ − ϑE ]

}
. (14)

For the amplitude (envelope) A ≡ |E| ∝
√

U , the PDF follows
from (37) as fA (a) = 2afU (a2), i.e.,

fA (a) =
2a exp

[
− a2

σ 2
E (1−|�E |2 )

]
σ2

E

√
1 − |�E |2

I0

(
|�E |

σ2
E (1 − |�E |2)

a2
)

.

(15)

Note that (15) differs from a Nakagami–Rice PDF for a constant
biasing phasor plus random circular phasor—in the present con-
text, a line-of-sight (unstirred) field plus ideal reverberant (mul-
tipath) field—in that the argument of I0(·) is proportional to a2

rather than a. Both PDFs can be merged, formally,1 by “random-
izing the bias” in replacing it with a|�E |/2, in conjunction with
reducing the (circular) variance σ2

E to σ2
E (1 − |�E |2). For the

contribution of �′E , this is easily understood from (2) because
“stretching” the marginal PDF for I or Q produces a phase bias
in the randomization. For �′′E ∝ ρE ′,E ′′ , which is symmetric in I
and Q, this may seem less obvious. However, recall that a purely
imaginary �E causes a stretch of the joint PDF along the bisec-
tor E ′ = E ′′ in the I/Q plane in order to maintain σE ′ = σE ′′ ,
causing a bias for the probability density for this direction.

For the directional I-energy U ′ (or, similarly, the Q-energy
U ′′), its PDF follows from (30) with [15, eq. (3.323.2)] as

fU ′(u′) =
exp

[
− u ′

2(1−ρ2
E ′ , E ′′ )σ 2

E ′

]

4πσE ′σE ′′

√
1 − ρ2

E ′,E ′′

√
u′

×
∫ +∞

−∞
exp

[
2ρE ′,E ′′σE ′′

√
u′x − σE ′x2

2(1 − ρ2
E ′,E ′′)σE ′σ2

E ′′

]
dx

=
1

2
√

2πσ2
E ′

exp
[
− u ′

2σ 2
E ′

]
√

u′
(16)

i.e., a χ2
1 PDF, independent of σ2

E ′′ and ρE ′,E ′′ . The corre-
sponding I-amplitude A′ exhibits a semi-Gaussian χ1 PDF
fA ′(a′) = (1/a′) exp[−a′2/(2σ2

E ′)]/
√

2πσ2
E ′ .

2) Sampling Distributions: The PDFs (10) and (11) repre-
sent ensemble densities, containing σE ′( ′) and ρE ′,E ′′ as deter-
ministic parameters with assumed known values. For statisti-
cally inhomogeneous fields, these parameters are themselves
subject to uncertainty or fluctuations (e.g., as a function of an-
tenna location/orientation). This necessitates the use of sampling

1Note that this particular randomization is fully correlated with the circular
field, as it is proportional to a. Hence the stated argument is a heuristic one,
because a proper conditional PDF should be used.

PDFs with the number of degrees of freedom (NDoF) (effective
sample size) N as a distribution parameter.

Ensemble PDFs of a complex normal circular E yield Bessel
K sampling PDFs for dimensioned E, |E|, and |E|2 [16]. In
particular, Bessel K PDFs of order p = 1/2 represent sampling
PDFs for an individual normal I- or Q-component |E′(′) |2 with
an ensemble χ2

1 PDF. In [17], it was demonstrated that such
sampling PDFs—despite corresponding to the simplest (viz.,
circular normal) PDF for ensemble E—can yield closer agree-
ment with the empirical distribution of |E|2 , compared to the
agreement with Bessel I ensemble distributions, even though
the latter originate from a more sophisticated complex elliptic
normal PDF of E. Whether a Bessel K (sampling) PDF for
circular E offers better agreement with an empirical PDF than
a (ensemble) Bessel I PDF for elliptic E for a particular dataset
depends on 1) the NDoF because a relatively low value allows
for matching heavier tails, and 2) |�E | being not too close to
1, in order that the model ensemble PDF is not oversimplified.
Indeed, [17, Fig. 3] has shown that these different aspects may
lead to better agreement with either Bessel K PDFs (for |Ex |2
and |Ey |2) or Bessel I PDFs (for |Ez |2).

Naturally, sampling distributions for an elliptic ensemble E,
associated with (37) and (39), are expected to offer superior
agreement with measured data in any case. Such agreement is
of course in the mean, particularly at lower frequencies and
in the tails of the PDF, where ensemble distributions typically
exhibit poorer correspondence.

a) Incoherent Detection (Scalar Measurement): In (phaseless)
square-law detection, the sampling PDFs of U ∝ |E|2 and Φ
can be calculated from their ensemble PDFs by considering the
latter as conditional ones for supplementary PDFs of the sample
variance and the correlation coefficient as follows. Following
[16], fU follows as the marginal PDF2

fU =
∫ ∫

fU,S 2
E ,RE , E ∗ ds2

E drE ,E ∗ (17)

where S2
E and RE,E ∗ are the sampled σ2

E and ρE ,E ∗ ≡ �E ,
respectively, and

fU,S 2
E ,RE , E ∗ = fU |(S 2

E ,RE , E ∗ ) · fS 2
E ,RE , E ∗ (18)

is the (joint) total PDF of U , S2
E , and RE,E ∗ , while the condi-

tional PDF of U is

fU |(S 2
E ,RE , E ∗ ) =

exp
[
− u

s2
E (1−|rE , E ∗ |2 )

]
s2

E

√
1 − |rE ,E ∗ |2

×I0

(
|rE ,E ∗ |

s2
E (1 − |rE ,E ∗ |2)u

)
. (19)

If S2
E and RE,E ∗ can be considered to be mutually independent,

then their joint PDF fS 2
E ,RE , E ∗ follows as

fS 2
E ,RE , E ∗ = fS 2

E
· fRE , E ∗ . (20)

2For simplicity of notation, we omit the argument of the PDFs if there is no
possible confusion, i.e., fX ≡ fX (x).
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Denoting S
(+)
E

2
≡ S2

E and S
(−)
E

2
≡ T 2

E where S
(±)
E

2 Δ= S2
E ′ ±

S2
E ′′ , then both f

S
(±)
E

2 follow with [15, eq. (3.382.2)] as

f
S

(±)
E

2 =
∫ s

(±)
E

2

0
fS 2

E ′
(s2

E ′) · fS 2
E ′′

(±(s(±)
E

2
− s2

E ′))ds2
E ′

= c
S

(±)
E

2 ·
(
s

(±)
E

2)N
2 −1

exp

[
(N − 1)γ(±)

E

4
s

(±)
E

2
]

× IN
2 −1

[
(N − 1)γ(∓)

E

4
s

(±)
E

2
]

(21)

in which γ
(±)
E

Δ= σ−2
E ′ ± σ−2

E ′′ , where fS 2
E ′( ′)

are scaled χ2
N −1 sam-

pling PDFs obtained by variate transformation of [16, eqs. (8)–
(10)] for p = 1 (i.e., [18, eq. (41)]), with normalization constants

c
S

(±)
E

2 =

(
N −1

2

)N
2 Γ

( 1
2

)
Γ

(
N −1

2

)
(σ2

E ′σ2
E ′′)

N −1
2

(
γ

(∓)
E

)N
2 −1

. (22)

The PDF of the sample circularity quotient RE,E ∗ , i.e.,

RE,E ∗
Δ=

TE

S2
E

=
S2

E ′ − S2
E ′′

S2
E ′ + S2

E ′′
+ j

RE ′,E ′′

S2
E ′ + S2

E ′′
(23)

follows by further variate transformations, assuming that the
terms and factors constituting (23) are at least approximately
independent and recalling the sampling PDF of the Pearson I/Q
correlation coefficient [19]

fRE ′ , E ′′ =
(N − 2)Γ(N − 1)(1 − ρ2

E ′,E ′′)
N −1

2

√
2πΓ(N − 1

2 )

×
(1 − r2

E ′,E ′′)
N −1

4

(1 − ρE ′,E ′′rE ′,E ′′)N − 3
2

× 2F1

(
1
2
,
1
2
;N − 1

2
;
1 + ρE ′,E ′′rE ′,E ′′

2

)
(24)

where 2F1(·) represents a hypergeometric series [15, eq.
(9.100)]. The sampling PDFs assume equal NDoFs N ′ for E ′

and N ′′ for E ′′ (N ′ = N ′′ Δ= N ). In practice, N ′ �= N ′′ (cf.,
Section III-G) and one may define, e.g., N = (N ′ + N ′′)/2 or√

N ′N ′′. If the distribution parameters are not statistically in-
dependent, more appropriate PDFs fS 2

E ,RE , E ∗ are needed.
The sampling PDF of Φ follows in an analogous manner as

fΦ =
∫

fΦ |RE , E ∗ · fRE , E ∗ drE ,E ∗ . (25)

Sampling distributions for the axial ratio and tilt (cf., Section
III-E) of the equidensity ellipses for E can also be derived based
on (21) and (24).

b) Coherent Detection (Vector Measurement): For a vector
(I/Q-) detector, the sampling PDF for U can be based on indi-
vidually measured I- and Q-components. Hence, it is obtained
from the sampling joint PDF of E and E∗, followed by variate

transformation to |E|2 and Φ. The sampling PDF of E and E∗

follows as the marginal PDF

fE ,E ∗ =
∫ ∫

fE ,E ∗,S 2
E ,RE , E ∗ ds2

E drE ,E ∗ (26)

in which the joint PDF can be factorized as fE ,E ∗,S 2
E ,RE , E ∗ =

f(E ,E ∗)|(S 2
E ,RE , E ∗ ) · fS 2

E ,RE , E ∗ . Subsequent expansions and cal-
culations proceed similarly to the incoherent case.

III. MEASUREMENT RESULTS

A. Measurement Configuration

Complex S-parameter data were measured in a 8.7 × 3.7 ×
2.9 m3 mode-stirred reverberation chamber [20] (first resonance
at f110 � 43.8 MHz), from 40 MHz to 5.040 GHz with a
125-kHz sampling step, using a pair of identical log-periodic
antennas (M = 1000 equiangular stir steps), and again from
100 MHz to 12 GHz, now with a 150-kHz sampling step using a
pair of identical broadband dipole antennas (1400 stir steps). Al-
though the antennas exhibit considerable impedance mismatch
at the lowest and highest measurement frequencies over these
wide bands, previous analysis has shown that this mismatch is of
little significance in considering the ratios of S-parameter-based
quantities [20], pertinent to the present analysis.

B. Variance, Pseudovariance, and Noncircularity

Fig. 5(a) shows σ2
S2 1

(f), |τS2 1 (f)|, and �S2 1 (f) for raw
S21(f) data measured with the log-periodic antennas. The effect
of any impedance mismatch on |τS2 1 (f)| and σ2

S2 1
(f) cancels

in their ratio �S2 1 . Except for values close to unity at very low
frequencies, the envelope of |�S2 1 (f)| decays approximately
as f−1/4 (−5 dB/dec) above 200 MHz, asymptotically ap-
proaching ideal circularity (|�S2 1 (f → +∞)| → 0). Compared

with the net transmission S
(0)
21 (f) Δ= S21(f)/{[1 − S11(f)][1 −

S22(f)]} [see Fig. 5(b)], the envelope |�S2 1 (f)| is highly robust
to such normalization. Compared to |S21 |2 using the dipoles [see
Fig. 5(c)], the slope but not the levels3 of |�S2 1 (f)| are main-
tained. Thus, |�S2 1 (f)| is robust with respect to normalization
and antenna type, but not to antenna position.

C. Relative Contributions of Anisotropy and Correlation
to Noncircularity

1) Spectral Characteristics: To investigate the contributions
to the noncircularity in more detail, absolute values of �′S2 1

(f)
and �′′S2 1

(f) are shown in Fig. 6(a). On average, both ex-
hibit comparable magnitudes per frequency. Thus, statistical
I/Q anisotropy and correlation in reverberation chambers should
not be considered in isolation but are, in general, simultaneously
nonzero. Moreover, both �′S2 1

(f) and �′′S2 1
(f) fluctuate quasi-

symmetrically across positive and negative values, on average

3The change of the average level between |�S 2 1 (f )| and |�
S

( 0 )
2 1

(f )|, and

the relatively small step change in the envelope of |�S 2 1 (f )| at 6.1 GHz in
Fig. 5(c) are due to repositioning of the antennas in between the 0.1 − 6.1 and
6.0 − 12.0 GHz measurement sessions, and are found to be almost exclusively
due to a change of σ2

S 2 1
(f ) rather than τS 2 1 (f ).
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Fig. 5. Amplitude spectra of measured variance (blue), pseudovariance (red),
and noncircularity quotient (black): (a) for raw S21 (f ) using identical log-
periodic antennas; (b) for normalized transmission S21 (f )/{[1 − S11 (f )][1 −
S22 (f )]} using identical log-periodic antennas; and (c) for raw S21 (f ) using
identical broadband dipole array antennas with different locations compared to
(a) and (b).

Fig. 6. (a) Spectra of �′S 2 1
(blue), �′′S 2 1

(red), and |�S 2 1 | (green). (b) Close-up
view of (a) from 40 MHz to 3f110 . (c) Spectrum of arg(�S 2 1 ).

(not shown). In combination with their envelopes decreasing
and the NDoF increasing with frequency (cf., Section III-G),
this suggests the possibility of a zero mean value �S2 1 (f) = 0.
However, as shown in Sections II-B2 and III-H, a substantial
spread in the sampling PDF of �S2 1 , even for a zero ensem-
ble average, still affects the sampling PDFs of U and Φ, thus
increasing their uncertainty.

2) Polar Representation: Fig. 7 shows the polar4 plot of �S2 1

with parameter f . Values of |�S2 1 | are close to their unity max-
imum value (unit circle) at low frequencies where the spectral
variation of �S2 1 is slow (e.g., near f ∼ 60 MHz), corresponding
to low values of |S21 |. As frequency and mode density increase,
�S2 1 (f) gyrates in an roughly spiral-like manner toward the
center (ideal circularity). This spiraling indicates that �′S2 1

and
�′′S2 1

are strongly correlated quantities, reminiscent of earlier
observations of spatial Cartesian scalar field components in the
evaluation of planar field anisotropy and inhomogeneity [11,
Figs. 5.5 and 7.1].5

4Each one of the 20001 data points in Fig. 7 is itself extracted from a 1000-
point scatter plot of S21 at a particular frequency.

5The statistical I/Q anisotropy coefficient (E ′2 − E ′′2 )/(E ′2 + E ′′2 ) in-
volves χ2

1 -distributed E ′2 and E ′′2 , unlike the (Cartesian polarization) field
anisotropy coefficient (|Ex |2 − |Ey |2 )/(|Ex |2 + |E2

y |) [11, (21)], [10], which
involves χ2

2 distributed intensities. Hence for ideal circular fields, the statistical
I/Q anisotropy is no longer uniformly distributed, as is the case for planar field
anisotropy.
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Fig. 7. Constellation diagram of �S 2 1 (f )
Δ
= τS 2 1 (f ))/σ2

S 2 1
(f ) for 20 001

frequency points. Values (−0.599,−0.321) at 40 MHz and (−0.008,−0.021)
at 5.040 GHz are indicated by a red circle and yellow square, respectively. Unit
circle is shown as a visual aid only.

D. I/Q Correlation

1) Correlation Coefficient: The frequency characteristic of

ρS ′
2 1 ,S ′′

2 1
(f) = �′′S2 1

(f)/
√

1 − [�′S2 1
(f)]2 (not shown) is almost

indistinguishable from �′′E (f) in Fig. 6(a) with the same
asymptotic spectral decay of its envelope, except at very low
frequencies [f < 100 MHz; see Fig. 6(b)], where �′S2 1

(f) dif-
fers substantially from zero.

2) Correlation Angle: Fig. 6(c) shows ϑS2 1 (f) =
tan−1 [�′′S2 1

(f)/�′S2 1
(f)]. The rapid approach toward a

uniform distribution at all except the lowest frequencies
confirms that a wide range of relative values of �′′S2 1

(f) and
�′S2 1

(f) occurs, positive as well as negative. Thus, complex
noncircularity must be considered—including zero eccentricity
(ellipticity) or zero correlation as special cases—as ensemble
values or sample values of a corresponding sampling PDF of
RS2 1 ,S ∗

2 1
for �S2 1 (cf., Section II-B2).

E. Ellipticity: Eccentricity and Tilt

As indicated in Section II-B1, when the noncircularity arises
as a perturbation from a circular complex symmetric (e.g., Gauss
normal) PDF, this manifests itself as ellipticity. The equidensity

ellipses of fE ′,E ′′ are characterized by the axial ratio ε(f) Δ=√
|�E (f)| and tilt (orientation) α(f) Δ= ϑE /2 [8]. Thus, on a

logarithmic scale, ε(f) shows a similar frequency dependence
as |�S2 1 (f)| in Fig. 5(a), but now decreasing approximately
as f−1/8 (−2.5 dB/dec). Similarly, α(f) follows as halves of
the values shown in Fig. 6(c). As noncircularity decreases with
increasing frequency, the tilt becomes increasingly less relevant.

Fig. 8. Amplitude spectra of magnitudes of real and imaginary parts and
modulus of bS 2 1 /σS 2 1 , c

, with associated standard deviation σS 2 1 , c
of basis

Ec . The measured σS 2 1 is shown for reference.

Fig. 9. Estimated number of independent stir states Nx (f ) = M/�x (f ) for
two choices of threshold crossing level x for ACFs of S ′

21 and S ′′
21 , with fitted

asymptotic power-law models: (a) N
′( ′)
1/ e (f ) (blue and red dots); (b) N

′( ′)
0 (f )

(black and magenta dots).

F. WL Expansion Coefficients and Base Field

Fig. 8 shows the spectrum of the coefficient bS2 1 for the
WL expansion of S21 and the standard deviation σS2 1 , c

for
the associated circular S21,c , as extracted from the data using
(8). Because of the smallness of |�S2 1 (f)|, the perturbation to
circularity is small, confirmed by the small values of σS2 1 /σEc

and bS2 1 /σS2 1 , c
close to �S2 1 /2 [compare with Fig. 6(a)].

G. Number of Independent Samples

Estimates of the number of independent stir states (NDoF)
N(f) are instrumental as a parameter in the sampling PDFs of
U and Φ, as well as, e.g., in hypothesis testing for the statistical
significance of circularity (|�E | > 0). Fig. 9 shows N

′(′)
x (f) for

two selected threshold levels, x = 0 and 1/e. The former yields
true uncorrelation but is more sensitive to sample fluctuations
and residual inhomogeneity, while the latter is a popular compro-
mise level. The value of N

′(′)
x can be estimated as 2πM/�x(f),

where �x(f) is the correlation length defined by the angular
separation of the rotating mode stirrer for which the (sample)
autocorrelation function (ACF) of S

′(′)
21 (θ|f) crosses the thresh-

old x upon linear interpolation. Large fluctuations in the sample
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values of N
′(′)
0 (f) occur, even for small frequency changes.

Increasing the threshold to 1/e yields a smaller range of fluctu-
ation, but also inevitably higher estimates of N

′(′)
x and, impor-

tantly, a higher rate of increase with frequency. A compromise
value follows by extrapolating the values �

′(′)
1/e to the expected

zero crossings �
′(′)
0

�
of the ensemble ACF sinc(�) for an ideal

circular S21 , i.e., �
′(′)
0

�
= 1.429�

′(′)
1/e and N

′(′)
0

�
= N

′(′)
1/e/1.429.

Whether a functional relationship between �0 and |�E | exists
that enables the latter to be used as threshold-free estimator
of N , remains speculative. Based on their power-law envelope
frequency dependencies, any such a relationship would be of
the form �0 ∝ |�E |κ with κ � 3.

H. Distributions: Empirical Versus Ensemble Versus Sampling
PDFs, Elliptic Versus Circular Field

Fig. 10(a) shows a scatter plot for centered S21 data at
f0 = 178.625 MHz, measured using log-periodic antennas
with listed values of the extracted eccentricity and tilt for
an elliptic field model. For these data, Fig. 10(b) compares
the empirical complementary cumulative distribution function
(CCDF) against various theoretical CCDFs for U ∝ |S21 |2 , i.e.,

1 − FU (u) Δ= 1 −
∫ u

0 fU (x)dx, for circular and elliptic ensem-
ble and sampling PDF models. The sample noncircularity at
this frequency (rS2 1 ,S ∗

2 1
= 0.505 + j0.055) causes considerable

deviation of the elliptic ensemble (Bessel I) CCDF from the
asymptotic circular (χ2

2) CCDF, but is close to the circular sam-
pling Bessel K CCDF for N = 9.8; see below. Significantly
improved agreement6 with the empirical CCDF is obtained by
the elliptic sample CCDF (17) for N = 9.8. While excellent
agreement exists in the “bulk” central part of the distribution
(0 ≤ u/σU < 2), some discrepancy remains in the intermediate
region 2 ≤ u/σU < 6, where the heavier empirical tail sug-
gests that some uncertainty remains unaccounted for, possibly
because the distribution of N has not yet been included in the
model (17), or because any statistical dependence between cer-
tain distribution parameters may be too strong.

At this relatively low f0 , the extracted estimates of N are
small yet differ substantially (N ′

0(f0) = 4.8, N ′′
0 (f0) = 11.5,

N ′
1/e(f0) = 32.7, N ′′

1/e(f0) = 25.4). The best agreement be-
tween the empirical and theoretical elliptic sample CCDFs is
found by fitting the latter to the former using N0 as a free
parameter. Based on minimization of the mean-square devia-
tion between both CCDFs, this value is obtained as N0 = 9.8.
For this value of N0 , small-sample effects are considerable, as
demonstrated by the much heavier tail of the empirical and ellip-
tic sampling CCDFs compared to the elliptic ensemble CCDF.
For the far tail region (u/σU > 6), the agreement is less but can-
not be reasonably expected because 1 − FU (u/σU > 6) < 0.02
is of the order of the sampling resolution for the estimated N0
and the stir set size (N0/M = 0.0098), when statistical prowess
becomes exhausted.

6Improved but slightly inferior agreement was also obtained for a circular
sampling Bessel K CCDF with N � 2, but this value is rather less plausible
from Fig. 9 in this case.

Fig. 10. (a) Scatter plot of measured data S21 (τ ) at f = 178.625 MHz for
1000 stir states (1 ≤ τ ≤ 1000). Asymptotic circular and extracted ensemble
elliptic scatter models (shown with arbitrary scaling) are plotted for reference
only. (b) CCDFs of intensity |S21 |2 : empirical (measured |S21 |2 ), ideal circular
ensemble (χ2

2 CCDF), circular sampling (Bessel K CCDF with N = 9.8),
elliptic ensemble ((10) with |rS 2 1 ,S ∗

2 1
| = 0.508), and elliptic sampling ((17)

with N = 9.8). (c) CCDFs of phase arg(S21 ): empirical (measured arg(S21 )),
circular ensemble or sampling (uniform CCDF), elliptic ensemble ((11) with
rS 2 1 ,S ∗

2 1
= 0.505 + j0.055), and elliptic sample ((25) with N = 9.8).
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For Φ, Fig. 10(c) shows that ellipticity gives rise to undu-
lations in its ensemble CCDF. These become damped in the
sampling CCDF, where accounting for uncertainty of �S2 1 is
seen to yield a partial redistribution of phase toward uniformity.
In general, the asymmetry of 1 − FΦ(φ) with respect to the
linear CCDF for a uniform Φ increases with increasing |�S2 1 |.
Such departures from phase uniformity were already observed
experimentally in [21, Fig. 22].

IV. CONCLUSION

In this paper, second-order statistics of in-phase and quadra-
ture components of a quasi-random noncircular EM field were
investigated and verified using data measured in a mode-stirred
reverberation chamber. It was found that, typically, the statistical
I/Q anisotropy (imbalance) and I/Q correlation are simultane-
ously nonzero and comparable in magnitude, except at very low
frequencies (low modal overlap), where either quantity is nearly
zero and where statistical modeling because inadequate. Thus,
the pseudovariance and noncircularity quotient for reverberant
fields are, in general, fully complex quantities. The I/Q imbal-
ance and I/Q correlation show strong spectral fluctuations and
a relatively slow spectral decay as f−1/4 . This rate of decay
was found to be robust with respect to variable experimental
conditions.

It was demonstrated how the expansion coefficients and vari-
ance of a circular basis field for a WL representation of a non-
circular field can be extracted from measured S-parameter data.
This WL expansion enables the extension of theorems and meth-
ods for time-harmonic fields to UWB fields, including digital
modulated wireless signals.

The ensemble PDFs of the field intensity (energy, power den-
sity) and the associated I/Q phase for scalar elliptic fields were
derived, with the noncircularity coefficient �E as a distribution
parameter. For the PDF of the intensity, the anisotropy and cor-
relation provide fully exchangeable contributions to |�E |. By
contrast, the PDFs of the phase and phase-dependent energy
U |Φ depend on both |�E | and arg(�E ). The increasing kurto-
sis observed in Fig. 3 for increasing ellipticity is similar to the
phenomenon encountered in other models for imperfect circular
reverberant fields and implies a higher probability of observing
large values of the normalized energy or power, compared to
predictions by simple ideal field models [21, Figs. 2 and 5]. El-
lipticity further reinforces the effects of spatial anisotropy and
inhomogeneity, in that it introduces additional physical param-
eters for the PDF of the I/Q field.

Sampling PDFs for noncircular normal fields with finite
NDoFs extend the Bessel K sampling PDFs for circular fields.
The elliptic sampling PDFs for energy and phase were com-
pared against empirical distributions showing good qualitative
and quantitative agreement. Sampling PDFs further increase the
heaviness of the tails.

It is emphasized that considerable sample-to-sample and
frequency-to-frequency variations of S21 data may exist, partic-
ularly at low frequencies and occasionally above 3f110 or near
the “lowest usable frequency” [22], where S21(τ |f) is better

characterized by a closed and possibly self-intersecting random
walk in the I/Q plane. Approximating the I/Q scatter plot by
a uniformly filled ellipsoid constitutes a simple departure from
a circular disk. Empirical CCDFs for |S21 |2 tend to agree best
with an elliptic ensemble or sampling CCDF when the scatter
plot is (near-)symmetric about the origin. However, elliptic dis-
tributions are by no means universal at low frequencies or when
losses are considerable. More sophisticated probabilistic mod-
els are then required. A proper test of hypothesis for ellipticity
is, therefore, recommended prior to any parameter estimation
and modeling of the data.

APPENDIX

ELLIPTIC FIELDS, ENERGY AND PHASE FOR IMBALANCED

CARTESIAN COMPONENTS

In 2p-dimensional real space, an elliptic symmetric random
electric (or magnetic) vector field E [23]–[25] has a stochastic
representation of the form

E = μ
E

+ Σ
E
· Es (27)

where μ
E

is a constant vector (deterministic dc or line-of-sight
field), Σ

E
is the Cholesky square root of the positive definite

dispersion matrix V
E

Δ= Σ
E
· ΣT

E
, and Es

Δ= RI is a spherical
random electric field, obtained as the product of a vector I
uniformly distributed on the 2p-dimensional unit sphere and a
scalar nonnegative random generating variable R independent
of I . Different choices of R yield various classes of differently
shaped and tailed PDFs for the 2p-dimensional elliptic field
(including Gauss normal, Student t, Bessel K, etc.) as

fE (e) =
√

det(V −1
E

)gR

(
(e − μ

E
)T · V −1

E
· (e − μ

E
)
)

(28)

where the generator function for the PDF is defined by

gR (r) Δ=
Γ(p)
2πp

fR (
√

r)
(
√

r)p−1 (29)

in which fR (·) denotes the PDF of R. Asymmetric elliptic dis-
tributions (e.g., skewed and metadistributions) and their gener-
alizations have also been defined and investigated.

Focusing on complex elliptic symmetric distributions [26] in
the complex plane as a 2-D real space, let E ≡ E′ + jE ′′ and
E∗ represent a scalar elliptic-centered Gaussian random field
and its complex conjugate, with sample values e and e∗. Based
on a general form for their joint PDF that incorporates possible
correlation between E′ and E ′′ [27, eqs. (36)–(41)]

fZ (z) =
1

π(det V )1/2 exp
(
−1

2
z† · V −1 · z

)
(30)
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where

Z = [E E∗]T , z = [e e∗]T (31)

det V = 〈E · E∗〉2 − 〈E · E〉〈E∗ · E∗〉

= σ4
E − |τE |2 = 4σ2

E ′σ2
E ′′(1 − ρ2

E ′,E ′′) (32)

V −1 =
1

detV

(
σ2

E −τE

−τ ∗
E σ2

E

)
. (33)

Substitution yields

fE ,E ∗(e, e∗) =
1

πσ2
E

√
1 − |�E |2

× exp
[
−e · e∗ − [(e∗)2�E + e2�∗E ]/2

σ2
E (1 − |�E |2)

]
(34)

where �E
Δ= τE /σ2

E . With the polar representations e =√
|e|2 exp(jφ) and �E = |�E | exp(jϑE ), this is rewritten as

fE ,E ∗(e, e∗) = f|E |2 ,Φ(|e|2 , φ) =
1

πσ2
E

√
1 − |�E |2

× exp
[
−1 − |�E | cos(2φ − ϑE )

σ2
E (1 − |�E |2)

e · e∗
]

. (35)

Here, fE ,E ∗(e, e∗) coincides with f|E |2 ,Φ(|e|2 , φ) because
|det[∂(e, e∗)/∂(|e|2 , φ)]| = 1 for the variate transformation
from E and E∗ to |E|2 and Φ = tan−1(E ′′/E ′). Using [15,
eq. (3.915.4)], the marginal PDFs of the field intensity (energy,
power) |E|2 and the phase angle Φ follow as

f|E |2 (|e|2) =
∫ 2π

0
f|E |2 ,Φ(|e|2 , φ)dφ (36)

=
exp

[
− |e|2

σ 2
E (1−|�E |2 )

]
σ2

E

√
1 − |�E |2

I0

(
|�E ||e|2

σ2
E (1 − |�E |2)

)

(37)

fΦ(φ) =
∫ ∞

0
f|E |2 ,Φ(|e|2 , φ)d|e|2 (38)

=

√
1 − |�E |2

2π [1 − |�E | cos(2φ − ϑE )]
(39)

for 0 ≤ |e|2 < +∞ and −π ≤ φ < +π, respectively, where
I0(·) is a modified Bessel function. The PDF (37) has been pre-
viously obtained for real �E in a different context and formalism
(effective quantum Hamiltonian) [28]–[30]. The corresponding
phase PDF (39) completes the stochastic characterization of E
and is a generalization of the special case of equivariance, ob-
tained in [5] with a different phase reference. The generality of
the present derivation does not limit its application to cavities
nor to a distinction between standing and traveling waves as
in [28], because the random field is solely characterized by its
local statistical I/Q imbalance, correlation, and variance.

The PDF f|E |2 (|e|2) is independent of ϑE because of the
periodicity of the cosine function and full period of integration.

If, however, the ranges of Φ and/or |E|2 are restricted (e.g., at
relatively low frequencies, when Ohmic losses or leakage are
present,7 or when the stir range is limited), then this affects the
limits of the integration in (36) and (38) and hence (37) and
(39). The locations of the two maxima of fΦ(φ) coincide with
a coordinate axis (canonical ellipse) if I and Q are uncorrelated
(ϑE = 0). The height of these maxima increases with increasing
I/Q statistical anisotropy �′E .

Expressions (37) and (39) define simple multiplicator func-
tions g(|�E |) and h(�E ) for the ideal circular χ2

2 PDF
f|E |2 (|e|2) = exp(−|e|2/σ2

E )/σ2
E and uniform PDF fΦ(φ) =

(2π)−1 , respectively. Compared to these reference PDFs, g pro-
duces increased kurtosis, while h induces two increasingly pro-
nounced peaks, at φ1 = ϑE /2 and φ2 = ϑE /2 + π.
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