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Abstract—A bend in a single-conductor line is a primary cause
of radiation associated with the antenna mode; conversely, the
radiation is fed back, resulting in attenuation and distortion of the
current waveform. Despite being a fundamental phenomenon, its
dynamics have not been sufficiently characterized. Therefore, this
study presents a single-conductor transmission-line model for bent
wire structures comprising multiple straight elements by using the
local variables of charge per-unit-length and current along a thin
conductor. The proposed model is validated over a wide frequency
range using the method of moments. The total charge and current
distributions that an external field induces on a bent structure are
classified into three components: the scattering source distribu-
tion, traveling wave corresponding to the Sommerfeld mode, and
radiation reaction. These components suggest an overall field-line
coupling process: initially, an external electromagnetic field induces
a scattering current in the structure, which in turn drives traveling
and radiation-reaction currents at the ends, resulting in propaga-
tion along the line accompanied by radiation losses. The presented
model is advantageous for designing electromagnetic phenomena
corresponding to antennas and metamaterials and for addressing
electromagnetic interference problems using passive circuit ele-
ments. A case study that makes use of the precise and descriptive
model is included to predict the field emissions associated with the
antenna mode around a bend.

Index Terms—Antenna mode, bent wire, common mode,
radiation loss, resonance, single-conductor transmission line,
surface wave.

I. INTRODUCTION

IN ELECTROMAGNETIC compatibility (EMC)/electro-
magnetic interference (EMI) issues concerning transmis-

sion lines (TLs), propagating modes with some explicit return
paths (which are described by the classical TL theory [1]) are
converted to the antenna mode, which refers to the source
distribution without return current in the proximity [2], [3],
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Fig. 1. Conceptual schematic for three charge/current components of the
single-conductor TL theory for a bent wire structure. (a) Scattering. (b) Travel-
ing. (c) Radiation reaction.

further generating electromagnetic (EM) emissions; conversely,
from the perspective of immunity, the external EM field first
induces the antenna mode, which in turn is converted into
internal propagation modes. These processes are both mediated
via the antenna mode; hence, understanding its dynamics is a
fundamental pursuit [2], [3], [4], [5], [6], [7].

Taking appropriate measures without characterizing the entire
mechanism of the antenna-mode current generation, propagation
with distortion, and associated radiation losses is difficult. In
particular, while radiation characteristics largely depend on the
geometry of the conductor structure or charge/current distri-
butions, they feed back as a loss on the charge/current itself,
which has not been sufficiently described. In this regard, studies
have focused on appropriately correlating radiation with the
geometric features of wire structures such as the dimension and
topology (e.g., [8], [9], [10], [11], [12]). Although challenges
remain in simply incorporating radiation losses in the circuit
paradigm; a model that explicitly associates the radiation with
the dynamics of the current waveform is required. To focus on the
antenna mode, it is useful to choose structures without a return
path from the onset of modeling. Consequently, the discussion of
the particular topic is also simplified, facilitating further studies
on mechanisms that are peculiar to the antenna mode, namely,
the interaction between sources and fields.

Propagation and scattering problems in infinite-length straight
single conductors have been extensively studied [13], [14]. In
the case of an infinite single wire, the total induced current can
be separated into components that undergo different dynamics,
the Sommerfeld-Goubau mode and the continuous radiation
spectrum [15]. Since this complete approach assumes an infinite
length line, it does not consider the radiation loss or resonance as
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Fig. 2. Example of a single-conductor line structure comprising N straight
units with arbitrary bending angles and unit lengths. #n refers to each straight
unit with length Ln.

longitudinal dynamics, as observed in the case of a finite-length
wire, owing to the discontinuities at the wire ends [16], [17],
[18]. This mechanism is explicitly considered in a TL model for a
straight single conductor [19], and it is based on the motion of the
traveling wave and the incorporation of a radiation reaction via
a self-inducing electric field (E-field) caused by a discontinuity
in the traveling wave.

A bend affects both EM emission and current propagation
characteristics owing to radiation losses [8], [20], [21], [22],
[23], [24]. In the classical electrodynamics, the aforementioned
phenomenon can be viewed as the traveling wave experiencing
an abrupt change in the propagation direction at the bend-
ing points, which is closely associated with radiation [25].
Therefore, extending the model [19] to bent wire structures
is appropriate for addressing this topic. Fig. 1 illustrates a
conceptual schematic of this extension.

Based on our previous study [19], this study presents a dy-
namic model for field-line coupling in bent single-conductor line
structures, as depicted in Fig. 2. The presented model illustrates
the complete antenna mode dynamics, in which the scattering
current is induced in response to an external EM field, which
in turn drives the traveling and radiation-reaction components
that yield the current waveform along the conductor. Based on
this decomposition, the proposed model offers the advantage
of appropriately classifying the field-line coupling into con-
tributions from individual geometric parameters, including the
incident angle and polarization of the external field, bending
angles, and lengths of the straight units in a bent wire structure.
The effect of the bend is explained using a two-step process in
which the traveling wave generates an electromotive-force field
with explicit bending-angle dependence, which in turn induces
a radiation-reaction current; the interrelationship between the
traveling and radiation reaction can be used to explain the reso-
nance, which depends on the geometry of a bent wire structure,
such as bending angles and the position of a bend. Owing to
these features, the proposed method is expected to be leveraged
as a model for the antenna mode and also for the design of EM
phenomena using complicated thin-wire structures. Moreover,
the degree of freedom in the arrangement of wire structures is in-
creased in the proposed model, therefore, owing to the additional
degree of freedom of placement by extending to a bent structure,
the applicability to fields such as research in metamaterial and
plasmonics is greatly improved [26], [27], [28]. Notably, the
presented model is not aimed at evaluating the performances of
TLs concerning nonradiating internal propagation modes (such

as a differential mode, or a common mode that has other return
paths), primarily because the model does not include return
conductors as mentioned earlier.

The rest of this article is organized as follows. The finite-
length single-conductor TL equation for each straight unit of a
bent structure is described in Section II. A physical sketch of
the E-field is developed, which is generated by a finite-length
traveling wave at a wire end and reinduces the radiation reaction.
Subsequently, a TL equation for a bent single-conductor line
structure is formulated by considering the continuity condi-
tion between straight units. Section III validates the proposed
model by utilizing the method of moments (MoM) over a wide
frequency range. In Section IV, the dynamics of the field-line
coupling phenomenon based on the charge/current-based com-
ponents of the traveling wave, radiation reaction, and scattering
are explained using the presented model. This section includes
a case study to predict the field emissions around a bend owing
to the antenna mode. Finally, Section V concludes this article.

II. TL EQUATION OF A BENT SINGLE-CONDUCTOR

LINE STRUCTURE

Fig. 2 illustrates an example of a wire structure comprising
N straight single-conductor lines, as discussed in this article.
The excitation is assumed to be time-harmonic with ejωt. Each
straight part is hereafter referred to as a “unit.” For a simple
representation, we label these units as #1, . . . , #N in the order
of their arrangement. The length of unit #n is Ln, and the local
cylindrical coordinates (zn, rn) are assigned such that the ends
of #n are zn = 0 and zn = Ln. The radius of each unit is a [m],
which is assumed to be sufficiently small compared to both the
free-space wavelength, λ, and the unit length, Ln, for applying
the thin-wire approximation. γn−1 refers to the bending angle
between the adjacent units #n− 1 and #n. The variables in the
local coordinate system are denoted by the subscript of the unit
number, n.

A. Single-Conductor TL Equation in the Local Coordinates

The per-unit-length (pul) charge, Qn(zn) [C/m], and current,
In(zn) [A], on a unit, #n, are governed by a telegraph equation
in the local coordinate system, expressed as

d

dzn

[
cQn(zn)

In(zn)

]
=

[
0 −jk

−jk 0

][
cQn(zn)

In(zn)

]

+

[∑
i
jχ̂(ki)
Z0

Ên(ki)e
−jkizn

0

]
(1)

where c, k, and Z0 denote the speed of light, the angular
wavenumber, and the characteristic impedance of free space,
respectively [19]. Currently, for the ends zn = 0, Ln can be
either open-circuited or connected to another unit. In the non-
homogeneous term, En(zn) =

∑
i Ên(ki)e

−jkizn denotes the
tangential component of the total incident E-field at the surface
of the unit. χ̂(ki) denotes the induction coefficient as a function
of angular wavenumber. In this study, the hatted variable denotes
the wavenumber domain expression of a phasor. Notably, this
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field is the summation of the external field, fields of self and
mutual interaction, and field owing to the finite-length effect.
The nonhomogeneous term in (1) is expressed using the inverse-
Fourier-transformed product of the Fourier coefficient of the
induced E-field and the wavenumber-dependent coefficients.
Hence, the number of terms of the sum must be sufficiently
large to approximate the distribution of the induced E-field.

Equation (1) differs only in terms of the excitation field
En from the single-unit case (N = 1) introduced in the liter-
ature [19]. Mutual coupling effects are included in En to incor-
porate additional fields arising from the multiple-unit structure.

For unit #n, the total source variables cQn and In are ex-
pressed similarly by utilizing the components as the single-unit
case, as follows:

cQn(zn) = cQf,n(0)e
−jkzn + cQb,n(Ln)e

jk(zn−Ln)

+ cQre,n(zn) + cQsc,n(zn), (2)

In(zn) = If,n(0)e
−jkzn + Ib,n(Ln)e

jk(zn−Ln)

+ Ire,n(zn) + Isc,n(zn). (3)

In the aforementioned equations, the indices f and b refer to
the forward- and backward-traveling waves, respectively, where
cQf,n(z) = If,n(z) and cQb,n(z) = −Ib,n(z). These corre-
spond to the source distributions that accompany the Sommer-
feld principal wave in the infinite-length wire but are truncated
by the finite unit length Ln. In this model, the discontinuities in
the structure are directly reflected in the discontinuities in the
traveling wave. Notably, the total pul charge/current (cQn, In)
corresponds to the antenna mode [2], [3], which also comprises
the traveling wave corresponding to the Sommerfeld mode
in the infinite length line. (cQre,n, Ire,n) denotes the radia-
tion reaction, simply called the reaction, which is induced by
the E-field owing to the discontinuities of the traveling wave.
(cQsc,n, Isc,n) is the scattering source in response to an external
field. In (2) and (3), reaction and scattering components for
a given unit #n contain induction from the considered units
#1−#N . For convenience in formulating bent wire structures,
the equations provided for the respective units, including mutual
interactions, can be combined in a matrix form, as explained in
Appendix A.

The following section focuses on the refined expression of the
radiation-loss effect of the proposed TL-based model. If the rein-
duction on the units is not considered presently, the self-inducing
E-field produced by a discontinuity of the forward-traveling
wave at the zn = Ln side end spreads spherically from the end,
as depicted in Fig. 3. As demonstrated by (45) in Appendix B,
the longitudinal component of the E-field opposes the vector
representing the difference in velocity of the traveling wave
for the positive pul charge. For example, if the phase of the
forward-traveling pul charge is positive at zn = Ln, the resulting
longitudinal component of the E-field points in the+zn direction
with retardation by the speed of light. Although the traveling
wave and reinduced radiation reaction are treated separately in
the model, the longitudinal component of the E-field has the
same propagation velocity along the line as the traveling wave,
which induces a radiation reaction current that nullifies a portion

Fig. 3. Self-inducing E-field resulting from a discontinuity of the forward
wave at zn = Ln side end. The field is retarded from the end at the speed of
light c and its amplitude decays as the inverse of its distance from the end.

of the traveling wave. This nullification represents radiation loss,
which is crucial for representing the overall dynamics.

B. Continuity Condition and the Single-Conductor TL
Equation in the Coordinate Along the Bent Structure

As presented in this section, a TL equation is formulated for
a bent wire structure that cascades N units. In the presented
formulation, no restriction is imposed on the number of units,
lengths of respective units, and the respective bending angles.

To obtain a continuity condition at a bending point similar to
the classical TL theory [1], a circuit constant that corresponds
to the characteristic impedance in the classical theory needs
to be introduced, primarily because the presented TL equation
utilizes the pul charge as a propagating quantity instead of
the conventional “line voltage” reported in the literature [1],
which will no longer be suitable for use in single-conductor
line structures. The corresponding parameter is the ratio of “the
product of light speed and the pul charge” to the current of the
forward-traveling wave

cQf,n/If,n = 1 (dimensionless). (4)

This ratio is invariant as long as the respective units are loss-free
because the homogeneous system of (1) represents the asymp-
totic behavior of the principal wave in σ → ∞ case for wire
conductivity σ1. Therefore, the perfect transmission condition
applies to the traveling wave at the respective connection points,
as follows:

If,n(0) = If,n−1(Ln−1), Ib,n(0) = Ib,n−1(Ln−1) (5)

for n = 2, . . . , N , where the pul charges of forward and back-
ward waves are incidentally continuous. The condition (5) is
validated by considering that the homogeneous part of the pre-
sented TL equation is based on the principal wave propagating
in an infinite-length line, whose ratio of pul charge to current
is constant. Notably, the EM field structure associated with
the “traveling wave” expressed by the local source variables
on a finite-length line is different from that of the “principal
wave” on an infinite-length line. Generally, the circuit-concept
approach, which assumes combining simple elements [1] does
not confirm with the EM field-based principal mode propagation

1For a single-conductor line with a loss of conductivity, the propagation
constant is different from the real number k and takes a complex value [15].
From the perspective of the presented theory, reflection may arise owing to
mismatches in this context; however, it will be of a greater practical significance
for a wire structure with branches.
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formulation. Novel methods have been reported for introducing
circuit parameters for a single-conductor line in terms of the
EM field associated with the principal mode (see, e.g., [29],
[30]). However, such methods cannot be applied to bent single-
conductor line structures. This is because the principal mode
inherently involves the problem of an unbound cross-section,
whereas, in bent structures, nonuniform phenomena arise from
the bending points, as described later in this section. While the
EM field-based approach is crucial because the requirement for
the existence of the Sommerfeld mode is closely related to the
boundary-value problem on the surface of a conductor, it is more
effective to employ the source-based approach for addressing the
complete dynamics in finitely sized wire structures.

To treat a bent wire structure cascaded by straight units in the
TL equation, a 1-D coordinate, ζ, is introduced, which follows
the entire path of the bent structure as shown as follows:

ζ =

{
z1 (n = 1)

zn +
∑n−1

ν=1 Lν (n = 2, . . . , N)
(6)

where the total length of the structure is

L̄ =

N∑
n=1

Ln. (7)

In the following, the variables in the ζ-coordinate are denoted by
bars. The current in this coordinate Ī(ζ) is defined as follows:

Ī(ζ) ≡
{
I1(z1) 0 ≤ ζ ≤ L1

In(zn)
∑n−1

ν=1 Lν ≤ ζ ≤∑n
ν=1 Lν , 2 ≤ n ≤ N

.

(8)

To address the aforementioned manipulations, an operator, C[·],
is introduced, which combines a quantity expressed in the re-
spective local coordinates z1, . . . , zn into the ζ-coordinate, by
expressing (8) as

Ī(ζ) ≡ C[I]. (9)

By using this expression, the pul charge can be expressed as

Q̄(ζ) ≡ C[Q]. (10)

A similar relation holds true for the respective components of (9)
and (10). The incident field in this coordinate, Ē(ζ), is expressed
in the same manner as

Ē(ζ) ≡ C[E]. (11)

In practice, the distribution in the ζ-coordinate of reaction and
scattering components are obtained via the inverse Fourier trans-
form of their wavenumber spectra. Because E for an N -unit
structure originates in its wavenumber domain expression, (11)
is expressed for a simple representation as follows:

Ē(ζ) = C[F−1[Ê]] (12)

in which

Ê ≡
[
Ê(k−M ) . . . Ê(kM )

]
, ki =

2πi

L̄
. (13)

In practice, the combination of operations, C[F−1[·]] is equiva-
lent to the inverse Fourier transform in the ζ-coordinate. For the

first time, the basis of a Fourier series is determined by the total
length L̄ [31]. As the nth row of Ê corresponds to the Fourier
series of the unit #n, the inverse spatial Fourier transform is ap-
plied to each row (i.e., for each unit). Subsequently, the obtained
Ē(ζ) is expanded in the wavenumber domain as follows:

Ē(ζ) =
∑
i

ˆ̄E(ki)e
−jkiζ . (14)

Thus, the Fourier series of the external field is expressed as

Ēex(ζ) =
∑
i

ˆ̄Eex(ki)e
−jkiζ . (15)

Using (5), If (0) and Ib(L) introduced in (39) are expressed
with the open-end values, Īf (0) and Īb(L̄), as

If (0) = Īf (0)

⎡
⎢⎢⎢⎢⎣

1

e−jkL1

...

e−jk
∑N−1

n=1 Ln

⎤
⎥⎥⎥⎥⎦ ,

Ib(L) = Īb(L̄)

⎡
⎢⎢⎢⎢⎣
e−jk

∑N
n=2 Ln

...

e−jkLN

1

⎤
⎥⎥⎥⎥⎦ . (16)

Therefore, Ēf (ζ) and Ēb(ζ) are expressed using Īf (0) and Īb(L̄)
as

Ēf (ζ) =
∑
i

ˆ̄Zf (ki)e
−jkiζ Īf (0) = C

[
F−1

[
ẐfIf (0)

]]
(17)

Ēb(ζ) =
∑
i

ˆ̄Zb(ki)e
−jkiζ Īb(L̄) = C

[
F−1

[
ẐbIb(L)

]]
(18)

and similarly, the finite-length effect for the scattering and

reaction components is expressed by defining ˆ̄Z ′
j(ki) as follows:

∑
i,j

ˆ̄Z ′
j(ki)

ˆ̄Isc(kj)e
−jkiζ ≡ C

⎡
⎣F−1

⎡
⎣∑

j

Ẑ
′
j Îsc(kj)

⎤
⎦
⎤
⎦ .

(19)

The longitudinal component of the E-field, generated by the
traveling wave E‖ [(45) and (47) produced by #n], serves as
the driving force in the single-unit case introduced in [19],
whereas in the case of a bent wire, the transversal (radial)
component E⊥ [(46) and (48) produced by #n] also contributes
as a mutual effect between the straight units in a bent structure.
From a physical perspective, the difference between the E-field
components, E‖ and E⊥, is of great relevance.

1) E‖ is generated by discontinuities in the traveling wave,
which is weighted near the end of the emitting-side unit.
Importantly, E‖ should not be confused with the longi-
tudinal E-field of the transverse magnetic Sommerfeld
mode supported by a lossy single conductor [13]. In a
bent wire structure, this field component is generated at
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Fig. 4. Time evolution of the longitudinal E-field component E‖ for each unit
of #n− 1 and #n generated by the forward wave propagating through these
units. The vectors in blue and green represent the field component owing to
#n− 1 and #n, respectively, and solid vectors in black represent their sum.
The direction of these sum vectors points in the direction opposite to the vector
representing the change in velocity of the forward-traveling wave at the bending
point, which is denoted by the dashed vector in black. The vector sum of E‖
denotes an extension of the field vectors originating from an end which is shown
in Fig. 3.

Fig. 5. Evaluation of the tangential component of the sum of E-fieldE‖ (owing
to the forward and backward waves) originating from the bending point.

the bending points and ends. E‖ is illustrated in Fig. 4,
which originates at the bending point owing to the forward
wave propagating through #n− 1 and #n. This field
spreads with a spherical wavefront centered on the bending
point, applied at the line with retardation. Qualitatively,
the vector sum of E‖ produced by the forward wave
discontinuity at the corner (each solid vector in black
in Fig. 4) points in the opposite direction of the vector,
which indicates the difference in propagation velocity as
it passes the corner (the dashed vector in black), thereby
extending the single-unit case illustrated in Fig. 3. From a
geometrical perspective, (45) and (47) are only dependent
on the free-space Green’s function of distances from the
ends, d0,n and dL,n, which indicates that these E-field
vectors are identical throughout a common action sphere
centered on one end (refer to each snapshot in Fig. 4). This
also holds true for the sum of E‖ by the units originating
from the corner, wherein its component tangential to #n
on the unit surface (refer to Fig. 5) is rendered as

E‖n{n−1,n}(zn) =

− Z0G
(√

z2n + a2
)
cQtr,n(0)(1 + cos γn−1) (20)

where G(d) denotes the free-space retarded Green’s func-
tion of distance d, as defined in (50) in Appendix B. The
suffix {n−1,n} indicates the origin of the field, which in the
case of Fig. 5 is the corner formed by #n− 1 and #n.

Fig. 6. Conceptual diagram for induction through the transverse field com-
ponent E⊥, which is generated by the traveling wave reaching the bending
point. The field component is cylindrically symmetric, and its amplitude tends
to decrease by the function 1/r.

Equation (20) yields an optimal qualitative and quantita-
tive description of the reinducing E-field in terms of its
dependence on geometry and the phase condition of the
standing wave. The two different properties of 1) bending
angle γn−1 [the size of (20) increases monotonically as
the bend is rendered increasingly acute] and 2) the phase
condition of the traveling wave’s pul charge at the bending
point [for example, (20) disappears as the bending point
is at the node of cQ̄tr or as the antinode of Ītr] are
decomposed owing to certain factors.

2) E⊥ can be understood as the component associated with
the traveling wave; therefore, the induction through this
component is closely related to the transverse dimensions
of the Sommerfeld mode. Fig. 6 illustrates this in the form
of a conceptual diagram. A part of the receiving-side unit
is directly excited as it is “immersed” in the traveling
wave propagating on the emitting-side unit, and it is not a
retarded interaction that originates from an end or bending
point as E‖ does. According to (46) and (48), the extent of
this field component is frequency-independent and tends
to decrease by the function of 1/r, particularly in the case
of an acute bend.

A subtle but fundamental difference exists between how the
respective field components reinduce the radiation reaction2

(the field structures are spherical for E‖ and cylindrical for
E⊥), which will produce different dynamics around the bending
points. Based on this distinction, the currents induced by the
various E-field components are classified as Īre‖ and Īre⊥, with
Īre ≡ Īre‖ + Īre⊥. With respect to Īre‖, it can be further subdi-
vided into Īre‖{1}, Īre‖{1,2}, . . . , Īre‖{N−1,N}, Īre‖{N} because
the E-fields originating from the respective ends and bending
points are localized.

Equations (1)–(3), (41), and (42) are provided in the local
coordinate systems and they must be reallocated in the global
coordinate system defined by (6). The total TL equation as an
extension of (1) can be written as

d

dζ

[
cQ̄(ζ)

Ī(ζ)

]
=

[
0 −jk

−jk 0

][
cQ̄(ζ)

Ī(ζ)

]

2Note that it is arguable whether the induction by E⊥ should be called a
“radiation reaction” as it does not directly reflect the discontinuity of a traveling
wave as E‖ does. In this study, the induction by the E-field due to the traveling
wave is referred to as the radiation reaction for convenience of classification.
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+

[∑
i
jχ̂(ki)
Z0

ˆ̄E(ki)e
−jkiζ

0

]
(21)

and the total source variables, cQ̄(ζ) and Ī(ζ), are expressed
using the traveling, reaction, and scattering components as fol-
lows:

cQ̄(ζ) = cQ̄f (0)e
−jkζ + cQ̄b(L̄)e

jk(ζ−L̄)

+ cQ̄re(ζ) + cQ̄sc(ζ) (22)

Ī(ζ) = Īf (0)e
−jkζ + Īb(L̄)e

jk(ζ−L̄)

+ Īre(ζ) + Īsc(ζ). (23)

The nonhomogeneous solutions are expressed in a similar way
as (41) and (42) in Appendix A, as follows:[

c ˆ̄Qsc(ki)
ˆ̄Isc(ki)

]

=
χ̂(ki)

(k2 − k2i )Z0

[
ki

k

]⎧⎨
⎩ ˆ̄Eex(ki)−

∑
j

ˆ̄Zj(ki)
ˆ̄Isc(kj)

⎫⎬
⎭ (24)

[
c ˆ̄Qre(ki)
ˆ̄Ire(ki)

]

=
χ̂(ki)

(k2 − k2i )Z0

[
ki

k

]⎧⎨
⎩ ˆ̄Etr(ki)−

∑
j

ˆ̄Zj(ki)
ˆ̄Ire(kj)

⎫⎬
⎭ (25)

where ˆ̄Etr(ki) denotes the re-inducing E-field due to the travel-
ing wave, further described by

ˆ̄Etr(ki) =
ˆ̄Zf (ki)Īf (0) +

ˆ̄Zb(ki)Īb(L̄). (26)

Relationship expressing the finite-length effect

ˆ̄Zj(ki) = − (k2 − k2j )Z0

kχ̂(kj)
δij +

ˆ̄Z ′
j(ki) (27)

and the currents as a nonhomogeneous solution are obtained
using ∑

j

ˆ̄Z ′
j(ki)

ˆ̄Isc(kj) =
ˆ̄Eex(ki) (28)

∑
j

ˆ̄Z ′
j(ki)

ˆ̄Ire(kj) =
ˆ̄Etr(ki). (29)

Hence, the current components in (23) are expressed with two
unknowns Īf (0) and Īb(L̄), similar to the N = 1 case reported
in [19], and these are determined via KCL

Ī(0) = Ī(L̄) = 0. (30)

The expression can be rewritten in terms of the traveling-wave
currents at the terminals as[

1 + ᾱf e−jkL̄ + ᾱb

e−jkL̄ + ᾱf 1 + ᾱb

][
Īf (0)

Īb(L̄)

]
︸ ︷︷ ︸

traveling + radiation reaction

= −
[
Īsc(0)

Īsc(L̄)

]
︸ ︷︷ ︸
scattering

(31)

Fig. 7. Flowchart of the proposed method.

where ᾱf and ᾱb denote the radiation reaction currents for the
forward and backward waves with the normalization of Īf (0) =
1 and Īb(L̄) = 1, respectively. Notably, the effect of bending
angle is included in radiation-reaction ᾱf and ᾱb. In contrast to
the case ofN = 1 [19], the structure can be asymmetric in terms
of forward and backward propagation (for example, in the case
of L1 	= L2 in an L-shaped structure); thus, ᾱf and ᾱb are not
identical in general.

The flowchart of the proposed method is provided in Fig. 7. As
the proposed model is closed-form by considering the radiation
reaction and finite-length effects, the workflow is simple and
does not involve iterative operations.

C. Physical Interpretation

Notably, as demonstrated by (31), the internal characteristics
represented by the sum of the traveling and radiation reaction and
the external characteristics represented by the scattering source
are only associated at the two ends z = 0, L̄. Furthermore, it
is evident from the above workflow that the source distributions
of the traveling, radiation reaction, and scattering components
are known before solving (31), except for the amplitude of the
traveling wave at the ends, Īf (0) and Īb(L̄). Therefore, the entire
phenomenon can be interpreted as follows: owing to structural
discontinuities, the wire-end values of a distributed scattering
source drive the traveling and radiation reaction components
at both ends. To ensure that the principal mode dominates
the entire phenomenon, discussions on the excitation of this
mode are generally concerned with either the illumination of
a high-concentration EM field externally [32] or the application
of efficient launching equipment [24], [33]. Furthermore, the
model focuses on a similar characteristic exhibited by disconti-
nuities in finitely sized wire structures, wherein the application
of KCL to the ends (30) assumes a primary condition in the
entire dynamic, which is beyond a simple continuity condition.
In problematic manifestations of EMI, discontinuity is crucial
as the source of antenna-mode currents in a circuit context and
radiated EM fields in an antenna context.

III. VALIDATION OF THE MODEL

The proposed model was tested against the full-wave numer-
ical simulation based on the MoM using the FEKO software
package. Although different cases, such as those involving struc-
tures with different unit lengths and the oblique incidence of
excitation, have been utilized to validate the presented model,
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Fig. 8. In-phase excitation of an L-shaped single conductor line.

Fig. 9. Total current amplitude frequency characteristics at ζ = L̄/2 (bending
point) for bending angles γ1 = 30◦, 90◦, and 150◦, L1 = L2 = 3 mm, a =
15 μm and the excitation is normalized to Eex = 1. The results of the model
(solid lines) accurately reflect those obtained via the MoM (dashed lines). These
results indicate that the center frequency and Q factor at each resonance vary
depending on the bending angle.

a straightforward example was leveraged in this study to avoid
complex phenomena.

The configuration is illustrated in Fig. 8, where the length of
two straight units is the same as L1 = L2 = 3 mm, with a wire
radius a = 15 μm. Fig. 9 shows the frequency characteristics of
the current amplitude at the bending point of the L-shaped struc-
ture, ζ = L̄/2, for different bending angles of γ1 = 30◦, 90◦ and
150◦. To facilitate the subsequent discussions, as illustrated in
Fig. 9, |E| = 1/ sin(γ1/2) V/m is implemented to normalize
the amplitude of the field component longitudinal to the line
as Eex = 1 V/m in response to the bending angle γ1. The
total currents of the proposed model were verified against those
obtained via MoM for the corresponding bending angles. The
characteristics corresponding to the first resonance indicate that
the center frequency, fc, deviates from the half-wavelength
λ/2 ∼ 25 GHz (for example, fc = 27.2 GHz for γ1 = 30◦ and
fc = 23.4 GHz for γ1 = 150◦), and the Q factor varies depend-
ing on γ1.

IV. DISCUSSION

A. Resonant Characteristics

In this section, we examine the effects of the geometry of the
wire structure on these features. Fig. 10 displays the frequency

Fig. 10. Maximum current amplitude for each of “sum of traveling and
radiation reaction” and “scattering” for the same configuration in Fig. 9 up
to 50 GHz. The thick grey line represents the theoretical curve of the scattering
current by an infinite-length line (32). For most cases, the maximum amplitudes
could be obtained at the bending point.

characteristics of the current amplitude divided by the internal
(Ītr + Īre) and external (Īsc) components for three cases (γ1 =
30◦, 90◦, and 150◦) in Fig. 9. It can be observed that because the
traveling and radiation reaction components are standing waves
with the same longitudinal wavenumber as k, the scattering
component exhibits a relatively small dependence on γ1 and
possesses a much lower frequency response than the internal
current. This result implies that these components propagate
along the line at the speed of light and that their characteristics
change significantly depending on the ratio of L̄ to λ. Even for
a bent and finite-length wire structure, the scattering component
is inherited from the ideal characteristics of scattering through
an infinite wire. Such a theoretical characteristic is useful as a
reference for an actual scattering current to determine the entire
field-line coupling mechanism. For example, the theoretical
scattering current, Ī∞sc (z), when an infinite-length wire is excited
by a sinusoidal plane wave in phase with the tangential E-field
Eex is transformed into

Ī∞sc (z) =
χ̂(0)Eex

kZ0
=

4Eex

kZ0J0(ka)H
(2)
0 (ka)

(32)

where only the azimuthally symmetric term is considered for
applying the thin-wire approximation [34]. Here, J0(·) and
H

(2)
0 (·) refer to the Bessel function of zeroth order and the

Hankel function of zeroth order and second kind, respectively.
The amplitude of (32) is represented in Fig. 10, with the thick line
in gray as reference. This result exemplifies the broad physical
concept revealed by the presented model: the scattering compo-
nent, which is relatively insensitive to frequency, first determines
the fundamental characteristics of the thin wire structure as a
scatterer to an external EM field, and upon this component, the
traveling wave dynamics and its radiation reaction are super-
posed. As a perfect conductor line is excited by a quasi-static
E-field in the low-frequency domain (approximately f = 0 in
Fig. 10), the amount of scattering current that is not required
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to observe KCL by the component is enlarged. In response, the
sizes of the traveling wave’s current amplitude and radiation
reaction current applied from both ends grow in accordance
with the scattering current based on KCL, as demonstrated in
Fig. 9. Hence, regardless of the frequency, the componentwise
expression correctly reflects their mechanisms.

The characteristics of these three components yield insights
into the contributions of radiation to the resonance of single-
conductor line structures. The frequency characteristics of the
maximum current amplitude for each component (the traveling
and radiation reaction components are evaluated by their sum)
are plotted in Fig. 10. It can be observed that the resonance
condition depends largely on the inter-relationship between the
traveling and radiation reaction components, with the exception
of the scattering, primarily because the scattering current on the
right-hand side of (31) exhibits minimal fluctuation compared
to those of the other components within the resonant width.

Using the identity of Īsc(0) and Īsc(L̄) owing to the finite-
length effect, the terminal values of the traveling-wave current
are transformed into

Īf (0) = Īb(L̄) = − Īsc(0)

K
(33)

K = 1 + e−jkL̄ + ᾱf + ᾱb. (34)

In (34), the sum of the first two terms, 1 + e−jkL̄ denotes the
value of the traveling-wave current at the terminals, and the sum
of the last two terms, ᾱf + ᾱb, denotes the value of the reaction
current, both under the normalization of Īf (0) = 1. Because the
scattering current, which is derived from (28) and independent
of the traveling wave, is fundamentally irrelevant to the length-
dependent periodicity as that of the standing wave, the shift
of the resonant frequency and fluctuating Q factor observed in
Fig. 9 are rendered by the interaction between the traveling and
reaction components, which is reflected in K.

The frequency characteristics of |K| are illustrated in the
second graph of Fig. 11 along with the current amplitude at
around the first resonance for the same conditions as those cor-
responding to Fig. 9. The “reference” plots in Fig. 11 illustrate
the results that exclude induction of the reaction currents and the
finite-length effects. Consequently, their characteristics are irrel-
evant to the bending angle, γ1, and the first resonant frequency
(25 GHz) precisely matches c/2L̄. The frequencies where |K|
assume their minimal values (dips) at approximately 25 GHz
for the respective angle γ1 correspond to the first resonance
points (peaks) in the current amplitude illustrated in the first
graph of Fig. 11. The amplitude of the traveling wave tends
to be inversely proportional to that of K, where the scattering
current has a relatively small reliance on the frequency within
the resonance width, thereby yielding this trend. This result
indicates that the reaction current, ᾱf + ᾱb, causes a change
in the fundamental characteristics determined by the traveling
wave 1 + e−jkL̄, resulting in different resonant characteristics
for different bending angles.

As a frequency characteristic, the dip depth of K indicates
the optimal manner through which Ītr and Īre cancel each
other at the wire ends ζ = 0, L̄. It can be observed that the

Fig. 11. Frequency characteristics of |Ī(L̄/2)| and |K| for the same condition
as Fig. 9. The “reference” lines ignore the induction of radiation reaction currents
and the finite-length effects. The dips in |K| correspond to the peaks in |Ī(L̄/2)|.
The dotted line in gray shows the result without considering the radiation reaction
and finite-length effect, which is similar to that obtained via (31) in [19].

actual resonance is yielded by the cancellation between these
components at the ends of the structure. The higher Q factor
of resonance indicates that the traveling and reaction currents
cancel each other out more completely at the wire ends. The
summed current K reduces compared to its actual amount (i.e.,
its peak amplitude in the distribution) at a resonant point, and
the small but nondegenerated terminal value is utilized to cancel
the terminal value of the scattering current. Conversely, the reso-
nance is interpreted in the following manner: the relatively small
terminal value of scattering current arises, and subsequently, this
terminal value drives larger traveling and reaction currents.

Therefore, the plausible mechanism driving the entire field-
line coupling interpreted based on the presented model can
be explained as follows: as an instantaneous phenomenon, the
scattering current is first induced in response to the external EM
field, and this component in turn drives the traveling and reaction
components at the wire ends, thereby generating longitudinal
motion of a current wave.

B. Effect of Bend on Induced Current

In this study, an asymmetric L-shaped structure was employed
to investigate the effect of bending [for which the longitudinal
part of the E-field is given by (20)]. Maintaining the total
length L̄ = L1 + L2, the lengths of the two units are shifted
with the length of the unbalance δ, as depicted in Fig. 12,
which is used to regulate the phase condition of the traveling
wave at the bending point. The structure is symmetric when
δ = 0 (L1 = L2 = L̄/2), and the bending point is located at
a node of cQ̄tr (referred to as the “NQ” point); if δ 	= 0, this
parameter is asymmetric (L1 = L̄/2− δ, L2 = L̄/2 + δ), and
at δ = (2m− 1)λ/4, for whichm is an integer, the bending point
is located at the antinode of cQ̄tr (node of Ītr, referred to as the
“NI” point), where the E-field (20) strengthens by the factor
cQtr,2(0). As δ changes, the bending point alternates between
NQ and NI conditions, as shown in Fig. 12.
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Fig. 12. Asymmetric L-shaped structure and the traveling-wave phase condi-
tion at the bending point.

Fig. 13. Maximum amplitude of the distributed Īre‖{1,2}(ζ)normalized by the
standing wave amplitude of Ītr and the function of Ē‖{1,2}(ζ) as characteristics
of δ. The function sin(2πδ/λ) is leveraged to imitate the phase condition of
cQ̄tr at the bending point.

Fig. 14. Maximum amplitude of the distributed Īre‖{1,2}(ζ) and Īre⊥(ζ)
normalized by the standing wave amplitude of Ītr as characteristics of δ.

Fig. 15. Schematic of the configuration to evaluate the far-field and general-
field.

Fig. 16. Far E-field pattern |Eϕ| (in volts) in Fig. 15. Dominant components,
which produce each lobe are listed in Table I. Owing to the difference in the
far-field generation mechanism, the patterns differ between Ītr + Īre and Īsc.

To evaluate this effect, we employed a structure with L̄ =
28.5 mm and a = 5 μm and an exciting frequency of f =
100 GHz, at which L̄ ∼ 19λ/2. The effect of the bending angle
was evaluated using three cases: γ1 = 30◦, 90◦, and 150◦. The
maximum current amplitude of Īre‖{1,2}(ζ) distribution as a
response to δ is plotted in Fig. 13, and the results are compared
to the characteristics of the applied E-field (20). Moreover, the
results indicate that while the amplitude of the induced reaction
current owing to the bending point is relatively small at an obtuse
bending angle, the size increases as the acuteness increases,
which is closely explained by the function that imitates (20).
The magnitude of the induced reaction current shifts periodically
according to the phase condition of the standing wave at the bend.
These results accurately explained the effect of the physical bend
with the respective factors of the analytical E-field (20); however,
it comes to the surface through the resulting induced reaction
current. The effect is implicitly included in the reaction current
and explicitly in the E-field that induces the reaction current. In
addition to the reaction component resulting from E‖ illustrated
in Fig. 13, the maximum amplitude of the reaction current owing
to E⊥ (i.e., Īre⊥) is depicted in Fig. 14. The characteristics



TASHIRO et al.: SINGLE-CONDUCTOR TRANSMISSION-LINE MODEL FOR BENT WIRE STRUCTURES 1441

Fig. 17. Effects of the position of bend on the characteristics of field emissions. The color map displays the full-wave E-field strength in dBV/m evaluated in
the xy-plane. The x and y coordinates correspond to those shown in Fig. 15 and the configurations for δ = 0 is the condition scaled to those shown in Fig. 16.
As inferred from the results, the E-field accompanying the far-field lobe4 and lobe8 in Fig. 16 shrinks as the position of the bend shifts from point NQ to NI. The
positions of wire structures are added using the lines in white. (a) δ = 0 (NQ). (b) δ = λ/4 (NI).

of Īre⊥ are less simple because the field associated with the
traveling wave extends in transverse dimensions, as displayed
in Fig. 6. Moreover, the results suggest that this component
partly complements the effect of E‖ at an acute bend. In the
region wherein δ is large, the size of the radiation reaction
current shrinks owing to the short L1 compared to the transverse
extension of the Sommerfeld mode.

Since the phase condition in (20) originates from the interfer-
ence fringe produced by both forward- and backward-traveling
waves, the aforementioned periodic properties of the position
of the bend are specific to the assumption of time-harmonic
fields; as for a transient phenomenon, the position of the bend
will prevent the traveling pul charge’s phase conditions at the
bending point from being spatially periodic. However, such
effects may become apparent at resonance, wherein the traveling
wave dominates the entire phenomenon. Generally, this is one of
the main factors that can cause a gap in characterization between
the transient- and steady-state phenomena.

C. Far-Field Characteristics

Far-field characteristics were examined by utilizing the con-
figuration illustrated in Fig. 15, wherein an L-shaped structure
of L1 = L2 = 3 mm, a = 15 μm, and γ1 = 90◦ was excited
via a plane wave in phase with f = 125 GHz. The example
displayed herein was selected to clearly convey the physical
characteristics revealed by the model. As shown in Fig. 16,
the total far-field produced by the proposed model is validated
against the MoM. It can be observed that eight lobes for the total
far field are present at an interval of approximately 45◦, each of
which is labeled as lobe1–lobe8. Certain traveling, reaction, and
scattering components of wire units #1 and #2, as presented in
Table I, characterize the dominant origin of each lobe. The lobes

TABLE I
DOMINANT ORIGINATIONS FOR EACH FAR FIELD LOBE DISPLAYED IN FIG. 16

BASED ON THE THREE COMPONENTS

of nos. 1, 3, 5, and 7 are produced mainly by the scattering current
(phenomena originating from the instantaneous scattering), and
those of nos. 2, 4, 6, and 8 are caused by the currents of
traveling and radiation reaction (phenomena derived from the
propagation dynamics). The incident direction is chosen such
that the field excites the structure for both #1 and #2 in phase,
which is intended to make the far field produced by the scattering
component direct the plane perpendicular to the corresponding
wire units (ϕ = 45◦ and 225◦ for #1 and ϕ = 135◦ and 315◦

for#2). The respective lengths,L1, L2, and exciting frequency,
f , determine the dominant directivity of the far-field produced
by the traveling and reaction components [19]. For the traveling
wave, the dominant radiation directions differ between contri-
butions from the forward- and backward-traveling waves [35],
which are classified in detail in Table I. Owing to the phase
relation in these components, the angles ϕ, at which the total
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far field attains its maximal value, do not appear exactly every
45◦. Although the difference in the radiation patterns by the re-
spective components is ascribed simply to the difference in their
current distributions [36], it essentially illustrates the field-line
coupling dynamics predicted by the proposed model.

D. Field Emissions Around the Bending Point

In this section, the general expression of the E-field around
the bending point is analyzed to exemplify the applicability of
the proposed model to predict field emissions accompanying the
antenna-mode current propagation, incorporating the radiation
losses owing to the sources’ dynamics.

Assuming bent wire structures with a total length L1 + L2 =
60 cm, radius a = 1.5 mm, and the exciting field of |E| =
1 V/m and f = 1.25 GHz. These configurations were chosen
such that the exciting frequency and dimensions of the example
provided in Fig. 16 are scaled for a more realistic situation in
EMI-related problems.

The E-field reproduced by the proposed model in the cases
of different positions of bend, δ = 0 and δ = λ/4 is shown
in Fig. 17. As shown in Fig. 17, the results of the total E-
field are validated against those reproduced by MoM. Based
on the presented results, the E-field varies from the near- to
the far-field pattern as the observation point moves from the
conductor structure (center of the color map). In particular, as
the condition for δ = 0 is coordinated such that the structure
and excitation are scaled to the configurations that calculated
Fig. 16, the outermost contour of the color map is almost the
same as the pattern shown in Fig. 16. Some of the directions
in which the E-field obtains its maximal strength, as displayed
by 1© and 2© in Fig. 17, corresponding to lobe4 and lobe8
of the far field in Fig. 16, shrinks as δ changes from NQ to
NI. As shown in Fig. 17, this trend results from the traveling
and reaction characteristics. Because the EM field distributions
associated with the traveling and radiation-reaction components
are intrinsic to a specific wire structure and frequency, and
these components properly reproduce the sensitive resonance
characteristics caused by radiation losses varying depending on
the structure, the model can be applied to predict the trends of
the emission regardless of the distribution of the excitation.

V. CONCLUSION

In this study, we formulated the TL model for bent-wire
structures based on the single-wire TL model reported in the
literature [19]. The model integrated the mutual interaction
related to radiation losses by incorporating the interaction term
in the exciting E-field. The formulation was validated against
the numerical results by utilizing the MoM. The reaction owing
to the discontinuity at the wire ends [19] was applied to the
bend points. Based on the results, we could explain the transmis-
sion and radiation characteristics corresponding to the bending
points.

We clarified the physical interpretations with the longitudinal
and radial components of the E-field resulting from the traveling
wave on a finite-length line. The resonant characteristics, which
vary depending on the bending angle, were explained using

the proposed model, based on the internal relationship between
the traveling and radiation reaction components. Furthermore,
the effects of the geometrical characteristics of the bent wire
structure, such as the bending angle and bending position, could
be understood through the analytical expression of the E-field
inducing the radiation reaction.

Notably, the proposed model can be leveraged as a passive
circuit element to design EM phenomena within the circuit the-
ory, which is essential for designing antennas and metamaterials
comprising wires (e.g., [26], [27], [28]). Moreover, the proposed
model yields insights for solving EMI-related challenges.

APPENDIX A
EXPRESSION OF AN N -UNIT SINGLE-CONDUCTOR LINE

STRUCTURE IN MATRIX FORM

To simplify the formulation of bent-wire structures in Sec-
tion II B, the equations provided for the respective local coordi-
nates are combined using matrix-form expressions. The E-field
is expressed with the following vector, wherein each component
represents the contribution of a specific unit:

Ê(ki) ≡

⎡
⎢⎢⎣
Ê1(ki)

...

ÊN (ki)

⎤
⎥⎥⎦ . (35)

In (35), the N units share a common wavenumber basis, which
was later fixed to solve the total current in a bent structure. The
total incident field is expressed as follows:

Ê(ki) = Êex(ki) + Êtr(ki)

−
∑
j

Ẑj(ki)
{
Îsc(kj) + Îre(kj)

}
(36)

where Êex denotes the external field, and Êtr denotes the field
resulting from the reaction owing to the discontinuities at the
ends and bends, which is expressed as

Êtr(ki) = Êf (ki) + Êb(ki) (37)

Êf (ki) = Ẑf (ki)If (0), Êb(ki) = Ẑb(ki)Ib(L). (38)

If (0) and Ib(L) represent the terminal values of the traveling
wave, which are defined as follows:

If (0) ≡

⎡
⎢⎢⎣
If,1(0)

...

If,N (0)

⎤
⎥⎥⎦ , Ib(L) ≡

⎡
⎢⎢⎣
Ib,1(L1)

...

Ib,N (LN )

⎤
⎥⎥⎦ . (39)

The third term in (36) signifies the finite-length effect.
Ẑf (ki), Ẑb(ki), and Ẑj(ki) are N ×N matrices. Ẑf (ki) and
Ẑb(ki) are given for each ki, and Ẑj(ki) is given for each
combination of ki and kj . The diagonal and off-diagonal el-
ements of these matrices indicate the self and mutual effects,
respectively. The components of Ẑf (ki) and Ẑb(ki) are ob-
tained via Appendix B as the effect from the emitting-side unit
(each column of the matrices) to the receiving one (each row
of them). The components only apply the terminal values of
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the traveling-wave current with an analytical function of the
evaluation point relative to the terminals.

Ẑj(ki) in (36) is expressed as

Ẑj(ki) = − (k2 − k2j )Z0

kχ̂(kj)
δij1N + Ẑ

′
j(ki), (40)

where δij denotes the Kronecker delta, 1N denotes the identity

matrix of size N , and Ẑ
′
j(ki) is derived from the EM potentials

(51) and (52) in Appendix C as the effect from the emitting-side
unit [each column of (40)] to the receiving-side unit (each row
of it). In the multiple-unit case, it is reported as a matrix form
of the single-unit case (53), as shown in Appendix C. To obtain
the tangential component of the E-field on the receiving-side
unit, the calculation of Ẑf (ki), Ẑb(ki) and Ẑj(ki) requires a
coordinate transformation between the local coordinate systems
for the respective units.

In the wavenumber domain, the radiation reaction and scatter-
ing components in (3) are inhomogeneous solutions to (1) and
are transformed into[

cQ̂sc(ki)

Îsc(ki)

]

=
χ̂(ki)

(k2 − k2i )Z0

[
ki

k

]⎧⎨
⎩Êex(ki)−

∑
j

Ẑj(ki)Îsc(kj)

⎫⎬
⎭
(41)[

cQ̂re(ki)

Îre(ki)

]

=
χ̂(ki)

(k2 − k2i )Z0

[
ki

k

]⎧⎨
⎩Êtr(ki)−

∑
j

Ẑj(ki)Îre(kj)

⎫⎬
⎭ .

(42)

As illustrated in (41) and (42), the two incident fields Êex and
Êtr correspond to the induced source variables of the scattering
(cQ̂sc, Îsc) and the radiation reaction (cQ̂re, Îre) components,
respectively. The left-hand sides of (41) and (42) are canceled
by the parts originating from the first term of (40), yielding∑

j

Ẑ
′
j(ki)Îsc(kj) = Êex(ki) (43)

Fig. 18. Coordinates used to describe the electric fields owing to the traveling
wave in #n.

∑
j

Ẑ
′
j(ki)Îre(kj) = Êtr(ki). (44)

When an excitation E-field Êex(ki) is applied, all current com-
ponents are expressed by 2 N unknown values in If (0) and
Ib(L) obtained from (3), (43), and (44), which are obtained
by applying Kirchhoff’s current law (KCL) at the terminals in
#1, . . . , #N .

APPENDIX B
ELECTRIC FIELD PRODUCED BY THE TRAVELING WAVE ON A

FINITE-LENGTH LINE

The E-field, generated by the traveling wave propagating
along a wire filament measuringLn in length, is expressed in the
local cylindrical coordinate system (zn, rn) as (45)–(49) shown
at the bottom of this page [37], where d0, n and dL, n denote
the distances from zn = 0 and zn = Ln ends of unit #n to an
observation point, P(zn, rn) (refer to Fig. 18), and

G(d) ≡ e−jkd

4πd
(50)

represents the free-space retarded Green’s function with a dis-
tance d.

APPENDIX C
SCALAR AND VECTOR POTENTIALS GENERATED BY SOURCES

OF SINGLE WAVENUMBER

For unit #n, the Lorenz gauge scalar (φ) and vector (Azn )
potentials by the sources of a single wavenumber kj , which are
required to derive the finite-length effect, are expressed as

φ(zn, rn, kj)

Ezn
f,n(zn, rn) = Z0

{−G(d0,n) +G(dL,n)e
−jkLn

}
If,n(0), (45)

Ern
f,n(zn, rn) =

Z0

4π

{
e−jkd0,n

rn

(
1 +

zn
d0,n

)
−e−jkdL,n

rn

(
1 +

zn − Ln

dL,n

)
e−jkLn

}
If,n(0), (46)

Ezn
b,n(zn, rn) = Z0

{
G(d0,n)e

−jkLn −G(dL,n)
}
Ib,n(Ln), (47)

Ern
b,n(zn, rn) =

Z0

4π

{
e−jkd0,n

rn

(
1− zn

d0,n

)
e−jkLn −e−jkdL,n

rn

(
1− zn − Ln

dL,n

)}
Ib,n(Ln) (48)

d0,n =
√

z2n + r2n, dL,n =
√

(zn − Ln)2 + r2n (49)
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=
1

ε0

∫ Ln

0

dξG(
√

(zn − ξ)2 + r2n)Q̂(kj)e
−jkjξ (51)

Azn(zn, rn, kj)

= μ0

∫ Ln

0

dξG(
√

(zn − ξ)2 + r2n)Î(kj)e
−jkjξ (52)

where ε0 and μ0 denote permittivity and permeability in free
space, respectively. The respective components of scattering
(Q̂sc and Îsc) and reaction (Q̂re and Îre) were applied to Q̂ in (51)
and Î in (52). The self and mutual induction of the finite-length
effect are calculated by extending its single-unit case Ẑ ′

j(ki), for
which∑

i

Ẑ ′
j(ki)e

−jkiz

= −
(
jk +

kj
k

d

dz

)
Z0

∫ L

0

dξG(
√

(z − ξ)2 + a2)e−jkjξ.

(53)

Notably, in calculating the finite-length effect, infinite integra-
tion (because the proposed model is based on the scattering
problem by infinite length lines) will be avoided similarly as
in the single-unit case [see the development from (36) to (42)

in [19]]. Furthermore, as the Fourier coefficients ˆ̄Z ′
j(ki) that

corresponds to Ẑ ′
j(ki) in (53) are required for the procedure,

the spatial differentiation included in (53) and the same process

included to obtain ˆ̄Z ′
j(ki), can be simply addressed by multi-

plying −jki as the derivative for each wavenumber component
after the potential is sampled along the line.
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