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Abstract—To improve the resilience of distribution 

networks (DNs) in the event of extreme natural disasters 

such as typhoons and rainstorms, it is imperative to effi-

ciently implement distribution service restoration (DSR) 

to restore loads as soon as possible. In previous studies, 

DSR has mainly adopted the distributed resource model 

with droop or PQ control. This inhibits the exploitation of 

the potential of distributed generators (DGs) in load res-

toration when the DN loses support from the upstream 

transmission network. Thus, this paper proposes a mul-

ti-resource collaborative service restoration (MRCSR) 

approach for DNs incorporating local soft open points, 

DGs, and tie switches. The MRCSR model is developed by 

integrating a decentralized hierarchical droop control 

(DHDC) strategy and incorporating the frequency and 

voltage features of the load demand. A two-stage iterative 

feedback optimization (TSIFO) algorithm is then devel-

oped to analyze the MRCSR model in an accurate and 

efficient manner. Finally, the proposed model and algo-

rithm are tested on the modified IEEE 33-bus system and 

a practical distribution system of the Taiwan Power 

Company to verify their effectiveness and advantages 

over existing approaches. 

Index Terms—Multi-resource collaborative service 

restoration, distribution network, two-stage iterative 

feedback, decentralized hierarchical, droop control. 

NOMENCLATURE 

DNs distribution networks 

DSR distribution service restoration 

DGs distributed generators 

MRCSR 
multi-resource collaborative service 

restoration 

DHDC decentralized hierarchical droop control 

TSIFO two-stage iterative feedback optimization 

SOPs soft open points 
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TSs tie switches 

CDC conventional droop control 

MINLP mixed-integer nonlinear programming 

MISOCP 
mixed-integer second-order cone 

programming 

PROMINLP MINLP problem 

PROMISOCP MISOCP problem 

PRORMISOCP 
PROMISOCP with relaxed integer vector 

(such as y) 

PROCMISOCP 
PROMISOCP with integer vector (such as 

x) removed 

TPC Taiwan Power Company 

Ⅰ.   INTRODUCTION 

n recent years, extreme natural disasters such as 

storms and floods have occurred frequently around the 

world because of global warming [1][3]. Recent hur-

ricanes such as Harvey, Ida, and Ian have caused severe 

power outages and economic losses totaling hundreds of 

millions of dollars. With natural disasters inducing 

large-scale power outages in bulk power grids, 

low-voltage distribution networks (DNs) suffer from a 

high risk of losing power support from the upstream 

transmission grids [4]. In these circumstances, there are 

significant power outages in DNs. For DN outage 

management, distribution service restoration (DSR) is 

one of the key measures to restore loads as soon as pos-

sible during the outage [5]. In general, after the upstream 

utility grid outage, DSR can be achieved by using mul-

tiple heterogeneous resources, such as soft open points 

(SOPs), distributed generators (DGs), and tie switches 

(TSs), to restore loads and improve the resilience of the 

DN, and this has recently attracted widespread attention 

[6]. However, there are still problems such as low DG 

utilization and insufficient load restoration capability in 

the DSR process. Thus, there is an urgent need for de-

veloping an efficient DSR approach that allows fast load 

restoration in the absence of upstream grid support. 

There are two main areas of research for the DSR 

problem: DSR modelling and its solution algorithm. 

Existing models for DSR can be mainly divided into two 

categories: those using a single type of resources and 
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those coordinating multiple types. Single-resource type 

models for DSR typically employ DGs [7][14], TSs 

[15][18], or other local resources [19][21]. In [7][9], 

the influence of the DG model on load restoration is 

discussed in terms of the PQ control and start-up meth-

ods, and the optimal size and location of DGs. Reference 

[10] focuses on the synchronization and circulating 

currents of the DG during load restoration, while various 

DGs are exploited to form individual islands for restor-

ing the loads in [11]. The impact of DG uncertainty, such 

as photovoltaic power generation and wind power, on 

service restoration is studied in [12][14]. In [15][18], 

DSR models with TSs are studied from four perspectives: 

closed-loop restoration, remote control, action schemes, 

and heterogeneous types. The concept of mul-

ti-intelligent body automation is introduced in [19][21] 

to enhance DN resilience using a single type of resource, 

such as local intelligent measurement, communication 

facilities and multi-agent systems. 

However, the aforementioned studies only focus on 

load restoration from the perspective of single-resource 

type models, ignoring the coordination of resources. 

Models coordinating multiple types of resources are 

more conducive to service restoration, because local 

resources such as DGs and TSs can be reasonably al-

located. Recently, a multi-source collaborative service 

restoration model considering different locations was 

proposed [22] to achieve optimal resource allocation for 

load restoration. However, the limited regulation ca-

pacity of conventional TSs and the underutilization of 

the DGs’ power output have become obstacles to the 

improvement of multi-source cooperative service res-

toration. 

As a new type of controllable power electronics, 

SOPs have recently been introduced to replace tradi-

tional TSs [23], [24]. They can accurately perform re-

active power compensation at low operating costs, 

while avoiding the risk of frequent switch operations as 

well as providing voltage support. Thus, they can en-

hance load restoration capability. In [25], an islanding 

model consisting of DGs and SOPs is constructed to 

facilitate the isolation of fault areas and divide the DN 

into individual self-sustaining areas. A load restoration 

model with an SOP and multiple interworking TSs is 

presented in [26], whereas in [27] a coordinated power 

supply restoration model for multiple SOPs and TSs is 

developed. A joint optimization framework for mul-

ti-resource service restoration with integrated SOPs is 

proposed in [28] to achieve better service restoration. 

The SOPs used in the above studies all adopt a 

fault-side Uacθ control mode (equivalent to volt-

age-frequency control) and a non-fault-side UdcQ con-

trol mode (equivalent to PQ control), while the DGs 

mostly employ PQ control. In previous studies [25][29], 

researchers have assumed either the existence of a slack 

bus in the network or the DN’s connection to the up-

stream transmission network, so the findings are difficult 

to apply to a real grid. To solve this problem, a generic 

three-phase flow model for a DN with no slack bus is 

proposed in [30]. This includes a droop control model of 

the DG, the load model, and the three-phase feeder 

model, whereas a robust droop control model for the 

DGs and SOPs is developed in [31]. However, all these 

models adopt conventional droop control (CDC), which 

is influenced by the output and line impedances, making 

it difficult to allocate power proportionally and resulting 

in local power shortages, which affect service restoration. 

Hierarchical droop control [32] is widely used for sec-

ondary power control of DGs, but the strong dependence 

on communication and the central controller is a major 

weakness. In [33], decentralized hierarchical control 

without communication is investigated to perform active 

frequency restoration of the system, but multi-resource 

load restoration is not addressed. 

To the best of our knowledge, multi-resource model-

ling with decentralized hierarchical droop control 

(DHDC) has not been investigated for service restoration. 

DHDC can allow the rational allocation of multiple types 

of resources to significantly improve DG utilization and 

load restoration during a power outage. Hence, for effi-

cient load restoration, it is critical to model mul-

ti-resource collaborative service restoration (MRCSR) 

with DHDC for DNs that have lost support from the 

upstream transmission network. Moreover, the load de-

mand model plays a crucial role in determining the ef-

fectiveness of service restoration in DNs. Common load 

models include those of constant-power [7], stat-

ic-voltage characteristic [19], and detailed frequen-

cy-voltage characteristic [30], [31]. The constant-power 

model is less accurate in its representation than that of the 

static-voltage characteristic and often leads to suboptimal 

practical service restoration. Although the static-voltage 

characteristic model generally satisfies the requirements 

for interconnected service restoration, it is unsuitable for 

scenarios in which the DNs loses support from the up-

stream transmission network. In such situations, the 

voltage and frequency fluctuate significantly, affecting 

service restoration. In this study a detailed load demand 

model that considers the actual frequency and voltage 

characteristics of the load demand is adopted. This 

comprehensive model provides a more accurate repre-

sentation of the load behaviour in service restoration. 

Solution algorithms for the DSR model can be di-

vided into two main categories: artificial intelli-

gence-based and mathematical programming-based 

[34]. Artificial intelligence-based algorithms make the 

rules for their own characteristics to find optimized 

solutions, in contrast to full analytical techniques. They 

mainly include expert systems [35], heuristics [36], 

harmony search [37], and metaheuristic algorithms [38]. 

In general, these methods exhibit high computational 

speeds but do not guarantee an optimal solution. 



ZHANG et al.: MULTI-RESOURCE COLLABORATIVE SERVICE RESTORATION OF A DISTRIBUTION… 21 

Mathematical programming-based algorithms guaran-

tee the optimal solution by establishing the complete 

optimization problem and solving it using 

mixed-integer nonlinear programming (MINLP), 

mixed-integer linear programming, and mixed-integer 

second-order cone programming (MISOCP) [7]. 

MISOCP can formulate the original non-convex prob-

lem as a convex optimization problem, significantly 

reducing the computational burden while obtaining an 

optimal solution. This has attracted considerable atten-

tion in recent years [39], [40]. As the principal tech-

niques of MISOCP, linearization and convex relaxation 

methods are used to perform convex optimization. This 

is solved directly by an optimization solver (e.g., 

GUROBI) via the branch and bound method. 

However, there are numerous binary integer variables 

such as branches and load statuses in the solution pro-

cess. As the size of the case increases, the number of 

integer variables increases exponentially. Although sat-

isfactory optimal solutions can be obtained using the 

aforementioned methods, they often take several hours 

so do not meet practical engineering requirements. Thus, 

a two-stage solution approach is proposed in [22] to 

increase solution efficiency. In Stage I, the post-recovery 

network topology is determined by a heuristic algorithm, 

while in Stage II, the power output and load restoration 

are then determined by removing the topological con-

straints. However, the heuristic algorithm used in Stage I 

may affect the accuracy of the solution. Another 

two-stage solution method is developed in [29], wherein 

the Stage I proposed in [22] is modified by using relaxed 

convex optimization to obtain the topology of the net-

work and increase the accuracy of the solution. However, 

this algorithm may not have high accuracy in solving the 

MRCSR model with DHDC, for the following two 

reasons: first, the linear primary voltage of the Q-V 

droop control model for SOPs and DGs becomes a non-

linear square-root term because of the voltage quadratic 

term in the power-flow equation after convex optimiza-

tion. Second, because voltage and frequency are both 

variables in the load model, the nonlinear voltage term of 

the load model after convex optimization aggravates the 

high-level nonlinearization of the MRCSR model. This 

causes the convex optimization problem after lineariza-

tion and convex relaxation to be the problem with initial 

values for the voltage and frequency, and the choice of 

initial values determines the accuracy of the solution, 

which is often undesirable. 

In this paper, an MRCSR approach for DNs is pro-

posed, one which adopts DHDC as the control model 

for SOPs and DGs, and introduces a two-stage iterative 

feedback optimization (TSIFO) algorithm. It can allow 

efficient system power allocation and service restora-

tion without the slack bus while significantly increasing 

the accuracy and efficiency of analyzing the model. The 

present study makes the following contributions: 

1) An MRCSR model for DN that integrates SOPs, 

DGs, and TSs is proposed for improving DG utilization 

and maximizing the load restoration level. In particular, 

a novel decentralized hierarchical droop control method 

is developed for SOPs and DGs to appropriately allo-

cate power from different resources during power out-

ages, and a load demand model is incorporated to ac-

count for the practical frequency and voltage features of 

the load demand. Then, the original intractable MRCSR 

is converted into a convex optimization problem using 

conical relaxation, Taylor series approximation, and 

Big-M methods. 

2) A TSIFO algorithm is developed to increase the 

efficiency and accuracy of analyzing the proposed 

MRCSR model. The algorithm consists of two stages. 

In Stage Ⅰ, an iterative feedback method is used to pre-

cisely solve the convex optimization problem in a re-

laxed manner to obtain the radial topology. In Stage Ⅱ, 

the load statuses and the power outputs of the SOPs and 

DGs are determined by quickly solving the problem 

with the topological constraints removed. 

3) The effectiveness of the proposed MRCSR model 

is verified by comparisons with other cases for the 

modified IEEE 33-bus system and a practical distribu-

tion system of the Taiwan Power Company (TPC). With 

regard to both solution accuracy and computational 

speed, the proposed TSIFO algorithm is compared with 

a straightforward solution using an off-the-shelf com-

mercial optimizer. This demonstrates that the proposed 

algorithm outperforms the benchmark approaches. A 

robustness analysis for different DG active power ca-

pacities and load rates indicates the robustness of the 

MRCSR approach. 

The remainder of this paper is organized as follows: 

Section Ⅱ describes the problem formulation of 

MRCSR with DHDC, and in Section Ⅲ, the TSIFO 

algorithm for analyzing the proposed model is presented. 

The numerical simulation is described in Section Ⅳ, 

and conclusions are drawn in Section Ⅴ. 

Ⅱ.   PROBLEM FORMULATION 

In this section, the MRCSR framework is proposed, 

and the main research idea of the paper is introduced. 

The formulation of the MRCSR problem is presented in 

detail. It includes the objective functions of the load 

restoration and the voltage deviation, as well as the 

constraints of the radial topology, power flow, operating 

security, and SOP and DG operation with DHDC. 

A. Framework of MRCSR 

This study focuses on the situation where extreme 

events disconnect DNs from the upstream transmission 

network. Hence, prior to the completion of the repair of 

the damaged infrastructure, DNs are operated in the 

islanding mode. During this period, the loads in the DN 

cannot receive power from upstream generators in the 
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utility grid. Hence, a multi-resource collaboration of 

DGs, SOPs, and TSs is necessary for service restoration. 

To deal with the low DG utilization and insufficient 

load restoration capability, a framework of MRCSR for 

the DN is proposed. This mainly consists of the 

MRCSR model and the TSIFO algorithm, as shown in 

Fig. 1. It is seen there that various active and passive 

resources, e.g., source-side, grid-side, switch-side, and 

load curtailment, can be optimally managed to meet the 

different operational requirements for load restoration. 

It is proposed that the MRCSR model involves a large 

number of integer variables and nonlinear constraints. 

To analyze the model efficiency and accurately, the 

TSIFO algorithm is introduced, allowing the load res-

toration optimization solution to be obtained via a 

two-stage algorithm based on the convex optimization 

of the model. 

 

Fig. 1.  Framework of MRCSR for the DN. 

B. MRCSR Model with the DHDC 

1) Objective Function 
In the event that the DN loses power support from the 

upstream transmission network because of an extreme 

disaster, the MRCSR problem should focus on restoring 

as many loads as possible. The voltage deviation is an 

important index for assessing the operational status of 

the DN [41]. Therefore, the MRCSR objective function 

is formulated with consideration of both load restoration 

and voltage deviation mitigation, expressed as: 

N

P L, Umax i i

i

f W Y P W



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where the first term presents the total load restoration 

amount and the second term is the sum of the voltage 

magnitude deviation of all buses; L,iP  denotes the ag-

gregate active power load at node i; 
iY  is a binary de-

cision variable, with 0 standing for load shedding and 1 

for load restoration; PW  and UW  are the weight coeffi-

cients, satisfying P U 1W W  , which can be derived by 

hierarchical analysis to avoid the influence of decision 

makers on the selection of the weight coefficients as far 

as possible [41]; and 
N  is a set of nodes of the network. 

The value of M  is chosen according to the following 

formulation: 
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where de

minU  ( de

maxU ) is the desired lower (upper) value of 

nodal voltage; 
iU  and U  represent the voltage ampli-

tude at node i and the auxiliary variable, respectively. 

2) Radial Topology Constraints 

To describe the radial topology constraints of the 

distribution network during load restoration, a spanning 

tree model based on multi-resource collaboration is 

adopted [22]: 
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where ji  is a binary auxiliary variable that represents 

whether node i is the parent of node j; jiZ  is a binary 

variable, and is 1 if the branch ji is energized and 0 

otherwise; 
br  denotes a set of branches; and 

S  is a 

set of root nodes with 
S 1  . The first constraint in-

dicates that if node i is the parent of node j (i.e., 1ji  ) 

or node j is the parent of node i (i.e., 1ji  ), then the 

branch ji is selected to be energized (i.e., jiZ ), while 

ji  and ij  cannot be both 1. The second constraint 

implies that, except for the root node, each node has 
exactly one parent node, while the last one means that 
the root node has no parent node. 
3) Power Flow and Security Constraints 

A branch flow model [40], which is more suitable for 

the load-restoration problem, is adopted in this study. 

The power balance equations are represented by (4) and 

(5), while the Big-M method is adopted to represent the 

absence of voltage constraints after branch disconnec-

tion and is expressed by (6). The branch capacity con-

straint is denoted by (7), while constraint (8) represents 

the detailed load demand model with the effects of 

frequency and voltage taken into account. The operating 

safety constraints are (9) and (10). 
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where ( )ji jiP Q  denotes the active (reactive) power of 

the branch ji; in, in,( )i iP Q  is the active (reactive) power 

injected at node i; L,iQ  is the reactive power of the load, 

while 0 0

L, L,( )i iP Q  represents the rated active (reactive) 

power of the load; jiI  represents the branch current, 

while the resistance and reactance are represented by 

jiR  and jiX , respectively; pfk  and qfk  are constants, 

whereas a  ( b ) is the active (reactive) power exponent. 
The corresponding values for different load types can be 

found in [30]. 
0( )   stands for the system (reference) 

frequency; and   is the frequency deviation. The 
active (reactive) power outputs of DG and SOP at node i 

are represented by DG DG( )i iP Q  and 
SOP SOP( ),i iP Q  re-

spectively. The lower (upper) values for nodal voltage, 
system frequency, branch current, branch active and 

reactive power are represented as 
min max( ),U U  

min max( ),   
min max( ),I I  

min max( ),P P  and 
min max( ),Q Q  

respectively. 
1M  denotes a positive large number. 

4) Operational Constraints Considering the DHDC of 

SOP and DG 

Voltage source converter (VSC) topology is typically 

adopted for DGs, as shown in Fig. 2. Typically, once the 

DN loses support from its upstream grid, the micro 

sources, such as DGs, depend on a peer-to-peer control 

strategy to maintain the power balance, because there 

may be no slack bus in the network. The CDC, which 

mimics the behaviour of synchronous generators 

through active and reactive power-decoupling control, 

is commonly used in peer-to-peer control strategies. 

Using several control loops, such as a current controller, 

voltage controller, and pulse-width modulation (PWM), 

the active and reactive power outputs of the VSC as well 

as the voltage amplitude and frequency can be con-

trolled by the CDC [30], [33], as shown in Fig. 3. With 

the CDC, the DG reduces the voltage amplitude when 

reactive power output increases and the frequency when 

active power output increases. However, as it is affected 

by both the output and line impedances, the reactive 

power may not be shared accurately, which in turn may 

affect the amount of load restoration [32]. In this study, 

DHDC, which is shown in Figs. 3 and 4, is applied 

owing to its advantages over centralized and distributed 

hierarchical control methods, advantages such as its low 

dependence on communication and good power alloca-

tion performance [33]. The main difference between the 

DHDC and CDC lies in the secondary control items. By 

measuring the output voltage and global frequency of 

the local DG, secondary control is used to feed the local 



PROTECTION AND CONTROL OF MODERN POWER SYSTEMS, VOL. 9, NO. 1, JANUARY 2024 24 

secondary control items   and DGU  back to the DG 

control unit to enhance the DG’s power regulation ca-

pability and to maximize load restoration while satis-

fying constraints such as voltage and frequency. The 

operational constraints for DHDC of the DG are: 
DG DG

,max DG0 ,  j jP P j  ≤ ≤                   (11) 

DG 2 DG 2 DG
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where 
0 av( )U U  represents the reference (average) 

voltage magnitude;   and DGU  are the secondary 

control items of global frequency and voltage; 
DG

jS  and 

DG

,maxjP  are the total and active power output capacities, 

respectively; 
DG

pK  and 
DG

qK  denote the reciprocal of 

active and reactive droop coefficients, respectively, 

whereas 
DGK  and 

DG

UK  are the proportional factors of 

the secondary control items; 
DG  denotes a set of DGs. 

Active power bound and capacity are represented by (11) 
and (12), while (13) and (14) are the DHDC expressions 
for DG. 

 

Fig. 2.  Topology of DG and SOP. 

 
Fig. 3.  Schematic diagram of DHDC for micro source. 

A common back-to-back VSC [26] is selected for the 
SOP topological structure, as shown in Fig. 2. It consists 
of two VSCs coupled with DC capacitors to connect the 
two AC sides, and allows independent compensation of 
reactive power at the two AC sides while maintaining 
control of active power injection. To provide accurate 
reactive power-sharing support to the system without a 
slack bus, the DHDC of the SOPs is adopted (Fig. 3) to 
improve the load restoration capability by feeding the 

secondary item SOPU  back to the control unit, while 
the active power control loop remains in PQ control. 
The specific expressions are given as: 

SOP SOP SOP,loss SOP,loss

SOP0,  ,j i j iP P P P j i           (15) 

SOP,loss SOP SOP 2 SOP 2

SOP( ) ( ) ,  j j j jP A P Q j            (16) 

SOP SOP SOP

,min ,max SOP,  j j jQ Q Q j  ≤ ≤                 (17) 

SOP 2 SOP 2 SOP

SOP( ) ( ) ,  j j jP Q S j   ≤                (18) 

SOP SOP SOP

q 0 SOP

SOP SOP

U 0 av

( ),  

( )

j jQ K U U U j

U K U U

      

  

     (19) 

where SOPU  stands for the secondary control item; 
SOP

jS  denotes the capacity of the SOP; 
SOP,loss

jP  and 

SOP

jA  are the active power loss and its coefficient, re-

spectively. The lower (upper) reactive power is re-

flected by 
SOP SOP

,min ,max( )j jQ Q . 
SOP

qK  represents the recipro-

cal of the reactive droop coefficient; 
SOP

UK  is the pro-

portional factor of the secondary control item; and SOP  

denotes a set of nodes that connect the SOPs to the 

network. Active power capacity constraint is repre-

sented by (15), and the active power loss is denoted by 

(16). Reactive power bound and capacity of the SOP are 

represented by (17) and (18), respectively, while (19) is 

the DHDC model for SOP. 
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Fig. 4.  The DHDC characteristics. 

The original MRCSR model in this study consists of 

(1)(19). The proposed model includes a large number 

of integer variables and a set of nonlinear constraints. It 

is inherently an MINLP problem and is denoted as 

PROMINLP. It is extremely difficult to solve these prob-

lems and guarantee the optimality of the solution. To 

solve the problem, an accurate and fast solution algo-

rithm is proposed in Section Ⅲ. 

Ⅲ.   SOLUTION OF MRCSR MODEL VIA TSIFO 

ALGORITHM 

Because the MRCSR model expressed by (1)(19) in 

Section Ⅱ is an MINLP problem, it belongs to the class 

of NP problems. To solve this problem, a TSIFO algo-

rithm is introduced with the structure shown in Fig. 5. 

The proposed algorithm consists of a convex optimiza-

tion method and a TSIFO strategy and procedure. First, 

the convex optimization method is used to transform the 

problem into a solvable convex optimization model. 

The TSIFO strategy and procedure are then developed 

on this basis to ensure the accuracy and efficiency of the 

proposed model. 

A. Convex Optimization of the MRCSR Model 

1) Second-order Conical Relaxation  
Because (4) and (6) contain the quadratic terms of 

branch current and nodal voltage, 
sqr

jiI  and 
sqr

jU  are 

employed to replace the quadratic terms 
2

jiI  and 
2

jU , 

respectively. The conical formulas can be expressed as: 

br br

br br

sqr

in L N

sqr

in L N

( )  

( )  

ji ji ji ,i i ,i iw

ji iw

ji ji ji ,i i ,i iw

ji iw

P I R P Y P P , i

Q I X Q Y Q Q , i

 

 





 

 

      



     


 

 
 

(20) 
sqr sqr

1

2 2 sqr

N

sqr sqr

1

2 2 sqr

N

2( ) (1 )

( ) ,  ,

2( ) (1 )

( ) ,  ,

j i ji ji ji ji ji

ji ji ji

j i ji ji ji ji ji

ji ji ji

U U R P X Q M Z

R X I i j

U U R P X Q M Z

R X I i j





     


  


    
   

≥

≤
  (21) 

The operational constraint of (7), (12), (16), and (18) 

can be converted into second-order cone expressions as: 

sqr sqr

N

sqr sqr

2

2 ,  ,

ji

ji j ji

j ji

P

Q U I i j

U I

  



≤       (22) 

DG 2 DG 2 DG DG

DG( ) ( ) 2( 2)( 2),  j j j jP Q S S j   ≤  

(23) 
SOP 2 SOP 2 SOP SOP

SOP

SOP,loss SOP,loss

SOP 2 SOP 2

SOP SOP

SOP

( ) ( ) 2( / 2)( / 2),

( ) ( ) 2 ,
2 2

j j j j

j j

j j

j j

P Q S S

j

P P
P Q

A A

j





 

 


  
     

   
 

≤

≤   (24) 

 

Fig. 5.  The structure of the TSIFO algorithm. 
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2) The Taylor Series for Approximation 
The second-order conization of the power-flow 

equation results in the voltage amplitude jU  in the 

DHDC expression to be sqr

jU , causing (14) and (19) to 

be nonlinear. The following expression can be obtained 
by applying Taylor series expansion while assuming an 

initial value 
str

, 1j kU  : 

sqr

sqr str 2

, 1
str 2

, 1

sqr str 2

, 1 N

1 1
( )

2 2 ( )

( ( ) ),  

j

j j k

j k

j j k

U
U U

U

o U U j 







   

  

     (25) 

where ( )o   denotes an infinite decimal. Equation (25) 

can be approximated by neglecting the second and 
higher-order terms as: 

sqr

sqr str

, 1 1 Nstr

, 1

1 1
,  

2 2

j

j j j k

j k

U
U U U G j

U




         (26) 

Then, equations (14) and (19) can be linearly ap-

proximated as: 
DG DG DG

q 0 1 DG

SOP SOP SOP

q 0 1 SOP

( ),  

( ),  
j

j

Q K U G U j

Q K U G U j

 

 

     


    
   (27) 

The expression (8) is rearranged as: 
0 0

L, L, pf L, pf 0 N

0 0

L, L, qf L, qf 0 N

( ) ( ) (1 ),  

( ) ( ) (1 ),  

a a

i i i i i

b b

i i i i i

P P k U P U k i

Q Q k U Q U k i

  

  

     


    
 

(28) 
where the first term includes the product of voltage 

magnitude exponential power and frequency ( )a

iU , 

while the second term contains exponential power of 

voltage magnitude ( )a

iU , both of which are highly 

nonlinear. The following linear expressions (29) and (30) 
are obtained after expanding the second term with 

Taylor series and given initial values 
str

, 1i kU   and str

1k  , 

while the Taylor series approximation is conducted on 
the first term [42]. 

str str 1 str
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1
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














  

(30) 

The approximated detailed load demand model is 

adopted by substituting (29) and (30) into (28), as: 
0 0

L, L, pf 3 L, 2 pf 0 N

0 0

L, L, qf 5 L, 4 qf 0 N

(1 ),  

Q (1 ),  

i i i

i i i

P P k G P G k i

Q Q k G G k i

 

 

     


    

 (31) 

3) The Big-M and Linearization Method 
As indicated by (1) and (2), the objective function 

consists of load restoration and voltage deviation, which 

are both nonlinear and can be linearized using the new 

variables L,

p

i i iA Y P  and 
2

2u

i iA U U  , respectively. 

The constraints are obtained by adopting the Big-M and 

linearization methods for the first and second terms, 

respectively, expressed as: 

L, 2 N

2 N

0 (1 ),  

0 ,  

p

i i i

p

i i

P A M Y i

A M Y i





    


 

≤ ≤

≤ ≤
        (32) 

sqr de 2

max N

sqr de 2
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N
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u

i i

u

i i

u

i

U U A i

U U A i

A i







   

   


 

≤

≤

≥

                (33) 

where 
2M  denotes a large number. If 1iY  , the con-

straints of (32) make L,

p

i iA P , otherwise 0p

iA  . 

Through convex optimization, the original problem 

PROMINLP is converted into a computable convex op-

timization problem PROMISOCP, whose compact form is 

given by: 

 

   min max

max , ,

( , , ) 0

( , , ) 0. .

, , , 0,1

f

s t





  

≥

x y z

h x y z

g x y z

z z z x y

              (34) 

where x denotes a binary vector of closed and open 

branches; y represents a binary vector of load statuses; 

and z is a continuous vector. Inequality constraints, 

including (9)(11), (17), (21)(24), and (32)(33), and 

equality constraints, including (3), (5), (13), (15), (20), 

(27), and (31), are shown by h and g, respectively. 

B. Strategy and Procedure of TSIFO Algorithm 

1) Strategy of TSIFO Algorithm 

The TSIFO strategy is proposed to solve the problem 

PROMISOCP by sequentially determining the decision 

variables of the complex problem in two stages. This 

can be effective for increasing the accuracy of solving 

PROMISOCP and addressing the problem of insufficient 

computational performance because of the large num-

bers of integer variables in PROMISOCP. The proposed 

strategy is described below. 

Stage Ⅰ: obtain post-fault topology 

This stage provides iterative feedback of the initial 

values to the optimal values to solve the convex opti-

mization problem after relaxation and to quickly de-
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termine the large numbers of integer variables associ-

ated with the post-fault topology (i.e., OP
x ). The prob-

lem PROMISOCP is relaxed to obtain the problem 

PRORMISOCP, whose compact form is given by: 

 

     

, ,

min max

max , ,

( , , ) 0

( , , ) 0. .

, , 0,1 , 0,1

f

s t





   

≥

x y z
x y z

h x y z

g x y z

z z z x y

      

 

(35) 

In (35), y is the relaxation vector for the load statuses 
and is allowed to take on any value of [0, 1]. In addition 
to the relaxation vector, the problem PRORMISOCP has the 
same objective function and constraints as the original 
PROMISOCP. The solution complexity of PRORMISOCP is 
identical to that of the network reconfiguration problem, 
while that problem is a small-scale integer program-
ming problem involving only the switch action, and can 
be solved in a short time when an optimization solver 
such as GUROBI is applied. However, in the process of 
converting PROMINLP into a convex optimization prob-

lem, the initial values of str

, 1i kU   and str

1k   are assumed. 

However, because the hypothetical values differ sig-
nificantly from the optimized values, larger computa-
tional errors may be introduced in (27) and (31), re-
sulting in PROMINLP not being accurately expressed by 
PROMISOCP. To achieve an accurate topology-optimized 
solution, the design of the iterative feedback algorithm 
for the problem PRORMISOCP after relaxation is critical. 
The solution process is shown in the red dashed box in 
Fig. 6. 

 

Fig. 6.  Flowchart of TSIFO algorithm. 

Stage Ⅱ: determine SOP, DG power outputs, and load 

restoration statuses 

Once the post-fault topology is determined, the to-

pology constraint (3) can be deleted from the problem 

PROMISOCP to form the small-scale problem 

PROCMISOCP. Its compact form is given by (36), which 

can avoid a large number of integer variable operations 

related to switch-on and switch-off of branches. Thus, 

the SOPs, DGs power outputs, and load restoration 

statuses can be quickly identified: 

 

   

op

,

op

op

min max

max , ,

( , , ) 0

( , , ) 0. .

, , 0,1

f

s t





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≥

y z
x y z

h x y z

g x y z

z z z y

       (36) 

where OP
x  denotes the optimal topology obtained in 

Stage Ⅰ. 

2) Procedure of TSIFO Algorithm 

The procedure of the TSIFO algorithm, which con-

sists of eight steps, is shown in Fig. 6. Step 1 assigns the 

initial values 
str

, 1i kU  , str

1k   and 
max  for the iterative 

feedback, and initializes the iteration index as 1k  . 

There is a loop in the algorithm, which starts with Step 2 

and ends with Step 6, employing the iterative feedback 

method to solve (35). In particular, Step 3 is to update 

the initial values of Stage I by solving PRORMISOCP. 

Then, in Step 4, the absolute maximum value 
max  of 

the difference before and after the renewal values is 

calculated. If the condition of Step 5 is satisfied, the 

optimal initial values sqr

,opiU  and op  are achieved in 

Step 6, and the post-fault topology is acquired in Stage I. 

Otherwise, the algorithm returns to Step 2 and continues 

the above process. Subsequently, equation (36) is 

achieved by removing (3) from (35). Finally, the SOPs, 

DGs power outputs, and load restoration statuses are 

determined rapidly in Step 8 using the optimization 

solver, and the algorithm terminates. Pseudocode for the 

above procedure is presented as Algorithm 1. 

Algorithm 1: solving MRCSR model with TSIFO 

1:    Input data and set str

, 1i kU 
, str

1k 
,

max , k and  ; 

2:    while 
max  ＞  do 

3:         Solve (35) to obtain sqr

iU  and ω; 

4:         Update the value of str

,i kU  and str

k  as 

           
str sqr

, max( )i k iU U , str

k  ; 

5:          Calculate  str str str str

max , , 1 1max ,i k i k k kU U       ; 

6:          Let 1k k  ; 

7:     end  

8:     Obtain the accurate initial values 
str sqr

, ,opi k iU U , str

opk  ,and 

acquire the post-fault topology vector xop; 

9:     Solve (36) to obtain the optimal value of y and z; 

10:   Output optimal values y and z; 

11:   end 
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3) Feasibility of TSIFO Algorithm 
In the realm of distribution-network service restora-

tion, there are relevant applications that involve the 

utilization of two-stage algorithms. In [22], a two-stage 

algorithm is used to determine feasible restoration paths 

and formulate recovery strategies for critical loads. 

Similarly, in [29], a hardening strategy is proposed for 

distribution systems to withstand natural disasters. The 

strategy involves a first stage that focuses on the proper 

scheduling of post-disaster repairs, and is followed by a 

second stage that involves the judicious selection of 

components for hardening. 

Notably, these studies focus on complex MINLP 

problems. Using a two-stage algorithm, a computation-

ally intricate optimisation problem is deconstructed into 

two simpler problems that can be solved sequentially. 

Thus, the algorithm significantly reduces the computa-

tional complexity of large-scale DSR problems. 

The TSIFO algorithm is similar to the aforemen-

tioned two-stage algorithm. In Stage Ⅰ, an iterative 

feedback-based relaxed convex optimization problem is 

applied to determine a reasonable post-fault radial to-

pology, while the total restored load is approximated as 

a continuous variable, representing a linear combination 

of load restoration and shedding. This approximation 

can be seen as a network reconfiguration problem, ul-

timately resulting in a relatively optimal outcome for 

load restoration. However, loads typically exist in one 

of two statuses: operational or shedding. Consequently, 

the first stage yields an infeasible solution. To address 

this, in the absence of topological constraints, Stage Ⅱ 

optimizes load statuses and multiple resource power 

outputs to achieve feasible restoration strategies, in-

cluding SOPs, DGs outputs, and load restoration sta-

tuses. Therefore, the TSIFO algorithm effectively ap-

proximates the optimal solution of PROMISOCP [22], [29], 

confirming the feasibility of the proposed algorithm. 

Ⅳ.   CASE STUDY 

In this section, the proposed MRCSR approach is 

tested on the modified IEEE 33-bus system and a prac-

tical distribution system of TPC [7] to validate its effec-

tiveness. Specifically, this consists of verification of the 

MRCSR model, performance analysis of the TSIFO 

algorithm and robustness analysis of the MRCSR ap-

proach. It is assumed that there are remotely controllable 

switches on each branch in the system, switches which 

are automatically executed during service restoration. 

A. Tests on the Modified IEEE 33-bus System 

The single-line diagram of the modified IEEE33-bus 

system is shown in Fig. 7. The voltage level of the 

system is 12.66 kV and the total rated active and reac-

tive power loads are 3.72 MW and 2.30 Mvar, respec-

tively. Detailed load demand data and line parameters 

can be found in [7]. 

 

Fig. 7.  Single-line diagram of the modified IEEE33-bus system. 

The system is modified by integrating three DGs into 

the DN at buses 15, 20, and 31. The system has 35 

branches, including 32 sectionalized branches indicated 

by the solid lines and 3 tie branches indicated by the 

dashed lines. The sectionalizing switches and TSs are 

depicted as ‘S’ and ‘TS’ with numbers, respectively. Two 

TSs, one between buses 12 and 22 and the other between 

buses 18 and 33, are replaced with SOPs. Table I pre-

sents the relevant parameters for the modelling and 

solving algorithm of the system. 

The proposed approach is implemented in the 

YALMIP optimization toolbox using MATLAB 

R2021a with the GUROBI optimizer. The experimental 

environment is a computer running Windows 10 with an 

Intel(R) i7-6500U CPU @ 2.50 GHz and 8.00 GB 

RAM. 

TABLE I 

THE RELEVANT PARAMETERS FOR THE MODEL AND ALGORITHM 

Parameters Value Parameters Value 

P UW /W   0.67/0.33 
0 0/U   1.05/1.004 p.u. 

SOP/jA   0.02/1e-3 DG

,maxjP  1.00 MW 

SOP SOP

,min ,max/j jQ Q  -0.3/0.3 Mvar SOP DG/j jS S  0.45/1.00 MVA 

DG DG SOP

p q q/ /K K K  1.25/0.1/0.01 
1 2/M M  0.2/100 

de de

min max/U U  0.99/1.01 p.u. 
pf qf/K K  1/-1 

min max/U U  0.95/1.05 p.u. /a b  1.5/1.5 

max max/P Q  1.1 MW/1.1 Mvar 
min max/I I  -0.33/0.33 p.u. 

min max/   0.996/1.004 p.u. str str

, 1 1/i k kU  
 1.0 p.u. 

DGK
 3.3 

DG SOP

U U/K K  -0.54/5.4 
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Without loss of generality, it is assumed that an ex-

treme natural disaster causes line S1 to open because of 

fault isolation. This will result in the DN losing power 

supply from the upstream transmission network. Three 

comparative studies are conducted to evaluate the ef-

fectiveness of the proposed MRCSR approach. In the 

first study, the proposed model is validated by com-

paring it with recently reported methods, whereas in the 

second study, the performance of the TSIFO algorithm 

is analyzed to ensure its accuracy and speed. In the last 

study, an analysis is performed to investigate the ro-

bustness of service restoration for different DG active 

power capacities and load rates. 

1) Validity Verification of the MRCSR Model 
To validate the effectiveness of the proposed ap-

proach, four cases, including those of [30] and [31], are 

examined. 

Case 1: CDC is applied to the DSR model without 

TS1–TS3, SOP1, and SOP2 [30]. 

Case 2: CDC is applied to the DSR model with SOP1 

and SOP2 but not TS1–TS3 [31]. 

Case 3: CDC is applied to the DSR model with SOP1 

and SOP2 as well as TS1–TS3. 

Case 4: DHDC is applied to the MRCSR model with 

SOP1 and SOP2 as well as TS1–TS3 (the proposed 

approach). 

The load restoration results for the four cases are pre-

sented in Table Ⅱ, while Table Ⅲ, and Figs. 8 and 9 pre-

sent the output power of the DGs and SOPs. As is shown, 

the active power output of the DGs is the main factor 

limiting the quality of service restoration as well as the 

reactive power. Distinct from Case 1, Case 2 uses SOPs 

for load restoration. Reactive power compensation of 

176.3 kvar is provided to the DN, which increases the 

reactive power output of the DGs from 1222.9 kvar to 

1269.2 kvar and the active power output from 2585.8 kW 

to 2749.8 kW. At this time, the load restoration reached 

2700 kW, and the load restoration rate is increased by 4%, 

demonstrating the advantages of SOPs for improving 

service restoration. Compared with Case 2, Case 3 adds 

the reconfiguration element, as shown in Fig. 10(a). The 

active power output of the DGs is not significantly in-

creased, but the load restoration is improved by 20 kW 

by optimizing the power flow of the system. 

In Case 4, the MRCSR model with DHDC is used to 

rationalize the reactive and active outputs of multiple 

types of resources by making full use of local meas-

urement information (i.e., nodal voltage and system 

frequency), performing network reconfiguration, and 

allowing multiple DGs and SOPs in the system to share 

the load in a collaborative manner. Therefore, the active 

power of the DGs is significantly improved, with 99.7% 

active utilization of DGs, while the reactive power de-

mand required for service restoration is mainly sup-

ported by SOPs at 1187.1 kvar. In this case, the load 

restoration is increased from 2720 kW to 2940 kW, with 

a load restoration rate of 78.5%, representing a 4.7% 

increase compared with Case 3. The load restoration 

results for Case 4 are shown in Fig. 10(b). 

TABLE Ⅱ 

LOAD RESTORATION RESULTS FOR FOUR CASES 

Results Load shedding points 
Load resto-

ration (kW) 

Load restora-

tion rate (%) 

Case 1 24, 19, 23, 25, 30, 33 2550 68.6 

Case 2 24, 19, 25, 30 2700 72.6 

Case 3 11, 15, 24, 2728, 3031 2720 73.2 

Case 4 6, 24, 2728, 30 2940 78.5 

TABLE Ⅲ 

OUTPUT OF DGS AND SOPS IN FOUR CASES 

Results Case 1 Case 2 Case 3 Case 4 

Active power output of 

DGs (kW) 
2585.8 2749.8 2753.9 2989.3 

Active power utiliza-
tion rate of DGs (%) 

86.2 91.7 91.8 99.7 

Reactive power output 

of DGs (kvar) 
1222.9 1269.2 1282.0 302.0 

Reactive power output 

of SOPs (kvar) 
 176.3 176.1 1187.1 

 
Fig. 8.  Active power output of three DGs in four cases. 

 
Fig. 9.  Reactive power output of DGs and SOPs in four cases. 

2) Performance Analysis of TSIFO Algorithm 

The accuracy and efficiency of the TSIFO algorithm 

are evaluated by applying different solution algorithms 

to different scenarios. To compare the performances of 

the algorithms, two scenarios are designed: Scenario 1 

involves the MRCSR model with TSs but no SOPs, and 

Scenario 2 involves the proposed model. The two sce-

narios are implemented using the GUROBI optimizer 

and the proposed TSIFO algorithm, respectively. Solu-

tions with calculation times of >1 h are regarded as 



PROTECTION AND CONTROL OF MODERN POWER SYSTEMS, VOL. 9, NO. 1, JANUARY 2024 30 

infeasible (denoted as ‘Inf’). The analysis results are 

presented in Table IV, in which the average results from 

running the simulation 50 times are shown. The accu-

racy of the proposed approach is indicated by the re-

laxation errors of the branch currents [43]. The relaxa-

tion deviations of the branch current in different sce-

narios for the GUROBI optimizer and the proposed 

approach are shown in Fig. 11. 

 
Fig. 10.  Load restoration results in Case 3 and Case 4. 

TABLE Ⅳ 

RESULTS OF COMPARATIVE ANALYSIS UNDER THE GUROBI AND 

TSIFO ALGORITHMS 

Results 
Scenario 

1 2 

The modified 
IEEE33-bus 

system 

Load restoration 

(MW) 

GUROBI 2.68 Inf 

TSIFO 2.67 2.94 

Computing time 

(s) 

GUROBI 18.50 Inf 

TSIFO 5.64 7.56 

 

 

 

Fig. 11.  Scatter plots of relaxation errors for different scenarios. 

(a) Scenario 1 (GUROBI). (b) Scenario 1 (TSIFO). (c) Scenario 2 

(TSIFO). 

As indicated in Table Ⅳ, the direct application of the 

GUROBI optimizer solution only provides feasible 

solutions in Scenario 1. By solving the original MRCSR 

problem directly, optimal results are obtained. These 

can be used as the benchmark for the TSIFO algorithm. 

However, for Scenario 2, there is still no feasible solu-

tion after 1 h, mainly owing to the excessive numbers of 

integer variables. In contrast, both scenarios are suc-

cessfully solved by the TSIFO algorithm, indicating that 

the TSIFO algorithm is effective. In Scenario 1, satis-

factory results are obtained by the TSIFO algorithm, 

and are similar to the load restoration results obtained 

with GUROBI. Compared with the direct GUROBI 

optimizer, the TSIFO algorithm has a significantly 

shorter solution time, and its computational speed is 3.2 

times faster. This indicates that the proposed algorithm 

can effectively accelerate the model solution process. 
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Meanwhile, the relaxation errors for both scenarios 

under the modified IEEE 33-bus system are small, with 

the maximum error being less than 2.5e-5, as shown in 

Fig. 11. Hence, the relaxation of the proposed approach 

is accurate, and satisfies practical engineering require-

ments [7]. 

3) Robustness Analysis of MRCSR Approach 

A robustness analysis of the service restoration is 

conducted for the active power capacity and load de-

mand factor of the DGs. First, the load restoration of the 

proposed approach is analyzed with respect to the active 

power capacity of the DGs in the range of 7001000 kW 

(step size of 50 kW). The load restoration and the total  

 
Fig. 12.  Load restoration at different active power capacities of 

DGs. 

TABLE Ⅴ 

TOTAL ACTIVE POWER OUTPUT OF DGS AT DIFFERENT ACTIVE 

POWER CAPACITIES OF DGS 

Active power capacity  

of DGs (kW) 

Total active power output (kW) 

Case 1 Case 2 Case 3 Case 4 

700 2059.4 2078.4 2100 2100 

750 2250 2245.6 2250 2250 

800 2400 2400 2400 2400 

850 2550 2550 2550 2550 

900 2585.8 2700 2700 2700 

950 2585.8 2749.5 2753.9 2850 

1000 2585.8 2749.8 2753.9 2989.3 

 

Fig. 13.  Total reactive power output of DGs and SOPs at dif-

ferent active power capacity of DGs. 

active power output of the DGs at different DG active 

power capacities are shown in Fig. 12 and Table Ⅴ. The 

reactive power outputs of the DGs and SOPs are shown 

in Fig. 13. As seen there, when the active power capac-

ity of the DGs increases but is below 850 kW, the active 

power output of the DGs for all four cases exhibited an 

upward trend, with corresponding growth in the load 

restoration. 

When the active power capacity of the DGs reaches 

850 kW, different characteristics emerge. For Case 1, 

because the active power output of the DGs is close to 

the capacity of the DGs (so there is no reactive power 

compensation), the reactive power output of the DGs 

remains constant, and the load restoration is limited to 

2550 kW. The reactive power demand is partially sup-

plied by SOPs in Case 2. This increases the service res-

toration to 2700 kW. Compared with Case 1, there is an 

increase of 150 kW, but the CDC does not reasonably 

allocate the reactive power output, including that of the 

SOPs, resulting in an unsustainable increase in load 

restoration. Compared with Case 2, the load restoration 

in Case 3 is increased by 20 kW, mainly because of the 

optimized power-flow distribution. In Case 4, the active 

power utilization of the DGs is significantly improved, 

and a recovered load of 2940 kW is achieved at the 

active power capacity of 1000 kW. This is achieved by 

allocating the reactive power from multiple types of 

resources so that the majority of the reactive power 

demand for the restored load comes from the SOPs. 

Among the methods, the proposed approach achieves 

the best load restoration performance with different 

active power capacities of DGs. 

Without loss of generality, the load restoration is an-

alyzed at different load rates (0.6, 0.8, 1.0, and 1.2), as 

shown in Table Ⅵ. As seen, the load restoration rate 

decreases as the load rate increases. A comparison of 

the four cases reveals that the best load restoration is 

achieved in Case 4, and in particular, at the load rate of 

1.2, with increases of 5.1%, 4.4%, and 4.3% compared 

to Cases 1, 2 and 3, respectively. 

TABLE Ⅵ 

LOAD RESTORATION AT DIFFERENT LOAD RATES 

Load rates 
Restored load (kW) and restoration percentage 

Case 1 Case 2 Case 3 Case 4 

60% 
1980  

(88.7%) 

2120 

(94.9%) 

2240 

(100%) 
2250 

(100%) 

80% 
2310  

(77.4%) 

2400 

(80.7%) 

2720 

(91.4%) 
2830 

(94.6%) 

100% 
2550 

(68.6%) 
2700 

(72.6%) 
2720 

(73.2%) 
2940 

(78.5%) 

120% 
2690 

(60.3%) 

2720 

(61.0%) 

2730 

(61.1%) 
2950 

(65.4%) 

B. The Practical Distribution System of TPC  

A TPC 83-bus system is a practical distribution sys-

tem, as shown in Fig. 14. The voltage level and refer-

ence power of the system are 11.4 kV and 100 MVA, 
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respectively. The rated capacity of the DG is 0.6 MVA. 

From the parameters presented in Table I, the rated 

active power and reactive power are scaled down pro-

portionally to 2.84 MW and 2.07 Mvar, respectively. 

The relevant modifications are as follows: 11 feeders 

are connected to the upstream grid via bus 1 and four 

DGs integrated into the DN at buses 8, 13, 56 and 62. 

The system has 93 branches, including 82 sectionalized 

branches indicated by the solid lines and 11 tie branches 

indicated by the dashed lines. The tie switches are de-

picted as ‘TS’ with numbers. Two TSs, one between 

buses 5 and 55 and the other between buses 20 and 83, 

are replaced by SOPs. Without loss of generality, it is 

assumed that the TPC 83-bus system loses support from 

the upstream transmission network because of an ex-

treme natural disaster. Two scenarios are examined to 

validate the proposed approach. 

 

Fig. 14.  Topology of the practical 83-bus distribution network of TPC. 

Scenario 1: DHDC is applied to the MRCSR model 

with TS1TS11 but not SOP1 and SOP2. 

Scenario 2: DHDC is applied to the MRCSR model 

with SOP1 and SOP2 as well as TS1TS11 (the pro-

posed approach). 

The optimization results for the two scenarios are pre-

sented in Table Ⅶ. The active and reactive power out-

puts of the DGs and SOPs are shown in Figs. 15 and 16, 

respectively. In Scenario 2, the SOPs can provide crucial 

reactive power support, which increases the active power  

TABLE Ⅶ 

OPTIMIZATION RESULTS FOR TWO SCENARIOS 

Results Scenario 1 Scenario 2 

Load restoration (kW) 1800 2042 

Load restoration rate (%) 63.7 72.1 

Active power output of DGs (kW) 1805 2157 

Active power utilization rate of DGs (%) 75.2 90.0 

Reactive power output of DGs (kvar) 1264.5 967.0 

Reactive power output of SOPs (kvar)  875.7 

 

Fig. 15.  Active power output of four DGs in two scenarios. 

 
Fig. 16.  Reactive power output of DGs and SOPs in two scenarios. 

utilization rate of the DGs from 75.2% to 90.0%. Conse-

quently, the load restoration performance in Scenario 2 is 

superior to that in Scenario 1, reaching 2042 kW. The load 

restoration results for Scenario 2 are shown in Fig. 17, 

validating the effectiveness of the proposed model for 

large-scale practical distribution systems. 

TABLE Ⅷ 

RESULTS OF COMPARATIVE ANALYSIS UNDER THE GUROBI AND 

TSIFO ALGORITHMS 

Results 
Scenario 

1 2 

The practical 

distribution 

system of 
TPC 

Load restoration 

(MW) 

GUROBI 1.82 Inf 

TSIFO 1.80 2.04 

Computing time 
(s) 

GUROBI 82.69 Inf 

TSIFO 23.61 24.68 

The results obtained using the GUROBI and TSIFO 

algorithms are presented in Table Ⅷ. As shown there, 
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the computation times increase for both algorithms. 

However, it remains within a reasonable range [7]. 

Moreover, the application of the TSIFO algorithm made 

it easier to achieve satisfactory load restoration out-

comes. Figure 18 shows relaxation errors for different 

scenarios, with the maximum error being less than 

1.6e-4. This satisfies the requirements for large-scale 

practical distribution systems. 

 
Fig. 17.  Load restoration results in Scenario 2. 

 

 

 
Fig. 18.  Scatter plots of relaxation errors for different scenarios. 

(a) Scenario 1 (GUROBI). (b) Scenario 1 (TSIFO). (c) Scenario 2 

(TSIFO). 

Figure 19 and Table Ⅸ present the load restoration 

and total power outputs of DGs and SOPs at different 

DG active power capacities, respectively. As the active 

power output of DG increases, it gradually approaches 

its maximum capacity. Although both scenarios adopted 

the DHDC, the active and reactive power demands of 

the loads in Scenario 1 are not fully satisfied, leading to 

a load restoration of only 1800 kW. In contrast, the 

proposed approach leverages the SOP to provide reac-

tive power support, resulting in a remarkable im-

provement in DG utilization throughout the incremental 

process. Consequently, the load restoration keeps in-

creasing until it reaches 2042 kW. Load restoration at 

different load rates is shown in Table Ⅹ. As seen, the 

best load restoration is achieved in Scenario 2. 

 

Fig. 19.  Load restoration and total power output of DGs and 

SOPs at different active power capacities of DGs. 

From the above analysis, the proposed MRCSR ap-

proach has potential for the multi-resource collaborative 

service restoration of large-scale practical distribution 

networks when the DN loses support from the upstream 

transmission network. 
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TABLE Ⅸ 

TOTAL ACTIVE POWER OUTPUT OF DGS AT DIFFERENT ACTIVE 

POWER CAPACITIES OF DGS 

Active power capacity  

of DGs (kW) 

Total active power output 

(kW) 

Scenario 1 Scenario 2 

300 1200 1200 

350 1400 1400 

400 1546 1600 

450 1693 1800 

500 1814 2000 

550 1859 2144 

600 1805 2157 

TABLE Ⅹ 

LOAD RESTORATION AT DIFFERENT LOAD RATES 

Load rates 
Restored load (kW) and restoration percentage 

Scenario 1 Scenario 2 

60% 
1572 

(92.6%) 
1703 

(100%) 

80% 
1688 

(74.6%) 
1966 

(86.9%) 

100% 
1800 

(63.7%) 
2042 

(72.1%) 

120% 
1847 

(54.3%) 
2050 

(60.4%) 

Ⅴ.   CONCLUSION 

To improve DG utilization and maximize load res-

toration capability, an MRCSR approach for a DN that 

integrates SOPs, DGs, and TSs is proposed. The 

MRCSR model and the TSIFO algorithm are developed. 

In the proposed model, the DHDC method for SOPs and 

DGs is used to appropriately allocate power from dif-

ferent sources during outages, and the detailed load 

demand model is incorporated to illustrate the actual 

frequency and voltage characteristics of the load de-

mand. To efficiently analyze the proposed model, the 

TSIFO algorithm is used to obtain the post-fault to-

pology, multi-source outputs, and load restoration status 

by modelling Stage Ⅰ as a PRORMISOCP problem and 

Stage Ⅱ as a PROCMISOCP problem. 

The results reveal that the proposed MRCSR model 

can significantly increase the DG utilization level and 

the load restoration rate compared with the benchmark 

methods, through the DHDC method, the reactive power 

compensation provided by the SOP, network reconfig-

uration and detailed load demand model. In addition, the 

proposed algorithm is more than 3 times faster than the 

conventional optimizer, and the order of magnitude of 

the maximum relaxation error is about 10-4, which sat-

isfies practical engineering requirements for fast and 

accurate service restoration. 
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