
IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING, VOL. 66, NO. 8, AUGUST 2019 2269

Bayesian Inference-Based Estimation of Normal
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Abstract—Objective: Mechanical properties of healthy,
aneurysmal, and atherosclerotic arterial tissues are es-
sential for assessing the risk of lesion development and
rupture. Strain energy density function (SEDF) has been
widely used to describe these properties, where material
constants of the SEDF are traditionally determined us-
ing the ordinary least square (OLS) method. However, the
material constants derived using OLS are usually depen-
dent on initial guesses. Methods: To avoid such dependen-
cies, Bayesian inference-based estimation was used to fit
experimental stress-stretch curves of 312 tissue strips
from 8 normal aortas, 19 aortic aneurysms, and 21
carotid atherosclerotic plaques to determine the con-
stants, C1 , D1 , and D2 of the modified Mooney-Rivlin
SEDF. Results: Compared with OLS, material constants
varied much less with prior in the Bayesian inference-
based estimation. Moreover, fitted material constants dif-
fered amongst distinct tissue types. Atherosclerotic tis-
sues associated with the biggest D2 , an indicator of
the rate of increase in stress during stretching, followed
by aneurysmal tissues and those from normal aortas.
Histological analyses showed that C1 and D2 were as-
sociated with elastin content and details of the colla-
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gen configuration, specifically, waviness and dispersion,
in the structure. Conclusion: Bayesian inference-based
estimation robustly determines material constants in the
modified Mooney-Rivlin SEDF and these constants can re-
flect the inherent physiological and pathological features
of the tissue structure. Significance: This study suggested
a robust procedure to determine the material constants in
SEDF and demonstrated that the obtained constants can be
used to characterize tissues from different types of lesions,
while associating with their inherent microstructures.

Index Terms—Aneurysm, artery, atherosclerosis, Baye-
sian, material constant, regression.

ABBREVIATIONS

CVD Cardiovascular diseases.
Eq Equation.
EVG Elastin Van Gieson.
FC Fibrous cap.
IPH/T Intraplaque haemorrhage/thrombus.
MCMC Markov Chain Monte Carlo.
MMP Matrix metalloproteinase.
OLS Ordinary least square.
SEDF Strain energy density function.

NOMENCLATURE

W Strain energy density function.
C1 ,D1 ,D2 Modified Mooney-Rivlin model material

constants.
I1 First invariant of the left Cauchy-Green de-

formation tensor.
ξ Lagrangian multiplier.
J Determinant of the deformation gradient.
σ11 Cauchy stress along the tensile direction.
λ Stretch ratio.
S(C1 , D1 ,D2) Objective function of the ordinary least

squares method.
γ Relative error.
θ Unknown parameters in Bayesian inference-

based estimation.
D Experimental data in Bayesian inference-

based estimation.
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p(θ|D) Conditional distribution of unknown
parameters.

p(θ) Prior distribution.
p(D|θ) Likelihood function.
p(D) Probability of the evidence.
N (0, ε2) Gaussian noise.
ε Standard deviation of Gaussian distribution.
κ Dispersion of fibre orientations.
ω Waviness of fibres.

I. INTRODUCTION

CARDIOVASCULAR diseases (CVD) are the No.1 killer
and responsible for an estimated 31% of all deaths world-

wide [1]. About 80% of all CVD deaths are due to heart attacks
and strokes [1], which are induced by atherosclerotic plaques.
Aortic aneurysms, occurring in approximately 8% of men aged
>65 [2], are another common cause of CVD deaths, with the
mortality after aneurysm rupture being ∼90% [3]. In the current
clinical practice, luminal stenosis and maximum wall diameter
are the only validated risk assessment criteria for atherosclerotic
disease and aneurysm, respectively. However, such size-based
criteria showed only limited sensitivity and specificity [4]–[7].
Therefore, there is a clear need for novel risk-stratification
biomarkers to estimate the risks of atherosclerosis and aneurysm
in the hope of improving patient outcomes.

Under physiological conditions, both lesions are subject to
mechanical loading due to dynamic blood pressure and flow. It
has been shown that mechanical loading within the arterial tissue
structure has an association with biological activities within the
lesion [8]–[12], which can promote its development [13]–[15],
leading to both progression and rupture. Accurate characterisa-
tion of mechanical properties of atherosclerotic and aneurysmal
tissues is required for reliable prediction of mechanical load-
ing in the lesion structure. A reliable prediction process should
follow the steps of: (1) direct measurement of tissue stress-
stretch [16]; (2) carefully selected strain energy density func-
tion (SEDF) [17]; and (3) determination of material constants
in SEDF with an optimization method to minimise the objective
function, which describes the difference between the predicted
and measured stress-stretch curves. Several SEDFs have been
used to characterize the tissue material [17]. It is challenging to
obtain a robust estimation of material constants in an SEDF with
traditional least squares methods, which often converge to a lo-
cal minimum of the objective function in a narrow region around
the initial guesses. This yields different sets of constants that can
all fit the experimental data well. Although these distinct sets
of material constants can lead to very similar stress predictions
[17], it is inappropriate to characterise the tissue mechanical
behaviour by using regressed material constants, whose values
are highly dependent on their initial guesses. In other words,
it is incorrect to assign a physical meaning to these regressed
constants.

In this study, Bayesian inference was used to estimate the
probability of each material constant across a wide range and
the expectation was used to characterise the material constants
for each tissue strip. This approach avoids non-uniqueness

of parameter estimation associated with the least squares
method. The uniqueness of the fitted material constants allows
identification of the physical meaning of each constant and
enable comparisons between the obtained parameters among
distinct samples. The correlation of those parameters with the
corresponding microscopic structures can also be investigated.
The capability of the determined material constants to differenti-
ate tissues from normal aorta, carotid atherosclerotic plaque and
aortic aneurysm were assessed and the association between de-
termined material constants and fibre architectures in the tissue
was explored in this study.

II. MATERIALS AND METHODS

A. Collection of Tissue Samples and Material Testing

In this study, stress-stretch curves from direct material test-
ing with 8 normal aortas [18], 19 aortic aneurysms [18] and
21 carotid atherosclerotic plaques [16] were collected from pre-
vious studies, except for 8 aneurysms. The eight aneurysmal
samples (Seven males and one female, ages 63.3 ± 11.7 years)
were collected from the Royal Papworth Cambridge University
Hospital (Papworth Hospital) and three of them are from dissec-
tion at the arch. The protocol was approved by the local ethics
committee and written informed consent was obtained from all
patients.

Details of patient demographics except for the eight from
Papworth Hospital, tissue preparation and testing protocol have
been described in two previous studies [16], [18]. In brief, tis-
sue strips from different components with dimensions ∼1 ×
1.5 × 10 mm3 (thickness×width×length) were prepared. Wa-
terproof markers were placed on the tissue surface and each
strip was mounted on an in-house designed micro tester with
sandpaper attached to both ends. After pre-conditioning, the
strip was pulled slowly until failure with the force and position
of markers recorded. A displacement rate of 0.01 mm·s-1 was
used in all tensile tests. The stress-stretch curve of each strip
was then derived from the recorded signals, considering the ini-
tial dimensions and by assuming incompressibility. The initial
width and thickness of the sample strips were measured from
high-resolution images with ruler calibration. Edge detections
were performed in MATLAB (MathWorks, Inc.) to identify the
edges. The thickness/width of each strip was determined by
the average value of the distances between 100 pairs of closest
points with an equal distance along each edge.

B. Strain Energy Density Function

In this study, the modified Mooney-Rivlin SEDF was used to
characterise the mechanical behaviour of the tissue strips based
on the consideration of material stability [17],

W = C1
(
Ī1 − 3

)
+ D1

[
eD2 (Ī1 −3) − 1

]
+ ξ (J − 1) (1)

in which Ī1 = J−2/3I1 ; I1 is the first invariant of the unimodular
component of the left Cauchy-Green deformation tensor; J is
the determinant of the deformation gradient; ξ is the Lagrangian
multiplier for the assumption of incompressibility; C1 , D1 and
D2 are the empirical material constants to be determined by
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experimental data. In the case of uni-axial tensile experiment,
the Cauchy stress σ11 along the tensile direction is derived as,

σ11 (λ) = 2
(

λ2 − 1
λ

) [
C1 + D1D2e

D2 (λ2 + 2
λ
−3)

]
(2)

in which λ is the stretch ratio.

C. Ordinary Least Square Fitting Method

The ordinary least square (OLS) [19] fitting method was used
to determine the material constants in Eq. (1) by finding the local
minimum of the objective function around the initial guess of
(C10 , D10 ,D20),

S (C1 , D1 ,D2) =
N∑

k=1

[
σP

11k − σM
11k

]2
(3)

in which N is the number of data points, σP
11k and σM

11k are the
kth predicted and measured Cauchy stresses, respectively. All
material constants were constrained to be positive to avoid any
unphysical phenomenon. Relative error was used to assess the
fitting quality [20],

γ =
∑N

i=k

∣
∣σP

11k − σM
11k

∣
∣

∑N
i=k

∣
∣σM

11k

∣
∣ × 100% (4)

D. Bayesian Inference Framework

In the Bayesian inference, all unknown parameters are treated
as random variables θ. Given the experimental data D, its aim is
to estimate the conditional distribution of unknown parameters
p(θ|D), which is referred to the posterior distribution (poste-
rior). First a prior distribution (prior) p(θ) is assumed to repre-
sent the prior knowledge about unknown parameters. The prior
distribution can be adapted from previous studies and/or from
experts’ opinions. If there is no established prior distribution
for a problem, a non-informative prior can be applied using the
Principle of Maximal Entropy.

An appropriate noise model and chosen constitutive equations
are used to derive the likelihood function (likelihood) p(D|θ).
The posterior can be calculated by linking the prior and the
likelihood using Bayes’ theorem [21]–[23],

p (θ|D) =
p (θ) × p (D|θ)

p (D)
(5)

The denominator of Eq. (5) is a constant referred to as the
probability of the evidence (evidence) and given by,

p (D) = ∫ p (θ) × p (D|θ) dθ (6)

The multi-dimensional integral in Eq. (6) is generally difficult
to evaluate. If the unknown parameters are the only ones of
interest, Eq. (6) can be rewritten as [21]–[23],

p (θ|D) ∝ p (θ) × p (D|θ) (7)

Sampling methods, e.g., Markov Chain Monte Carlo
(MCMC), can be applied to explore the posterior without explic-
itly computing the evidence (Eq. (6)). The strategy is to draw
samples from a distribution similar to the posterior by using

effective sampling methods. More details about Bayesian infer-
ence and different sampling methods can be found in references
[21]–[23].

When Bayesian inference is used to estimate the material con-
stants in Eq. (1), a Gaussian noise model [21]–[23] is introduced
for the uncertainty, hoping that σP

11k (λ) equals to σM
11k (λ)

σ11 (λ) = 2
(

λ2 − 1
λ

)[
C1 + D1D2e

D2 (λ2 + 2
λ
−3)

]

+ N (
0, ε2) (8)

where, N (0, ε2) is the additive Gaussian noise with zero mean
and variance ε2 (standard deviation ε). Therefore, the likelihood
function can be written as,

p (D|C1 ,D1 ,D2 , ε) =
N∏

k=1

N (
σP

11k − σM
11k |0, ε2) (9)

where N is the number of experimental data points. In this study,
the prior for C1 ,D1 ,D2 and ε were assumed to be uniform dis-
tributions with ranges of [0, 5000] kPa, [0, 5000] kPa, [0, 5000]
and [0, 5000] kPa, respectively. The sensitivity to the prior was
tested. The MCMC with Gibbs sampling method was imple-
mented in the software WinBUGS (MRC Biostatistics Unit,
University of Cambridge) to estimate the posterior distribution
of the parameters, i.e., p(θ|D). The mean and standard deviation
of the posterior was calculated for further analyses amongst tis-
sues from different types of lesions and distinct morphological
component.

E. Quantitative Histological Analysis

Twenty four tissue strips adjacent to those used for me-
chanical testing from the 8 aneurysmal samples (3 strips from
each sample), which were collected from Papworth Hospital
were submitted for histological examination. Following a
standard histological processing procedure, tissue slices in
4 μm thickness were stained with Elastin Van Gieson (EVG)
and Sirius Red to visualise the elastin and collagen contents, re-
spectively. Stained histological tissue slices were digitised with
the NanoZoomer Slide Imaging System (Hamamatsu, Hama-
matsu City, Japan) at the amplification rate of 40 into 904 nm
resolution RGB images. Elastin appears dark in EVG stain, and
collagen appears red in Sirius Red stain. Elastin and collagen
percentage of each tissue slice, as well as the fibre dispersion
(κ; a parameter describing the scatter of fibre orientations), and
fibre waviness (ω) were quantified using an in-house designed
MATLAB-based (MathWorks, Inc.) software as described in the
Supplementary Material. The software was optimised with the
help of a pathology expert who had more than 15 years of expe-
rience in histopathological analysis of diseased arterial tissues.

In this study, the area percentage of elastin ( = area with
elastin/area of ROI, ROI stands for region of interest) and col-
lagen ( = area with collagen/area of ROI), κ, and ω were used
to characterize the fibre architecture in the structure. Perfectly
parallel fibres correspond to κ = 0 and an even scatter of fibre
orientations has κ = 1/3. Smaller values of ω correspond to
straighter fibres, and ω = 0 indicates straight fibres.
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Fig. 1. A representative example showing the fitted results using or-
dinary least square (OLS) method and Bayesian inference (initially
guessed values 1 of (C1 , D1 , D2 ) are (1, 1, 1), values 2 are (10, 10,
10), and values 3 are (100, 100, 100); the detailed fitted results are listed
in Table I; the experimental data were acquired from a media strip of a
normal aorta).

F. Statistical Analysis

The correlation between the percentage of collagens and the
estimated material constants was assessed using Spearman cor-
relation test. In this study, multiple samples were collected from
each tissue piece and the linear mixed effect model was con-
structed to assess the difference of parameters from different
tissue types, considering both random and fixed effects. The
statistical analysis was performed in MATLAB (MathWorks,
Inc.). A significant difference was assumed if p<0.05.

III. RESULTS

In this study, stress-stretch curves from 312 tissue strips in
the circumferential direction (perpendicular to the direction of
blood flow) were analysed using both OLS and Bayesian infer-
ence (Fig. 1).

In detail, the curves were from 15 media and 15 adventitial
strips of 8 normal aortas; 28 adventitial, 36 media, 8 thick-
ened intima and 27 thrombus strips of 19 aortic aneurysms;
65 media, 59 fibrous cap (FC), 38 lipid, and 21 intraplaque
haemorrhage/thrombus (IPH/T) strips of 21 carotid atheroscle-
rotic plaques. The difference in material constants determined
by Bayesian inference of different tissue types was explored
(Fig. 2) and the association between determined constants and
tissue micro architectures was investigated (Figs. 3 and 4).

A. Case Study on Material Constants’ Uniformity

Fig. 1 provides a representative example showing the fit-
ted results using OLS fitting method and Bayesian inference.
The determined material constants were dependent on initial

Fig. 2. The visualization of (C1 , D1 , D2 ) of different tissue strips
from different types of samples. (a) Tissue strips of media and adven-
titia from normal aortas. (b) Tissue strips of media, adventitia, thick-
ened intima, and thrombus from aortic aneurysms. (c) Tissues strips of
media, fibrous cap, lipid, and intraplaque haemorrhage/thrombus from
carotid atherosclerotic plaques. Unit of C1 and D1 is kPa and D2 is
dimensionless.

guesses when OLS method was used. In the cases shown in
Fig. 1, when the initial guesses of (1, 1, 1) and (10, 10, 10) were
used, the fitting results were very different (Table I). A certain
choice of initial guesses, e.g., (100, 100, 100), might lead to
a poor regression (Fig. 1). It is therefore inappropriate to use
material constants determined by OLS to characterise the me-
chanical properties of arterial tissues. On the contrary, based on
Bayesian inference, the determined material constants showed
little changes (<5%) when the prior ranges of C1 , D1 and D2
all increased ten times from [0, 1000] to [0, 10000].

In general, if the initially guessed value is properly chosen,
OLS can fit the experimental data well. The fitting quality γ
was 8.5% [6.0, 12.1] (Median [Interquartile range]), which is
slightly better than that of the Bayesian inference-based estima-
tion (8.8% [6.0, 12.3], p<0.0001).

B. Bayesian Inference-Based Material Constants of
Different Tissues Types

The values of C1 , D1 and D2 for each type of tissue are
provided in Fig. 2 (the outliers that are out of 1.75 quartile
range were not shown) with actual values listed in Table II. In
normal aorta, the media and adventitia have comparable C1 ,
D1 and D2 (p = 0.18, 0.33, and 0.14, respectively). Samples
from the aortic aneurysm, media and thickened intima showed
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Fig. 3. Representative EVG stained images showing the distribution of elastin in dark in the thickened intima, media, and adventitia of an aortic
aneurysm (The elastin contents are segmented in black. Adventitia has much less elastin fibres than either thickened intima or media). (a) Thickened
intima. (b) Media. (c) Adventitia.

TABLE I
REPRESENTATIVE REGRESSIONS USING THE ORDINARY LEAST SQUARE (OLS) METHOD WITH DIFFERENT INITIAL VALUES

AND BAYESIAN INFERENCE PROCEDURE WITH DIFFERENT prior RANGES

TABLE II
BAYESIAN INFERENCE-BASED ESTIMATIONS FOR DIFFERENT TYPES OF TISSUES (MEDIAN [INTERQUARTILE RANGE])
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Fig. 4. Representative Sirius Red stained images showing the collagen fibres in red in the thickened intima, media, and adventitia of an aortic
aneurysm (The collagen contents are segmented in black. Collagen fibres in the adventitia (C) is much wavier than those in the media (B).
D: the stress-stretch curves of the tissue strips are shown in (A–C). More extensible tissues have smaller D2 ). (A) Thickened intima. (B) Media. (C)
Adventitia. (D) Experimental data points and fitted curves.

a comparable C1 (p = 0.50), which is significantly higher than
that in either adventitia or thrombus (p<0.05). Adventitia has
the lowest value of D1 (p<0.005); intima has the highest value
of D1 (p<0.01) but is comparable with the one of thrombus (p =
0.21). Media has the highest D2 value compared with adventitia,
thickened intima and thrombus (p<0.05); and thrombus has the
lowest value of D2 (p<0.05) but is comparable with that of
intima (p = 0.29).

In carotid atherosclerosis, media and FC have a compara-
ble C1 (p = 0.33), significantly higher than those of lipid and
IPH/T (p<0.05). Compared with IPH/T, C1 value of lipid is sig-
nificantly higher (p = 0.03). The value of D1 for media, FC and
lipid is comparable (p>0.05), and IPH/T has the lowest value
of D1 compared with media and FC (p<0.01) but is compara-
ble with that of lipid (p = 0.87). Both media and FC have a

comparable D2 (p = 0.33), as do lipid and IPH/T (p = 0.39);
both media and FC have a significantly higher D2 than either
lipid or IPH/T (p<0.005).

Media is the only common tissue type in normal aorta, aortic
aneurysm and atherosclerotic plaque. Only material constants
of media of these three types of tissue were therefore compared.
The C1 value of media from normal aorta, aortic aneurysm and
carotid atherosclerotic plaque is comparable (p>0.05), as is D1
(p>0.05). However, D2 has the capacity to differentiate all three
types of tissues. In general, smaller values of D2 correspond to
more extensible tissues (Fig. 4(d)). The value of D2 for the
media from both aneurysm and plaque is significantly larger
than that from normal aorta (p<0.0001), and the D2 value of
media from plaque is much larger than that from aneurysm (p
= 0.022).
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Fig. 5. Comparison of area percentage of elastin and collagen con-
tents in the thickened intima, media, and adventitia from eight aortic
aneurysms. (a) Elastin. (b) Collagen.

C. Material Constants, Elastin and Collagen Contents
and Architectures

One tissue strip adjacent to the one for mechanical testing
of each layer from each of the eight aneurysm samples from
Papworth Hospital were submitted for histological examination
to visualise the elastin and collagen in the tissue microstructure
(Figs. 3 and 4).

As shown in Fig. 5(a), the area percentage of elastin in both
thickened intima and media is higher than the adventitia (an
example is shown in Fig. 3), and thickened intima has the lowest
area percentage of collagen (Fig. 5(b)), followed by media,
where the adventitia has the highest area percentage of collagen
(an example is shown in Fig. 4). The difference in elastin content
in these three layers (Fig. 5(a)) is consistent with the difference
of C1 value as listed in Table II.

Elastin fibres in the thickened intima and media are mostly
well organised and straight while those in the adventitia are
more fragmented (Fig. 3). Similarly, the collagen fibres in the
thickened intima and media are straight with a preferred direc-
tion, while in the adventitia the collagen fibres are wavier and
more disorganised. Compared with the media, the collagen fibre
dispersion, κ, is much bigger (0.14 [0.13, 0.15] vs 0.23 [0.19,
0.25], p = 0.008), and the waviness, ω, is higher in adventitia
(0.07 [0.09, 0.12] vs 0.16 [0.15, 0.18], p = 0.008). When κ,
ω, D1 and D2 of media and adventitia were pooled, κ was in-
versely associated with D2 (ρ = -0.61, p = 0.014) and ω was
inversely associated with D2 (ρ = -0.73, p = 0.002) (Fig. 6);
but no association was found between D1 and κ or ω.

IV. DISCUSSION

Bayesian inference estimates the distribution of material
parameters in the constitutive model rather than finding their
point-based estimations. It is used in this study to avoid the sen-
sitivity to initial guesses when OLS method is used, allowing

Fig. 6. The association between collagen fibre dispersion (κ) and wavi-
ness (ω) and D2 . (a) Dispersion. (b) Waviness.

characterisation of the tissue through comparison of material
constants. Obtained results indicated that C1 , D1 and D2 were
tissue type dependent. In particular, D2 is the most sensitive
parameter in differentiating tissues of distinct arterial layers
from a single type of sample, or of the same layer between dif-
ferent type of samples; and D2 is also associated with tissue
architectures, e.g., fibre dispersion and waviness. In general,
atherosclerotic tissues have the biggest D2 values, followed by
those from aneurysms and then normal aortas.

Proper choice of both SEDF and material constants is impor-
tant for material stability and numerical convergence in com-
putational studies that aim to predict stress distribution within
the lesion [17], [24]. The robustness of the SEDF is reflected by
its ability to reproduce several modes of deformation, including,
but not limited to uni-axial, bi-axial and pure shear deformations
[17]. Considering its stability and broad capacity in character-
izing distinct material properties, the modified Mooney-Rivlin
SEDF appear as practical choice for mechanical analyses to
predict the critical mechanical conditions within vascular le-
sions, such as carotid atherosclerotic plaques [17]. In this study,
stress-stretch data from uni-axial testing was used, since it is
nearly impossible to perform bi-axial and pure shear testing
with atherosclerotic tissues, because of their non-homogeneity
and irregularity. Regarding material constants of the SEDF, us-
ing constraints on their values can make the SEDF convex to
achieve material stability to a particular extent [25]. Although
a wide search with multiple initial guesses might alleviate the
sensitivity of material constants to the initial guess, an exhausted
try is not possible and moreover, different sets of material con-
stants may all have a satisfactory regression, e.g., with a small
γ value. However, this does not imply the uniqueness of OLS in
material constants identification as Bayesian approach does in a
large space. For example, the initial guesses of (1, 1, 1) and (0,
1, 0) can both fit the experimental data points shown in Fig. 1
well, but with very different material constants, in particular, C1
and D1 (Table I).
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TABLE III
COMPARISON OF MATERIAL CONSTANT DETERMINATION METHODS (RESULTS ARE PRESENTED IN MEAN ± SD)

Fig. 7. Representative curves with Gaussian noise and with different
standard deviations (The template curve was generated with C1 = 3.26
kPa, D1 = 3.67 kPa, and D2 = 2.16).

The employment of Bayesian inference-based approach can
eliminate such dependencies. It provides an estimation of the
distribution of the parameters instead of a point estimation.
The expectation of the distribution is used as the determined
material constant which provides the uniqueness, in particular
for noisy data (please refer to Fig. 7 and Table III and associated
discussion in the paragraph below for details).

The non-uniqueness of parameter estimation associated with
OLS might be avoided with a hybrid approach by searching
different initial guesses aiming at a global minimisation within
a large space. MultiStart Algorithm [26] implemented in Global
Optimization Toolbox of MATLAB (MathWorks, Inc.) was used
to follow this principle. A parameter study was performed to
compare the difference between this and Bayesian inference-
based approaches. A standard stretch-stress curve was generated
using C1 = 3.26 kPa, D1 = 3.67 kPa, D2 = 2.16 that fit the exper-
imental data shown in Fig. 1. Gaussian noise with three different
standard deviations (ε = 1, 5 and 10 kPa) was added to the curve
(Fig. 7) and the noising process was repeated independently for
1000 times for each σ to generate 1000 artificial curves. OLS
with initial guesses of (0, 1, 0) and (1, 1, 1), OLS with MultiStart
Algorithm and Bayesian inference-based approach were used
to identify the constants as listed in Table III. In the case of no
noise, the OLS method with initial guess (0, 1, 0) found a local
minimum, where the fitted results did not match the gold stan-
dard well. The OLS method with (1, 1, 1) achieved equally good
fitting results compared to OLS method with global minimisa-
tion algorithm, indicating (1, 1, 1) is a good initial guess. The
Bayesian method found approximately the same parameters,
with a gamma value of 0.1%. For all approaches, the shifting
mean value of constants and increased γ at higher noise lev-
els were found. Bayesian method obtained similar mean values
and standard deviations to the OLS method with global mini-
mization, although when the noise level increased to 5 kPa and
higher, Bayesian inference-based approach performed slightly
better with a closer mean value to the gold standard and smaller
standard deviation. It can be expected that its performance
could be further improved with an appropriate prior. Other
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sophisticated minimization algorithms, e.g., genetic algorithm
[27], are also available to achieve a global optimum within
a large space to avoid non-uniqueness in material parameters
identification.

The material constants, C1 , D1 and D2 contribute differently
to the stress when the tissue strip is subject to stretching as
shown in Eq. (2). Taking the results in Fig. 1 as an example,
when λ = 1.2, the term with C1 contributes 21.2% to the total
stress and the term with D1 and D2 contributes the rest; when
λ = 1.6, the proportion from the term with C1 decreases to
6.3%, and that from D1 and D2 increases to 93.7%. In general,
the change in curve is insensitive to the change of C1 , more
prominent with changes in D1 , and very profound with changes
in D2 (Please see Supplementary Material for more details).

The extracellular matrix components, specifically the mix of
elastin and collagen in the vessel wall, determine the passive
mechanical properties of large arteries. C1 , D1 and D2 might
be used to characterise their mechanical behaviour under phys-
iological and pathological conditions. In an unloaded healthy
artery, both elastin and collagen appear undulated and wavy,
where they straighten as the artery begins to bear load [28]. The
elastin is mostly straight at physiological pressures [28]. Upon
involvement of C1 , the term in Eqs. (1) and (2) may reflect
this procedure. In contrast to the elastin, less than 10% of the
collagen fibres are straight and load-bearing at physiological
pressures [29]. As the pressure increases, more collagen fibres
become load-bearing and their stiffness limits arterial disten-
sion, providing the classical nonlinear behaviour observed in
arterial mechanics [30]. This is characterised by the term in
Eqs. (1) and (2) with D1 and D2 involvement, particularly, D2
dominates the rate of increase in stress. Elastin and collagen
fibres can be degraded by several members of the matrix met-
alloproteinase (MMP) family. Increased expression of MMP-1
and MMP-9, for example, have been reported in aneurysms,
which are characterized by fragmentation of both elastin and
collagen fibres [31], where the increased expression of MMP-2
is localized to sites of fragmentation in the elastic lamellae [32].
These pathological changes lead to a stiffer artery, that is, stress
increases quicker during stretching. The bigger D2 value of
aneurysmal and atherosclerotic tissues can be the consequence
of these pathological changes.

It is worth noting that the modified Mooney-Rivlin SEDF is
a phenomenological approximation of the material behaviour.
Information from microstructure was not used, and therefore
material parameters C1 , D1 and D2 can only loosely link to the
fibre architecture. Moreover, the exponential term describing
the toe region in the stress-stretch curve is oversimplified and
unbounded, allowing the tangential stiffness to rise infinitely
with increasing stretch. Such limitations can be overcome by
employing a more microstructurally informed model, which
takes gradual recruitment of collagen fibres into consideration
[33]–[35]. In their stress-free state, the collagen fibres rest in a
crimped configuration with waviness following a right-skewed
distribution [36], [37]. As a result, the likelihood of collagen
fibres becoming newly recruited follows a Gamma distribution,

Γ
(
Ī1 ;α, β

)
=

βα
(
Ī1 − 3

)α−1
e−β(Ī1 −3)

Γ (α)
(10)

where Γα is a complete Gamma function, and α and β are
the shape and rate parameters. Both parameters relate to the
microstructure of the tissue, with αβ−1 and αβ−2 being the
expectation and variance of Ī1 − 3 at which the collagen fibres
become recruited. Integrating this probability density function
gives the cumulative likelihood of collagen fibres contributing
to stiffness. Thus, SEDF at a given stretch level can be obtained
as follows,

W = C1
(
Ī1 − 3

)
+ D1

∫ Ī1

0
Γ (x; α, β) dx (11)

where C1 and D1 reflect the contribution (incorporating fibre
stiffness, alignment and relative volume fraction) of elastin and
collagen fibres, respectively. Such a formulation offers more
flexibility in fitting and better insights in the mechanical re-
sponse [34], [35], however the whole fitting procedure is much
more complicated than either OLS or Bayesian inference-based
estimation. Given that phenomenological models already lead
to comparable goodness of fit [34], we conducted the present
study using modified Mooney-Rivlin models for conciseness.

It is necessary to disclose that the experimental data used in
this study were mostly from two previous reports [16], [18]. The
non-uniqueness in the material constants identification using
OLS was mentioned in one of them [16]. To obtain a determined
set of material constants for each type of tissue, an energy-based
average algorithm was employed. It is certain that the findings
and conclusions obtained in this study do not relate to any of
these two previous reports.

The obtained estimations listed in Table II can serve as priors
for future studies to improve the accuracy of the estimation. De-
spite the interesting findings, limitations exist in this study: (1)
the stress-stretch curve used in this study was from uni-axial tests
and modified Mooney-Rivlin SEDF is an isotropic model, so that
the anisotropy was not considered. The anisotropic SEDF con-
sidering microstructures can be found in studies by Holzapfel
et al. [38]; (2) EVG and Sirius Red stains were used to visualise
the gross elastin and collagen architectures and pathological fea-
tures, e.g., inflammation, was not considered that might affect
tissue mechanical properties and therefore the value of C1 , D1
and D2 ; and (3) modified Mooney-Rivlin SEDF usually can fit
the whole stress-stretch curve of the normal aorta well, but not
for all tissue strips of aneurysm and atherosclerotic plaque, in
particular, in the region with a low stretch level (Fig. 4(d)).
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