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Topology Optimization of Stressed Capacitive
RF MEMS Switches

Mandy A. Philippine, Ole Sigmund, Gabriel M. Rebeiz, Fellow, IEEE, and Thomas W. Kenny

Abstract—Geometry design can improve a capacitive radio-
frequency microelectromechanical system switch’s reliability by
reducing the impacts of intrinsic biaxial stresses and stress gra-
dients on the switch’s membrane. Intrinsic biaxial stresses cause
stress stiffening, whereas stress gradients cause out-of-plane curl-
ing. We use topology optimization to systematically generate
designs, by minimizing stress stiffening, minimizing curling, or
minimizing stress stiffening while constraining the curling be-
havior. We present the corresponding problem formulations and
sensitivity derivations and discuss the role of key elements in the
problem formulation. [2012-0130]

Index Terms—Geometry design, intrinsic stress, mechanical
design, radio-frequency microelectromechanical systems
(RF MEMS), stress gradient, topology optimization.

I. INTRODUCTION

THE MECHANICS of microelectromechanical systems
(MEMS) are typically designed using a set of popular

building blocks (rectangular cantilevers, folded flexure beams,
crab legs, etc.). Optimization of these structures or their variants
is often performed using scaling laws, parametric optimization,
or some insight gained from studying relationships between
certain features and a device’s behavior. Topology optimization
is a more powerful tool that systematically generates the full
topology of a design, including the size, shape, and location of
features, and can satisfy several goals despite potentially com-
plex relationships. This paper demonstrates the method for an
RF switch and provides the appropriate problem formulation to
reduce stress sensitivity of a membrane with multiple anchors.

The radio-frequency MEMS (RF MEMS) community has
been working on designs of stress-insensitive capacitive RF
switches. Like many other MEMS devices, their switches ex-
perience both curling from stress gradients across the thickness
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of the membrane and stress stiffening from in-plane biaxial
stresses. The stresses are typically a result of the fabrication
process and can vary from wafer to wafer or within a single
wafer. In the case of RF switches, reliability is compromised by
stress variations: The actuation voltage is sensitive to both in-
plane stresses that cause stress stiffening and to stress gradients
that affect the air gap.

A range of successful solutions have been provided to com-
pensate for stress and the related temperature sensitivity prob-
lems. Mahameed and Rebeiz proposed a switch that translates
in-plane stress variations to in-plane motion rather than verti-
cal deflections by increasing thickness, maintaining structural
beam widths to a minimum and introducing asymmetry to
encourage motion in a specific direction [1]. Meander spring
designs have been suggested [2]. Goldsmith et al. used a molyb-
denum membrane, bringing the membrane’s thermal expansion
constant closer to the substrate’s [3]. Electrical compensa-
tion was demonstrated in [4]. Using parametric optimization,
Reines et al. [5] systematically demonstrated the tradeoff
between stress stiffening and vertical deflections for a sym-
metric circular switch with cutouts and vertical springs.
Nieminem et al. used cutouts as well, but also justified an-
chor placement with results from finite-element analysis [6].
Mahameed and Rebeiz [7] demonstrated a highly stress- and
temperature-insensitive switch with elements from [5] and [6].
This paper extends their work: Topology optimization is used to
systematically generate the size, shape, and location of cutouts
and of the overall structure. Finite-element analysis and its
derived results are iteratively used with an optimizer to design
novel switch geometries.

Section II presents topology optimization and its imple-
mentation. Section III describes the finite-element model.
Section IV provides the problem formulations and sensitivity
equations. An example problem is defined in Section V, and
a set of solutions is presented and compared with an existing
design in Section VI. An intuitive interpretation of the resulting
topologies is provided, as well as a discussion on the quality of
the designs obtained via topology optimization.

II. TOPOLOGY OPTIMIZATION

A. Background

Topology optimization can help design the topology of a
mechanical device. In its most popular form, the technique
minimizes the mechanical compliance of a structure by vary-
ing the distribution of material within a design space [8].
Private companies such as Airbus and Boeing have adopted
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Fig. 1. Basic topology optimization process flow.

the method to optimize products [9], [10] using commercial
software dedicated to topology optimization such as Altair or
FE-Design. Beyond the traditional minimum compliance prob-
lem, this technique has been employed in academic settings
to solve a broad range of problems [8], including some in the
MEMS domain [11]–[14]. The basic process and tools remain
similar from application to application, but the specific problem
formulations vary. Defining a new problem formulation usually
also involves finding practical sensitivity expressions.

B. Method Overview

The basic topology optimization process flow is shown in
Fig. 1. First, the design area is defined and discretized. The
material properties, support conditions, intrinsic stresses, and
stress gradients are also predefined.

The solid isotropic material with penalization model (SIMP)
is used such that the design variables are the individual physical
element densities ρ̃e: A null density represents an absence of
material, whereas a density of value 1 represents the presence
of material. Penalized intermediate density values are permitted
such that the optimization variables are continuous. Element-
level material properties and internal stress values are weighed
by the individual densities, raised to the power of p, which is
the penalization factor. p is typically set to 3 and depends on
Poisson’s ratio [8].

Once the design space has been properly set up, finite-
element analysis is performed for an initial guess. The design
space densities are typically initialized to some intermediate
density. Next, the sensitivity of the objective function and of
the constraints to variations in the element densities are cal-
culated using the resulting solution and any associated adjoint
solutions.

The mathematical programming method, i.e., method of
moving asymptotes (MMA), uses the objective and constraint
values and sensitivities to provide an updated density distribu-
tion [15].

Finite-element analysis followed by sensitivity analysis and
optimization with MMA are performed for this new structure

Fig. 2. Filtering scheme. Plot of (3) for a threshold parameter η = 0.3 and
various projection parameters β.

to obtain a new updated density distribution. This process
is repeated until the difference between consecutive density
distributions is small [8].

C. Filtering and Projection

Filtering is implemented to prevent well-known numerical
problems such as checkerboarding and mesh dependence. The
filtering scheme from [16] is used here. The filtered variables ρ̃e
are weighted averages of neighboring variables ρe, i.e.,

ρ̃e =
Σj∈Ns,e

w(xj)vjρj

Σj∈Ns,e
w(xj)vj

(1)

where Ns,e is the set of neighboring elements, defined as the set
of elements lying within a circle of radius rmin centered on the
element e. w(xj) is the weighting function, i.e.,

w(xj) = rmin − |xj − xe| (2)

where xj and xe are the coordinates of the center of elements
j and e, respectively.

A threshold projection ensures convergence toward a
solid/void solution. The projected densities ρ̃e, which are
termed “physical densities,” are [16]

ρ̃e =
tanh(βη) + tanh (β(ρ̃e − η))

tanh(βη) + tanh (β(1− η))
(3)

where β is the projection parameter, and η is the threshold
value. We increase β periodically such that the design gradually
converges toward a solid/void solution. Fig. 2 plots the projec-
tion scheme for several values of β with an example threshold
value η = 0.3.

The sensitivity expressions incorporate the filter and projec-
tion and are obtained using the chain rule

∂f

∂ρj
= Σe∈Ns,j

∂f

∂ρ̃e

∂ρ̃e
∂ρ̃e

∂ρ̃e
∂ρj

. (4)

D. Robust Optimization

Robust optimization helps enforce a minimum feature size
for both solid and void areas [16]. The minimum feature
size is set by the fabrication process and is controlled in the



208 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 22, NO. 1, FEBRUARY 2013

optimization by rmin. A robust problem considers three designs
simultaneously: a dilated design, an intermediate design, and an
eroded design, obtained from using projection parameter values
of η = η∗ < 0.5, η = 0.5, and η = 1− η∗, respectively. The
final solution is the converged intermediate design. A previous
paper demonstrates the importance of robust optimization for
convergence toward a design that can be fabricated [17].

E. Basic Model

The entire optimization problem is solved within MATLAB,
including the finite-element analysis. The code is based on
pieces of code from DTU [18], by Bhatti [19], and by Svanberg
[15], which provided the basic topology optimization structure,
the basic finite-element simulation, and the MMA optimizer,
respectively. The finite-element code was enhanced to support
variable density distributions and the stress stiffening and curl-
ing behaviors. The DTU code was enhanced to include filter-
ing, projection, and robust optimization. The overall code was
adapted to solve the three problems discussed in Section IV.

Once optimized designs are obtained, they are postprocessed:
CAD-compatible files are created from the converged density
distributions using the img2cad software. The boundaries be-
tween solid and void areas are then smoothed, and the quality
of the solutions is verified with the commercial finite-element
program COMSOL.

III. FINITE-ELEMENT MODEL

A. Stress Stiffening

A structure’s stiffness changes as a function of its membrane
stresses. Thin films grown in a MEMS fabrication process
typically develop in-plane biaxial stresses, which can result in
stress stiffening. These can vary across a wafer and from wafer
to wafer but are assumed to be uniform within each device.

Cook et al. outlined a method to model this behavior using
the finite-element method [20]. A stress stiffness matrix Kσ and
a stress force vector Fσ are added to the original stiffness matrix
K and to the external force vector F , respectively, such that

(K +Kσ)u = F + Fσ. (5)

The stress force vector is assembled from the element-level
expression

{fσ}e = −
∫

BT
e {σ0}edv (6)

where Be is the usual strain-displacement matrix. The stress
stiffness matrix is assembled from the element-level expression

{kσ}e =
∫

GT
e SeGedv (7)

where G contains derivatives of the shape functions, and S
contains the stress levels of elements in response to the stress
force vector only. These stresses are strongly dependent on
boundary conditions and are found by solving

Kuσ = Fσ. (8)

During assembly of Fσ and Kσ , the element-level vectors and
matrices are weighed by their corresponding physical densities
ρ̃e, raised to the power p.

B. Curling

Curling occurs in membranes with stress gradients, which
can arise within a thin film as a result of the fabrication process,
or in laminated plates with asymmetric stresses in the layers. In
both cases, the behavior is modeled by adding internal moments
mx and my to the force vector. On an element level, these
moments are given by [20]

mx =

t/2∫
−t/2

σxz dz my =

t/2∫
−t/2

σyz dz (9)

where the stresses σx and σy are functions of the normal
dimension z and are determined by the stress gradient ∇σ. The
thickness of the membrane is denoted by t. These moments are
weighed by the physical element densities ρ̃e and assembled
into the force vector F∇σ. The curling displacements are found
by solving

Ku∇σ = F∇σ. (10)

Note that curling could be observed in membranes free
of stress gradients that experience in-plane biaxial stresses.
These deflections could be due to buckling, nonrigid anchors,
or initially deflected membranes. We assume ideal boundary
conditions, a flat membrane, and no buckling for the purpose of
this optimization and, therefore, only consider curling behavior
due to stress gradients.

IV. PROBLEM FORMULATIONS AND

SENSITIVITY EXPRESSIONS

Four formulations are presented. The first minimizes the
compliance of a prestressed plate and is the formulation pro-
vided in [21]. The second minimizes curling, without taking
stress stiffening into account, and is a simplified version of
the formulation published in [22]. The third minimizes the
stress stiffening behavior, without considering the curling be-
havior and was presented in [17]. The fourth combines the
two previous formulations to minimize stress stiffening while
constraining curling.

A. Minimizing Compliance

Minimizing compliance of a prestressed plate consists in
minimizing the work done by external forces. The objective is
expressed as [21]

f0 =
1

2
FT (u− uσ). (11)

A volume constraint is imposed, i.e.,

f1 =
Σρ̃eve
Σ ve

− v∗ < 0 (12)
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where v∗ is a given volume fraction, ve is the volume of an
element e, and the sums are conducted over all elements in the
design area. In a robust optimization, one would use a min–max
formulation

Minimize : max {{f0}eroded, {f0}interm, {f0}dilated} (13)

and apply the volume constraint to the dilated solution.
The sensitivity analysis for this objective and constraint can

be found in [8], [21] and yields the following expressions:

df0

dρ̃e
=λT

1

(
dFσ

dρ̃e
−dK

dρ̃e
u− ∂Kσ

∂ρ̃e
u

)
+λT

2

(
dFσ

dρ̃e
− dK

dρ̃e
uσ

)
(14)

df1

dρ̃e
=

ve
Σve

(15)

where the multipliers λ1 and λ2 are chosen such that

(K +Kσ)λ1 =
1

2
F (16)

Kλ2 = − 1

2
F − ∂(λT

1 Kσ)

∂uσ
u. (17)

B. Minimizing Curling

To minimize curling, the objective function is set to the
weighted power of the deflection given by [22]

f2 = (uT
∇σ)A(u∇σ) (18)

where u∇σ is found from (10), and A is a diagonal matrix
for which each diagonal term that is associated with a normal
displacement degree of freedom is a nodal density raised to the
third power. A nodal density is an average of the surrounding
element densities. It is raised to the third power to penalize
intermediate densities.

The volume constraint f1 is imposed in this formulation as
well. Robust optimization is implemented as in the previous
formulation, with a min–max formulation and enforcement of
the volume constraint for the dilated design.

The sensitivity analysis for this objective can be found in
[22]. Note, however, that it is assumed here that the displace-
ments caused by the stress gradient are not sufficient to induce
stress stiffening. The sensitivity of the objective is therefore
simplified to

df2

dρ̃e
=
{
uT
∇σ

} dA

dρ̃e
{u∇σ}+

{
λT
3

}
e

(
d[F∇σ]e

dρ̃e
− d[K]e

dρ̃e
{u∇σ}e

)
.

(19)
The adjoint equation is

Kλ3 = 2A u∇σ. (20)

C. Minimizing Stress Stiffening

For the structures and stress levels considered, in-plane dis-
placements caused by the intrinsic biaxial stresses are small
compared with the in-plane dimensions. Thus, for a given set of
boundary conditions and given stress states σhigh and σlow, the
stiffness shift khigh − klow is proportional to the stress change.

It is therefore sufficient to consider only two stress states, and
the objective is chosen to be the percent change in stiffness
between them, i.e.,

(khigh − klow)

klow
=

khigh
klow

− 1. (21)

This is equivalent to minimizing the stiffness ratio khigh/klow
since khigh will always be greater than klow. It follows from
the formulation of the minimum compliance of a prestressed
plate and from the fact that stiffness is simply the inverse of
compliance that minimizing this stiffness ratio can be achieved
by minimizing the following function:

f3 =
FT (u− uσ)low
FT (u− uσ)high

(22)

where u and uσ are independently calculated for both the low
and high stress states. Once again, a min–max formulation is
used.

This optimization problem needs a constraint to eliminate the
trivial solution, which would completely isolate the forced area
from the anchors, resulting in null stiffness at all stress states.
The solution would be a floating membrane that does not make
physical sense. Therefore, an upper bound S∗ is enforced on the
structure’s compliance. The compliance constraint is applied to
the eroded solution at the lower stress state, i.e.,

f4 = {FTulow}eroded − S∗ < 0. (23)

The volume constraint is applied to the dilated solution. The
procedure outlined in [21] can be used to find the sensitivity of
the objective function to variations of the physical density ρ̃e of
each element, i.e.,

df3

dρ̃e
=

({
λT
4

}
e
+
{
λT
6

}
e

) d[Fσ,low]e

dρ̃e

+
({

λT
5

}
e
+
{
λT
7

}
e

) d[Fσ,h]e

dρ̃e

−
{
λT
4

}
e

d[K]e

dρ̃e
{ulow}e −

{
λT
5

}
e

d[K]e

dρ̃e
{uh}e

−
{
λT
6

}
e

d[K]e

dρ̃e
{uσ,low}e −

{
λT
7

}
e

d[K]e

dρ̃e
{uσ,h}e

−
∂
({

λT
4

}
e

)
∂ρ̃e

{ulow}e −
∂
({

λT
5

}
e

)
∂ρ̃e

{uh}e. (24)

The adjoint equations used to obtain λ4, λ5, λ6, and λ7 are

(K +Kσ,low)λ4 =
1

FTuh
F (25)

(K +Kσ,h)λ5 = − FTulow

(FTuh)2
F (26)

Kλ6 =
∂(λT

4 Kσ,low)

∂uσ,low
ulow − 1

FTuh
F (27)

Kλ7 = −∂(λT
5 Kσ,h)

∂uσ,h
uh +

FTulow

(FTuh)2
F. (28)

D. Minimizing Stress Stiffening With a Constraint on Curling

The previous formulations are building blocks for the one
that can be used to design stress-insensitive capacitive RF
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Fig. 3. Top and cross-sectional views of circular RF MEMS switch with
definition of design space areas and dimensions. Rc = 50 μm, Re = 91 μm,
Ra = 100 μm, and Rs = 92 μm. White dotted lines delineate the actuation
area and the anchors.

switches. In this formulation, the goal is to minimize the stress
stiffening behavior while constraining the curling. A min–max
formulation is employed once again, with the objective set to
f3. A compliance constraint f4 is applied to the eroded solution
at the low stress state. A curling constraint is also applied to the
eroded, intermediate, and dilated density distributions such that

f5 = f2 − P ∗ < 0 (29)

where P ∗ is a given weighted power of deflection. A volume
constraint is unnecessary and, therefore, not included.

V. EXAMPLE PROBLEM

A. Definition of Design Space

The design setup considered for optimization is shown in
Fig. 3. Anchors are locations where the membrane is fixed
to the wafer. Anchor extensions are parts of the membrane
surrounding the anchors that need to be solid for fabrication
purposes. The actuation area is an area of the membrane that is
electrostatically actuated when a bias is applied to the electrode
directly beneath it. The anchors, anchor extensions, and actua-
tion area are set to have density 1 and cannot be modified. All
other areas comprise the design space and will be optimized.

Four anchors are positioned 100 μm from the center and
span 44◦ each. The circular central actuation area has a 50-μm
radius. The anchor extensions and their dimensions are shown
in Fig. 3. The thickness t is set to 0.5 μm. The membrane
is gold: The elastic modulus E is set to 45 Gpa, and the
Poisson ratio is set to 0.45. This setup is chosen such that it
matches the one from a switch designed by Reines et al. for
low stress sensitivity [5]. This permits comparison of topology

optimized designs to an existing switch geometry. His switch
has a step in the membrane due to the fabrication process. This
step was not modeled for the topology optimized designs. All
comparisons are therefore made to a flat version of Reines’
switch, which has been simulated in COMSOL. The step in
his design reduces sensitivity to stress gradients. To extend this
work, a 3-D topology optimization could choose the placement
of such steps to further minimize curling.

B. Finite-Element Setup

A quarter of the structure is modeled and optimized, and
symmetry conditions are applied. Clamped boundary condi-
tions are enforced at the anchors. Each setup is discretized using
a square mesh with 50 elements to a side.

Rectangular Mindlin plate elements with three translation
and three rotation degrees of freedom per node are used. These
elements are more appropriate than 3-D solid elements since the
capacitive RF switches are flat membranes actuated out of plane
and the thickness is several orders of magnitude smaller than
the in-plane dimensions. The 2-D solid elements are capable of
capturing displacements in the normal direction. Although the
Kirchhoff plate theory is more accurate for thin plates, Mindlin
elements are employed here for their ease of implementation
and relatively low computational cost. In addition, they have
been successfully used in the past for similar applications [22].
The membrane and bending parts of the stiffness matrices are
calculated with four Gauss points, whereas the shear part is
calculated with just one to prevent shear locking.

Stress stiffening and curling are independently modeled, as
outlined in Section III-A and B. Stress stiffening is analyzed for
the two stress levels σlow = 100 MPa and σhigh = 180 MPa,
such that the various objectives and constraints discussed in
Section IV may be calculated. A uniform mechanical pressure
is applied in the actuation area to model electrostatic forcing.
The stiffness is obtained by applying a small force on the
actuation area such that the membrane does not experience
geometric nonlinearities from large displacements. This sim-
plification is justified by a finding by Buhl et al. [23]: They
obtained only marginally better results when they incorporated
geometric nonlinearities into their topology optimization as
compared with those obtained with linear analysis. Although
more computationally demanding, the nonlinear analysis is
feasible and could be incorporated into future work. Curling is
modeled for a stress gradient set to ∇σ = 12 MPa/μm applied
to the entire membrane.

C. Optimization Parameters

The same 2500 elements used for finite-element modeling
are also assigned a density variable ρe. The radius of neighbor-
ing elements rmin, which is used for the density filter, is set to 5.
The projection parameter β is initially set to 1 and incremented
by a factor of 1.5 either every 50 iterations or when the change
between two consecutive iterations falls below one percent. If
the constraints are not met after 50 iterations, β is reduced by a
factor of 0.7. We stop incrementing β after it becomes greater
than 500. The threshold parameter η is set to 0.3 for the dilated
design, 0.5 for the intermediate design, and 0.7 for the eroded



PHILIPPINE et al.: TOPOLOGY OPTIMIZATION OF STRESSED CAPACITIVE RF MEMS SWITCHES 211

TABLE I
OPTIMIZATION PARAMETERS AND RESULTS

design. The dilated volume fraction constraint v∗ is set to either
0.5 or 0.8 for the problem described in Section IV-B where
curling behavior is minimized. The compliance constraint S∗

is chosen based on Smin, i.e., the strain energy of the minimum
compliance design with a prestress of σlow. The flatness con-
straint P ∗ is chosen based on Pmin, i.e., the weighted power of
deflection of the design obtain from minimizing curling. The
parameter values used for the optimizations presented here are
summarized in Table I.

D. Demonstration of the Topology Optimization Process

Plots of the intermediate density distribution of the circular
switch at several stages of an optimization are shown in Fig. 4.
Formulation D was used in this example, with the constraint
on the compliance of the eroded density distribution set to
S∗/Smin = 27 and the constraint on the power of deflection
of the eroded, intermediate, and dilated distributions all set to
P ∗/Pmin = 12.

Black areas are solid, whereas white areas are void. Gray
areas have elements with intermediate densities. In the ini-
tial density distribution, the anchors, anchor extensions, and
actuation area are solid. They remain solid during the entire
optimization process.

Initially, the design space is entirely gray because the initial
guess has densities initialized to 0.1 in that area. In the first
phase of the optimization, intermediate densities are penalized
very little through the penalization factor but not through
the filtering scheme. There is no solid connection between
the anchors and actuation area when β is low because the
intermediate density elements provide sufficient stiffness to
satisfy the constraints. After the 5th iteration, areas adjacent to
the actuation area start to have lower density values. By the
100th iteration, there is a donut-shaped region of low-density
elements surrounding the actuation area.

As the projection parameter β increases, intermediate density
values are projected to either null or full density. The low-
density donut is no longer stiff enough to satisfy the compliance
constraint. By the 200th iteration, high-density bridges have
formed between the solid area already connected to the anchors
and the actuation area. By the 400th iteration, the bridges are
fully solid, and the hole shapes have evolved in an attempt by
the optimizer to decrease the objective function.

Fig. 4. Plots of density distributions at several iterations. White dotted lines
delineate the actuation area and the anchors. (a) Initial guess. (b) Iteration 5.
(c) Iteration 100. (d) Iteration 200. (e) Iteration 400. (f) Final converged
solution, iteration 693.

In the converged solution, β is large enough that a nearly
solid/void solution is obtained. Between the 400th iteration and
the final 693rd iteration, boundaries become better defined. In
this particular example, four small connections with interme-
diate densities exist in addition to the four main connections
in the 400th iteration. They have disappeared in the converged
density distribution.
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Fig. 5. Plots of key parameters at each iteration.

The evolution of the objective function, of constraint values,
and of other key parameters during the optimization is plotted
in Fig. 5. Log scales are used in some plots for clarity. The
objective function, the ratio of compliance at σhigh to σlow, is
plotted in Fig. 5(a) for the intermediate density distribution. It
decreases as expected when the constraints are satisfied and
for a given β. The evolution of the projection parameter β is
shown in Fig. 5(b). Fig. 5(c) plots the compliance of the eroded
density distribution. Fig. 5(d) plots the maximum of the powers
of deflection of the dilated, intermediate, and eroded density
distributions. These plots show that the constraints are initially
satisfied within five iterations. Every time β is increased, the
objective function may experience a jump since solutions with
intermediate densities are favored by this objective. In addition,
the β increase may result in violation of the constraints, which
is corrected within a few iterations. This explains the spikes
in the objective, constraints, and in the amount of change,
after some increases in β. The amount of change between con-
secutive unfiltered density distributions is shown in Fig. 5(f).
The volume fraction is not constrained in this formulation.
However, it takes on reasonable values, as shown in Fig. 5(e),
and never approaching 0 or 1. This indicates that the problem
is well defined despite the absence of a volume constraint. The
algorithm, therefore, works as expected.

In general, the algorithm is better behaved for lower values
of β. When β is large, significant material redistribution cannot

occur, effectively reducing the optimizer’s ability to reduce
the objective function and satisfy the constraints. Oscillations
can occur and are observed here as the minor connections
previously mentioned are alternately made solid or void, until a
void area is chosen in the converged solution. These oscillations
could be minimized by increasing β more slowly.

Guest et al. proposed two methods to eliminate the need for
a continuation method on β [24]. First, he suggests fixing β to
a constant large value and tightening the initial MMA asymp-
totes. This results in more conservative MMA approximations
and in smaller initial design steps. The solution becomes highly
dependent on the initial guess, which reduces the design space,
often leading the solution toward low-quality local minima. In
addition, a large β increases the risk of numerical instabilities
caused by regions containing intermediate densities, which are
common in the initial iterations when the algorithm is search-
ing for a compromise between the objective and the curling
constraint. Second, he proposes increasing the upper bound
ρmax on the variables ρe to approach the Heaviside function
with ρe rather than with β, which can then remain small. The
Heaviside function given in [24] is not compatible with robust
optimization because it is specific to a threshold value of η = 0.
We generalize the method to project densities ρ̃e using

ρ̃e =
tanh(βη) + tanh (β(ρ̃e/ρmax − η))

tanh(βη) + tanh (β(1− η))
(30)

instead of (3). The algorithm did not converge after 1000 itera-
tions with the constraints set to S∗/Smin = 27 and P ∗/Pmin =
6. In addition, obtaining high-quality solutions would require
tuning for optimal β and ρmax, further increasing the computa-
tional cost. For the formulation proposed in Section IV-D, we
therefore keep a continuation method on β.

VI. RESULTS AND DISCUSSION

A. Presentation of Results

Twelve designs are shown in Fig. 6. The out-of-plane deflec-
tions caused by a 12 MPa/μm stress gradient in the z-direction
are plotted on each design, as simulated in the finite-element
software COMSOL. Design a has a fully solid design space and
is included to compare its performance with that of switches
with cutouts. Design b is a planar version of the switch in
[5] and is included since it has been published as a stress-
insensitive switch and its boundary conditions and actuation
areas were used to obtain the topology optimized designs.
All other designs were obtained using topology optimization
followed by minor postprocessing. The postprocessing step
smoothens the lines and removes unnecessary material that may
be left over from modifications made during the high β phase
without affecting design performance. Design c is the result
of the minimum compliance of a prestressed plate given by
formulation A and at the stress level σlow. The minimum curling
formulation B yielded design d with a volume constraint set
at v∗ = 0.5. Designs e–h were obtained using the minimum
stiffening formulation C. Designs i–m were generated using the
minimum stiffening formulation D with a curling constraint,
with various values of P ∗. The constraint values are included



PHILIPPINE et al.: TOPOLOGY OPTIMIZATION OF STRESSED CAPACITIVE RF MEMS SWITCHES 213

Fig. 6. Plots of the simulated deflections of circular capacitive RF switches
subjected to a 12-MPa/μm stress gradient across their thickness (z-direction).
The anchors are clamped. Displacements range from dark red at −350 nm to
dark blue at +150 nm. Black dotted lines delineate the actuation area and the
anchors.

Fig. 7. Plot of the stress stiffening and curling behaviors.

in Table I. The function values f0 through f5 of the converged
density distribution are also included in Table I. These functions
are defined in Section IV and are calculated within MATLAB.
f0 found for design c becomes Cmin, and f2 found for design
d becomes Pmin. f1, f4, and f5 are constraints and should be
negative to be satisfied. f3 is the objective function used for
formulations C and D.

The design performances are compared with each other in
Fig. 7 in terms of their stress stiffening and curling behaviors.
Whereas for the purpose of optimization, the stress stiffening

and curling behaviors were characterized in terms of compli-
ance and powers of deflection, defined by (11) and (18); they are
characterized in Fig. 7 with the more commonly encountered
quantities. The stress stiffening behavior is characterized by the
ratio of the stiffness k2 caused by a residual stress value of
100 MPa to the stiffness k1 of the structure not subjected to any
stress. The total stiffness is k1 + k2 [25]. Stiffness is defined
here for a small force as the quotient of the total force applied
out of plane to the actuation area and the resulting normal dis-
placement at the center of the membrane. The curling behavior
is characterized in Fig. 7 by the total vertical difference between
the highest and lowest points of the deformed structure when it
is subjected to a 12-MPa/μm stress gradient in the z-direction.
No in-plane biaxial stresses are included in the curling
analysis.

B. Optimized Topologies

The minimum compliance structure is more or less an assem-
bly of four wide beams running from the anchors to the actu-
ation area. It resembles other published results [21], although
direct comparison is not possible given differing boundary
conditions. This optimization provides a reference value Smin

with which the compliance constraints in the other formulations
are compared.

The minimum curling structure is the flattest one in the set.
The four beams are large near the anchors and become thinner
until they connect with the actuation area.

The minimum stress stiffening structures all have holes bor-
dering the anchors. Designs e and h have strict compliance
constraints. As a result, they have similar topology to design c
but with additional cutouts near each anchor. Designs f and
g have more relaxed compliance constraints. Two strategies
emerge: The first consists in making a wider hole, and the sec-
ond consists in making thinner connections to the membrane.
Design h is very similar in topology to the design put forth
by Reines et al. [5]. As discussed in [17], this validates the
strategy used by Reines et al. of using cutouts to reduce stress
stiffening.

In general, the minimum stress stiffening structures obtained
from adding a curling constraint have holes near the actua-
tion membrane rather than near the anchors. The compliance
constraint is necessary for convergence toward a physically
meaningful structure. However, its value does not seem to
affect the converged topology unless it is close to Smin. On the
other hand, the curling behavior is found to correlate well with
the curling constraint. When the curling constraint is relaxed,
the connections to the actuation area become positioned at a
45◦ angle from the center of the anchors rather than aligned
with it, and the connections are gradually elongated. For the
structure with the most relaxed curling constraint, less material
is used, and cutouts are placed near the anchors in addition to
those around the actuation area. In addition, condensed versions
of the variable width beams from the minimum curling design
form. This demonstrates how the algorithm and formulation
are capable of achieving a compromise between reducing both
stress stiffening and curling.
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C. Comparison of Designs in Response to Stresses

When designing a switch for low sensitivity to both in-plane
biaxial stresses and out-of-plane stress gradients, a compromise
must be found: flat switches often stress stiffen more, whereas
switches that experience relatively little stress stiffening tend to
curl more. However, as shown in Fig. 7, no direct correlation
has been found between these two behaviors.

Within the set of designs considered, the fully solid, mini-
mum compliance, and minimum curl designs stress stiffen the
most and curl very little. A planar version of the design by
Reines et al. [5], which, as discussed in Section V-A, does not
include vertical anchor springs by Reines et al., stress stiffens
little but curls the most.

A range of behaviors is observed from the designs obtained
through minimization of stress stiffening. The stiffer designs e
and h stress stiffen more than the more compliant ones. Designs
f, g, and h all considerably curl. This is not a surprise since no
control on curling was implemented for these optimizations.

The results of the designs obtained by minimizing stress
stiffening and placing a constraint on the power of deflection
are well correlated with the values of P ∗. The lower the
value of P ∗, the less curling and the more stress stiffening it
experiences. This trend is particularly true for lower values of
P ∗ since for higher values, the constraint becomes active during
fewer iterations and, therefore, becomes less important to the
converged solution. In addition, these designs are of higher
quality than those obtained without the curling constraint: For
a given amount of total deflection, they stress stiffen less.
The exact reason for this has not been elucidated. However,
it seems that either the volume constraint in formulation C
pushes the solution toward a low-quality local minimum or the
curl constraint in formulation D pushes the solution toward a
high-quality local minimum or a combination of both. This is
a drawback of these formulations: Since they are not convex,
local minima are likely to be found. One can only strive to find
high-quality minima by improving upon the formulations and
algorithm.

VII. CONCLUSION

A capacitive RF switch configuration is systematically op-
timized for low stress sensitivity. The optimized switches are
compared with an existing one using finite-element simulations.
The power of topology optimization is demonstrated with a
formulation that finds designs that compromise between stress
stiffening and curling. Although the shapes of the optimized
designs make intuitive sense once they have been obtained, they
would be difficult to obtain with just an iterative design process,
particularly if the strategies regarding cutout placement has
not been preestablished. Topology optimization simplifies the
process by systematically generating designs, which can and
have provided insight into design strategies. In addition, control
over how important it is to reduce each behavior is achieved by
varying the curling constraint.

This specific formulation has been demonstrated for a ca-
pacitive RF switch. However, it is relevant for many other
MEMS devices. Biaxial stresses and stress gradients are in-

evitable results of the MEMS fabrication process and affect
the operation parameters of devices such as pressure sensors
or actuated mirrors. Beyond the formulations presented here,
topology optimization can be extended to other problems by
creating new formulations or adopting existing ones.
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