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since(m + 1)E{u*(k)} > 0. UsingE{y*(k)} > o2 produces [2] —, “Adaptive IIR filtering with monic normalization: reduced-order
approximation,”lEEE Signal Processing Lettvol. 7, pp. 54-56, Mar.
n 2000.
Pr{nE{y>(k)} — (E{y*(k)} — 02) Zai >0 [3] P.R. Regalia, “An unbiased equation error identifier and reduced-order
= - approximations,” IEEE Trans. Signal Processingvol. 42, pp.

1397-1412, June 1994.

= Pr ia_ < ’"/E{?IQ(I"?)} @) [4] T. Soderstrom, “Comments on adaptive IIR filtering with monic nor-
o ot "= E{y?2(k)} - o2 malization,”|EEE Trans. Signal Processinygol. 48, pp. 892—-894, Mar.
= 2000.

Then, it results that

- nE{y*(k)} -
Pr |:Z a; < EWM:| > Pr |:Z a; < n:| . (8)

=1 =1
From (6)—(8), we get Erratum: Stochastic R:Fse?f)a&coz ienlsllDiscrete Time Nonlinear

PitrR.. > 0] > Pr [Z ai < n} . 9) Steeve Zozor and Pierre-Olivier Amblard

=1
Therefore, it follows that Index Terms—Nonlinear autoregressive model, stochastic resonance.

n

PitrR., <0] <1-Pr [Z ai <n (10)  The model studied in the title paper is the following nonlinear AR(1)

=1 scheme:
Now, we need to compute P§_" , a; < n]. We can express the Tn = ®(xn_1) +en
denominator of the unknown system as _ 1)
Yn = ¢ sign(a,)
a2 e da, = H(Z — ) where the input is the sum of noise and a sipe= b, + =,,. b, is as-
=1

sumed to a be zero-mean white noise of variarcand of probability
density function (pdf)fs; function ® is taken to be bistable and odd.

wherec;s are real or complex number. Substituting- 1, we get Furthermore, we assume that the signal-to-noise ratio (SNR) is very
small, orz < 7.
1+ ai=]J(1 =) Since signab,, is iid, signalz,, is Markovian, but in the title paper,
i=1 i=1

we considered that as a consequence, signa Markovian. This fact
is falsein the general case (see [1]). Due to the Markovian property

Therefore, it follows that of x,,, the study of the title paper is right until formula (2.8) (resp.
" " Appendix A), but (2.9) and Appendix C are (slightly) erroneous.
_ In this erratum, we use simpler notations than that used in
Pr a; <n|=Pr l—c)<n+1]. 11 ’ ‘
; } [H( ) () the paper, The sine is written herg = cRe{e (2™ roteo)l

This change implies that the pdf aof, is expressed ag,(x) =
Lete; = a; + j4:, wherej? = —1. Sincec; is inside the unit circle, fuwm(2) 4+ Re{ fimod (2)ce ™27 20FT%0)1 and (2.6) is replaced by
af + 3% < 1. Assume that; s are mutually independent and uniformly o
distributed inside the unit circle. Thencifs are real, (11) can be written { fum = K(fom)

_ 2

as fuod = = (T = Ket2™9) " 0 L( fum). @

(12) Furthermore, (2.7) can be written §$\o) = 2c¢ 0+°° frmoa (u) du,
and (2.8) is simply expressed agn) = 1/2]1 1t +

) Re{(x(Xo)/2c)ce?2mndotealy (1 1]t

where|a;| < 1. In the case where;s are complex ana is even The correlation function of., is

(n = 2p), (11) can be written as

Pr [ia; < n} =Pr [ﬁ ((1 — (},‘,:)2 +/5’i2) <2p+1

=1 =1

Pr [ia, < 77} =Pr [ﬁ(l —a)<n+1

=1 =1

P 0) = Elyngnsal = E(Prlyntg =+ v = +]
. (13) + Prlyntq = —c, yn = —¢]
- Pl‘[yn-‘rq =4c, yn = _c]

Equations (12) and (13) can be computed using the Monte Carlo simu- = Prlyntq = —c, yn = +¢])
lation. For the simulation,0® samples are randomly chosen such that

af + 37 < 1,and each result is averaged over ten independent trials.manuscript received December 7, 2000; revised January 16, 2001. The asso-
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but asy,, is not Markovian, we cannot write, as in the paper, that the simpler form. Using the symmetrical propertiesfof., fmoa (Se€
g-step transition matrix is the product of the one-step transition mappendix A of the paper) and the obvious centro-symmetry of the

trices. Nevertheless, we can write, as an example, that fo

Prlyniq =+, yn = +]
= Prlwnyq > 0, 2 > 0]

oo oo
= / / f(xrz+q~ Tn dxn-l—q dxn
0 Q

oo p oo
= / / / f(@ngq, oo n)dapyq o+ day,
0 Re—1 Jo

n-fold iterated kernelsv,, (z, y), it can easily be seen that

P(+%)+(” + g n)+ PP (04 g n)
=Pt )+ P ()
=PC () + PL (g m)
=P (n+ g )+ P (n+ g n) = 0.

Hence, the only terms to contribute to the correlation are the terms 1

and so on for the other probabilities. At this point, we can use thgd 4. Interested by the zero-cycle correlafign) = (I'(n. ¢))., we

Markov property Of x,, f(tntqs--es ®n) = f(@niglenyo1)
- f(Znt1]x, ) f(zn). As in the title paper, since < o, we use a

first-order Taylor expansion to write

f (In+k+1|a:n+k) = fb (l’n+k+1 - ‘I>('In+k) - €n+k+1)
= fo (Tntht1 — P(Tntr)) — Sntht

X fo (Tnpht1 — P(Tagr)) -
Inserting this expansion in the last equation allows us to write

Pr[yn-‘rq =+c, Yn = +c]
= P_§_17)+(71 + ¢; n) —i—PfL(n + g;n)
+ Pﬁ)Jr(n, + ¢ n)+ Pf:)Jr(n + g; n)

where

P(]) ' _ I . rdoo 4
e+ an) = H
0 Re—1 Jo j=1

Jo(wnty — ®(2ntj—1)) fom(wn)
X dTpqq - dag

2) o0 . rdoo 9
ran= [ [T
: 0 Re—1 Jo =1

So(@aty = @(@nsjm1)
x Re {fmod (wn)feﬂ(zwm(JJr%)}

X dryyq -+ de

. q doo g oo
3
P-%-,)+(n +qn)=-— Zgnﬂc / / / H
k=1 0 Re—1 Jo ey
iFk
Fo(nss = B(xats—1))
X fl;(l77,+k - (:[)(;1,’77,_;'_;‘,,_1 ))
X fwul(xn) dil‘,L+q cee dl’n

) q oo . oo 4

4
P—%—,)+(”+ ¢ n)=- E :5n+k/ / / | |
k=1 0 Ra-LJo o

fo(wntj — ®(rnyj—1))
x Re {frnod (fl?n>5(3_’(2""/\0+4ﬁ0) }

X dTpiqq - day

and so on for the other probabilities. Then using recursion (A.4) on the
n-fold iterated kernel ofC, V. (x, y), these four terms can be written

finally obtain the correlation

r(q) = rwul(Q) + r]ﬂod (q) (3)

where the terms are, respectively, the correlation of the output in the
absence of the sine and the contribution of the sine to this correlation

oo ptoo
Fenl =2 [ [ (N 0) = Ny =)
9] Q
fom(v) du dv

02 2 q eEn oo g oo
Fmoa(q)= — Re e 0/ / /
ke DI A Ay @

(Ng—i(u, v) — Ny_i(u, —v))
(Ni(w, t) + Nig(w, —t))

Frlv=®(w)) frnoa(t) du dv dw dt

for ¢ > 0 (and the correlation is even). This result still looks like the
linear response theory (LRT) result (see [2] and [3]).

To progress in this sense, consider the very particular ¢ase
¢ sign. In this case, it can easily be shown that

Twm(q) = ¢
—=——— (cos(2mwqAo) — 37) (5)

cos(2mgo)

wheres = Fy(¢) — Fy(—c), andy(Xo) = (2¢ fi(e))/ (1 = get2m0)
(thetermin3? of the modulation partis rejected in the “noise only” part
and then neglected as it is of ordén. These expressions are exactly
that given in the paper; this is due to the fact that in this particular case,
y,. is Markovian(y, = ¢ signly.—1 + €, )). Let us insist on the fact
that in the particular case whete= ¢ sign, all the results of the paper
are right; hence, part IV is entirely right.

Let us come back to the general case. Using the LRT, comforted by
the last result, the validity domain of the LRT (sincés small enough
compared withr; see [2] and [3]); also comforted by many simulated
results, we obtail’(¢) =~ Twm(q) + (E[yn+q| E[yn])n, thatis

e |X()\o>|2

F(Q) = rwm(q) + f COS(?’/Tq/\o) (6)
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where Comment: On the Unnecessary Assumption of Statistical
N Independence Between Reference Signal and Filter Weights
Pwm(q) = 2¢ /U /0 (Ng(u, ) = Ny(u, —v)) in Feedforward Adaptive Systems
Fovm(v) du dv @) J. Minkoff

‘+EX)
X(A) = —26/ (I - }C€+2”r/\)_l o E(fwm)(u) dLL
0 . . . . . .
[Where fum = K(fum) is unique] that correct (2.11)~(2.13). In the In [1], | presented a formulation in which the time-evolving weight-
SETAR gz;:se thesggxpressions degenerate ' e iteration equation for random signals is derived without the necessity of

invoking the usual unsatisfactory assumption that is customarily made,
Com(q) =2¢% (1o — 1) K700 namely, that the weigh® and the reference sign#l in the weight-it-
{ , . . 2”: 1 (8) eration equation are statistically independent. | neglected, however, to
X(A) = —2cl (£ - ke ) La. give a physical argument for it. This is, that in this derivation [see
This result corrects part Ill and Appendix E. (16)—(18) in the paper], it is not necessary ¥ to be independent
Unsurprisingly, with these correct expressions, doing the same wakX but only ofXX]L, which does not contain the phase information
that is done in Appendix D leads to exactly the same conclusions. Té#eX . That is, the off-diagonal terms 3T contain only phase dif-
local SNR tends toward 0 when the noise amplitadends to 0 or to ferences, which could be produced by an infinite number of different,
infinity. The conclusion that SR exists in discrete time holds. arbitraryXs. Thus, considering, for example, an echo-canceler appli-
Furthermore, these results comfort us about the fact that to find eation, the all-important information concerning echo delay, which is
optimal systemp for a given noise pdf is very complicated. We hopessential for proper convergenceWf, is arrived at in the convergence
to use SR for detection purposes, and our current investigations hpvecess by iteratively cross-correlating the reference sighainot

led us to use the systedn = ¢ sign. This choice is reinforced. xx—with the iterated error signal. The iterated phase differences
betweenX and the error signals serve to drive the phas®ofo its
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