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Abstract: In this paper we propose a new method for evaluating image recording strategies for limited angle 

tomography. In limited angle tomography exact three-dimensional (3-D) reconstruction is not achievable. 

With this method a metric for the reachable reconstruction quality by defined X-ray source trajectories is cal-

culated. The result of our method is independent of reconstruction algorithms. Our approach is based on the 

gradients of the scanned volume and their grade of determinability. Compared to simulated reconstruction 

accuracy with simultaneous algebraic reconstruction techniques, the method of evaluation shows the same 

dependencies on X-ray source trajectories. By using the proposed method different source trajectories for a 

limited angle range are comparable with respect to the reachable reconstruction quality. 
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Introduction 

Commercial three-dimensional (3-D) imaging systems, 
like 3-D C-Arms and computed tomographys (CTs), 
are characterized by a circular movement of the X-ray 
source and the image detector. With this design spe-
cific demands on intraopertive use of 3-D imaging are 
not optimally fulfilled, like unobstructed access to the 
patient, short imaging time, and low radiation exposure. 
To improve the usability of intraoperative 3-D imaging, 
the development of a new imaging concept is re-
quired[1]. Alternative X-ray source trajectories have 
already been presented, e.g., a closed sinusoid trajec-
tory[2] and a wobble trajectory[3] for 3-D C-Arm imag-
ing. To evaluate the reconstruction quality of X-ray 
source trajectories, computer generated phantoms and 

reconstruction algorithms are used to calculate the re-
sulting accuracies[4]. An alternative method is pre-
sented in Ref. [5]. A resolution function is suggested to 
predict the tomographic capability of image recording 
strategies respective to single features in the scanned 
volume. The features are assessed in reconstruction 
accuracy independent of reconstruction algorithms. An 
estimation of the total reconstruction quality of an im-
age recording strategy is not described. A visual 
method for evaluating X-ray source trajectories is 
shown in Ref. [6]. Surfaces depending on the trajectory 
are drawn within a sphere representing the reconstruc-
tion volume. The source trajectory is complete if the 
surfaces fill the sphere sufficiently.  

The condition for a complete trajectory and exact 
reconstruction respectively is described by Tuy[7]. For 
an exact reconstruction of a point this condition re-
quires that every plane passing through the point has to 
intersect the X-ray source trajectory at least once. 
X-ray source trajectories of limited angle tomographies 
do not fulfil Tuy’s condition (Fig. 1).  
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Fig. 1  Example of limited angle tomography 

The 3-D reconstruction result of a vertebral body is 
shown in Fig. 2. 48 projection images of the body were 
acquired by a circular X-ray source and image trajec-
tory. In Fig. 2a the angle range of the trajectory is 180° 
and in Fig. 2b 120°. The limited angle range of Fig. 2b 
leads to artifacts in the 3-D reconstructed volume, visi-
ble at the borders of the spinal canal. 
 

 
(a) 180° 

 
(b) 120° 

Fig. 2  Axial slices of a 3-D reconstructed vertebral 
body with a circular source and image trajectory and 
48 projection images; the angle range of the circular 
trajectory is (a) 180° and (b) 120°. 

The reconstruction quality of limited angle tomo-
graphies is difficult to predict. The evaluation of X-ray 
source trajectories by comparing reconstructed vol-
umes is time-consuming, depends on used reconstruc-
tion algorithms and is not usable for mathematical op-
timization of source trajectories. Therefore a metric 
describing the reachable reconstruction quality is   
necessary.  

In this article a new method for evaluating X-ray 
source trajectories for limited angle tomography is 
proposed. The method describes the reconstruction 
quality of a volume element based on a defined X-ray 
source trajectory. Our quality evaluation is independent 
of reconstruction algorithms and any point in the 
scanned volume can be considered. The scanned vol-
ume is assumed to be completely pictured in the pro-
jection images. With this method different image re-
cording strategies within a limited angle range are 

comparable in resulting 3-D reconstruction quality. 

1  Quality Evaluation Method 

Our approach is based on the determinability of the 
gradients at one point in the volume. The gradients 
describe the density changes in defined directions in-
side the volume. It can be observed that a gradient θ  
at a point p in the direction of the X-ray beam from 
source position s is not displayed in the projection im-
age of the beam. With growing difference between di-
rection of gradient and X-ray beam, the changes of the 
density are better visible in the images. The projection 
of the gradients in the images depends on the angle ϕ  
between the gradients and the X-ray beam. 

Only information contained in the projection images 
can be reconstructed. Because density changes in di-
rection of the X-ray beam are not visible in the images, 
the reconstruction accuracy of a point depends on the 
projection of the gradients at this point. Because the 
X-ray source s, the X-ray beam, the point p in the vol-
ume, and the gradient θ  are located in a plane, the 
two-dimensional space is considered.  

With the Radon transform the projection of a density 
function ( , )f x y  can be described with line integrals 
of this function (Fig. 3). The ( , )ξ η -coordinate system 
rotates with the X-ray source s. The ( , )x y -coordinate 
system of the density function and the ( , )ξ η - coordi-
nate system have the following geometrical relation: 

 sin cosx ξ ϕ η ϕ= − +  (1) 
 cos siny ξ ϕ η ϕ= +  (2) 
For a constant angle of projection ϕ  the projection 

integral for parallel beam geometry is 

 ( ) ( )dp fϕ ξ ηξ ξ η η
∞

−∞

= +∫ n n  (3) 

The vectors ξn  and ηn  are the unit vectors in direc-
tion of the lateral shift of the X-ray source as well as  

 
Fig. 3  Line scanning of density function f 
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in direction of projection. 
 T T( sin ,cos ) ;  (cos ,sin )ξ ηϕ ϕ ϕ ϕ= − =n n  (4) 

In order to determine the gradient projection of the 
density function f  at point p, Eq. (3) is differentiated 
with respect to ξ . 

 
sin cos

( ) d
cos sin

p fϕ

ϕ ϕ
ξ ξ η η

ϕ ϕξ ξ

∞

−∞

⎛ − ⎞⎛ ⎞ ⎛ ⎞∂ ∂
= +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ⎝ ⎠ ⎝ ⎠⎝ ⎠

∫  (5) 

Using Eqs. (1) and (2), we can transform the deriva-
tive Eq. (5) to:  

 
sin

( ) d
cos

p f f
x yϕ

ϕ
ξ η

ϕξ

∞

−∞

⎛ ⎞−⎛ ⎞⎛ ⎞∂ ∂ ∂
= ⎜ ⎟⎜ ⎟⎜ ⎟∂ ∂ ∂ ⎝ ⎠⎝ ⎠⎝ ⎠
∫  (6) 

 ( ) sin ( )dp f
xϕ ξ ηξ ϕ ξ η η

ξ

∞

−∞

∂ ∂
= − + +

∂ ∂∫ n n  

 cos ( )df
y ξ ηϕ ξ η η

∞

−∞

∂
+

∂∫ n n  (7) 

If the x-axis of the ( , )x y -coordinate system is in-
terpreted as the direction of the gradient θ , the gradi-
ent /f x∂ ∂  is multiplied by sinϕ  in the differentia-
tion of the Radon transform. An equivalent proof of 
this observation can also be shown for fan-beam   
geometry. 

A quality function q is defined, where the gradient 
θ is weighted with the sine of the angle ϕ  between 
the X-ray beam and the gradient direction. 

( , , ) sin sin arccos ,
|| ||

q ϕ
⎛ ⎞⎛ ⎞−

= = ⋅⎜ ⎟⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠

p sp s θ θ
p s

 

3 3 2 2 3: [0,1], with ={ :|| ||=1}q S S× × → ∈x x\ \ \  (8) 
For a set of projections from different directions to 

point p each gradient is weighted with the maximal 
quality value of all SN  X-ray source positions. 

 S( , ) max( ( , , )| {1,2,..., })iq q i N= ∈p θ p s θ  (9) 
With a set of X-ray source positions the value 

( , )q p θ  of the quality function for a gradient direction 
describes an upper bound of the determinability.  

The quality function ( , )jq p θ  is calculated for all 

gradient directions g, 1, ,j j N∈θ …  emanating from 

point p. The result of q is 0 for same directions of θ  
and X-ray beam and 1 if they are orthogonal. With a 
unit sphere considering the point p in the center of the 
sphere the results of q can be visualized. At the inter-
section points of the gradients jθ  with the surface of 

the unit sphere the quality values of the respective gra-
dient directions are illustrated. In Fig. 4 the gradient 

unit sphere is shown for S 20N =  X-ray source posi-
tions on a circular 120° trajectory. 

 
Fig. 4  Quality visualization with a gradient unit sphere for 
20 X-ray source positions on a 120° circular trajectory. The 
points represent the source positions, the surface of the 
sphere shows the quality , jq p θ( )  of the gradients jθ  
emanating from sphere center Tp=(0,0,0)  in all directions. 

To determine the quality of the reconstruction at po-
sition p, the mean quality value ( )q p  of all gradients 

2S∈θ  is calculated. 

 
π 2π

0 0

1 1( ) ( , ( , ))d d
π 2π

q q φ ϑ φ ϑ= ∫ ∫p p θ  (10) 

Twith  ( , ) (sin cos ,sin sin ,cos )φ ϑ ϑ φ ϑ φ ϑ=θ  (11) 

2  Comparison with Simulated SART 
Reconstruction Accuracy 

To evaluate our proposed method of gradient deter-
minability we compared it to accuracy determination 
with simultaneous algebraic reconstruction technique 
(SART)[8]. The SART is used because of the analysis 
of our method with limited angle source trajectories 
and a limited number of projection images. 

2.1  X-ray source trajectories 

Three different classes of X-ray source trajectories for 
3-D reconstruction are defined. Every class consists of 
a trajectory with a variable parameter. By a modifica-
tion of the variable parameter the source trajectory is 
changed and influenced in resulting reconstruction 
quality (see Fig. 5).  

The circular path (Fig. 5 left) is an X-ray source tra-
jectory around the volume with a variable angle at 
center cφ . The angle at the center varies from 90° to 
180° in 15°-steps.  

The crosswise path with central intersection (Fig. 5 
middle) is a source trajectory consisting of two single 
circular paths around the volume. The circuits intersect 
orthogonally in their center. The angle at center of the 
first circuit cφ  is 90° and the angle at the center of the  



  Tsinghua Science and Technology, February 2010, 15(1): 25-29 

 

28 

 Circular path Crosswise path with 
central intersection 

Crosswise path with 
variable intersection 
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Fig. 5  Comparison with SART reconstruction accuracy: row 1: defined X-ray source trajectories with variable pa-
rameters cφ , cϑ , and pφ ;  row 2: accuracies of SART reconstructions; row 3: results of our proposed quality evalua-
tion method. 

second circuit cϑ  varies from 0° to 90° in 10°-steps. 
The crosswise path with variable intersection (Fig. 5 

right) is a source trajectory consisting of two single 
circular paths around the volume. The angles at center 

cφ  and cϑ  of these two circuits are constant with 90°. 
The circuits intersect orthogonally in the center of the 
second path. The angle position pφ  of the point of 
intersection on the first circuit is variable. The angle 

pφ  varies from 0° to 45° in 5°-steps.   

2.2  Quality evaluation with SART 

With a software environment two-dimensional projec-
tion images of the Shepp-Logan phantom[9] were pro-
duced based on the three defined types of source tra-
jectories. For each source trajectory 180 cone-beam 
projection images were created. All 180 source posi-
tions were evenly distributed over the complete possi-
ble path. The Shepp-Logan phantom was located in the 
center of the circular paths. The distance between 
X-ray source and center of the phantom was 20 mm. 
The distance from X-ray source to the detector was 40 
mm. The central beam of the X-ray source formed the 
normal of the image plane. The size of the image was 
5.5 mm×5.5 mm with 1024×1024 pixels. The recon-
structed volume consisted of 256×256×256 voxels 
with a voxel size of 0.01 mm3. The reconstruction   
algorithm used was SART with three iterations. The 

results of the reconstructed volumes V were compared 
with the original phantom P. The range of the density 
values of V and P was between 0 and 65 535. To de-
termine the resulting accuracy the difference between 
original and reconstruction is calculated for each voxel 
of the volume. With the normalized root mean square 
(RMS) of all differences the reconstruction quality is 
specified. 

 
256 256 256

2
, , , ,3

1 1 1

1RMS ( )
256 x y z x y z

x y z

V P
= = =

= −∑∑∑  (12) 

2.3  Quality evaluation with our method 

The arrangement of source positions and volume was 
exactly the same as in the quality evaluation with 
SART. To compensate the different dimensions of 
Shepp-Logan phantom and gradient unit sphere, the 
size of the whole configuration was scaled with factor 
20. For each recording strategy 180 source positions 
were used. The volume in the center of the unit sphere 
was the same proportion of size compared to the simu-
lation with SART and consisted of 3×3×3 points. The 
considered g 10 000N =  gradients at each of these 
points were uniformly distributed in all directions. 
Every gradient of the p 27N =  volume points was 
determined with the maximal quality value of all    
projections (Eq. (9)). 
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As the total quality measurement of one complete 
source trajectory the arithmetic mean μ  and the error 
value ε  of all gradient quality values are calculated: 

 
p g

,
1 1p g

11     with   ( , )
N N

i j
i j

q
N N

ε μ μ
= =

= − = ∑∑ p θ
∙

 (13) 

3  Results 

The results of our method were compared with the re-
sults calculated with SART. The error values of our 
method have similar dependencies on the X-ray source 
trajectory as the results of SART. This is shown for all 
defined recording strategies depending on their respec-
tive parameters. The graphical presentation of the 
comparison is illustrated in Fig. 5.  

With increasing angle cφ  of the circular path the 
error values ε  and RMS decreased. The slopes of 
both error curves also decreased with a growing angle 

cφ (Fig. 5 left). The most accurate results were 
achieved with an angle c 180 .φ = °  For the central 
point in the scanned volume this trajectory fulfilled the 
sufficiency condition. The RMS error was 2580 for a 
total density range from 0 to 65 535. The RMS value 
was caused by the comparison of the reconstructed 
volume with the discretized mathematic defined 
Shepp-Logan phantom. This led to increased differ-
ences at the density borders of the discretized phantom 
and the slightly blurred reconstruction. For the cross-
wise path with variable intersection the error values ε  
and RMS showed the same variation depending on a 
change of pφ  (Fig. 5 right). By changing the intersec-
tion of both circuits from p 0φ = °  to pφ = 45° the re-
construction accuracy decreased continuously. 

In contrast to our method the SART reconstruction 
error rose with increasing angle cϑ  from 0° to 30° 
(Fig. 5 middle). Because of the constant number of 180 
source positions, the distances between the positions 
on the first circuit grew with an increasing angle cϑ . 
The increasing density of source positions near the 
central intersection decreased the weighting of projec-
tions from outer positions in calculating the recon-
struction with SART. With an angle cϑ  greater than 
30° the error values ε  and RMS showed again the 
same dependency on cϑ . 

4  Conclusions 

In this paper a method for evaluating image recording 
strategies for limited angle tomography is proposed. 

This method computes a metric for the reachable re-
construction quality of any considered point in the 
scanned volume. The result of the method depends on 
the X-ray source positions in relation to the considered 
point in the volume and is independent of reconstruc-
tion algorithms. Compared to simulated reconstruction 
accuracy with SART, our quality evaluation method 
shows the same dependencies on X-ray source trajec-
tories. The method can be used to compare the reach-
able 3-D reconstruction quality of different image re-
cording strategies. In future work we use the proposed 
method to determine optimal image recording strate-
gies for limited angle tomography. Using mathematical 
optimization methods, we calculate the optimal ar-
rangement of X-ray source positions within a prede-
fined limited angle range, regarding the 3-D recon-
struction quality and radiation exposure. 
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