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Abstract: T h e comp lex i t y of geo techn ica l eng ineer ing and var iabi l i ty in cons t ruc t ion c i r cums tances of large 

ext ra ca i ssons m a k e the p rob lem of ma in ta in ing appropr ia te s ink at t i tude qu i te diff icult, espec ia l l y in keep ing 

s ink un i formi ty and ach iev ing the expec ted f inal s ink dep th . A n e w cons t ruc t ion cont ro l m e t h o d is p resen ted 

us ing theory , cons ide r ing uncer ta in t ies in the m e c h a n i c s mode l a n d ex terna l no ise in the cons t ruc t ion 

si te pa ramete rs . T h e des ign m e t h o d of an Α / β cont ro l ler has consequen t l y been ob ta ined for large ex t ra 

ca issons . Cont ro l resul ts us ing on ly cons t ruc to r expe r i ences a re c o m p a r e d wi th s imu la t ion resul ts us ing the 

cont ro l ler for a pract ica l eng ineer ing s i tua t ion , w h i c h ind ica tes that t he Hm cont ro l le r is success fu l in 

ma in ta in ing s ink uni formi ty , avo id ing s ink as wel l as in ach iev ing the expec ted f inal s ink dep th . 
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Introduction 

The extra caisson is a structure with an open top and 

bottom, while the lateral surface is a closed-loop. This 

structure is applied to foundation engineering of 

bridges, pump stations, underground plants, under-

ground storages, and foundations of buildings. Since 

extra caissons are often built in complex soil, in order 

to keep sink uniformity, to prevent sink sharp, and to 

achieve the expected final sink depth, the construction 

control of an extra caisson is very important. Although 

much experience has been obtained in construction 

control, there is still a lack of a mature theory and a 

credible numerical simulation stable for practical ap-

plication. Abesener [ 1 ] adjusts excavation in terms of 

observed information; this is a rather passive approach 
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without sink attitude analysis from the principle of a 

sink mechanics model. Hu and N i e [ 2 ] did not consider 

that uncertainties might occur in the process of con-

struction, and consequently one of the extra caissons 

deflected severely. To solve this kind of control prob-

lem involving uncertainty of the model and statistical 

characters of parameter noise, a suitable control 

method should be developed to handle all these com-

plications. In this paper, attitude control of a large ex-

tra caisson is studied using control theory, taking 

into account uncertainties of the mechanics model and 

external noise around the construction site. 

1 Equation of Sink State 

Without external force, that is to say, when there is no 

excavation in the caisson, the extra caisson is subjected 

to its dead load, side friction, and reaction on the blade. 

It also suffers a floating force while undrained. The 

sink equation under these conditions i s [ 3 ] 



360 

mh = G-(U,fli-2.5Uj)-KmKmf. 

[cNc + ^rbNy j Ub + rNqUbh -Nw = 

~(UJ + KmfrNqUb)h + G + 2.5UJ -

K^JcN^^-rbN^Ub-N^ (1) 
V Z J 

where Ux is the external perimeter of the extra 

caisson; U2 the internal perimeter of the caisson; U 

the mean perimeter of the extra caisson, t /=( t / i+t / 2 ) /2 ; 

f the side friction per unit area; Nq= 

τ^-. Ρτζ χ; = ( # q " I ) cot^; Ny = (Nq -

l - sm<^sm(2 /7 + <̂ j 

1) tan 1.4< ;̂ c cohesion for unit soil; φ the internal 

friction angle; γ gravity of the soil; b the thickness 

of the sidewall; G the dead load and additional load 

helping sinkage of the extra caisson (kN); Nw the 

weight of outlet water from the sidewall (kN); 

^ w

 = 0 (when sink drained); m the mass of the extra 

caisson; Kmp a factor influenced by the cross section 

and blade reaction; Km a factor influencing reaction 

of the blade considering disturbance of soil; g 

gravitational acceleration; and h the sink depth of 

caisson. 
Equation (1) can be simplified as 

h = axh + a3 (2) 

Κ Κ 1 
where al= χ Ν Ub UJ, 

m m 

2.5 KmK ( ι \ Nw 

a3=g + —UJ E. cNc +-/bN \Ub 
m m \ 2 ) m 

We introduce a control force u. The equation of 

sink state is then given by 

ix = Ax + B2u, 

\y = C2x (3) 

Γ ο ι ΐ Γ ο Ί 
where A = . Β , C2 = [l Ol, 

[ a , Oj 2 |_ 1 J 2 L J 

_ Γ Χ ι 1 -u + !h. 

Because there are many uncertainties in construction, 

the influence of model uncertainties (here indicated as 

parameter uncertainties) and external noise must be 
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considered when examining control methods for Eq. 

(3), i.e., a suitable controller based on parameter uncer-

tainties and external noise must be designed for large 

extra caissons. 

2 Design Problem for Hn Controller 

The most important thing for sink attitude control of an 

extra caisson is to let the extra caisson reach the de-

signed elevation in the designated construction period 

/ χ hA-+ a Ja 
t { , that is, x(t{)=

 d e s i § n

Q

 3 1 . Furthermore, the 

controller must maintain uniform sinkage, i.e., make 

h 
^ ^ = design t . The control objective is, therefore, to 

tf 

make output near yr(t) during the construction pe-

riod, but without using too much control energy. 

Suppose the error vector is 

e(t) = yT(t)-y(t) (4) 

and the performance index is given by 

Jmm = £ if (ή Qßif) + " T (t)Ru(tW (5) 

where Q (positive definite) is the weighting matrix of 

the error vector and R > 0 is a weighting factor of the 

control vector. 
For large extra caisson, the state equation is 

x = Ax + B2u , x(0) = x0 (6) 

To minimize Eq. (5), and to ensure a closed-loop sys-

tem that is continuously stable, a state feedback con-

troller is designed 

u = Kx (7) 

The controller which makes / m i n can be obtained 

through solving the relevant Riccati equations. So far 

the design problem does not consider the influence of 

external noise. That is to say, optimality of perform-

ance index can be achieved only when the controlled 

object is described accurately by Eq. (6). The optimal-

ity cannot be realized due to noise in real systems. To 

include this effect, we introduce noise w . The con-

trolled model is then given by 

x = [A + AA) X + BxW + B2U (8) 

where w is unit pure noise signal. 

We reduce the matrix using the singularity value 

analysis theorem, 

AA = EZF (9) 
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where Σ^Ω is arbitrary unknown matrix, 

Ω = {Σ\ΣτΣ<ή. 
Considering a state feedback controlled system that 

makes the performance given by Eq. (5) a minimum, 

we defined an auxiliary signal, 
e l / 2 ' 

0 x + 
0 

s/R 
(10) 

where Ql/2 is the square root of the matrix, and 

e = ö i / 2 e / 2 . 

Then / in Eq. (5) is given by 

j=^z

T{t)z(t)at = ̂ hT(t)h(t)at (11) 

where h(t) is pulse response of closed-loop system 

constituted by Eqs. (7), (8), and (10). 

In terms of Parseval identity [ 4 ] , Eq. (11) can be given 

by / = - L ΓτΊ(}ω)Τ(}ω)άω = 
2 π J"°° 

^[\ν{τ(]ω)ΤΊ(]ω)}άω (12) 

where Γ(·) is a closed-loop transfer function from 

w to z . 

Equation (12) is the definition of the H2 norm of 

rational number T(s), 

l l J ( 4 = { ^ f r t r [ r ( J i y ) j T ( j ^ ) ] d « } / ( 1 3 ) 

Therefore, the design mentioned above is able to 

solve the feedback controller Κ so as to make the 

closed-loop system stable and | |^(^)| | 2 a minimum. 

Interference suppression of the sink system is 

discussed next. Noise sets of a large extra caisson are 

defmed [ 5 ] as 

L2=\w(t) ^w2(t)dt<oo\ (14) 

Consider the influence of noise weL2 for controlled 

plant Eq. (8), and introduce the scalar parameter ε > 0 

to represent the interference suppression level. For a 

dynamic feedback controller^, 

u = Kx (15) 

consider the design index as follows: 

1) The closed-loop system is quadratic stable when 

ω = 0. 

2) The closed-loop system satisfies the interference 

suppression performance index when AA = 0 as 

initial state x(0) = 0 , to arbitrary t{ > 0 , there is 

^[{y<-C2x)J Q{yr-C2x) + Ru2{t) 

ε £ w2(t)dt, VweL2 

dt< 

(16) 

tenable to all noises w which satisfy Eq. (14), where 

ε > 0 is given constant. 

Now discuss controller design problems that satisfy 

robust stable performance and interference suppression 

when uncertainties exist in the system. 

While AA = 0 , if A + B2K is a stable matrix and 

satisfies closed-loop system. 

1 

4~ε 
(€λ+Όλ2Κ)(8ΐ-Α-Β2Κ) Βλ 

< 1 . 

To solve the state feedback controller satisfying Eq. 

(1) and Eq. (2), suppose 

Ί Γ ζ Ί 

(17) 

(18) 

w~] Λ Γ ζ 
w= , ζ = 

_ V l J L V 2 _ 

The augmented controlled plant is then [ 7 ] 

-G(s) 

G(s) = 

B2 

Dl2 

0 

0 

(19) 

Controllers that satisfy design indexes (1) and (2) can 

be used to ob ta inK(s) by solving H^, the standard 

design problem of augmented controlled plant G(s). 

The controller is then given by u = Κ (s) χ . 

3 Practical Engineering Example 

Consider as an example a large extra caisson of a 

certain pump station. The caisson is round with the 

external diameter of 52.4 m, the internal well is a 

stepped structure, the wall thickness is from 1.0 m to 

1.92 m. The designed elevation of the blade is 14.1 m, 

the start sink elevation of the blade is 1.2 m, and the 

total height of the extra caisson is 15.9 m. The 

construction site is located at an ancient channel 

deposit area, so that the soil layers are distributed 

unevenly. Soil layers that the extra caisson cross are 

salty clay, mud salty clay, and mud clay in turn. We 



362 Tsinghua Science and Technology, June 2005, 10(3): 359 - 363 

0 Γ 0 "0" 
X = 

-3 .6558 + δ 0 
x + 

0.0001 
w + 

1 
u 

design the controller considering interference 

suppression with the aim of sink uniformity and obtain 

the final sink depth. 

The state equation of the extra caisson is given by 

(20) 

where λ* = [χ, x2 ]T , xx = h + a3 jax = h - 0.9211, x2 = 

h , and h is sink depth. The range of parameter 

uncertainties is taken as \δ\ < 3.6558 χ 0.3 = 1.0967 ; 

this denotes that there is a 30% uncertainty in ax. The 

design state feedback controllers that make the closed-

loop system must satisfy [ 8 ]: 

1) For parameter uncertainties δ , the system is 

quadric stable; 

2) For arbitrary given t{ > 0 , 

£ [ ( λ - c2*y Q{yr - c2x) + Ru\t)]dt < £ w2 (t)dt 

(21) 

Consider any δ satisfying \δ\< 1 .0967. Suppose 

that the weighting function is given as: 

7 2 0 

0 0 
R = l , 

F = [1.0967 0 ] : 

E = 

δ 

1.0967 

Define the evaluation signal z = Cxx + Dl2u such that 

"7 0] 

0 0 

0 0 

1.0967 0 

The state feedback controller ( u = Kx) that satisfies 

the mentioned conditions can be obtained through 

solving as in a standard design problem of G(s) 

for Eq. (19). By substituting the data mentioned above 

for Eq. (19), the positive solution satisfying the Riccati 

equation is given by 

"17.3472 3.2070" 

3.2070 2.4346 
X = 

The expected controller is thus given by 

K = [-3.2070 -2 .4346] . 

Since the start mark of measurement is 343 h, the 

excavation time is also taken from 343 h so as to allow 

a comparison in the relationship between excavation 

time and sink depth using the ^ c o n t r o l l e r and no 

controller. To maintain sink uniformity and arrive at 

the final sink depth, the designed excavation is 

compared with a practical excavation without a 

controller as shown in Fig. 1. A significant difference 

is seen between the two cases in Fig. 1. 

1 4 r 

Fig. 1 Time history of excavation depth with Hn 

design and observed data without controller 

Figures 2 and 3 give the time history of sink depth 

under controller together with observed results 

without a controller. It can be seen that the sink curve 

under controller is nearly a straight line, denoting 

that sink of the extra caisson is uniform, and that the 

controller achieved the expected results. Figures 2 and 

3 also present the controller suppression interfer-

ence affecting sink depth. 

16Γ 

Excavation (10 4 m 3 ) 

Fig. 2 Sink depth varying with excavation with Hn 

controller and observed data without controller 

To find out the effect on the sink depth of parameter 

uncertainties, we make a perturbation analysis on pa-

rameter ax (Ref. [9]). Assume the nominal value in the 

range of 30%, that is, ^ = -3 .0591, - 3 . 5 5 9 1 , - 4 . 0 5 9 1 , 

-4 .5591 with a nominal value of - 3 . 6 5 5 8 . The time 

history of sink depth and the relationship between the 

excavation and sink depth with the feedback 

controller for the different ax are shown in Figs. 4 and 5. 
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16 

. 12 
Observed data 
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Fig. 3 Time history of sink depth with Hm controller and 

observed data without controller 

1 8 Γ -3.0591 
-3.5591 ^ . . - · 

g ax= -3.6558 ^ ϊ ^ ^ ' 
£ a{= -4.0591 
% % 12 - ax= -4.5591 

°400 600 800 1000 

r/h 

1200 

Fig. 4 Time history of sink depth with perturbation 

of parameter ax in system matrix 

1 8 Γ «,= -3.0591 

a , = - 3 . 5 5 9 1 

_ a , - -3.6558 

%\2- α,= -4.0591 

•5 a,= -4.559 

0 0.5 1.0 1.5 2.0 2.5 0.5 1.0 1.5 

Excavation (10 4 m 3 ) 

Fig. 5 Sink depth varying with excavation with 

perturbation of parameter ax in system matrix 

It can be seen from Figs. 4 and 5 that although the 

interference explicitly affects the model of the extra 

caisson, the output is nevertheless quite similar for a 

certain input under the controller. That is to say, 

the robustness of the controller to parameter 

uncertainties is good; and the influence of model 

uncertainties affecting sink depth is quite small under 

the controller. The designed controller 

therefore had a good application value in construction 

control of this large extra caisson. 

4 Conclusions 

To maintain sink uniformity and to obtain the final 

required sink depth in construction of large extra 

caissons, construction control must consider two 

important factors which affect the sink attitude 

severely. One is the geotechnical uncertainty; the other 

is interference associated with the construction 

circumstances. The important contribution of the 

control method presented in this paper is the ability to 

consider uncertainties and to suppress interference. 

The numerical results presented show that the 

controller is successful in attitude control in 

construction of a large extra caisson, especially in 

maintaining sink uniformity and in arriving at the final 

sink depth [ 1 0 ] . 
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