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Abstract: To exert strong actuating power of piezoelectric stack and facilitate the incorporation of piezoelec-

tric stack and host structure for vibration control application, a   shape piezoelectric stack actuator (PISA) 

was designed. One piezoelectric stack and a   shape metal pedestal were assembled together by a screw 

to build a PISA. Formula for calculating the actuating moment output of PISA was derived. Then PISA was 

applied in a vibration control system of a cantilever beam example. Thermal-elasticity analogy theory was 

applied in the modeling of the piezoelectric active vibration control system. Positive position feedback (PPF) 

control, linear quadric regulator (LQR) control, and neural network predictive (NNP) control strategies were 

adopted to perform the first bending mode vibration control of the beam. Simulation results indicate that with 

this new actuator and the PPF or LQR control strategy, the first bending mode amplitude of the cantilever 

beam can be reduced by about 60% or 79%, while using the NNP control strategy the amplitude can be 

suppressed by more than 95%. These results indicate that PISA can sever as a high efficiency actuator in 

structural vibration control application. 

Key words: piezoelectric active vibration control; thermal-elasticity analogy theory;   shape piezoelectric 

actuator (PISA)  

 

Introduction 

Piezoelectric stack was first proposed in 1962 by  
Ramsay and Mugridge[1] right after the appearance of 
piezoceramic materials which made relatively 
high-strain transducers feasible. But piezoelectric stack 
was not systematically studied until the late of 1970s. 
In 1977, Bindal and Chandra investigated the actuating 
performance of piezoelectric stack[2]. Later, this kind 
of piezoelectric component became more and more 
widely used in scientific research applications.  

Generally, the actuating power of piezoelectric stack 

is much stronger than piezoelectric patch and other 
piezoelectric components. Due to this advantage, pie-
zoelectric stack has great potential to become a high 
performance actuator for structural vibration control 
application. But compared with patch, stack is not 
convenient to be incorporated with host structures. In 
practice, various external components were designed to 
facilitate the incorporation of piezoelectric stack with 
the structure to be controlled[3-7]. These external com-
ponents usually have complex configuration and lever 
systems, which cost a lot in manufacture. 

In the present study, a  (pi) shape piezoelectric 
stack actuator (PISA) was proposed to exert the strong 
actuating power of piezoelectric stack, solving the in-
corporation difficulty of piezoelectric stack with host 
structure for vibration control application. The rela-
tionship between actuating moments of PISA and driv-
ing voltage was derived. PISA was also adopted in   
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vibration control of a cantilever beam. Thermal- elas-
ticity analogy theory was used in the finite element 
modeling of the cantilever beam with PISA bonded on 
its root. State space model was established for the pie-
zoelectric active vibration control system. Positive po-
sition feedback (PPF), linear quadric regulator (LQR), 
and neural network predictive (NNP) control strategies 
were applied to design the controllers of the vibration 
control systems. Simulation results show that PISA has 
the ability to seve as a high efficiency actuator in 
structural active vibration control application. 

1  PISA Design 

When a driving voltage is applied to a piezoelectric 
stack, expansion or contraction along the axial direc-
tion of the stack will be induced because of the inverse 
piezoelectric effect. If the stack is constrained at its 
two ends, actuating moments will be generated at the 
constrained foundation. Based on this theory, a special 
shape pedestal was designed as an installation platform 
and external lever for piezoelectric stack to compose a 
new type of actuator. By constraining longitudinal de-
formation of the stack, PISA can output bending mo-
ments acting on host structure through the pedestal 
working as the mechanical lever. The sketch of the 
design is shown in Fig. 1. 

 
Fig. 1  PISA sketch 

Because the pedestal has the shape of Greek letter 
,  the new actuator is named   shape piezoelectric 

actuator. As shown in Fig. 2 the new actuator consists 
of two main components, the piezoelectric stack and 
the   shape metal pedestal. The two main compo-
nents of PISA are assembled together by a screw, so the 

 
Fig. 2  Detailed design of PISA 

stack can be reloaded conveniently. The PISA has a flat 
bottom which provides an ideal installation surface for 
its incorporation with the host structure. 

2  Actuating Moment of PISA 

Assume that a driving voltage V  is applied on piezo-
electric stack, and expands along its axial direction. 
The two ends of the stack are constrained by the   
shape pedestal with a screw. If the base of pedestal is 
bonded on host structure surface, actuating moments 
will be exerted on the structure. 

Furthermore, assume p  to be the pre-compression 
force applied on the stack. The induced deflection 
along the thickness direction of each piezoelectric   
wafer of the stack can be obtained by the following 
equation[8]: 

3 33 s 33/S tp A d V! " #             (1) 
where 33S  is the flexible coefficient of piezoelectric 
material under a constant driving voltage, 33d  is the 
piezoelectric strain constant, t  is the thickness of a 
single wafer. sA  is the area of the wafer which is also 
the cross section area of the stack. 

Then the deformation of the entire stack can be de-
scribed as 

s 3 33 s 33( / )n n S tp A d V! !" " #        (2) 
where n  is the number of the piezoelectric wafers of 
the stack. The strain on the cross section of the stack 
can be obtained by 

s
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where sl  is length of the stack, which equals the    
total thickness of all the piezoelectric wafers of the 
stack. 

According to Hooke’s law, the main stress s%  and 
the strain has the relationship described as 

s ps sE% $"                  (4) 

where psE  is the elastic modulus of the piezoelectric 

material. Defining aF  as the internal axial force of 
the stack, we can obtain 

a
s
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Substituting Eq. (3) and Eq. (4) into Eq. (5), we can get 
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Since the stack is constrained by the   shape pedes-
tal with the pre-compression screw, actuating moment 
will be generated. When PISA is incorporated with 
host structure, the actuating moment will act on the 
structure, which can be presented as 

33
a a ps 33( ) ( )dM t F h E h S p V t

t
! "# # $% &
' (

      (7) 

where h  is the height of PISA, which is defined as 
the distance from the axis of the stack to the bottom of 
PISA as shown in Fig. 1. 

Equation (7) indicates the proportional relationship 
among the actuating moment and the height of     
the PISA, the pre-compression force, and the driving 
voltage. 

3  Vibration Control Simulation of 
Cantilever Beam Using PISA 

3.1  Piezoelectric active vibration control system 
modeling 

The analogy relationship between inverse piezoelectric 
effect and thermal elastic effect was first presented by 
Freed in 1997[9]. Based on this analogy theory the in-
verse piezoelectric analysis can be simulated by ther-
mal elastic analysis. 

Assume an undamped vibration control system 
 !Mx Kx f                 (8) 

where n"x R  represents the displacement vector of 
the structure, f  is the control force vector, and M  
and K  represent the mass and stiffness matrices of the 
structure, in which the mass and stiffness contributions 
of piezoelectric material have already been considered. 
Based on the thermal-elastic analogy, an equivalent 
thermal expansion coefficient 33 /d t# !  needs to be 
defined. Using the theory of thermal-elastic analysis, a 
Ritz vector tS  can be obtained when a unit change of 
temperature load is applied to the structure. This vector 
can be equivalent to the Ritz vector induced by unit 
driving voltage applied to a piezoelectric actuator. In 
general, one Ritz vector is required for each piezoelec-
tric actuator. Then the actuating force can be written as 

tV!f KS                 (9) 
where V  represents the driving voltage applied on 
the actuator.  

Define the first coordinate transformation equation. 

r
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where �  is the normalized eigenvector matrix of 
Eq. (8) with respect to generalized mass. Substituting 
Eq. (9) and Eq. (10) into Eq. (8) and multiply both 
sides of Eq. (8) by T[ ]tS�  gives 

r r r
T T
r rr r r rr r rr

V
* + $ % * + $ % $ %

 !& ' & ' & ', - , -
. / ( ) . / ( ) ( )

I M z  K z K
M M z K K z K

  
  

 (11) 

where T
r ,t!M MS� T

rr ,t t!M S MS T
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T
rr t t!K S KS , and I  is an identity matrix. Assume 

that only the first m  order of normal modes are ex-
tracted. Then we obtain n m0"R�  and m m0"R� .  

The Ritz vector obtained from thermal-elastic analy-
sis is a static result which makes Eq. (11) a stiff equa-
tion. In order to eliminate the ill condition of this stiff 
equation, the second coordinate transformation has to 
be made by the following equation: 
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where W is the right singularity matrix of !M  
r

T
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. Using Eq. (12), we have 
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where " is the non-zero singularity value matrix of 
.M  Let U  be the left singularity matrix of ,M  then 

r rT
T T
r rr r rr

* + * +
!, - , -

. / . /

k k  K
U W

k k K K
        (14) 

rT

r rr

$ % $ %
!& ' & '

( ) ( )

b K
U

b K
              (15) 

Solve r!  from the second equation of Eq. (13), 
1 T 1

r rr r rr rV
1 1! 1  ! k k ! k b           (16) 

Substituting Eq. (16) into the first equation of Eq. (13) 
and finally, we have 

1 T 1 T
r rr r r rr r( ) ( )V1 1 1 ! 1"! k k k k ! b k k k      (17)  

Equation (17) is the reduced order model for the   
piezoelectric active vibration control system. The state 
space model of the active control system can be   
constructed from Eq. (17) according to Eqs. (18) and 
(19).  
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where C  is a given damping matrix.  

The control ability of PISA is tested in the active vi-
bration control of a cantilever beam. The dimensions 
of the beam and piezoelectric stack used in PISA are 
listed in Table 1. The PISA is attached to the root sur-
face of the beam as shown in Fig. 3. The height from 
the beam surface to the axis of the stack is set to 
10 mm. 

Table 1  Dimension of the beam and the stack 

 Length (mm) Width (mm) Thickness (mm)
Beam (Al) 300 20  1.5 

Stack (PZT5H)  30 10 10.0 

 
Fig. 3  Finite element model of cantilever beam 
bonded with PISA 

3.2  Three control strategies 

The positive position feedback control strategy was 
first proposed by Caughey and Goh in 1985[10]. A PPF 
controller has the same frequency spectral characteris-
tic as a second order low pass filter, and its transfer 
function can be described as 

2
a

2 2
p
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where aG  and p)  is the gain and damping ratio of 

the controller. 
In the PPF controller, the structural position infor-

mation, for example, the tip point displacement re-
sponse, is fed back to the PPF controller, and then the 
control signal will be generated by this controller. 
When it is applied in an active vibration control system, 
the parameters of the controller can be design accord-
ing to the frequencies of zero and pole of the      
system[11,12]. 

The linear quadric regulator control is a classical 
control strategy which has been widely used in    

vibration control systems. In the design of LQR con-
troller, the control force at the i-th time step depends 
upon the vibration response of the structure at that 
moment. To determine this control force for an optimal 
linear control, a cost function J  is defined by 

T T

0

1 ( )
2

N
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where Q and R are weighting matrices. By minimizing 
the cost function J  using Hamiltonian function, we 
can obtain the control signal, 

1 T
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1
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s e t,# AF                 (24) 
where P  is the steady state Riccati matrix given by 

T T 1
s s( ) # * *P Q F P I GRG P F        (25) 

The neural network predictive controller can output 
a control signal to make the response of a controlled 
system the same as a given reference signal. It uses a 
neural network model to predict future plant responses 
of the controlled system. In the controller an optimiza-
tion algorithm gives the control signals to optimize 
future performance of the system. The neural network 
model is trained off-line in batch form using a chosen 
training algorithm[13,14].  

The implementation of the NNP controller started 
from the training process of a neural network model 
for the piezoelectric active vibration control system. 
Then a constant value of zero is used as reference sig-
nal. The output of the system, which is also chosen to 
be the displacement response of the beam, will be   
controlled to follow this reference signal. Using this 
process the vibration response of the beam will be   
suppressed. 

3.3  Simulation results 

In the active vibration control simulation, the cantile-
ver beam was excited by the sinusoidal signal with the 
frequency equal to the first bending mode frequency 
(15.63 Hz) of the beam. The PPF or NNP controller 
was set to be turned on automatically at 4 st # . 

Figure 4 shows the tip point displacement response 
of the cantilever beam when the PPF control strategy 
was adopted. The result shows that the first bending 
mode response of the beam is suppressed by more than 
60%. 
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Fig. 4  Time history of tip point displacement re-
sponse of the beam (the PPF controller was turned on 
at t=4 s) 

Figures 5 and 6 show the tip point displacement re-
sponses of the beam when the LQR and NNP control 
strategies were adopted. The displacement amplitude 
of the first bending mode response was suppressed by 
79% for the LQR strategy and more than 95% for the 
NNP strategy.  

 
Fig. 5  Time history of tip point displacement re-
sponse of the beam (the LQR controller was turned on 
at t=4 s) 

 
Fig. 6  Time history of tip point displacement re-
sponse of the beam (the NNP controller was turned on 
at t=4 s) 

Simulation results indicate that the bending mode 
response of cantilever beam can be saliently sup-

pressed by using PISA. 

4  Conclusions  

With the purpose of exerting strong actuating power of 
piezoelectric stack and facilitating the incorporation of 
piezoelectric stack and host structure for vibration 
control application, a new type of piezoelectric stack 
actuator named PISA is developed. Simulation results 
indicate that PISA is an effective actuator for structural 
active vibration control. Besides, the manufacture cost 
will be reduced for its compact configuration design. 
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