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A Class of Limited Sensing Random Access Algorithms
with Resistance to Feedback Errors and Effective Delay
Control

Anthony T. Burrell and Titsa P. Papantoni

Abstract: We present and analyze a class of limited sensing random
access algorithms with powerful properties. The algorithms are im-
plementable in wireless mobile environments and their operational
properties are simple. Their throughput in the worst case of the
limit Poisson user model is 0.4297, while this throughput degrades
gracefully in the presence of channel feedback errors.

Index Terms: Limited sensing, random access algorithms.

I. INTRODUCTION

We consider packet networks. When independent users whose
identities are initially unknown to the system transmit through
a single common channel, the deployed transmission protocol
must necessarily belong to the class of random access algo-
rithms (RAAs) [1]. Such scenarios arise, for example, in the
Ethernet environment, as well as at the signaling stage of packet
radio and cellular telephony. The class of RAAs includes three
subclasses, depending on the level of channel sensing required
by the users in the protocol operations. The minimal sensing
(MS) subclass requires that each user sense the transmission
channel only at times when he transmits; the ALOHA proto-
col and its variations belong in this subclass. The limited sens-
ing (LS) subclass requires that each user sense the transmission
channel continuously from the time he generates a packet to the
time that this packet is successfully transmitted; this subclass
contains a number of algorithms [2]-[4] with various character-
istics discussed in the paragraph below. The full sensing (FS)
subclass requires that each user know the overall history of the
transmission channel from the time when the system starts op-
erating [5]; this subclass contains algorithms [1], [5], whose op-
erations are of just academic interest, since the level of channel
sensing they require is clearly non-implementable.

Although no formal proof has been devised yet to this effect,
it seems that minimal sensing is inadequate for the development
of stable RAAs; the instability of the ALOHA protocol and its
variations is well known [6], where as the number of users in-
creases, the throughput of the protocol approaches rapidly zero.
In contrast, the MS subclass includes a number of stable pro-
tocols, while the channel sensing required by the subclass is
clearly reasonable and implementable. The first algorithm de-
vised in the MS subclass is described in [6]; its operations are
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simple, but its throughput in the presence of the limit Poisson
user model! is low. The limited sensing modification [3] of Gal-
lager’s algorithm [7] has throughput 0.487 in the presence of the
limit Poisson user model, but its operations are quite complex
and it reaches deadlocks in the presence of channel errors. The
algorithm in [4] is simple to implement and attains throughput
0.4297 in the presence of the limit Poisson user model; it also
possesses the highest resistance to channel errors among all the
existing to this point algorithms.

In this paper, we present a class of LS algorithms that attain
the same throughput and also possess similar resistance to chan-
nel errors as the algorithm in [4]. The algorithms exhibit varying
delay behavior for low rates and possess advantageous opera-
tional characteristics. We will focus on a single member in the
class. The collision resolution operations of the latter algorithm
can be depicted by a 3-cell stack; we thus name the algorithm,
the 3-cell algorithm.

The organization of the paper is as follows. In Section II,
the system model is presented and the algorithms in the class
are described, with special emphasis on the 3-cell algorithm.
In Section III, the throughput and delay analyses of the 3-cell
algorithm in the presence of the limit Poisson user model are
included. In Section IV, the performance of the 3-cell algorithm
in the presence of feedback channel errors is discussed. In Sec-
tion V, additional comparisons of the 3-cell algorithm with the
algorithm in [4] and the Ethernet protocol are presented. In Sec-
tion VI, some conclusions are drawn.

II. THE SYSTEM MODEL AND THE ALGORITHMS

We assume packet-transmitting users, a slotted channel, bi-
nary collision-versus-non-collision (C-NC) feedback after each
slot, zero propagation delays, and initially absence of feedback
errors. We also assume that collided packets are fully destroyed
and retransmission is then necessary. Time is measured in slot
units; slot ¢ occupies the time interval [¢,¢ + 1) and x; denotes
the feedback that corresponds to slot t; xy = C and z; = NC
then represent collision and non-collision in slot, respectively.

Each algorithm in the class is independently and asyn-
chronously implemented by the users. Indeed, in the limited
sensing environment, it is required that each user monitor the
channel feedback only from the time he generates a packet to
the time that this packet is successfully transmitted. Therefore,
the users’ knowledge of the channel feedback history is asyn-

IThe limit Poisson user model consists of infinitely many independent
Bernoulli users and it represents a worst case for the study of RAAs, within
a large class of user models, as proven in [8].
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chronous. The objective in this case is to prevent new arrivals
from interfering with some collision resolution in progress. This
is possible if each user can decide whether or not a collision res-
olution is in progress within a finite number of slots from the
time he generates a new packet. The possibility of such decision
can only be induced by the operational characteristics of the al-
gorithm. As we will explain below, each algorithm in the class
possesses the appropriate operational characteristics for such de-
cisions.

Each algorithm in the class utilizes a window of size A as
a operational parameter and induces a sequence of consecutive
collision resolution intervals (CRIs). The window length A is
subject to optimal selection for throughput maximization. Each
CRI corresponds to the successful transmission of all packet ar-
rivals within an arrival interval of length A. The length of the
CRI is determined by the number of users in the window A and
the algorithmic steps of the collision resolution process. The
placement of the A-size window on the arrival access is deter-
mined asynchronously by the users. We will first describe the
collision resolution process induced by the algorithm. Then, we
will explain the process which determines the placement of the
A-size window per CRI.

The algorithmic class contains algorithms whose collision
resolution process can be depicted by a stack with finite number
of cells. Let us consider this algorithm in the class which can be
described by a K'-cell stack. Then, in the implementation of the
collision resolution process, each user utilizes a counter whose
values lie in the set of integers, [1,2,---, K]. We denote by
the counter value of some user at time ¢. The K different pos-
sible values of the counter place the user in one of the K cells
of a K-cell stack. When his counter value is 1, the user trans-
mits; he withholds at K’ — 1 different stages otherwise. When a
CRI begins, all users in the A-size window set their counters at
1; thus, they all transmit within the first slot of the CRI. If the
window contains at most one packet, the first slot of the CRI is
a non-collision slot and the CRI lasts one slot. If the window
contains at least two packets, instead, the CRI starts with a col-
lision which is resolved within the duration of the CRI via the
following rules:

The user transmits in slot ¢ if and only if r, = 1. A packet is
successfully transmitted in ¢ if and only if 7, = 1 and z; = NC.

The counter values transition in time as follows.

Ifz; y =NCandryy = 35,5 = 2,3,---,K, then r;, =
j—1
Ifz, 1 =Candr,_y =35, =2,3,---, K, thenr, = j.
Ifx;_1 =Candr;_y =1, thenr; =

I, wp. 1/K

2,wp. 1/K

3, wp. 1/K

K,wp.1/K.
From the above rules, it can be seen that a CRI that starts with
a collision slot ends with K consecutive non-collision slots, an
event which can not occur at any other instant during the CRI
Thus, the observation of K consecutive non-collision slots sig-
nals the certain end of a CRI to all users in the system; it either
signifies the end of a CRI that started with a collision or the
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end of a sequence of K consecutive length-one CRIs. There-
fore, a user who arrives in the system without any knowledge of
the channel feedback history can synchronize with the system
upon the observation of the first K-tuple of consecutive non-
collision slots. This observation leads to the asynchronous by
the users generating of the size-A window placement on the ar-
rival axis. Specifically, if a CRI ends with slot ¢, the window
of the next CRI is selected with its right most edge K — 1 slots
to the left of slot ¢ and it contains those packets whose updates
fall in the interval (t — K +1 — At — K + 1). The updates
{t*} of a packet are generated as follows: Let t; be the slot
within which a packet is generated. Then define t° to be equal
to to. Starting with slot ¢°, the corresponding user senses con-
tinuously the channel feedbacks. He does so passively, until
he observes the first K -tuple of consecutive NC slots, ending
with slot 1. If t° € (t; — K + 1 — A,t; — K + 1), the user
participates in the CRI that starts with slot ¢; + 1. Otherwise,
he updates his arrival instant to t! = t° + A and waits pas-
sively until the end of the latter CRI, ending with slot to. If
tt € (ty — K +1—A,ty — K + 1), the user participates in the
CRI which starts with slot ¢5; otherwise, he updates his arrival
instant by A again and repeats the above process. In general, if
{tn }n>1 denotes the sequence of consecutive CRI endings since
the first K -tuple of consecutive NC slots, the packet participates
in the k-th CRIif t*~! € (¢, — K +1— At — K + 1) and
t" ¢ (tpy1 —K+1—Ajt, — K+1),foralln <k — 2.

We note that multiple-cell algorithms were considered in [9]
and [10]. We also note that the algorithm in [4] belongs in the
class examined in this paper. We expect that the algorithms in
the class will have the same throughput with that of the latter
algorithm, but different delay and resistance to feedback errors
behaviors. As K increases, we expect that the delays for low
rates will increase. In the following sections, we focus on the
detailed analysis of the 3-cell algorithm.

III. THROUGHPUT AND DELAY ANALYSIS OF THE
3-CELL ALGORITHM

In this section, we present the throughput and delay analyses
of any one algorithm in Section II, with specific results included
for the 3-cell algorithm only. We adopt the limit Poisson user
model. Indeed, as proven in [8], for a large class of random
access algorithms, as the user population increases the stability
of an algorithm in the class is determined by its throughput un-
der the Poisson user model. Let CRPs denote the beginnings of
CRIs.

Consider the system model and the algorithms in Section II.
Consider any one of the algorithms in the latter class be active.
Then, let the system start operating at time zero. Let ¢;, 7 > 1
be the sequence of successive CRP’s and let X; be the lag at ¢;.
The sequence X;, ¢ > 1 is a Markov chain with state space F. If
A is rational, then F is an at most denumerable subset of [1, ).
The ergodicity condition in [11] gives that the Markov chain is
ergodic and the system is stable if and only if,

E(1/A) < A1)

where E(I/A) denotes the expected length of a CRI given that
it starts with an examined interval of length A.
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Fig. 1. Expected delays.
Table 1. Throughput and optimal window sizes.
3-cell algorithm | A* =0.4297 | A* =2.5599
2-cell algorithm | A\* =0.4297 | A*=2.330

Let L, denote the expected length of a CRI given that it starts
with a collision of multiplicity k. We can then write

aal )k
ZLke

(1)

sal AA

E(l/A) = ZE /A k)e

k=0

since
E(l/Ak) = Ly,

depends only on k. In the Appendix, and focusing on the 3-cell
algorithm, we show that

1) Lg, k > 0 can be computed recursively, and

2) Ly are quadratically upper-bounded.

Equation (1) together with 1) and 2) are used in the computa-
tion of the algorithmic throughput and the optimal window size
A* that attains it. Throughput is defined as the maximum Pois-
son rate \* that the algorithm maintains with finite delays. The
throughput and the optimal window results for the 3-cell algo-
rithm are included in Table 1, together with those of the 2-cell
algorithm in [4]. We note that the methodology exhibited in
the Appendix can be used for the throughput evaluation of any
algorithm in the class; the complexity of the induced recursive
equations increases, however, as the number of cells in the stack
which depicts the collision resolution process of the correspond-
ing algorithm increases.

We define the delay D,, experienced by the n-th packet as the
time difference between its arrival and the end of its successful
transmission. We are interested in evaluating the first moment of
the steady state delay process, when it exists. It can be seen that
the delay process D,,, n > 1 is regenerative. The regenerative
points are the sequence of consecutive CRPs at which the lag
equals one. The method for the delay analysis is given in [12].

Table 2. Throughput as a function of € and §.

€ 0 | A* 3-cell algorithm A* 2-cell algorithm
Case (A) | Case (B) | Case (A) | Case (B)

0] 02| 033641 0.3125 0.3463 —_—
0] 0.5 | 0.190916 | 0.15625 0.2251 —_—
0.1 | 0.1 | 034978 | 0.33204 0.3706 0.3630
0.1 | 04 | 0.213361 | 0.15625 —_— —_—
0.2 | 0.1 | 0.318349 | 0.253916 —_— 0.328
0.2 | 0.2 | 0.273956 | 0.17578 0.3139 0.279
0.5 0 | 0.245783 | 0.019538 0.3250 —_—
0.5 | 0.5 | 0.096538 | 0.019538 —_— —_—
0.8 0 | 0.104019 | 0.019538 0.2280 —_—

In Fig. 1, we exhibit the expected delays induced by the 3-cell
algorithm, together with those induced by the 2-cell algorithm
in [4].

Remarks: We note that, as compared to the 2-cell algorithm,
the 3-cell algorithm induces somewhat increased delays at low
rates at the gain of lower delays at high rates. We also note
that, as in [4], we can use the regenerative theory to compute
packet inter-departure distributions. Their nature is exponential
for low Poisson rates, and approaching mass concentrations at
low inter-departure times as the Poisson rates increase.

IV. RESISTANCE TO CHANNEL ERRORS

We wish to study the performance of the 3-cell algorithm in
the presence of channel errors, when feedback outputs may be
read wrongly with certain probabilities. Specifically, let us as-
sume that due to noisy conditions, the following type of feed-
back errors may occur. With probability €, an empty slot may
be seen by the users as a collision slot. Also, with probability
0, a slot occupied by a single transmission may be seen by the
users as a collision slot. Let us also assume that a collision slot is
always recognized correctly by the users. We will consider the
cases where, (A) the values ¢ and ¢ are known a priori, as sys-
tem characteristics, and (B) the values € and ¢ are unknown to
the designer. Then, in Case (A), the window size A is optimized
for throughput maximization, while in Case (B), the through-
put is found for A window size as in Table 1. We performed
throughput analysis for both Cases (A) and (B), whose details
are included in the Appendix. The results are exhibited in Table
2, together with those for the 2-cell algorithm in [4].

From the results in Table 2, we notice that the throughput
of the 3-cell algorithm degrades gracefully in the presence of
feedback errors, in contrast to the algorithms in [7] and [5] that
are then led to deadlocks. As compared to the 2-cell algorithm
in [4], the throughput degradation of the 3-cell algorithm in the
presence of feedback errors is somewhat higher, due to the finer
tuning required by its splitting operation. We expect that such
throughput degradation will then increase for algorithms in the
class depicted by more than three stack cells.

V. NUMERICAL EVALUATIONS AND COMPARISONS

In this section, we compare the 3-cell algorithm with the 2-
cell algorithm in [4] and the Ethernet protocol, when all algo-
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rithms operate in environments imposing admission delay con-
straints. We remind the reader that the Ethernet protocol is a
form of the ALOHA protocol with exponential backoff retrans-
mission policy and imposed abortions after sixteen attempts. We
simulated all three algorithms in the presence of the limit Pois-
son user model for admission delay constraints equal to 80, 200,
and 400 slots and we computed average delays and packet re-
jection rates. Our results are exhibited in Figs. 2—7. From the
latter figures we observe that, for relatively tight (80 slots) ad-
mission delay constraints, the Ethernet protocol does somewhat
better than the 2-cell and 3-cell algorithms in terms of expected
delays of those packets that are successfully transmitted, while
it does significantly worse in terms of rejection rates: For 0.4
input traffic rate, Ethernet rejects then 27% of the traffic versus
the less than 5% rejection rate induced by the 2-cell and 3-cell
algorithms, while, at the same time, all three algorithms induce
similar expected delays. As the admission delay constraint be-
comes looser, the Ethernet protocol exhibits terrible expected
delays and rejection rate behavior, as expected, versus the excel-
lent such behavior of both the 2-cell and the 3-cell algorithms:
For 400 slots admission delay and 0.4 input traffic rate, Ethernet
rejects 60% of the input traffic and induces expected delay of
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Fig. 5. Rejection rates. Admission delay 200 slots.

68 slots per transmitted packet, while the 2-cell and 3-cell algo-
rithms impose then almost no rejections and induce less than 18
slots expected delays.

VI. CONCLUSIONS

We introduced a class of window limited sensing random ac-
cess algorithms, whose collision resolution process can be de-
picted by a stack with finite number of cells. All algorithms in
the class are stable and implementable, possess relatively high
throughput, are robust in the presence of channel feedback er-
rors and exhibit good delay characteristics. As the latter num-
ber increases, the complexity of the equations leading to the
throughput evaluation of the corresponding algorithm increases
as well. We conjecture that the throughput remains unchanged
and equal to 0.4297 for all algorithms in the class. As the num-
ber of cells in the stack which depicts the collision resolution
process increases, the resistance to some channel feedback er-
rors decreases and the delays to low traffic rates increase, while
the delays for high traffic rates decrease. The superiority of the
algorithms in the class to the Ethernet protocol has been numer-
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ically exhibited.

APPENDIX: THROUGHPUT AND STABILITY
ANALYSIS

We will present our analysis in the general case where feed-
back errors may occur. Setting ¢ = & = 0 in the latter analysis,
provides the desirable results in the absence of errors. Let us
define:

L(n, k,m): The average length required by the algorithm to

transmit n+k+m packets when n of them have counter value

1, k of them have counter value 2 and m of them have counter

value 3.

Ly: The average length of a CRI starting with a k£ multiplicity

collision, as induced by the algorithm.

G(k,m): The average length to transmit k + m packets when

k of them have counter value 1 and m of them have counter

value 2, while it is known that no packets have counter value

3.

Then, we can write the following recursions:

w.p. (1 —¢)

Lo={ b
7 14+ L(0,0,0), wp.e

= {11608, 120
won={ 11 hin, W0
o= { 8, 120
0 = {1, WL

I
9

=4 o
W (=2}

o 0.
E / ——3cell

=]

g 04 / —— 2-cell

Q

:)i. 03 —\/— Ethernet
[

o f=4
—_ (8]

0.1 0.2 0.3
Rate

Fig. 7. Rejection rates. Admission delay 400 slots.

0.35 0.4

14+ Ly, w.p. (1 —90)
) 1+ L(1,m,0), w.p. 2
G(1,m) = 1+ L(0,m+1,0), w.p. %
14+ L(0,m,1), W.p. §
k>2, G(k,m)=L(k,m,0)
n>2, L,=L(n,00)=G(n,0)
1+ G(k,m), w.p. (1 —90)
) 14+ L(0,k+1,m), wp.$
LLEm) =9 14 10, k m+1) w.pé
1, w.p. (1 —9)
1+ L(1,0,0), w.p.?2
L = 3
1+ L(0,1,0), W.pg
1+ L(0,0,1), w.p.§5.
Via partial substitutions in the above system, we find
LO (]. —E)_3
L(0,0,0) = (1 —&)*[3(1 — &) +¢€7]
L(0, 1,0) =3B3-0)71-)7°[2-e)(1—e)* +1-4]

+6(3 —8)"1L(1,0,0) 4+ 6(3 — §)*L(0,0,1)
2
L(0,0,1) =3(1—¢) '3 — (1 —¢)§] ' [2—e+ (1 —&)?]
+6(1—¢€)[3— (1 —e)d]  L(1,0,0)
+3[3— (1 —¢)d] ' [3¢ + (1 — )8]L(0,1,0)
L(1,0,0) =3(3—0) " (1 — &) ?[(1 —e)® + (2 —¢)(1 — 9)]
+6(3—6)""L(0,1,0) + (3 — §) "1 L(0,0,1)
Ly =1+3"1L(1,0,0) +3715L(0,1,0)
+3716L(0,0,1)
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Loy 2 L(m,0,0),Ym > 2 3)
L(0,0,m) = (2—¢)(1 — )" 4+ (1 — &)Ly, + L(0,m, 0),
m>2 (4
L0,1,m)=(2—¢&)(1 —¢&) " + (1 =68)L,,
+3716L(1,m,0) +3716L(0,m,1)
+3715L(0,m + 1,0), m>1
L(0,k,m) = (1 —¢)~ ! + L(k,m,0), k>2,m>0
L(1,0,m) = (3—0)""{3(2—6) +3(1 = 0)(1 — &)Ly,
+3¢(1 —6)L(0,m,0) + dL(0,1,m)
4+ 6L(0,0,m)}, m>1 (5

L(1,1,m) = (3= 0)"{3(2 = §) + 3(1 — §)*L,,
+6(1 = 8)L(1,m.0) + 6(1 — 6)L(0,m + 1,0)
+6(1,8)L(0,m, 1) + 6 L(0,2,m)
+0L(0,1,m + 1)},
L(1,k,m) = (3—0)"* {3+ 3(18)L(k,m,0)
+6L(0,k+1,m)+6L(0,k,m+1) },
k>2m>0.

m >0

In addition, we obtain

L(n —na — n3,na, ng)

n—m—mns

D

m,=0

n—"no —Nng

3n—n2 —ns3

T n—ng—ng—1
L (e
ma

1

gn—n2—ng

"R n—ny—n
X Z < 2 3)L(0,n2+m2,n—n2—m2)

x L (1,n2 +mg,n—ng—1—ms) +

m
m,=0 2
n—nz—ng
1 n—ng — N3
+ 3n7n27n3 Z k
k=0
n—no—ng—k
n—ng —n3—k
x>
ma

m,=0
X L (k,ng +ma,n—ng —k —ma) p,

(6)

n—ng —ng > 2.

The system of equations in (2) to (6) can be easily shown to
have an inductive form, where the system of all possible place-
ments of n packets in 3 cells and its corresponding L’s is solved
inductively using answers of the parallel quantities correspond-
ing to n — 1 packets instead. We found the Ly, & < 50 values
solving the above systems of equations. For k£ > 51, we used
tight upper bounds for the Lj’s. These bounds can be shown to
be quadratic. That is,

>

k>50,L; < ale,8)k* + B(e,0)k +v(,6) = LY ()
where the coefficients a(e, 0), B(g, §), and y(e, d) can be found

for the different values of the pair (¢,6). Fore = § = 0, the
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coefficients are « = 0.01614, § = 5.53042, and v = —29.456.
Using the bounds in (7), we conclude that a sufficient condition
for stability is

A 50 - LIJk ) . ,.’L‘k
f(a?):ZLke xﬁ—l—ZL}je “H<A 8)
k=0 k=51
where x = AA.
The condition in (8) can be rewritten as
f(@) 2 ale,d)z(@ + 1) + Ble, 8)z + (e, )
50 k
LT
+ Z [Ly — ale, 0)k* — B(g,8)k — y(g,0)]e < A
k=0
)]
or as
f@)<S=sa< 2 (10)

A f(x)

Equation (10) provides the stability region of the algorithm for
arbitrary z. When the supremum of the ratio =/ f (x) is found, it
provides the throughput A*, the algorithm and the optimal win-
dow size A* which attains it. That is,

x
A" = sup —— attained at 2*

*

T

AY = —.
)\*

The function z/ f(x) has a unique supremum which was found
numerically. The supremum was found to be equal to 0.4297,
attained at * = 1.1, which gave A* = 2.5599.
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