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Comments on “Fields at the Tip of an Elliptic
Cone”
S. BLUME AND G. KAHL

Electromagnetic fields near the tip of an elliptic cone can be
represented by a sum over a set of vector wave functions. Only the
leading terms of this sum contribute to the near field. A useful
classification of these terms based on symmetry and periodicity
properties of the eigenfunctions of the problem is presented. This
classification suggests that there must be a second magnet/c field
singularity which is not given in the above letter” Data on the
related eigenvalue are given.

I, INTRODUCTION

In the above letter,” singularities of electromagnetic fields at the
tip of an elliptic cone are discussed. The authors give a brief
summary of the theory of electromagnetic fields associated with
this geometry and investigate the asymptotic behavior of the field
in the vicinity of the tip. They point out that the singularity of the
electric field is related to the first even Dirichlet solution of the
boundary value problem and that of the magnetic field to the first
odd Neumann solution. These considerations seem to be correct
and the given eigenvalues are identical with those which we
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calculated using different methods [4]. In contrast to the above
letter,’ our method reveals that there is a further singularity of the
magnetic field which belongs to an even Neumann solution. The
corresponding eigenvalue is given below.

II. A SECOND MAGNETIC FIELD SINGULARITY

The diffraction of scalar waves at an elliptic cone had been
investigated by Kirchner [1]. Starting with an analytical field expan-
sion he found the eigenvalues given in the above letter’ by using a
numerical technique to solve the eigenvalue problem. Subsequent
research ({2}, [3]) in antenna problems led to series expansions of
the eigenfunctions which were also used to find the solution of the
diffraction problem [4]. In these papers, a representation of the
eigenfunctions is used, which is quite different from that given by
Vafiadis and Sahalos [5].

We used a coordinate system similar to that used in the above
letter.” The differences are trivial. The solution of the problem is
built up by products of Lamé functions in 4 and @. The one in ¢ is
periodical and symmetrical. The function in 4 is nonperiodic and
fulfills the Dirichlet or Neumann condition at the cone & = ¥,

There are four classes of periodic Lamé functions?

1) m-periodic and even
2) 2m=-periodic and odd®
3) m-periodic and odd
4) 2m-periodic and even.?

The symmetry is related to the plane of the largest flare angle of
the cone. These functions are calculated with the aid of Fourier
series.

Each periodic Lamé function is associated with one regular non-
periodic function, which is represented by series of associated
Legendre functions ([2], [3]). The eigenvalue v occurs as the lower
index of the Legendre functions and the natural upper index is the
summation variable.

The eigenvalue is determined by the fact that the nonperiodic
function underlies certain boundary conditions, Eigenva!ues smaller
than 1 cause a field singularity. An eigenvalue v, is given in the
above letter! which yields a singularity of the electric field and is
related to function type 1.

The second eigenvalue v,, given there yields a singularity of the
magnetic field and befongs to an eigenfunction of type 2. We
found out that there is a second eigenvalue v, < 1 which is related
to the Neumann condition (Fig. 1). It belongsto a function of type
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Fig. 1. The elgenvalue v, as a function of &, for various el-
lipticity parameters k2.

Thls classification was suggested by Ince [6).
32@-periodic means not 7- but 27- -periodic
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4 and yields a second field singularity. This eigenvalue approaches
unity as the cone degenerates to a sector (8, = 180°), a halfspace
(¥, = 90°), or a wedge (k? = 0). In these cases it does not lead to
an additional field singularity. For the case of a circular cone, 1,
takes the same value as v, . This degeneracy vanishes in the more
general case of an elliptic cone. A second electric field singularity
does not exist, because the associated eigenfunction would be

identical to 0.

1l.  CONCLUSION

An additional singularity of the magnetic field at the tip of an
elliptic cone is given. The corresponding field has a symmetry
different from that given in the above letter.! Although this second
magnetic field singularity is a weak one it must be taken into
consideration, because it is the only one for certain conditions of
excitation.
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Exact Sensitivities for Nonreciprocal
Two-Port Power Elements
J. W. BANDLER, M. A, EL-KADY, anD H. K. GREWAL

A novel method is presented to calculate exact first-order sensi-
tivity formulas for nonreciprocal two-port power elements using
the short-circuit admittance description. The method exploits an
augmented Tellegen’s theorem and is applied to an elegant adjoint
transformer model to evaluate sensitivities with respect to control
parameters of phase-shifting transformers.

I, THE AUGMENTED TELLEGEN THEOREM

Consider a two-port element connecting buses p and q. Let y be
the 2 X 2 short-circuit admittance matrix of this element. Then, the
current-voltage relations associated with the element are expressed
in a compact form

I=yv Q)

where 12 [, 1.]7, V&V, V], I, and I, are the line currents, and
V, and V, are the corresponding line voltages [1]. We write the
first-order variation of / of (1) as

81 =ybV + dyV. )
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The augmented Tellegen’s theorem adopted by Bandler and
El-Kady [2] applied to the network branches of a system, includes
terms related to the two-port element under investigation as

o BV + PBVE - VB - V*TeF + ... =0 (3)

where ~ distinguishes the two-component vectors associated with a
topologically similar adjoint system, and * denotes the complex
conjugate. Furthermore, we express the first-order change of a real
or complex network function as [3]

of= -~+(a—f)T81+(—a—f-)TGI*+(ﬂ)T8V
al ar v
+( af)TBV*+-~-. 6]
av*

Subtracting (3) from (4), we rearrange the resulting expression in
the form

8f= ... +(|7+f—f)T81+(0*+ﬁ)T81*—(i—ﬁ)rsv
al ar av
_(it_ af)rsv*+... )
av* '

We uiilize the conjugation property associated with a complex
quantity §, i.e, df/3% = (3f/at*)* for real network functions [3],
and rewrite (5) as

Bf= - 4+ VIBI+ VTSI — ISV — PBV* + .. (6)
where
ﬁéh%: 7;,‘_%, ?)
Substituting (2) and its conjugate into (6), we obtain
8f= .- +(§Ty— 7’)8V+ (fl*’y* - 7'7)8V* + Visyv
SRSy ' ©)

Now the coefficient of 8V (or 8V*) in the above equation suggests
an adjoint two-port element characterized by the current-voltage
relations
I=yv 9
which can be readily used in conjunction with the adjoint equa-
tions reported in the previous related work [2].
Sensitivity with Respect to a Complex Parameter
Substituting (9) and its complex conjugate into (8), we have

daf Y ay S ay *
—=V=v+|V—vVv 10
(7] 0

where { is complex and the conjugate manipulation follows Band-
ler and El-Kady [3]. The parameter { may be involved in reciprocal
or nonreciprocal two-port models of power transmission network
components. Examples of { associated with a phase-shifting trans-
former model [4], [5] are complex turns ratio and series impedance.

I, SENSITVITY EVALUATION
Consider a phase-shifting transformer having a complex turns
ratio a, and an equivalent impedance Z,, both expressed in the

per-unit system [4], [S5]. The y-matrix of this element is written in a
convenient form

1 _1- 1
y=— a?‘ -—  -=1]1. (1'1)
The perturbed form of y of (11) is expressed compactly as

1 - 1 _ 1
dy=——y18a, - — 1yda* - — yé2
y ary 2, ar yoa; Zry t (12)

where
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