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Abstract: We report a first comprehensive theoretical analysis of optically pumped spin-
polarized vertical-cavity surface-emitting lasers, which combines the spin-flip model with the
largest Lyapunov exponent technique to determine regions of stability and instability. The
dependence of these regions on a wide range of fundamental device parameters is inves-
tigated, and results were presented in a new form of maps of the polarization versus the
magnitude of the optical pump. We also reveal the importance of considering both the
birefringence rate and the linewidth enhancement factor when engineering a device for high-
frequency applications.

Index Terms: Largest Lyapunov exponent (LLE), optical pumping, spin-flip model, spin-
polarized vertical-cavity surface-emitting lasers (VCSELs).

1. Introduction
Spin-polarized vertical-cavity surface-emitting lasers (VCSELs) offer the exciting prospect of output
polarization control through the injection of spin-polarized electrons. Such capabilities could lead to
many new applications in the field of spectroscopy, communications and information processing. In
practice a spin-polarized electron population can be achieved via either electrical injection using
magnetic contacts or by optical pumping using circularly polarized light [1], [2]. Recent research
advances in this area have included demonstrations of an electrically injected quantum dot spin-
VCSEL operating at 200 K [3] and an optically pumped spin-VCSEL grown on a (110) substrate
which achieved a high degree of circular polarization associated with an enhanced spin lifetime [4].
A spin relaxation time of 0.7 ns at room temperature was reported in the latter work [5]. However,
the ultimate challenge remains to achieve an electrically injected spin-VCSEL with enhanced spin
lifetime operating at room temperature.

Complementary theoretical work to model spin-VCSEL behavior is commonly based on the spin-
flip model (SFM) [6]–[8]. This represents the carrier populations in the conduction and valence
bands in terms of two distinct carrier densities associated with spin-up and spin-down. These are
associated with two lasing transitions giving rise to right- or left-handed circularly polarized emis-
sion. The two transitions are coupled via the Bspin flip[ processes which is characterized by a spin
relaxation rate ð�sÞ between spin up and spin down electrons. The SFM also takes account of the
gain anisotropy or dichroism ð�aÞ and birefringence ð�pÞ rates, which together act to couple ortho-
gonally polarized modes of the VCSEL. The model has shown good agreement with experimental
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results for pulsed and continuous optical pumping of spin-VCSELs [9], [10]. In a simplified version of
the SFM using rate equations, where the effects of gain anisotropy and birefringence were
neglected, performance improvements including threshold reduction were predicted [11], [12]. In a
further variation, transitions from the barrier into the quantum well (QW) were incorporated to model
optically pumped VCSELs [13], [14] and, with appropriate modification of the pumping term,
VCSELs with electrical spin injection [1], [15], [16]. This model has also been used to simulate
quantum dot spin-VCSELs by including transitions from the wetting layer to the dot levels while still
retaining the simplification of neglecting gain anisotropy and birefringence [15]–[17]. In another
approach, it was assumed that the two circularly polarized field components have the same
frequency and maintain a constant phase difference [18]. By further assuming that the laser
operated in the steady state, this resulted in a computationally efficient solution of the resulting
simplified SFM equations. While this allowed an investigation of device properties as a function of a
few basic device parameters [19], it only revealed solutions where the laser output was stable and
would not therefore reveal regions of chaos or oscillatory behavior, for example.

In contrast to these previous reports, here we use the full SFM equations to present a first
systematic and detailed study of spin-VCSEL dynamics over an extensive range of device pa-
rameters including spin relaxation, birefringence, electron and photon lifetimes, linewidth enhance-
ment factor, and the magnitude and ellipticity of the pumping. In a further enhancement, the
numerical solution of the SFM has been combined with the largest Lyapunov exponent (LLE)
method for analysis of the stability of spin-VCSELs. The present paper is a fuller exposition of the
work presented in [20] as a preliminary report. We begin by showing examples of the temporal
optical output from the spin-VCSEL model which illustrate various forms of behavior ranging from
stable emission through to chaotic dynamics and using the Poincare sphere to present these
results. We next show results in the form of new detailed stability maps in the plane of polarization
versus magnitude of the pumping, where we identify regions of stability and instability which have
been systematically computed over a wide range of device parameters. Where possible, we seek
comparisons with previous reports in the literature and demonstrate excellent agreement. Finally,
we use the model to investigate the high-frequency behavior of period one oscillations. We reveal
the importance of considering both the birefringence rate and the linewidth enhancement factor to
realize both high oscillation frequency together with good modulation depth.

2. Theory
The SFM equations are conventionally written in terms of the right- and left-circularly polarized
complex fields, denoted, respectively, by �Eþ and �E�, and two populations of electrons: those with
spin-down and with spin-up, with corresponding normalized densities nþ and n�, respectively.
According to the SFM [6]–[8], recombination of spin-down and spin-up electrons in a QW VCSEL
produces two lasing transitions for right- and left-circularly polarized electric fields. The spin
relaxation process for electrons is characterized by a decay rate �s, but spin relaxation of holes in
the valence band is assumed to be instantaneous. The SFM rate equations are conventionally
expressed in terms of normalized carrier variables N ¼ ðnþ þ n�Þ=2 and m ¼ ðnþ � n�Þ=2. In
addition, circularly polarized pump components ð�þ; ��Þ can be included to allow for polarized
optical pumping. In the case of pumping by electrical current with spin-injecting contacts, the pump
terms in the SFM equations can be cast in a similar form [1]. Writing the complex fields in terms of
real and imaginary parts as E� ¼ E�;R þ iE�;I , the rate equations become

dE�;R
dt

¼�ðN �m � 1ÞðE�;R � �E�;IÞ � �aE�;R þ �pE�;I (1)

dE�;I
dt
¼�ðN �m � 1ÞðE�;I þ �E�;RÞ � �aE�;I � �pE�;R (2)

dN
dt
¼ � �þ þ �� � 1þ jEþj2 þ jE�j2

� �
N � jEþj2 � jE�j2

� �
m

h i
(3)

dm
dt
¼ �ð�þ � ��Þ � �s þ � jEþj2 þ jE�j2

� �h i
m � � jEþj2 � jE�j2

� �
(4)
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where 2� ¼ ��1p and � ¼ ��1n , with �p and �n as the photon and electron lifetimes, respectively, � is
the linewidth enhancement factor and the other symbols are defined in Section 1. We define the
total normalized pump � ¼ �þ þ �� and the pump ellipticity [8]

P ¼ �þ � ��
�þ þ ��

: (5)

The ellipticity of the output is given by

" ¼ jEþj
2 � jE�j2

jEþj2 þ jE�j2
: (6)

Using the full set of equations (1)–(4), which are solved numerically, reveals that there are
regions of parameter space where the solutions are unstable and oscillatory behavior is found [8]. In
the present study this behavior is found to be associated with birefringence oscillations that are
naturally damped by dichroism. That is, the source of these oscillations lies in the competition
between fundamental physical processes at work in the device: the spin-flip processes that tend to
equalize the gain for right- and left-circularly polarized fields, dichroism which tries to equalize the
field amplitudes, and birefringence which couples power back and forth between the polarized
fields. Gahl et al. [8] have used the SFM to study these and other oscillations present in optically
pumped VCSELs, namely Larmor oscillations, which are damped by spin flip, and relaxation oscil-
lations, which are naturally damped by carrier recombination. These various forms of oscillatory
behavior can be destabilized by different excitation processes and thus lead to self-sustained
oscillations in the polarization of the emitted light even for VCSELs with cw pumping. The regions of
oscillatory behavior and those of phase-locked stability are determined by the key control param-
eters � and P.

This motivates our analysis of the stability of the solutions of the SFM equations; for this purpose
we use LLE method which has previously been successfully applied to stability analysis of optically
injected lasers [21]. To the best of our knowledge this is the first such analysis of the stability of
spin-VCSELs as a function of pumping magnitude � and polarization P. For the case of linearly
polarized pumping (equivalent to conventional electrically injected VCSELs), conditions for stability
of the linearly polarized modes have been derived by Martin-Regalado et al. [7]. For a given value of
pumping in the special case where �a ¼ 0, these conditions may be written in terms of critical values
of the pumping

�x ¼ 1þ
�s
�

� �
�p
� 1

(7)

�y ¼ 1� �s
�
þ 2�

�p
�
: (8)

The first of these conditions will be used to check against our LLE calculations in the case of
P ¼ 0.

3. Results

3.1. Effects of the Pumping Power and Ellipticity on Spin-VCSEL Stability
The sensitivity of spin-VCSEL stability to the control parameters � and P is demonstrated in

Figs. 1 and 2, respectively. Fig. 1 shows the time response for two step changes in � at t ¼ 12 ns
from 1.5 to 2.6, and then from 2.6 to 4 at t ¼ 20 ns, where the value of P is fixed at �0.1. The SFM
parameter set used here is similar to that given in [19]. While the model used in [19] required only
ratios of the rates �p=� and �s=�, the SFM solution used here requires values to be specified for
each parameter; we therefore choose the values of � ¼ 125 GHz, � ¼ 1 GHz and �a ¼ 0,
�p ¼ 20 GHz, �s ¼ 10 GHz, and � ¼ 1. The stable steady-state response that appears in Fig. 1
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when � ¼ 1:5 changes to a periodic oscillation (limit cycle) due to increase of � to 2.6 and then to
chaotic oscillation when � is increased to 4.

Similarly, Fig. 2 shows the time response for two step changes in P from linear ð¼ 0Þ to elliptical
ð¼ �0:3Þ at t ¼ 15 ns and then from elliptical to left-circular ð¼ �1Þ at t ¼ 22 ns using a fixed value
of � ¼ 4. The same set of SFM parameters of Fig. 1 is used in Fig. 2. In this case, the response
starts with chaotic oscillation at P ¼ 0, then changes to periodic (period 1) at P ¼ �0:3, and then
changes to stable when P ¼ �1.

Fig. 1. Calculated time traces for the two circularly polarized intensities and spin-up and spin-down
carrier densities using step changes in � from 1.5 to 2.6 at t ¼ 12 ns and from 2.6 to 4 at t ¼ 20 ns. The
value of P is fixed at 0.1. The SFM parameters used here are �p ¼ 20 GHz, � ¼ 125 GHz,
�s ¼ 10 GHz, � ¼ 1 GHz, �a ¼ 0, and � ¼ 1 (as reported in [19]).

Fig. 2. Calculated time traces for the two circularly polarized intensities and spin-up (spin-down) carrier
densities using step changes in P from 0 to �0.3 at t ¼ 15 ns and from �0.3 to �1 at t ¼ 22 ns. The
value of � is fixed at 4. The SFM parameters used here are the same as for Fig. 1.
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Similar oscillatory behavior has been observed in the output polarization ", due to varying the
pumping power and ellipticity. Fig. 3 uses the Poincare sphere to show the fluctuation in the output
polarization " due to changing the pumping ellipticity. The Stokes parameters S0, S1, S2, and S3

constitute the Cartesian coordinates of the polarization state, which is represented by a point on the
surface of the sphere. Three different cases are observed in Fig. 3, namely i) chaotic behavior
where the output polarization oscillates and covers most of the sphere when P ¼ 0, ii) periodic
oscillation in a limit cycle when P is elliptical ð¼ �0:3Þ, and iii) stability when P ¼ �1 or left circular
(which appears as a single point near the bottom pole of the sphere).

3.2. Stability Map Calculations Using LLE
To see the whole picture of the dynamic behavior of spin-VCSELs, stability maps in the plane of

� � P are calculated by combined the numerical solution of the rate equations (1)–(4) with the LLE
method. Fig. 4(a) shows a calculated stability map for spin-VCSELs using the same parameter set
as in Fig. 1. Since the results are symmetric about P ¼ 0, only negative values of P are shown. The
color scale is used to define the contours of LLE values with a discrimination in LLE; negative values
correspond to stability, zero to oscillatory behavior, and positive values to regions of more complex
dynamics tending toward chaos as the LLE increases. For this set of parameters, equation (7)
yields �x ¼ 2:905, which is clearly close to the value of � seen at P ¼ 0 for the limit of stability in

Fig. 3. Poincare sphere and Stokes coordinate system, showing the fluctuation in the output polarization
using three different values of the pumping ellipticity: P ¼ 0, �0.3, and �1 (see Fig. 2 for comparison).
The SFM parameters used here are the same as those in Fig. 1.

Fig. 4. Stability map calculated for the cases: (a) �p ¼ 20 GHz, � ¼ 125 GHz, �s ¼ 10 GHz, � ¼ 1 GHz,
�a ¼ 0, and � ¼ 1 [19]. The letters a, b, c represent the three operating points of Fig. 1, while d , e, f
correspond to the three operating points of Fig. 2. (b) �p ¼ 11� GHz, � ¼ 300 GHz, �s ¼ 40 GHz,
� ¼ 1:5 GHz, �a ¼ 1:6� GHz, and � ¼ 2 (device parameters as in [23]).
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Fig. 4(a). It is also interesting to note the fine structure shown within the broad regions defined in
Fig. 4(a). This suggests that in practice mixed dynamics might be observed which might be a very
sensitive function of operating conditions and could be difficult to define unambiguously. Note that the
letters a, b, c on themap refer to the three operating points of Fig. 1 when � ¼ 1:5; 2:6; and 4, using a
fixed value of P ¼ �0:1. Similarly, the letters d , e, f refer to the three operating points of Fig. 2 when
P ¼ 0;�0:3; and � 1, and using a fixed value of � ¼ 4.

Experimental results of ultrafast circular polarization oscillations with a frequency of 11 GHz have
been reported for electrically–pumped VCSELs with additional spin injection using circularly polar-
ized optical pumping [22], [23]. The authors of [23] have also used the SFM to simulate experi-
mental measurements of picosecond spin dynamics in response to a short-pulse of spin-polarized
excitation, using the parameter values �p ¼ 11 GHz, � ¼ 300 GHz, �s ¼ 40 GHz, � ¼ 1:5 GHz,
�a ¼ 1:6� GHz, and � ¼ 2. We have used these values to calculate the stability map shown in
Fig. 4(b) which is characterized by a large region of instability that grows with increasing pump level.
This is consistent with the results of [23].

3.3. Effects of SFM Parameters on the Dynamics
Here, the influence of the SFM parameters on the type of nonlinear dynamics has been inves-

tigated. Fig. 5 shows the effect of the birefringence rate �p on the dynamics of the instability region
of spin-VCSELs. The values of SFM parameters used in both subplots of Fig. 5 are �s ¼ 10 GHz,
� ¼ 3, � ¼ 1 GHz, � ¼ 125 GHz, and �a ¼ 0. A value of �p ¼ 20 GHz has been used in Fig. 5(a)
and �p ¼ 100 GHz has been used in Fig. 5(b).

The nonlinear dynamics in Fig. 5(a) can be divided into two different regions: period one (P1)
oscillation (light blue color) and more complex dynamics or chaotic behavior (orange to red colors)
with increasing �. Fig. 5(b) shows that the boundaries and shape of the instability region are not
affected very much by increasing �p to 100 GHz. However, the types of behavior inside this region
have changed significantly. Most of the dynamic behavior in Fig. 5(b) becomes type P1 and the
chaotic region shrinks to zero or very tiny areas due to increasing �p in this case.

Gahl et al. [8] reported the effect of �s on the oscillation behavior of spin-VCSELs. In [8] the
calculated time series and optical spectra for two different operating points of � and P were given.
The two values of spin relaxation rate �s that were used were 5 GHz and 150 GHz (see [8, Fig. 7]).
The other values of SFM parameters were �p ¼ 12� GHz, � ¼ 1 GHz, �a ¼ 0:01�p, � ¼ 3, and
� ¼ 250 GHz. Here, we have selected the same basic SFM parameters as in [8] for study, but we
expand the number of operating points to cover the whole ð� � PÞ plane to generate the stability
map using LLE shown in Fig. 6.

Fig. 5. Calculated stability maps for the case (a) �p ¼ 20 GHz and (b) �p ¼ 100 GHz. In all cases,
�s ¼ 10 GHz, � ¼ 3, � ¼ 1 GHz, � ¼ 125 GHz, and �a ¼ 0 (device parameters as in [19]).
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Fig. 6(a) and (b) show the full stability maps for �s ¼ 5 GHz and 150 GHz, respectively. It is clear
that increasing �s affects both the shape of the unstable region and the dynamic behavior within it.
For example, the high value of �s increases the critical pumping power at P ¼ 0 to very a large
value ¼ 9:2 (which is very close to the predicted value using equation (7), �x ¼ 8:938). Also, the
unstable region changes completely in shape and size. We also see that the effect of increasing �s
on the type of the oscillation was similar to that of increasing �p (i.e., significantly expanding the
region of type P1). The points marked x1 and x2 in each map of Fig. 6 correspond to the two
operating points selected in [8], which showed P1 oscillations. Our results show good agreement
with those in [8] also showing P1 behavior. However, from just these two individual points it might
be concluded that the device exhibits solely P1 oscillations, whereas from the full maps we present
we can clearly see that is not the case. We also investigated the effects of changing the other SFM
parameters on the dynamic behavior of spin-VCSELs, generating maps in each case. We find that
they have a negligible effect on the unstable region (shape or type of oscillation), and therefore,
these results are not included here.

3.4. Frequency of Oscillation
In this section, the effects of the parameters �, P, �p, and �s on the frequency of the polarization

oscillations (type P1) are investigated. Fig. 7 shows a calculated contour map for P1 oscillation
frequency ðfoscÞ in the plane ð� � PÞ using a fast Fourier transform (FFT) of the time series solutions
of equations (1)–(4). The SFM parameters used here are those of the case in Fig. 5(b), where P1
oscillation is present in most of the instability region. Fig. 7 shows that there is no effect of the
pumping ellipticity P on the frequency fosc. Increasing the pumping power � from 1 (the normalized
threshold value) to 10 increases slightly the value of fosc from 32 GHz to 44 GHz (see the color bar
for values in Gigahertz).

To study the effects of �p and �s on the frequency fosc at one operating point in the plane of
ð� � PÞ, stability maps in the plane of ð�p � �sÞ have been calculated. First, Fig. 8(a) shows a
calculated stability map using LLE at the operating point � ¼ 5 and P ¼ 0. The other parameters of
SFM are those of Fig. 7. In this map the self-sustained polarization oscillations commence when
both �p and �s have very small values; then, the instability region shrinks gradually when �p or
�s increases. Also, the nonlinear dynamics are more chaotic when �p � 4�45 GHz, and
�s � 0–130 GHz. The boundaries of the instability region in Fig. 8(a) agree with the calculated
boundaries using the stability conditions (7) and (8) when �x and �y are set to 5 [see the dashed and
dash-dotted lines in Fig. 8(a)].

Fig. 6. Calculated stability maps for the case (a) �s ¼ 5 GHz and (b) �s ¼ 150 GHz. In all cases,
�p ¼ 12� GHz, � ¼ 1 GHz, �a ¼ 0:01�p , � ¼ 3, and � ¼ 250 GHz (as given in [8]). The letters x1 and x2
refer to the two operating points selected by Gahl et al. [8] and using their device parameters.
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Next the effects of �p and �s on the oscillation frequency of P1 are investigated by calculating a
contour map for fosc in the plane ð�p � �sÞ, as shown in Fig. 8(b). The new map shows clearly that
the oscillation frequency can be increased linearly with the birefringence rate, while there is a
negligible effect of the spin rate on the frequency. These results agree with the analytic approx-
imation developed by Gahl et al. [8]

fb ¼
1
2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2p þ�!2

�

q
(9)

where �!� is the average value of, �!� and �!� ¼ 2��m. The above equations clearly show that
the oscillation frequency fb is not dependent on �s, and depends only on �p, �, and �. Fig. 8(b)
shows that increasing �p from 60 to 200 GHz can increase the oscillation frequency from approx-
imately 23 GHz to 63 GHz (see the color bar for values in Gigahertz). These values agree with the
calculated values using (9) where fb ¼ 19:4 GHz when �p ¼ 60 GHz and fb ¼ 63:8 GHz when

Fig. 7. Calculated contour map of oscillation frequency in the ð� � PÞ plane using the parameters of
Fig. 5(b). The color bar shows the values of the frequency fosc in Gigahertz.

Fig. 8. Calculated stability map using LLE (a) and contour map for the frequency of P1 oscillation ðfoscÞ
(b) for the case � ¼ 5, P ¼ 0, � ¼ 1 GHz, �a ¼ 0, � ¼ 3, and � ¼ 250 GHz. The dashed and dash-
dotted lines in (a) are calculated using the stability conditions (7) and (8), as given in [7].
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�p ¼ 200 GHz. The importance of the birefringence rate in achieving high-frequency periodic
oscillations in spin-VCSELs has also recently been highlighted by Li et al. [24].

To demonstrate the effect of �p on the oscillation frequency, calculated time series, optical
spectra and radio frequency (RF) spectra are given in Fig. 9. Here, �p ¼ 60 GHz, � ¼ 3 are used in
Fig. 9(a), �p ¼ 220 GHz, � ¼ 3 in Fig. 9(b), and �p ¼ 220 GHz, � ¼ 5 in Fig. 9(c), respectively. In all
cases �s ¼ 10 GHz while � ¼ 5, P ¼ 0:3, and the other SFM parameter values are the same as the
case of Fig. 7. Fig. 9(a) and (b) shows that the oscillation frequency, fosc increased from 23.2 GHz
when �p ¼ 60 GHz to 71.4 GHz when �p ¼ 220 GHz. However, the new higher frequency was
accompanied by a significant reduction in the peak to peak amplitude of the oscillations in both
circular polarizations as seen in Fig. 9(b). After further investigations on the effects of the various
SFM parameters, it was found that increasing the linewidth enhancement factor from 3 to 5 leads to
an enhancement in the amplitude of the oscillations in addition to a small increase in the oscillation
frequency of a few Gigahertz. This is well demonstrated in the results of Fig. 9(b) and (c).

Also, increasing � to 5 increased the oscillation frequency from 71.4 GHz to 74 GHz, as shown in
the optical and RF spectra in Fig. 9(c).

Fig. 10 summarizes these results and shows very clearly the effect of �p and the linewidth
enhancement factor on both the oscillation frequency of P1 and the peak-to-peak amplitude of the
right circularly polarized oscillatory components (the other parameters used in Fig. 10 are similar to
those in Fig. 9). From Fig. 10, we see that when � ¼ 3 (solid lines), the frequency fosc increases
linearly with �p, while the peak-to-peak amplitude of the oscillations is highest for �p ¼ 75 GHz,
reducing rapidly for �p 9 �120 GHz. For this set of parameters, with �p ¼ 120 GHz and � ¼ 3, this
suggests that the optimum oscillation frequency for high RF power will be around 45 GHz. In
contrast, for the case when � ¼ 5 (dashed lines), the amplitude of the oscillations shows a weaker
dependence on �p. Thus, for �p ¼ 250 GHz and � ¼ 5, we see that a higher oscillation frequency of
�85 GHz can be reached while at the same time retaining high amplitude oscillations. This is an
interesting result when considering engineering such a device as a source of high-frequency optical
oscillations, and the results suggests that to get both high-frequency P1 with high RF power the
values of both the birefringence and the linewidth enhancement factor should be high.

Fig. 9. Calculated time series (left), optical spectra (middle), and RF spectra (right) in the case � ¼ 5,
P ¼ 0:3, �s ¼ 10 GHz, � ¼ 1 GHz, �a ¼ 0, � ¼ 250 GHz, and (a) � ¼ 3, �p ¼ 60 GHz; (b) � ¼ 3,
�p ¼ 220 GHz; and (c) � ¼ 5, �p ¼ 220 GHz.
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4. Conclusion
In this paper, we present a first systematic and detailed study of spin-VCSEL dynamics over an
extensive range of device parameters including spin relaxation, birefringence, electron and photon
lifetimes, linewidth enhancement factor, and the magnitude and ellipticity of the pumping. We show
examples of the temporal optical output from the spin-VCSEL model and illustrate various forms of
behavior ranging from stable emission through to chaotic dynamics. We next present our results in
the form of new detailed stability maps in the plane of polarization versus magnitude of the
pumping. These results show that there are significant operating regions which, although previously
thought to give stable operation, are in fact predicted to have unstable and oscillatory behavior.
Where possible, we compare our results with experimental observations of polarization oscillations
and picosecond spin dynamics in spin-VCSELs reported by other authors [22], [23] and show good
agreement. Finally, we use the model to investigate the high-frequency behavior of period one
oscillations. We reveal the importance of considering both the birefringence rate and the linewidth
enhancement factor to engineer a device offering both high oscillation frequency and RF power.
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