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Abstract: We propose a novel, optimized design for arbitrary-order optical differentiation
based on a uniform-period especially apodized long-period fiber or waveguide grating (LPG)
operated in transmission. We show that the LPG solution can be optimized to utilize the
entire grating resonance bandwidth for optical differentiation by properly customizing the
LPG apodization profile through a discrete inverse-scattering grating synthesis technique.
This strategy leads to a significantly increased processing speed and a maximized energetic
efficiency as compared with previous unapodized LPG-based optical differentiator designs.
As an example, optimized first-, second-, and third-order optical differentiators are designed
using apodized LPGs implemented in standard single-mode fiber (SMF). The designed
passive devices are practically feasible and offer an unprecedented operation bandwidth of
12 THz, which is capable of accurately processing time features as short as �100 fs, and an
optimal energetic efficiency, which reaches a peak power spectral response of nearly 100%
within their operation band.

Index Terms: Ultrafast optical signal processing, gratings, optical fiber devices,
differentiation, inverse scattering algorithm.

1. Introduction
All-optical circuits for computing, information processing, and networking could overcome the
severe speed limitations currently imposed by electronics-based systems [1], [2]. In this context, all-
optical temporal differentiators are of fundamental interest as basic building blocks in ultrahigh-
speed all-optical analog/digital signal processing and computing circuits [3]. We refer to anN th-order
optical differentiator (NOOD) as a device that provides the Nth-time derivative of the temporal
complex envelope of an arbitrary input optical signal: the so-called field differentiators. Besides their
intrinsic interest in future ultrafast all-optical computing and information processing circuits, these
devices have been envisioned for various other applications of more immediate interest. To give a
few relevant examples, first-order optical differentiators have proved useful for measurement and
characterization of optical signals and devices [4]. Arbitrary-order optical differentiators have also
been successfully employed for ultrashort optical pulse shaping, including generation of first- and
higher order Hermite–Gaussian (HG) temporal waveforms from input Gaussian-like optical pulses
[5]–[8]. These waveforms are particularly interesting in the context of optical telecommunications [9]
and for advanced coding [7]–[9]. Some other important examples for applications of NOODs include
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ultrashort flat-top pulse generation for use in the demultiplexing of 640-Gbit/s data in ultrahigh-speed
transmission systems [10], ultrahigh bitrate (�Tbit/s) serial optical communication signals
processing [11], optical dark-soliton detection [12], etc. In a more general framework, optical
differentiators of different orders are necessary to create analog circuits that are capable of real-time
computation of differential equations at ultrahigh speeds [13].

Notice that optical differentiator designs have been also demonstrated for processing real-
positive time-domain intensity waveforms: the so-called intensity differentiators [14]–[19]. Intensity
differentiators have been mostly used for microwave photonics applications [19]–[21]. These solu-
tions are, however, outside the scope of our present work. This paper reports a new, advanced
design for field differentiators (NOODs), providing a fully optimized performance. This design is
based on the use of long-period waveguide or fiber gratings (LPGs).

It has been demonstrated that a uniform LPG operating in full-coupling condition implements a
first-order time differentiator over a certain frequency bandwidth [5]. All-fiber implementations of this
concept have enabled the demonstration of optical differentiators having an operation bandwidth
(processing speed) in the THz range, i.e., capable of accurately processing optical waveforms with
subpicosecond time features. In principle, an Nth-order differentiator could be realized by
concatenating in series N single LPG devices; however, this would translate into a significantly
reduced energetic efficiency and an increased implementation complexity. For instance, this
solution requires the resonance frequencies of all N concatenated first-order differentiators to
coincide precisely. Aiming at the implementation of higher order THz-bandwidth temporal
differentiators based on LPGs, it has also been demonstrated that a uniform LPG incorporating
N � 1 �-phase shifts can serve as an N th-order temporal differentiator [22], [23]. As a main
advantage, these mentioned LPG-based first- [5] and higher order [22], [23] differentiators operate
in transmission mode (the input and output signals are carried by the same waveguide mode, e.g.,
core mode in a single-mode optical fiber). However, in these previous designs, only a fraction of the
(destructive) transmission resonance bandwidth is employed for differentiation, i.e., typically the
resonance bandwidth fraction over which the device’s power spectral response keeps below �10%
(assuming a 100% power transmission outside the passive device’s resonance bandwidth). This
limitation negatively affects two of the main performance specifications of these devices, namely its
operation bandwidth, which is defined as the maximum input signal frequency bandwidth that can
be accurately processed, and energetic efficiency, which is defined as the ratio between the output
and input signal energy.

Field differentiators have also been demonstrated based on silicon microring resonator [24] and
fiber Bragg gratings (FBGs) working in reflection [25], [26] or transmission [6], [27]. While these
devices can be designed to achieve a fully optimized energetic efficiency, their bandwidth is
typically limited to a few hundreds of gigahertz, which is capable of accurately processing time
features at least a few picoseconds long.

In this paper, we propose and numerically demonstrate the use of a properly customized grating
apodization profile along the length of an LPG to ensure that the entire resonance bandwidth of the
device’s transmission response can be used for optical differentiation. This translates into two key
improvements, as compared with conventional unapodized LPG-based differentiators: The device’s
energetic efficiency is maximized while simultaneously increasing its processing speed.
Apodization profiles for NOODs up to the third order, implemented in an optical fiber, are designed
and numerically tested here for the first time to our knowledge. A discrete inverse scattering
algorithm (DISA) [28] has been used to obtain the necessary LPG apodization profiles. To fairly
compare the performance of our designs with those reported in previous works [5], [22], [23], we
consider the same optical waveguide platform [standard single-mode fiber (SMF)] with identical
fabrication constraints (peak coupling strength). The peak power spectral response (PPSR) from
below �10% in previous designs [5], [22], [23] is improved to nearly 100% in our proposed designs
(maximum possible for a passive device), resulting in a ten-fold increase in their energetic
efficiency. In addition, the processing speed of the designed LPG differentiators is increased
more than three times with respect to their unapodized counterparts, reaching unprecedented
operation bandwidths 9 10 THz.
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The paper is structured as follows. In Section 2, the operation principle of an NOOD is presented.
Section 3 is devoted to investigate the intrinsic processing speed and energetic efficiency limita-
tions of previous LPG designs for optical differentiators [5], [22], [23], considering current fabrication
technology constraints. In Section 4, our proposed designs based on all-fiber apodized LPGs for
implementation of optimized NOODs ðN ¼ 1; 2; 3Þ are presented. In this section, we show the
frequency-domain and time-domain simulation results for the proposed designs, demonstrating
accurate processing of time features as short as �100 fs. The improvements offered by the newly
proposed designs, as compared with previous LPG solutions, are also quantified and discussed. In
Section 5, we evaluate in deeper detail the performance of the designed differentiators, using their
maximum-to-minimum bandwidth ratio (MMBR) as a main figure of merit. Finally, Section 6 points
out the conclusions of this work.

2. Operation Principle
An N th-order optical temporal field differentiator (i.e., NOOD) is a linear filtering device that provides
the N th-order time derivative of the input pulse electric-field complex envelope. This device can be
implemented using a linear optical filter with a spectral transfer function given by

Hð!Þ / ð�j!ÞN (1)

where ! is the angular baseband frequency [3] defined by ! ¼ !opt � !0, where !opt is the optical
angular frequency variable, and !0 is the carrier angular frequency of the input optical signal. Also,
the utilized variable Frequency or f hereafter, in the text or figures, is the baseband frequency
defined as f ¼ !=2�. According to (1), the amplitude spectral response of an NOOD is proportional to
j!jN ðN ¼ 1; 2; 3; 4; . . .Þ. The spectral phase response for an even-order NOOD (i.e., N ¼ 2; 4; 6; . . . )
has a linear profile (to account for the average propagation time through the device), and for an odd-
order NOOD (i.e., N ¼ 1; 3;5; . . .), it has an additional discrete �-phase shift at the NOOD’s central
frequency (i.e., ! ¼ 0) [5], [6]. Fig. 1 shows a schematic of the NOOD solution proposed in this work
based on an all-fiber single-device LPG. As illustrated in Fig. 1, the LPG, to perform as a NOOD, is
designed with a properly customized apodization profile. The output differentiated signal is obtained
in the fiber core mode (i.e., same mode carrying the input optical signal).

As evidenced by the frequency transfer function in (1), an NOOD is essentially a notch optical
filter (i.e., a band-stop filter). The notch-filtering characteristics that are intrinsic to LPGs working in
transmission can then be customized to achieve the desired NOOD functionality. In particular, it has
been previously shown that a uniform-period LPG designed to operate in full-coupling condition
provides the spectral transfer function in (1) (for N ¼ 1) over a certain fraction of its full resonance
bandwidth [5]. Similarly, multiple-phase-shifted LPGs can be designed to achieve the transfer
function in (1) for N 9 1; again, this functionality is achieved only over a fraction of its full resonance
bandwidth [22], [23]. In this paper, to use the entire resonance bandwidth of these LPG devices for
the target differentiation operation, we introduce suitable grating apodization profiles, leading to the
design of passive NOODs with maximum energetic efficiency and several times increased
operation bandwidth.

Fig. 1. Proposed architecture for the implementation of an optimized N th-order all-optical LPG-based
differentiator (output curve corresponds to N ¼ 2).
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3. Limitations of Previous LPG-Based Differentiators

3.1. Limitations of Uniform LPG-Based First-Order Differentiator
For consistency, in all the designs evaluated hereafter, we consider the same design parameters

as in previously demonstrated LPG-based optical differentiators [5], [22], [23]. The assumed design
considerations are as follows. The optical waveguide platform is considered to be a standard SMF
(e.g., SMF-28). The grating period is � ¼ 415 �m, which corresponds to coupling of the core mode
into the fifth odd cladding mode at a central wavelength of 1535 nm. As previously derived for
standard SMF [29], the following wavelength dependence was assumed for the effective refractive
indices of the two coupled modes: n0ð�Þ ¼ 1:46410� 0:00830ð�� 1:555Þ � 0:00185ð�� 1:555Þ2
for the core mode and n5ð�Þ ¼ 1:45769� 0:00507ð�� 1:555Þ � 0:002479ð�� 1:555Þ2 for the clad-
ding mode, where � is the wavelength variable in micrometers. The maximum coupling coefficient
(MCC) that can be achieved in practice is assumed to be limited to K � 240ð1=mÞ, which
corresponds to a practically achievable effective refractive index modulation amplitude of
�n � 1� 10�3 in standard SMF [30], [31].

As mentioned above, a uniform LPG with a length L and a constant coupling coefficient K ,
operating in full-coupling condition, i.e., with K � L ¼ �=2, can serve as an ultrafast optical first-order
differentiator [5]. This device has been experimentally demonstrated to be able to provide a con-
siderably large operation bandwidth, up to �2.4 THz in previously fabricated devices [5]. The
maximum achievable processing bandwidth of this optical differentiator is ultimately limited by the
presence of a slight nonlinear dispersion slope of the core and cladding modes, which starts to
deform the resonance dip linear shape when a large bandwidth is considered using numerical
simulations [5]. In any case, the operation bandwidth of this differentiator design is just a fraction of
the whole resonance bandwidth of the LPG, and this resonance bandwidth is limited by the
maximum achievable coupling coefficient (MCC). To be more concrete, the useful fraction of the
LPG resonance bandwidth is typically quantified by limiting the maximum deviation ðMDÞ of
the LPG amplitude spectral transfer function around its resonance frequency with respect to the
ideal transfer function of a first-order differentiator (namely, linear amplitude variation). We assume
here the same MD ¼ 9% as that considered in [5]. Our numerical simulations show that for the
considered practically achievable MCC, i.e., K � 240ð1=mÞ, the operation bandwidth of a LPG-
based first-order differentiator implemented in a standard SMF is approximately BW � 3:4 THz.
According to this previous design [5], to achieve a larger operation bandwidth of 12 THz (i.e., the
same bandwidth considered in our following designs), the required coupling coefficient should be
K � 785:4ð1=mÞ, which is far higher than the considered MCC (indeed, it would be extremely
challenging to achieve this coupling coefficient in a standard SMF platform using present LPG
fabrication technologies [30]–[32]).

Fig. 2 shows our simulation result of the previous approach [5], presenting the amplitude spectral
response of the target first-order differentiator based on a uniform LPG. Coupled-mode theory has
been used to simulate this LPG device [33]. In order to achieve the desired 12-THz operation
bandwidth, this LPG has a length of L ¼ 0:2 cm and a coupling coefficient of K ¼ 785:4ð1=mÞ, as
mentioned above. In addition to the fact that the required coupling coefficient is several times larger
than the considered practically achievable MCC, the PPSR over the operation bandwidth of this
differentiator, according to the considered MD ¼ 9% is below �10% (i.e., PPSR ¼ ð0:29Þ2 �
100 ¼ 8:4%), resulting in the anticipated additional limited energetic efficiency of the differentiator
device.

3.2. Limitations of Multiple-Phase-Shifted LPG-Based Higher Order Differentiators
It has been demonstrated that a uniform LPG incorporating N � 1 �-phase shifts can serve as an

N th-order temporal differentiator [22], [23]. In particular, for the second-order differentiator, the LPG
consists of two uniform grating segments with a single �-phase shift between them. The lengths of
the two uniform grating segments must be in the ratio of 3 : 1, i.e., Llong=Lshort ¼ 3, where Llong and
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Lshort are the lengths of long and short uniform grating sections, respectively, and the coupling
strength should be K :L ¼ � [22], where L ¼ Llong þ Lshort is the total LPG length.

The experimentally demonstrated single �-phase shifted uniform LPG-based second-order
differentiator with an estimated operation bandwidth of 1.4 THz [23] had a length of L ¼ 65 mm and
a coupling coefficient of K ¼ 48:33ð1=mÞ. Our numerical simulation shows that for the considered
practically achievable MCC, i.e., K � 240ð1=mÞ, and the assumed MD ¼ 9%, the operation band-
width of this second-order differentiator’s design would be �5.3 THz. According to this previous
approach [22], to achieve a larger operation bandwidth of 12 THz, the required coupling coefficient
should be fixed to K � 503ð1=mÞ, which is several times higher than the assumed MCC. The
corresponding length is L ¼ 1:3 cm. Fig. 3 shows the amplitude spectral response of the simulated
second-order differentiator based on a single �-phase shifted uniform LPG [22] with an operation
bandwidth of 12 THz. Coupled-mode theory combined with a transfer-matrix method has been used
to simulate this device [33]. As for the case of first-order differentiator, the PPSR of this second-
order differentiator is also below �10%.

4. Design of Apodized LPG-Based NOODs With Optimized Performance
In our proposed scheme for NOODs, a customized apodization is introduced along the LPG profile to
optimize the device so that it provides the spectral response of the target NOOD, as defined by (1),

Fig. 3. Amplitude spectral response profile (solid blue curve) of a single �-phase shifted uniform LPG
designed to implement second-order differentiator with a customized bandwidth of 12 THz. According to
the design considerations [23], the required coupling coefficient is K ¼ 503ð1=mÞ. Dashed red curve
corresponds to the ideal second-order differentiator.

Fig. 2. Amplitude spectral response profile (solid blue curve) of a uniform LPG designed to implement a
first-order differentiator with a customized operation bandwidth of 12 THz. According to the design
considerations [5], the required coupling coefficient is K ¼ 785:4ð1=mÞ. Dashed red curve corresponds
to the ideal first-order differentiator.
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over its entire transmission resonance bandwidth (core-to-core operation). This translates into the
two key improvements anticipated above, namely an increased processing speed and a maxi-
mized energetic efficiency. Our proposed design approach for NOODs in this paper enables us to
process optical signals with temporal features as short as �100 fs, which is well beyond the reach
of previously demonstrated all-fiber LPG-based NOODs, using practically feasible fabrication
specifications.

In order to obtain the needed LPG apodization profiles, we have implemented a synthesis prog-
ram tool based on a DISA [28]. Grating-assisted codirectional couplers, including LPGs, have been
also designed by use of the Gel’fand–Levitan–Marchenko (GLM) inverse-scattering method to
achieve a desired (target) linear filtering spectral response [34]–[36]. The GLM method is exact
when the spectral response is expressed or approximated by rational functions, but it suffers from
high algorithm complexity [28]. Generally, in our design cases, GLM could be used as well to
synthesize the LPGs, but the DISA has a lower algorithm complexity and a simpler implementation
scheme compared with the GLM method (e.g., in DISA there is no need to express the target
spectral response as a rational function) [28].

We have considered all the same design parameters as in the previously demonstrated LPG-
based differentiator [22], as defined in Section 3.1. Fig. 4 shows a schematic of our design
strategy based on the use of DISA to obtain the LPG apodization profile. As illustrated in Fig. 4,
the DISA synthesis program for LPG [18] allows one to obtain the corresponding apodization
profile from the two target complex-field spectra, namely the core-to-cladding and core-to-core
spectral transfer functions. Since the target NOOD functionality is implemented in the core-to-core
transfer function of the LPG, leading to a more practical solution, the amplitude and phase profiles
of the core-to-core target spectrum are entirely determined by the target NOOD’s spectral
response, as defined by (1). An operation bandwidth of 12 THz is considered for the NOODs in
the core-to-core target spectrum. The amplitude profile of the core-to-cladding target spectrum is
fixed by the well-known relationship jHClðf Þj ¼ ð1� jHCoðf Þj2Þ1=2, where jHClðf Þj and jHCoðf Þj are
the amplitude profiles of the core-to-cladding and core-to-core target spectra, respectively. The
phase profile of the core-to-cladding target spectrum can be fixed arbitrarily in such a way that for
each specific chosen phase profile, a different apodization profile is obtained. In the design cases
reported in this work, we have considered a linear phase profile for the core-to-cladding target
spectrum as we have observed that this choice translates into simpler (e.g., smoother) apodization

Fig. 4. Schematic of our design strategy based on the use of DISA [28] to obtain the LPG apodization
profile for implementation of NOODs in core-to-core operation mode of the LPGs. The presented target
spectra and apodization profile correspond to N ¼ 1 (i.e., first-order differentiator).
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profiles, while avoiding variations in the grating period, minimizing the required number of �-phase
shifts along the grating profile, minimizing the peak coupling coefficient, and shortening the required
LPG length.

Fig. 5(a)–(c) shows the obtained apodization profiles from our synthesis program tool for first-,
second-, and third-order differentiators. The designed LPGs for first-, second- and third-order dif-
ferentiators have lengths of 4.40 cm, 8.21 cm, and 25.35 cm, respectively (truncated from the
originally obtained designs). The peak coupling coefficient of the obtained apodization profiles for
the first-, second-, and third-order differentiators are 230.3(1/m), 222(1/m), and 240.8(1/m), respec-
tively. These obtained values satisfy the above given practical constraint MCC G 240(1/m) while
being significantly lower than those required to achieve the same target operation bandwidth using
previous approaches [5], [22], [23]; see the results in Section 3.

LPGs are usually fabricated by a period-by-period technique [32]. A programmable shutter and
aperture device are responsible for controlling the power, shape, and exposure time of the laser
beam, and a translation stage moves the fiber point-by-point to write the apodization profile along
the fiber. The shutter and the translation stage can be programmed in such a way that any type of
uniform and nonuniform (e.g., apodized or chirped) LPG structure can be manufactured in an SMF

Fig. 5. Designed apodization profile for the optimized 12-THz bandwidth single-unit (a) first-, (b) second-
and (c) third-order LPG-based all-optical differentiators.
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[32]. As it can be seen in Fig. 5, the shortest lobes of the obtained apodization profiles have a length
of �1 cm, which can be practically fabricated with a resolution 9 24 (i.e., 1 cm/415 �m) periods for
each of these short lobes. Although the presented design in Fig. 5(c) shows the possibility for
implementing the 12-THz bandwidth third-order differentiator with the considered practical MCC,
fabrication of an LPG with a 25.35-cm length may be practically challenging.

The spectral responses of the designed apodized LPGs were numerically simulated using
coupled mode theory combined with a transfer matrix method [33]. Fig. 6(a)–(c) shows the
simulated spectral amplitude and phase responses of the designed LPG profiles. Considering that a
theoretical ideal zero (which corresponds to minus infinity in dB scale) in the transfer function Hðf Þ
of these physical filters is practically impossible, the depth of the transmission resonance of such
filters should be specified and imposed in the corresponding target spectral amplitude. The depth of
the spectral response is defined as d ¼ 20� logðjHðf0ÞjÞ or d ¼ 10� logðjPðf0ÞjÞ, where Hðf0Þ and
Pðf0Þ are the amplitude and power spectral responses of the filter, respectively, at the central
resonance frequency f0 (i.e., !0=2�), and log is the base-10 logarithm function. The experimental

Fig. 6. Corresponding spectral amplitude in linear scale (a), spectral power in dB scale (b), and spectral
phase (c) responses of the designed optimized 12-THz bandwidth first-, second-, and third-order LPG-
based all-optical differentiators. The ideal spectral amplitude and spectral power responses in each
case are shown with a dotted curves (the ideal spectral power response in dB scale (b) in each case at
central frequency goes to minus infinity).
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implementation of all-fiber LPG-based filters [37] shows that a transmission depth of over �60 dB is
practically possible with current grating fabrication technologies.

To obtain a reasonable performance (see Section 4), in the DISA process, we have targeted a
spectral amplitude jHðf Þj with a resonance dip of �50 dB. Finally, after truncation of the original
apodization profile (the apodization profiles shown in Fig. 5(a)–(c) are after truncation), this target
resonance depth was reduced to � �43 dB LPG; see responses shown in Fig. 6(b). The simulated
spectral amplitude responses in linear [Fig. 5(a)] and dB [Fig. 5(b)] scales clearly show that the
designed fiber devices provide very nearly the required spectral response in each case over the
entire LPG resonance bandwidth, reaching a nearly 100% peak power response inside the differ-
entiation bandwidth. Also, in the spectral phase response [Fig. 6(c)], the �-phase shift at the
differentiator’s central frequency that is required for odd-order devices (i.e., first- and third-order
differentiators) was also obtained, whereas no phase shift can be observed for the even-order (i.e.,
second-order) differentiator.

To confirm that the designed LPGs can operate as first-, second-, and third-order temporal
differentiators over the target bandwidth of 12 THz, an ultrashort Gaussian optical pulse with a
temporal intensity FWHM width of 110 fs was launched into the designed NOODs. Fig. 7(a)–(c)

Fig. 7. Temporal responses (complex envelopes) of the designed optimized 12-THz bandwidth
differentiators to a Gaussian optical input pulse with temporal intensity FWHM duration of 110 fs for the
first- (a), second- (b) and third- (c) order differentiators. In each case, the field amplitude of the ideal
output is shown with a dashed curve.
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shows the temporal responses of the designed NOODs (N ¼ 1, 2, and 3) to the mentioned
ultrashort Gaussian pulse. The generated time-domain outputs from the designed NOODs are in
excellent agreement with the ideal first-, second-, and third-order differentiations of the input pulse
shape, illustrating the capability of the proposed ultrafast signal processing devices to operate on
optical signals in the femtosecond regime ð�100 fsÞ. As it will be investigated in deeper detail in
Section 5, according to the results shown in Fig. 7 for the designed devices, the relative
differentiation error increases as the differentiation order is increased [i.e., output waveforms from
the designed second- and third-order differentiators, in Fig. 7(b) and (c), respectively, have a more
significant deviation from the corresponding ideal waveforms, as compared with the output
waveform from the first-order differentiator in Fig. 7(a)].

5. Performance Analysis
In this section, the performance of the designed differentiators is evaluated by estimating the output
waveform similarity with respect to the corresponding ideal output over the target range of input
pulse bandwidths. The mentioned similarity is estimated by using the cross-correlation coefficient
ðCcÞ between the ideal output and simulated differentiator’s output, which is defined as follows [38]

Cc ¼
Rþ1
�1 Pout ðtÞPideal ðtÞdtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiRþ1

�1 P2
out ðtÞdt

� � Rþ1
�1 P2

ideal ðtÞdt
� �r � 100% (2)

where Pout ðtÞ and Pideal ðtÞ are the time-domain intensity profiles of the simulated differentiator’s
output and the ideal output, respectively. The acceptable operation bandwidth range is defined by
considering a minimum limit in the cross-correlation coefficient of the acceptable outputs, e.g.,
corresponding to Cc 9 99%. In relation with these metrics, we use the device’s MMBR as a main
figure of merit to evaluate the differentiator’s performance.

The device’s MMBR is expressed as the ratio between the upper ðBWmaxÞ and the lower ðBWminÞ
limits of the acceptable operation bandwidth range

MMBR ¼ BWmax

BWmin
: (3)

We recall that BWmax and BWmin are the minimum and maximum acceptable frequency band-
widths of the input pulse that correspond to the value of 99% in the cross-correlation coefficient. For
estimation of the MMBR, a Gaussian input pulse is assumed. It should be noted that this shape
exhibits a particularly poor performance concerning the cross-correlation coefficient value
estimated from (2). This is due to the fact that one of the main practical deviations of a practical

Fig. 8. Cross correlation coefficient of the designed devices for first-, second-, and third-order
differentiators, assuming an input Gaussian pulse, which is used to estimate the MMBR.

IEEE Photonics Journal Optical Arbitrary-Order Differentiators

Vol. 3, No. 3, June 2011 Page 362



optical differentiator with respect to the ideal device’s response concerns the limited depth of its
spectral resonance dip (at the grating resonance frequency), and the Gaussian pulse energy is
heavily concentrated around this resonance frequency. In what follows, the bandwidth of the input
Gaussian pulse is considered to be the full width at 0.3981% of the amplitude spectrum peak. This
bandwidth definition has been fixed to ensure that the peak of the resulting Cc curves is reached at
approximately 12 THz, which is the nominal operation bandwidth of the designed NOODs.

Fig. 8 shows the numerically calculated cross-correlation coefficient versus the input pulse
bandwidth for the designed NOODs. These curves are used to estimate the minimum and maxi-
mum acceptable frequency bandwidths of the input signal for each of the designed NOODs, as well
as the corresponding device MMBR, as given in Table 1.

The estimated MMBR in each case shows the broadness of the acceptable input pulse
bandwidth range. Performing a higher order differentiation needs a larger depth in the transfer
function of the differentiator [39]. Therefore, assuming the same depth in the spectral responses of
all NOODs ðN ¼ 1; 2; 3Þ, we expect to have a shorter acceptable operation bandwidth range for
higher order differentiators. All of the designed NOODs in this work have the same resonance depth
(i.e., � �43 dBÞ in their spectral responses. Therefore, the results summarized in Table 1 are in
good agreement with our theoretical expectations: The device’s MMBR decreases as the
differentiation order is increased.

6. Conclusion
We have reported an optimized design for passive LPG-based NOODs in which a customized
apodization profile is introduced to achieve the desired differentiation response over the entire
resonance bandwidth of the LPG. This translates into two key improvements in the devices’ per-
formance as compared with previous unapodized LPG designs, namely an increased operation
bandwidth and a maximized energetic efficiency. The proposed strategy has been numerically
proved by presenting practically feasible LPG designs for first-, second-, and third-order optical
differentiators implemented in standard SMF offering an unprecedented operation bandwidth
9 10 THz and with a fully improved energetic efficiency.
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