
Comparison of Linear and Nonlinear 
Adaptive Control of a pH-Process 

ABSTRACT: Physical inspection leads to 
the modeling of a pH-reactor by a linear dy- 
namic flow and mixing process followed by 
a static nonlinearity. In this paperl  a pH 
process very difficult to control is simulated 
for testing different types of adaptive algo- 
rithms. In one scheme,  the flow and mixing 
model is assumed to be known.  The nonlin- 
ear adaptive controller is constructed based 
on  a combination of a pole-placement design 
method with a piecewise-polynomial a p  
proximation of a titration function, the coef- 
ficients of which are estimated from pH mea- 
surements. In another  scheme,  an inverse 
overall process model is obtained by the 
combination of the flow and mixing model 
with a piecewise-polynomial approximation 
of  the titration curve. This model is applied 
to the development of  a nonlinear controller 
based on  the model reference adaptive tech- 
nique. Both methods are applied for tracking 
a given pH-variable and for regulation. The 
effectiveness of linear and nonlinear adaptive 
controllers, obtained using the linear or non- 
linear approximation of the titration curve, 
respectively, is examined and compared for 
different process solutions and different ap- 
plications. 

Introduction 

The pH of a process is defined as the log- 
arithm to the base 10 of the reciprocal of the 
hydrogen ion activity in a  solution. For di- 
lute solutions, as considered here, it is pos- 
sible, with good accuracy, to use the hydro- 
gen ion concentration instead of activity. The 
scale is adjusted so that pH equal 7 means 
the acidic H+ and basic OH- radicals are 
equal. The main difficulty with controlling 
pH-processes in continuous stirred tank re- 
actors arises from the nonlinear dependence 
of the pH-value on the amount of reagent 
(the so-called titration function). If this non- 
linearity is severe and changes widely in an 
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unpredictable way, classical linear feedback 
does not always achieve satisfactory perfor- 
mance 111-[3]. One possible solution is to 
apply an adaptive controller, such as a  self- 
tuning proportional-integralderivative  (PID) 
controller, a minimum-prediction e m r  
adaptive controller, or an adaptive controller 
for closed-loop pole assignment based on  an 
approximate linear process model [4]-[7]. 

However, since the pH-process is usually 
dominated by nonlinear characteristics, it 
could be advantageous to use a nonlinear 
model rather than an approximate linear 
model. The usefulness of the nonlinear 
model depends on how well the structure of 
the model matches the characteristics of the 
process. In the cases when only strong (fully 
dissociated) components are present in the 
solution (theoretical case), or when the dis- 
sociation constants of weak components are 
known a priori, it is possible to develop a 
nonlinear process model, based on physi- 
cochemical rules, which agree exactly with 
the real process. Nonlinear adaptive con- 
trollers based on these process models give 
superior performance to either the classical 
controller or the linear adaptive controller 
[81, P I .  

In this work, the problem considered in- 
volves adaptive control of a general pH-pro- 
cess with unknown and time-variant com- 
position. The main goals are to compare the 
effectiveness of the controllers and to give 
limitations of adaptive controllers based on 
linear and nonlinear input-output modeling 
of the process. The components of the pro- 
cess solutions are chosen so that the titration 
curves are v e y  nonlinear, and change in 
shape drastically with the concentrations. 
The process gain at pH equal 7 for solutions 
considered in the paper varies by a  factor of 
50, depending on the concentrations. Com- 
pensation for flow changes is also included. 

cBf ceW c c. 

Specification and Model of Process 
The processes that determine the output 

pH of a continuous-flow vessel can be con- 
sidered to consist of two parts (Fig. 1). A 
linear dynamic model describes  the transport 
of the liquid elements, such as strong acids 
A ;  strong bases B,  weak acids CY, and weak 
bases p, from input to output. This is fol- 
lowed by a static nonlinearity, which de- 
scribes the reversible equilibrium of the 
chemicals at  the output [lo]. A flow model 
consisting of a perfect mixer in series with 
a plug flow element is often used to describe 
relatively well-mixed vessels, such as the one 
considered here. Thus, the following equa- 
tions are obtained for the concentrations [ l l]: 

VCma = FCasp(f - td) 

- (F + F,) C& (1) 

V(C, - C,) = F/(C, - CeIp(r - r,) 

- (F  + F,) 

x (CA - C€I)(t) (2) 

VCr = F,C,(t - rd )  

- (F + Fr) CAt) (3) 

td = VdI(F + F,) 

Here F is the process flow; F, the reagent 
flow; V the perfectly mixed partial volume; 
vd the partid volume of the plug element; 
C, the concentration of the reagent stock; 
C, the reagent concentration at the reactor 
output; and Casp and (C, - CB)p. and Cas 
and (C, - C,) are, respectively, process 
concentrations at the input and output points 
of the reactor. 

If the time td is much less than the sam- 
pling interval (7) ,  the discrete-time process 
model corresponding to Eq. (3) with F, much 
less than F is 

c, 
equilibrium tank 

PH Chemical 
I Dynamics 

- I  - of a stirred 

cA, CB, Cc-3 
Fig. 1. Model of a pH reactor. 
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where 

a ,  = exp ( -TI)  

bo = [ l  - exp (-mi T I ) ]  F J F  

b,  = [exp (-m, T i )  - exp ( - T I ) ]  FJF 

m, = 1 - r,/T 

7, = FTIV 

Here the titration function (or. more exactly. 
its invcrse) is approximated by the piece- 
wise-polynomial function as follows: where 
m is the number of intervals. pHo, pH,. . . . , 
pH, are the breakpoints; n is the polyno- 
mial order: and y,, the constant coefficients. 

$, = 1,  for pH,- , 5 pH(r) < pHj ( 5 )  

= 0, otherwise 

The number of intervals, the breakpoints> 
and the polynomial order must be chosen a 
priori so the nonlinearity and  its approxi- 
mating curve are as close as possible while 
using the minimum number of parameters. 
Here the approximation was done by trial 
and error; however, more sophisticated al- 
gorithms could be developed to obtain this 
match automatically. When the nonlinearity 
is changing widely in an unpredictable way, 
it might be more suitable to use an approx- 
imate linear model rather than the nonlinear 
one,  as shown below, based on several sim- 
ulation test results. The coefficients y,, should 
be matched to the particular titration curve. 
Using Eqs. (4) and (5).  the inverse of the 
combined input-output process model is ob- 
tained as 

C& - 1) = -b, C,.(r - 2) 

where R,,, = qy,, for all 

i = I .  2, . . . . n ;  j = 1. 2 ,  . . . . m ;  

r = 0, I ;  and a. = 1 

Since the steady-state gain of the linear and 
nonlinear parts cannot be separated, the 
combined model  will contain one arbitrary 
constant. so the parameter bo has been set 

equal to 1 in Eq. (6). The inverse of the 
combined process model is linear in the pa- 
rameters. 

The advantage of this representation in pH- 
process control is that the components of the 
process solution do not  need to be known. 
On  the other hand. a  clear disadvantage is 
that if this knowledge is available, it cannot 
be directly incorporated. 

The following data were used for process 
simulation: tank volume. 3 liters; process 
time delay. 10 sec: and main  flow through 
the system, 1 litertmin.  The process solu- 
tions are chosen so that the considered pH- 
process is extremely difficult to control. All 
solutions consisted of the same chemical 
compounds. but the concentrations and  ra- 

tios of these chemicals varied from solution 
to solution,  as shown in the Table. 

The calculated titration curves of the con- 
sidered solutions are shown in Fig. 2. Con- 
centration disturbances in the process occur 
when the process flow changes from one so- 
lution to another. 

Controller  Design 
for Known Process Parameters 

In order to design the controller,  an im- 
plicit reference model strategy is used. The 
design procedure includes two steps: predic- 
tor design and control computation. This 
method has been described by Landau [12] 
for  a linear process model. 

Table 
Concentrations of Species in Process Feed  Stocks 

Concentrations (rnoIe/liter)~O-~ 

Components I I1 rn rv v VI vn VIII IX 

HCI 2.5 6.5 1.5 6.5 1 4 2 9 0 
NaOH 0 0 0 0 0 0 0 0 5 
4-nitrophenol 0.2 0.2 10 10 0 0 3 3 0.2 
Pyridine 2 2 0.5 0.5 0 0 0 0 0 
Ammonia 0.35 0.35 0.5 0.5 0.35 0.35 3  3 10 
Ethanoic acid 0 0 0 0 1 1 30 30 1 

pH 13 t 

0.004 0.008 0.012 0.016 C, (molelliter) 

(a) 

I 
I > 

- 0.05 -0.03 -0.01 0 0.01 0.03 0.05 
Reagent concenlrallon lmolefl~ter) 

(b) 

Fig. 2. Calculated titration curves of process feed stocks. 
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The predictor for the linear system given 
by Eq. (4) is given as 

kr(t + 1) = a l  C,(r) + boCr,.(r) 

+ bl CrAr - 1 )  (7) 

Using Eq. (5 )  in Eq. (7) yields 

n, n 

+ bOCr&) + bl Crr(r  - 1 )  (8) 

where sz = yJ,a, for  all 

i = 1 ,  2, . . .  , n; 
j = 1 ,  2, ... , m 

The control signal is computed so that 

pQr + 1) = y;tf(r + 1) (9) 

where yh, (  .) is the output of the reference 
model, which specifies the desired objectives 
given by the user. In the present case, the 
reference model has been chosen as follows: 

J'+,(f)  = (1 - K ) q - l  ( 1  - K q - ' ) - '  pH,(r) 

( 1 0 )  

where K is defined as exp (-T/.r) ,  T is the 
time constant of the desired closed-loop 
transfer function, pH, is the reference signal, 
and q-' is a unit delay operator. 

Using Eqs. (8 )  and (9) and recalculating, 
the following control law is obtained: 

m 

cTC(t) = $Jeefd1(') ( l  
j =  I 

where 

e; = ... yJ,, s; . . .  s,*,b,l 

+ r ( r )  = [yu(t  + 1) '  ... yM(r  + 1)" 

- pH@)' . . . - pH@)" - Crc(t - l)] 

Adaptive Control Schemes 

Since the flow and mixing model as well 
as the titration curve are considered as un- 
known constant or time variant, the param- 
ten in control law (1 1 )  are also unknown 
constants or time variant. Two different 
adaptive schemes are considered. In the first 
scheme, all parameters in control law ( 1  1) 
are estimated in the closed loop.  The series 
model reference adaptive system (MRAS) 
structure is proposed here in order to obtain 
the adjustable system, which is linear in its 
parameters, as shown in Fig. 3. In the sec- 
ond scheme, the parameters of the dynamic 
part of the model in Eq. (4) are assumed to 

input 

7 
Reference Reference Nonlinearlty + 

input model 
inverse Process Predictor 

I '  signal 

7 

controller 
Nonhnear 

7 
Nonlinearlty + 
inverse Process Predictor 

signal 

7 

controller 
Nonhnear 

Fig. 3. Adaptive control scheme using implicit model reference strategy. 
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Input 
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controller 

4 4 

Fig. 4. Self-tuning controller using feedforward adaptation of the linear part of the 
model based on flow measurement. 

be initially known and, since they are di- 
rectly related to the flow through the reactor, 
their adaptation is open loop based on the 
flow measurements. This open-loop adapta- 
tion is combined with the closed-loop ad- 
aptation of the coefficients y j l  in the static 
nonlinearity approximation given by Eq. ( 3 ,  
as shown in Fig. 4. 

First Scheme 

The first scheme is based on  the model in 
Fig. 3. Rearranging Eq. (8) and substituting 
the unknown parameters with their esti- 
mates, an adaptive predictor can be written 
as follows: 

m 

C&) = c $je'(t) +(f - 1 )  (12) 
J =  1 

where 

+'(S = [pH(? + 1 ) '  . . . pH(r + 1)" 

- pH(?)' . . . - pH(t)" 

- - 111 

The unknown parameters can be estimated 

using the following recursive parameter ad- 
aptation algorithm: 

e J ( r  + 1 )  = e J ( r ) '  + F(r) G(r) 

x 11 + Q'(t) F(t)  G(r)l-' 
x qO(r + 1) 

F- ' ( r )  = x , ( t )  F-'(r - 1 )  

+ XAt) +(t) 4 '(t, 

n 

q (t) = CAf - 1) - .E $/;e;(? - 1 )  0 

/ = I  

x 4 4  - 1 )  

= C,(r - 1 )  - CR(r) (13) 

with 

F(0)  > 0: 0 < X&) I 1; 

0 5 X,(f) < 2 

Simulation and experimental results of iden- 
tification of a pH-process represented by 
model (6) and using algorithm (13) are given 
in [13]. Substituting the unknown parame- 
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ten with their estimates in Eq. (1 I),  the 
adaptive control law yields 

"2 

crc(r) = C $ J ; [ e J o  M ~ ) I  (14) 
J =  I 

A schematic block diagram of this adaptive 
control scheme is presented in Fig.  3. Note 
that. in some cases. automatic adjustment of 
the model reference was needed to improve 
the operation of the proposed adaptive con- 
trol scheme shown in Fig. 3,  as shown in 
the simulation test results discussed later. 

Second Scheme 

The second scheme is  based on the model 
in Fig. 4. The linear dynamic part of the 
model is given by Eq. (4). The main reason 
for the changes in the parameters a , ,  bo. and 
b, is the change of the flow F. Measuring 
the flow F allows determination of new val- 
ues of the parameters. The linear controller 
is designed based on pole-placement prin- 
ciples [8]. 

The nonlinear inverse approximation is 
given by Eq. (5 ) ,  and the parameters yj, are 
estimated in closed loop, using a least- 
squares algorithm. 

Simulation Results 
First Scheme 

Tracking of a Sinusoidal Reference Sig- 
nal The process block is the simulated pH- 
process with the concentrations of the com- 
ponents corresponding to the process feed I11 
(Fig.  2)  for the first 150 min and to process 
feed I from 150 to 300 min.  The best results. 
shown in Fig. 5 ,  are obtained when the non- 
linearity is approximated by a piecewise-cu- 
bic function with three intervals with break- 
points at pH, = 5.4, pH2 = 6.4, and  pH, 
= 8. 

The time constant of the reference model 
is 0.3  min.  The initial adaptation gain is di- 
agonal (10). and  it  is always reinitialized 
when the process feed changes. 

I- D I -I b 
m i 

4 
pH 
8.0 

7 0  

6.0 

5 0  

LO 

3 0  
0 60 120 180 260 tlmelmln 

[ a )  ( b l  
Fig. 6. Tracking of a piecewise-constant reference using the control scheme shown in 
Fig. 3. (a) Process and reference model outputs. (b) Reagent concentration. 

C. 

008 

006 

OOL 

002 

0 

0 80 160 ZLO 320 hme/mln 0 

101 
80 160 2 b 0  320 hrnelmln 

[ b) 
Fig. 7. Regulation results using the control scheme shown in Fig. 3 for process feeds 
I-IV. (a) Process output. (b) Reagent concentration. 

Tracking of a Piecewise-Constant  Refer- 
ence Signal The same adaptive scheme. but 
provided with an integral mode [ 141, is used. 
The best results, shown in Fig. 6. are  ob- 
tained when the nonlinearity is approximated 
by a piecewise-linear function with two in- 
tervals with breakpoints at pH, = 6.2 and 
pH? = 8.  The time constant of the reference 
model is 1.6 min, and the sampling time is 
0.5 min.  The process steady-state gain for 
feed I changes 5-foldl and for feed II changes 
1 1-fold for the considered set points. 

I 6 I I 

Regulation The same scheme with the in- 
tegral mode is used wjith the concentration 
disturbances shown in Fig. 7. The steady- 
state gains of the process feeds at pH equal 
7 are: 4235,  5333. 180, and 200, respec- 
tively, for the four different process feeds I$ 
11, 111, and IV (see  Table).  The best results 
are obtained using a linear approximation of 
the nonlinearity: the time constant of the ref- 
erence model is 1.6 min. and the sampling 
time is 0.5 min. 

Next. a more difficult process is simulated, 
such that the titration curves are steeper  and 
the nonlinearities are more severe. Influent 
changes from acidic to basic and reverse are 
also treated. The steady-state gains of the 
process feeds at pH equal 7 are 24,039  for 
the feeds V and VI. 475  for  the  feeds VI1 
and VIII, and 37  12 for the feed IX.  The 
concentration disturbances corresponding to 
different process feeds are marked in Figs. 
8- 10. The classical proportional-integral (Po 
controller fails in this case, as shown in Fig. 

L-._ .L I 
- 

8. The best simulation results, shown in Fig. 
1% 2LO tlmelmon 9, are obtained using a linear adaDtive con- 

I 

l a )  ( b l  troller. The initial gain is diagonal (1). The 
Fig. 5.  Tracking of a sinusoidal reference signal. (a) Process and reference model parameter estimates and the matrix gain are 
outputs. (b) Reagent concentration. initialized when the influent pH is changed. 
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i 
Fig. 8. Regulation results using the PI controller with fixed Pamnetefi CKp = 
0.0015, T, = 1.0)  for process feeds V-IX. 

Fig. 9. Regulation results using the adaptive  scheme  shown in Fig. 3 for process 
feeds V-IX. 

Fig. 10. Regulation results using the control scheme shown in Fig.  4 for process 
feeds V-IX. 

The sampling time is 0.5 min. The time con- 
stant of the reference model is always set to 
2 min after every change of influent pH. It 
is automatically increased by two if large 
oscillations are detected without the change 
of the influent from acidic to basic or re- 
verse. If the change of influent from basic to 
acidic or from acidic to basic is  detected, 
then the reagent flow is immediately changed 
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from strong base to strong acid or from strong 
acid to strong base, respectively. 

Second Scheme 

Finally, it was assumed that the parame- 
ters of the dynamic part of the model are 
initially known and can be adapted in the 
feedfonvard loop based on the flow mea- 
surements. Hence, only the coefficients of 

the piecewise-polynomial approximation of 
the static nonlinearity are adapted in the 
closed loop. In this case, the linear controller 
works only if the zeroth-order coefficient in 
the polynomial approximation of the nonlin- 
earity, which is  in fact known a priori, is 
also estimated. The initial matrix gain is di- 
agonal (10,000). 

The best results for step responses are ob- 
tained when a controller is designed using 
model following control method, with model 
reference time constant 2  min, sampling time 
0.5 min, and a linear approximation of the 
static nonlinearity. When the  controller was 
designed using the pole-placement method 
with the desired closed-loop polynomial 
A*(q-’ )  = (l-O.lq-O3, the best step re- 
sponses for feeds v-VIII were obtained for 
the sampling time  of 1.5 min and the linear 
approximation of the titration curve.  How- 
ever,  for feed IX, the best result is obtained 
using the nonlinear approximation of the  ti- 
tration curve and the sampling time of l .25 
min. When the linear approximation is used, 
slightly worse response is obtained for the 
sampling time of 1.5 min. However, for the 
sampling time of 1.25 min,  this linear con- 
troller does not work at all for feed IX. On 
the other  hand, this scheme with the nonlin- 
ear approximation works quite well for all 
feeds, except VI. For feed VI, it converges 
only if additional perturbations are added at 
the process input. 

The best results for the  series of step 
changes in the process feed are obtained 
using the linear controller designed based on 
the pole-placement method,  the linear ap- 
proximation of the titration curves, and the 
sampling time of 1.5 min, as shown in Fig. 
10. The estimates and the gain matrix are 
initialized always when the pH of influent 
has changed. 

The computer control system, imple- 
mented at the Control Engineering Labora- 
tory  of Helsinki University of Technology, 
was used for experimental checking of the 
theoretical and simulation results presented 
above. Most of the experimental test results 
corresponded to the simulation results, as re- 
ported in [14], [15]. 

Conclusions 
Different adaptive control schemes are 

used for tracking and regulating difficult pH- 
processes. The process considered is so dif- 
ficult that the classical PID  controller  does 
not  work at  all.  The model reference adap- 
tive control scheme with a time-varying ref- 
erence model has to be used in order to ob- 
tain correct results. In the case when the 
linear dynamics of the process is considered 
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known and only the titration curve is iden- 
tified, the regulation results are more oscil- 
latory than when the parameters of the linear 
dynamic model are estimated simultaneously 
with the coefficients of the piecewise-poly- 
nomial approximation of the titration curve. 
This means that when the first scheme shown 
in Fig. 3 is used, more parameters have to 
be estimated, but better performance is ob- 
tained than using the second scheme shown 
in Fig. 4. For that reason, it is recommended 
that the first scheme be used for control of 
any Wiener-type nonlinear systems with 
time-varying parameters. 

Comparing the performance of a linear and 
a nonlinear adaptive controller, it was shown 
that when the titration curve is very nonlin- 
ear in the operation range, then the nonlinear 
adaptive controller works better than the lin- 
ear one for tracking as well as  for regulation 
purposes when infrequent disturbances in 
process feed occur. Even if the breakpoints 
are not chosen in an optimal way, it is still 
better to use the nonlinear controller rather 
than the linear one in these cases. However. 
when the titration curve changes very often 
and varies widely, as in the  case of frequent 
step disturbances. the nonlinear adaptive 
controller does not  work correctly and the 
linear adaptive controller should be used. 
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