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ent load components and to predict how likely it is to occur. In
the procedure developed here the unavoidable subjective estima-
tions and assumptions are made at a lower level, i.e., at the level of
load components. This permits a closer logical control on one’s
forecastings about the system loading.
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Symmetric Summation: A Class of Operations
on Fuzzy Sets

WILLIAM SILVERT

Abstract—Some natural applications of fuzzy set theory require a
type of set combination different from those based on traditional set
theory. A class of set combination laws which are symmetric under
complementation is proposed.

I. COMPLEMENTARY SETS

Fuzzy set theory is often used in cases where it is desired to
partition a universal set into two subsets. If there is some ambigu-
ity in the partitioning criterion used, definition of the subsets as
fuzzy sets is a natural way to avoid dealing with an “excluded
middle.” In such cases both sets may have comparable
significance, so that symmetry exists between the two complemen-
tary sets. This suggests that appropriate set operations should be
defined in such a way that it does not matter whether we deal with
a set or with its complement.
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The combination of two sets is of particular importance in this
regard. Suppose, for example, that we wish to divide a set of
objects into “good” and “bad” subsets, these being complemen-
tary fuzzy sets. We may begin by classifying the objects on the
basis of single attributes to obtain various pairs of sets and then
combining these sets to obtain a final classification. The rule of
combination involves an element of choice; for example, if we
decide that a “good” object can have only “good” attributes, then
the final “good” set is the intersection of all the single-attribute
“good” sets and the “bad” set is the union of all sets having a
single “bad” attribute. This rule is clearly not symmetric under
complementation. Given the usual definitions of intersection and
union [1], the final decision is based entirely on the worst attribute
of each object. A more balanced approach would be to look at the
entire spectrum of attributes in such a way that a number of fairly
good attributes could balance a very bad attribute and vice versa.

II. SET COMBINATION

Let Fy (0 F, represent the combination of two fuzzy sets F and
F, under some rule, and let F’ be the complement of F. If p is the
membership function for F (the argument of the function re-
presenting the object will be suppressed for simplicity), then the
membership function for F' is g’ = 1 — u [1]. The requirement
that the rule of combination be independent of whether we deal
with sets or their complements is equivalent to the condition

(F\OF,) = FyOF;. (1)

If the membership function u, for the set F, [] F, is given by an
equation of the form py; = C(u,, y,), then (1) is equivalent to

1= Cuy )= C(1 — py, 1 — p3), )
or
Clug, p2) + C(1 =y, 1 —pp) = L. 3)

The various rules of combination proposed for fuzzy sets have
recently been catalogued by Umano et al. [2], and it can be
verified that none of them always satisfy (3). In particular, we find
that

union:

v+ (1 =) v(l—p)=1, iff py = pp
intersection:

piAp + (L —p)A(l—p)=1, iffpy=p,

product:

Hipa + (=)l —pp)=1,  iff gy =p,=0o0r1

algebraic sum:

Bt pz =y + (1= ) + (1= p2) = (1= py)(1 = )
=1, iff uyy=p,=0o0r1

bounded sum:

In(ui+pa) + 1A=y + 1 =) =1,
iff yy=p,=0o0r 1.

It can also be seen that for ordinary sets (u = 0 or 1) these are
equivalent to the ordinary union (union, algebraic sum, bounded
sum) or intersection (intersection, product). Thus there exists no
rule of combination for fuzzy sets that satisfies the symmetry con-
dition represented by (1).
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II1. SYMMETRIC SUMS

Although symmetric combination rules do not appear to have
been developed in the theory of fuzzy sets, it is not difficult to find
operations which satisfy the symmetry condition. Given any non-
negative function g(u,, 1), the rule of combination defined by

glus, 1) @)

C . =
(ks #2) g(ﬂh Hz) +g(1 —py, 1 - llz)

automatically satisfies (1) and thus generates what will be called a
symmetric sum (the case of a vanishing denominator will be dis-
cussed later). Furthermore, any symmetric sum can be repre-
sented in this way since (4) is automatically true if we let g(u,,
Uz) = C(uy, pt2). Therefore any symmetric sum can be represented
by a generating function g(u,, ¢;) through (4), and every generat-
ing function defines a symmetric sum.

It is desirable to place restrictions on symmetric summation so
as to obtain practical and meaningful results. Only those generat-
ing functions will be considered which are nondecreasing func-
tions of their arguments and are symmetric under their
interchange; this latter condition insures that symmetric summa-
tion is commutative. It then follows from (3) or (4) that C(y,
l—u)=14

From the original concept of symmetric summation as a rule of
combination for fuzzy sets, it is evident that if 4, and u, are both
equal to zero then u,, should also equal zero; in other words, C(0,
0) =0, and similarly C(1, 1) = 1. Both of these conditions are
automatically met if we require that g(0, 0) = 0. However, a prob-
lem arises if g(0, 1) = g(1,0) = Osince in this case the value of C(0,
1) is not defined by (4). We obtain C(0, 1) = } directly from (3)
and the condition that symmetric summation be commutative,
but this means that the function C(u,, u,) is discontinuous at the
points (0, 1) and (1, 0). For example. if we use g(u,, o) = py p2 or

gliy, i2) = py Ay We get
lim C(u 1 — )=}

u=0
lim Cu, 1) =1
n—0
lim C(0, 1 — u) = 0.
=0

Because of this it is often useful to restrict the definition of symme-
tric summation to strictly fuzzy sets, namely those for which the
membership function is restricted to the open interval (0, 1). Any
function g(u, u,) which is positive and continuous for all p;,
iy > 0 generates a well-defined symmetric sum which is contin-
uous for strictly fuzzy sets, and in the balance of this correspon-
dence only with sums which are continuous in this restricted sense
will be considered.

Similarly, a rule of combination can best be considered associa-
tive even if it is associative only for strictly fuzzy sets. For exam-
ple, g(us, u2) = uy p, generates an associative sum in this sense, as
can be seen by explicit calculation, but

C(#l» C(O, 1)) = C(/"l’ %) =
while
C(C(uy, 0), 1) = C(0, 1) = 3,

so the sum is not associative on [0, 1]. It can be seen that this
breakdown of associativity always occurs for generating functions
such that g(0, u) = 0 for all . For this reason we call a rule of
combination associative if

Clur, Clua, p3)) = C(Clur, 1a), p3) )
for py, 2. and py in the open interval (0, 1).
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It should be pointed out that associativity of the generating
function is not sufficient for associativity of the symmetric sum,
even in the above restricted sense. For example, g(u;.
U2) = [y Ay is associative, but the corresponding rule of combin-
ation is not.

The restriction of associativity to strictly fuzzy sets means that
some aspects of the theory of symmetric summation are not
applicable to ordinary set theory. This does not represent any loss
of generality since the symmetric sum of two ordinary sets is
always a fuzzy set (except when the two sets are identical). This
follows directly from the commutativity condition, which is
sufficient to determine that C(0, 1) = 4. The only real difficulty
with the restriction of the theory to strictly fuzzy sets is that the
conditions C(0,0) = 0 and C(1, 1) = 1 discussed previously are no
longer appropriate. These can, however, be replaced by the condi-
tion that the limiting value of g as x; and u, approach zero is
independent of the approach path and is equal to zero, which will
be referred to as the consistency condition. This requires that g be
continuous.

To summarize, a proper generating function is defined as one
having the following properties: g(u,, ;) is a proper generating
function if

1) g(#lv .uZ) >0

2) g(uy, p2) is continuous

3) g.(ﬂb H2) = g(p2, p1)

4) lim glyuy, 1z) = 0
p—0
#2—0

5) g(u,, u) is a nondecreasing function of u; and u, for all ;.
uy € (0, 1).

These conditions are sufficient to ensure that C(u,, u)is uniquely
defined, is continuous, and that symmetric summation is commu-
tative and obeys the consistency condition.

The definition of symmetric summation leads directly to the
result that C(4, $) = 4, and the consistency condition ensures that
C(0, 0)=0 and C(1, 1) =1 (the appropriate limits can be used
when dealing with strictly fuzzy sets). These three equalities may
be considered special cases of the relationship C(u, u)= u, or
F[OF = F, which in turn may be considered a necessary but not
sufficient condition for the property of stability; a symmetric sum
will be considered stable if and only if

pr A My < Cuy, pa) S iy v iy

for all uy, u, € (0, 1). Surprisingly, there is only one rule of com-
bination which is both stable and associative. This is C(u;.
tt;) = med (uy, ua, ¥), where med means the median of the three
values.

Proof: For any stable associative symmetric sum, C(uy, p2) = 3
if gy < 4 < u,. From (3) we know that C(u, 1 — ) = 4. But stabi-
lity requires that C(u, u) = g, so

C(Clu, p) 1 —p)=Clu, Clp, 1 = p)) = Clu. §) = %

Thus if we pick u such that p < pu; <% < pp <1 — p, the require-
ment that C(u,, u,) be a nondecreasing function of its arguments
means that

Clu, 3) < Cluy, p2) < C(3 1 = p),

so C(“l’ /12) = %

Next consider the case u; < p,; < 3. Since C(uy, uy) = p; and
C(u1, 3) = 4, it follows from the continuity of C that for any value
of u, € [uy, 3] there exists some p € [uy, ¥] such that Cu,. ) = po.
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Thus

Clus, u2) = Cluy, Clus, 1))
= C(C(uy, p1), 1)
= Cluy, p) = p2
= UV Us.

The same result clearly applies if u, < p; <}, and the correspond-
ing proof for uy, u, = % is virtually identical.

Combining these results we see that for a continuous rule of
combination which is both stable and associative, the value of
C(uy, p2) must be 3 when puy <3< p; or puy <3<y, py vy
when py, pu, <34, and p,; A p, when uy, p, > 4; this is equivalent to
Clpy, p2) = med (uy, gz, 117) Q.E.D.

IV. EXAMPLES

The simplest possible generating function is g = constant,
which leads to C(uy, u,) = % for all values of u; and u,. Although
this trivial case does not merit lengthy consideration, it is worth
noting that it represents a class of generating functions which
violate the requirement that C(0, 0) =0 and C(1, 1) = 1.

A less trivial but still simple generating function is g(u,,
U2) = py + pa, which leads to C(u,, pz) = (g + u2)/2. This func-
tion is stable but not associative. Other stable nonassociative
summation rules are generated by the min and max functions
Uy Ay and py v pu,, which have the rules of combination

Hi A H2
C(#h ﬂ2)= 1— |lﬂl _ #2‘
and
_ HiV 2
C(.ul’/ll)_ 1+ lﬂl -ﬂ2| .

In addition, the generating function g(u,, u,) = med (u,, 12, 3),
which is equal to gy Ap, if v >4 to uy vy if gy Ap, >4
and to 4 if uy Ap, <4 < pyvu,, generates a unique stable and
associative rule of combination with C(uy, u2) = g(uy, )

A large and interesting class of summation rules arises from
factorizable generating functions, and a rule for combination will
be called factorizable if g(u,, 4,) can be written in the form

g(u1, p2) = G(u)G(u2) (6)

even though C(uy, u,) itself is not factorizable. For a factorizable
generating function we obtain from (4)

Pz _ Cluy, p2) — guy, p2)
V—pyy CQl=py, 1 —pa) gl —py, 1 — p3)
_ Gu)  Glua) o Y2
T G(1— 1) G(1 — pa) —f(l - #1)f(1 - #2) 0
where

X 1
f(x)=G(1+x)/G(1+x) ®)
is well-defined so long as g is a proper generating function on
strictly fuzzy sets. Thus although the rule for combination for the
membership function itself may not be factorizable, the ratio
u/(1 — p), which might be called the inclusion/exclusion ratio, is
given by a factorizable expression. The significance of this is evi-
dent if we take into consideration the symmetry between a fuzzy
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set and its complement with which the development of the con-
cept of symmetric summation began, and note that the corre-
sponding equation for the complementary sets is

K12 =1"l‘12=( #1 )( #a ) 9
L—pi2 pa fl—/t’lfl—/t’z ®

where use is made of the identity
f(1x) = 1/f(x) (10)

which is a consequence of the defining equation for f, (8). For
example, consider the class of symmetric sums defined by
f(x) = x° where a is a positive constant, which correspond to the
generating functions g(u;, u2) = (u; )% If a =} the symmetric
sum thus defined is stable but not associative, while if a = 1 the
sum is associative but not stable; this latter case arises naturally
when the sets F; and F, are defined by independent probabilistic
events [3]. The corresponding combination rules are

(leﬂz)a
Cluy, 113) = 1
(bso 12) () + (1= py — iz + g i) (1
or
_ Hil2
R Py o (12)
ifa=1.

V. SUMMARY

The symmetric sum of two fuzzy sets has the property that the
sum of complements is the complement of the sum. This and other
reasonable conditions, such as commutativity and monotonicity,
restrict the choice of possible forms for the summation but do not
specify it uniquely.

It is also possible to define the symmetric sum to be associative,
so FyO(F,0F;)=(F,OF,;)O0Fs, or to be stable so that
F[JF = F. The properties which are appropriate in a particular
case depend on the application, but it is likely that associativity
would be required for most applications. There is only one contin-
uous symmetric sum which is both stable and associative.

Perhaps the most interesting feature of the symmetric sum is
that it is truly an operator on fuzzy sets and cannot be applied in
ordinary set theory, since the symmetric sum of two ordinary sets
is a fuzzy set (except for the sum of a set with itself). This suggests
that investigation of the properties of fuzzy sets under symmetric
summation may lead to results which do not correspond to any in
ordinary set theory.
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