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Comparison of filtering error variance with constant bias (@), cubic correction (), and quadratic correction (c) for

continuous-time example.

The variances Q and R have been selected equal to 0.2 and
0.8, respectively, and the initial state has been selected as

x0=[ o 1]

The lower order model has been taken to be of the form
X(t) = co + c,x7 + w(1), where x is scalar

W) = x(1) + o).

The various estimate and variance equations were processed
on the computer using a 0.01-s sampling period and the initial
values £(0) = 0.9, é,(0) = 0, é,(0) = 0, and

04 0 O
PO)=1]0 01 0
0 0 01

To illustrate the type of results obtained, the plots of variance
P.(¢t) of the error of state estimation for three different cases are
shown in Fig. 2. These correspond to the case of constant bias
correction, the case of nonlinear correction with p = 2, and the
case of nonlinear correction with p = 3. As in the discrete-time
case, it is evident that the addition of the nonlinear correction
term leads to an improvement in state estimation. Furthermore,
since the actual nonlinearity is cubic, the choice of p = 3 leads
to a better modeling.

V. CONCLUSIONS

The problem of constructing lower order models for state
estimation of nonlinear dynamical systems has been studied. It
has been shown that though the use of a constant bias correction
term to some extent compensates for the errors of modeling,
better compensation can be achieved by adding a nonlinear
correction term. It has been shown that the increase in the
computational requirements due to the added nonlinear term is
relatively small because the components of the variance equation
of the augmented system are still decoupled.
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Uniform Asymptotic Stability of Discrete Large-Scale
Systems

LJUBOMIR T. GRUJIC

Abstract—The purpose of this work is to develop algebraic conditions
under which uniform asymptotic stability as well as uniform asymptotic
connective stability of discrete large-scale systems are implied by
uniform asymptotic stability of their subsystems. The stability properties
of a discrete large-scale system are guaranteed by negative definiteness
of a real symmetric matrix, the dimension of which is equal to the
number of the subsystems.

I. INTRODUCTION

Despite both the importance of the discrete system theory for
the general system theory [1] and the widespread use of digital
computers in the control of large-scale systems (such as electric
power networks, transportation systems, and space vehicles)
most of the papers on stability of large-scale systems as surveyed
in [2] are devoted to continuous systems. Papers that treat
Lyapunov-type stability of discrete large-scale systems are re-
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stricted either to systems with exponentially stable subsystems
[3] or to a limited class of discrete systems with some such strong
stability properties of the subsystems [4]. Removing the ex-
ponential stability requirement placed on the subsystems, the
class of discrete large-scale systems can be significantly broadened
[5]. Finite time stability as one of the most important non-
Lyapunov types of stability of discrete composite systems is
studied in [6].

A new concept of connective stability [7] has been recently
introduced to treat continuous large-scale systems under struc-
tural perturbations [8]. It has been shown that algebraic condi-
tions can be derived to guarantee exponential stability of a
large-scale system despite on-off participation of the exponen-
tially stable subsystems. Conditions for uniform asymptotic
connective stability of large-scale systems characterized by their
structure of a special type were developed in [9], in which
sufficient conditions for uniform asymptotic stability of discrete
large-scale systems of a special class were also obtained.

This work is concerned with investigations of stability proper-
ties of nonstationary nonlinear discrete dynamic large-scale
systems composed of interconnected subsystems. Algebraic con-
ditions for both uniform asymptotic stability and uniform
asymptotic connective stability of large-scale systems are ob-
tained without requiring Lyapunov functions to be of special
form. It is shown that to achieve either uniform asymptotic
stability or uniform asymptotic connective stability of a discrete
large-scale system it suffices to assume uniform asymptotic
stability of the subsystems and demonstrate negative definiteness
of a real symmetric matrix provided that interactions fulfill weak
algebraic inequalities presented in a general form. If the inter-
actions do not satisfy the inequalities in the whole system state
space, the stability properties do not hold in the whole. In this
case a lower evaluation of the domain of uniform attraction as
well as of the domain of uniform connective attraction is de-
termined. Furthermore, if all subsystems are uniformly asymp-
totically stable in the whole and interactions satisfy the in-
equalities in the whole state space, the conditions guarantee
uniform asymptotic stability in the whole and/or uniform asymp-
totic connective stability in the whole of the discrete large-scale
system. It is to be noted that the conditions for the connective
stability type ensure uniform asymptotic stability of the large-
scale system under any structural perturbations.

The results obtained in this work also offer a computationally
efficient reduction in dimensionality of stability problems in
discrete large-scale systems.

The presented stability conditions are derived by using the
(second) Lyapunov method [10], the concept of vector Lyapunov
functions [11], [12], and the notion of comparison functions
[13]. To illustrate an application of the obtained general results
to discrete large-scale systems with nonstationary subsystems of
Lur’e type, the Aizerman conjecture is proved for a class of non-
stationary multinonlinear discrete systems. Two examples are
also presented to illustrate the results on both uniform asymp-
totic stability and uniform asymptotic connective stability in the
whole of discrete large-scale systems.

II. UNIFORM ASYMPTOTIC STABILITY OF COMPOSITE DISCRETE
SYSTEMS

Let a discrete large-scale system (S)

X(teyy) = f[tk’x(tk)] S)

637

be composed of s interconnected subsystems S;, which are
described by

Xi(ts ) = Giltoxi )] + hi[tex(@)], Vi=12,---,5 (S)

where x € " is the state of system (S), x; € Z" is the state of
subsystem (S;) and f: 9 x #" »> A" is the system transition
function. . is the infinite time interval (0 —,+ o) andJ , =
is the semi-infinite time interval [ty,+ 00). The transition func-
tion of a free subsystem ()

xi(tey ) = giltexd(t0)], Vi = (Sy)

is denoted by g;: 7 x #" -» R™. Functions h;: T x A" >
R™, Yi = 1,2,---,s5, represent interactions among subsystems.
It is assumed that f(z,x) = 0, Vte 7, if and only if x = 0, as
well as g;(t,x;)) = 0,VieJ ,ifandonly if x; = O,Vi = 1,2, - -5,
so that the origin x = 0 of the state space #£" is the unique
equilibrium point of system (S) and the origin x; = 0 of the
state space #™ is the unique equilibrium point of subsystem
(S;), Vi = 1,2,---,s. In the sequel discrete time ¢, will be

t, =1ty + kA, k=01.2,---n,--- 0

where A is a real positive number.

Referring to the converse theorems on the uniform asymptotic
stability of the equilibrium of subsystem (S;), which are proved
by Hahn [13, theorem 49.3] and Gordon [14, theorem 3], we
conclude that uniform asymptotic stability of the equilibrium
x; = 0 implies existence of set &; < #™ and a positive-definite
decrescent locally Lipschitzian function V(#,,x;) whose forward
difference along system solutions is negative definite

$u([x:]) < Viltox) < dix(|xil), Vitx)eJ x 2; ()
AVi(t,x) < — dis(|lx.]), Vitex)ed x 2. (3)

In (2) and (3) functions ¢;;: #' »> R, $,;€ A, j = 1,2,3, are
comparison functions of class # [13], and ||x| = (xTx)V2.

A purpose of this research is to demonstrate a possibility for
testing uniform asymptotic stability of the equilibrium of com-
posite system (S) by using only the minimal essential information
about all its subsystems and their interactions g; that are sup-
posed to satisfy the following inequalities for some real numbers
a;j satisfying a;;; < O, ifandonlyifi =j = [ Vi,j, | = 1,2,---s,

AV(tx)) = Vilter 1,9:(tx) + (0] — Vi(tox;)
< X X wnd?UxD el 2,
j=1 =1
V(t,x)eT x D, Vi=12,---5 (4)
where 9 < A"
D=9 xD, x - xD, (&)

Functions ¢; can be either some of functions ¢;;, j = 1,2,3,
or of other functions such that ¢,(|x;|) > 0, Vx;e Z;, x; # 0;
#:0) = 0. The required information is the knowledge of
Lyapunov functions ¥;(#.,x;), comparison functions ¢,;, Vj =
1,2,3, Vi = 1,2,---,5, and numbers a;;;, Vi, j, [ = 1,2, --,5 (4).
To formulate simply a sufficient condition for uniform asymp-
totic stability of the equilibrium of composite system (S) let a
real constant symmetric s x s matrix 4 be introduced

S

a;; = 121 (o + o),

A= (aij): Viy.] = 1,2,"‘,5. (6)
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Theorem 1: The equilibrium state x = 0 of composite system
(S) is uniformly asymptotically stable if the matrix 4 with
elements a;; determined by (6) is negative definite. If it is also
9 = A" (5), then the equilibrium is uniformly asymptotically
stable in the whole.

Proof: Let us introduce a candidate Lyapunov function
vi:T X B> R,

v(ti,x) = 2 Z Viteox;)
i=1
which is a decrescent positive definite function (2)
2 Y bullx) < vt < 2 Y du(ixl),  V(tx)ed x @
i=1 i=1

and let w: " > %° be
w(x) = (" 2(x, ) @222 ) - -+ @2 x DT

so that the forward difference Av(#,,x) along motions of composite
system (S) is found by using (4) to satisfy

Av(t,x) < wl(x)Aw(x), V(t,x) €T x 9. (7

Let 02 be the boundary of & and 9, < 9 be

9, - {x;z Y dullnl) < 2 min ¥, ¢i1(||xi||>}. ®)

i=1 xedP i=1
If x4 € 9,, then (7) yields

Av(t9,x0) < W' (x)Aw(xg) = — ¢([x0) ©

where ¢: #' - R, pe. A", is a comparison function of the
form

#(lxl) = — Iu(D]w(x)|?

and 4,,(A) is the greatest eigenvalue of the matrix 4. Since A
is a negative definite matrix it follows that 1,,(4) < 0. Therefore,
Av(t,,x) (7) is also negative definite. From (9) we get

v[tx(ty5 1o, x0)] < Wltg,x0)

which implies x(1,; 14, xo) € &,. Repeating this procedure and
using the method of mathematical induction on & = 0,1,2,-- -,
m,- - -, it is proved that

x(t; 1o, Xo) € Do, Vititoxg) €T ¢ x T x 9,

as well as

[xo < (&) = [|x(t; 1o, xp)l| < &, Vee (0,ep]  (10)

where

5 = 2min Y. du(lxl)

s, i=1
and 0 &, is the boundary of hypersphere
F.o= {x:|Ix]| < &}

provided that g, > 0 is selected so that .7, < D,. If d(e) is
chosen to be d(¢) = d(ep), Ve = &y, then relations (10) are
valid Ve > 0. From (10) it results that the equilibrium
x = 0 is uniformly stable. To prove that the equilibrium is
uniformly attractive we suppose opposite, i.e., that there exists
a real number { > 0 such that

lx(te; 2o, x0)| = Cas ¢, > + o0, for (tg,x0) €T X D,.
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From (7) we get
VItx(tys to, xo) ] < Vito,x0) — ¢(lxo )
or, in general,
Vitiy 1.X(ty 15 to, Xo)]
= Vitey ¥ [ties 15 to Xt 10, X0) 1)
= Vtex(t; to, x0)] — @[ x(t; 10, x0)[ 1,
V(ttoxg) €T o X T x D,
Therefore,

k
Viter 1:x(tis 15 10, X0)] = V(to,x0) — Z Blx(t;5 o, x0) )
i=0o

IA

V(toxo) — (k + D@y

where (3 = min {inf,__ 7 [x(t,; 1o, x0)[;{} > O since { > 0
and [x(t,; 19, xo)| cannot be equal to zero for any finite .
Hence, for an arbitrary real number ¢ > 0, we derive

Vitia 1 X(tei 15 10, X0)] < —¢&
as soon as
k= ¢ G [V(tgxo) + &] — 1

which is impossible since V(#,,x) > 0 by definition. Therefore,
{=0,Iie.,

[x(tes 15 tos Xo)| = 0 as e,y = + o0, V(to,x0) €T % D,

This result proves that &, is a lower evaluation of the domain of
attraction. Hence, the first part of the theorem is true. If 2 =
A" then 9, = A", which proves the second part of the theorem.

It is to be noted that the proof of Theorem 1 enables us to
evaluate the domain of attraction (%,) of composite system (S).
Such an evaluation is given by set 2, (8), 2, < Z,.

V(to,x0) €T x D, = ||x(ty; tg, xo)| = Oast, > + 0.

IV. UNIFORM AsYMPTOTIC CONNECTIVE STABILITY

The classical stability theory is mainly concerned with initial
condition, forcing function and parameter perturbations of
dynamic systems which do not change their structural properties.
On the higher hierarchical level, however, it is of interest to
consider structural perturbations and use a notion of connective
stability introduced and defined by Siljak in [7], [8].

Structural perturbations of large-scale system (S) can be
described by using an interconnection s x s matrix E = (¢;;)
with elements e;; that can take on values zero or one with the
meaning

1, S; acts on S; through g;

e;: =
Y 0,  §;does not act on §;.

(1
An interconnection matrix is called the fundamental interconnec-
tion matrix E, if all elements ¢;; that correspond to existing or
possible connections between subsystems are set one, and non-
existing interconnections are represented by invariant zero
elements.

In this work a condition for connective stability will be
derived so that all allowed structural perturbations, which may
be arbitrary functions of the state x(t,) € #" and/or time £, €7 o,
are described by interconnection matrices E£. For this reason and
by referring to papers [7], [8], the following definition is
accepted.



CORRESPONDENCE

Definition: The equilibrium x = 0 of a free discrete dynamic
system (.S) with subsystems (S;)

xiter 1) = Giltoxi(t)] + hiltei x1(B)seinx (80, - - eisxs(t) ],
Vi=12,---,5s (S,

is uniformly asymptotically connectively stable (in the whole) if
and only if it is uniformly asymptotically stable (in the whole)
for all interconnection matrices E.

Since the equilibrium x = 0 of system (S) should be uniformly
asymptotically stable for all interconnection matrices the follow-
ing statement is obtained [7], [8].

Statement: A necessary condition for connective stability of
the equilibrium x = 0 of system (S) is that each subsystem (S;),
which can be completely disconnected, should possess the same
stability properties as required from the entire system.

Referring to the statement, it is accepted that each subsystem
(S;) possesses uniformly asymptotically stable equilibrium x; = 0
as well as that a set 2, < £™ and a Lyapunov function V(#,,x;)
are used to prove the stability property. Comparison functions
d(lx:l), Vi = 1,2,--+,5, Vi = 1,2,3, (2), (3), are supposed to
be known. Further, interactions h; are required to satisfy the
following inequalities for some real numbers «;; = 0 and
Bui > 0:

S S
AV(fix) < Z Z (= Biji;0u + etjetlaijl)¢}/2(“xj")¢ll/2("xl")a
Jji=11l=1
Vi=12,---,5, Y(t,x)eD,VE (12)

where AV(#,x;) is the forward difference of function V(#,x;)
along solutions of (S,;) and J;; is the Kronecker symbol. Con-
ditions (12) imposed on system interactions are presented in a
general form. It is obvious that values of «;; and f;;; depend
crucially on a choice of Lyapunov functions ¥;, comparison
functions ¢, (| x;|) and functions ¢,(||x;|) as well as on properties
of interactions A;. These values are required to be determined so
that all elements g;; of a real symmetric matrix 4 can be com-
puted by using

S
a(E) = Z [=2B1;0ud5 + eyerj(o; + ;)]s
151

Vi,j=12,---,5. (13)

Matrix 4 may be viewed as a matrix with elements g;; dependent
on interconnection matrices E, (13). Since a;;; = 0, Vi, j, | =
1,2,---,5, and e;; = 0, it follows that all elements a;{(E) of
matrix A(E) take on their maximal values for the fundamental
interconnection matrix Ej

Vi, j=1,2,---,s. (14)

mgx a;;(E) = a;; E;),
Using this result the required condition for uniform asymptotic
connective stability of large-scale system (S) can be formulated
as follows.

Theorem 2: The equilibrium state x = 0 of large-scale system
(S) with subsystems (S,;) is uniformly asymptotically connec-
tively stable if the matrix A(E,) with elements a; ;(E;) determined
by (13) for E = E; is negative definite. If it is also @ = %",
(5) and (12), then the equilibrium is uniformly asymptotically
connectively stable in the whole.

Proof: Repeating the proof of Theorem 1 we show that the
equilibrium x = 0 of system (S) with subsystems (S,;) is uni-
formly asymptotically stable for the fundamental interconnection
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matrix. Hence,

Av(ti,)g, < = ¢ x|, (15)

where 9, is defined by (8), v(f,x) = 2 Y- Vi(t,x;), and
#(Ixe, = —in[AE)]|w(x)|?. Index E, in the previous
notations (15) shows that the corresponding quantities are
determined for the fundamental interconnection matrix Ej.
Furthermore, the use of (14) yields

V(’k)x) 6‘7' X @E

Av(t,x)g < Av(tkax)E, = - ¢(”x“)1-:,, V(t,x)eJ x 9., VE.

From this result and uniform asymptotic stability of the equi-
librium for the fundamental interconnection matrix E; it follows
that the equilibrium is uniformly asymptotically connectively
stable. If it is also 2 = %" then 2, = #" and the equilibrium
x = 0 is obviously uniformly asymptotically connectively stable
in the whole, which proves the theorem completely.

Summarizing the proof of Theorem 2 we obtain an evaluation
(2,) of the domain of uniform connective attraction (2,,) of
large-scale system (S) with subsystems (S_,),

V(to,Xo) €T x 92 = lim
te—=>+ 0

Ix(te; to, xo)llg = O, VE.

V. SUBSIDIARY RESULTS

To apply the results of Section III and Section IV to stability
analysis of a given dynamic discrete large-scale system its
Lyapunov function is required to be known. Proving results on
absolute stability of nonstationary or time-invariant multinon-
linear Lur’e type discrete systems in this section, we shall derive
Lyapunov functions of these systems described by vector dif-
ference equations of the form

x(tep 1) = A(t)x(t) + Bty [1,01(8),02(8), - - ,0.(t)]  (16)

where A: 7 - #" and B: J - A"*™ are matrices with time-
dependent elements, y: J x Z™ - A™ is a vector function with
elements ¢;:F x R - R, Vi = 1,2,---,m, satisfying sector
conditions

0< 8% o g Vo)e Ty x B, Vi= 12,--m
" an

With 6;: 7 x #" - A! has been denoted
otx) = ¢;T(t)x, Vi=12,---m (18)

and ¢;: J - #Z" is a vector function, Vi = 1,2,---,m. In this
section £, €7 indicate discrete values of time (k is an integer)

—00 <t < By <l < byq <0< +00,
i > +0 ask » +o0,

If all @; are linear functions, ¢,(.0;) = a;0;, ; € [0,K;],
where all «; are real numbers, then system (16) is transformed
in a linear system

X(teyy) = CtiA)x(t) 19
with matrix A = diag {«;a, - - - «,,} and matrix C:7 x &"™ - A"
C(t,A) = A@t) + B(,)D(t,A).

Matrix D:J x ™ - A™*" is defined by

(20)

D = Aley(t) c2(t) - - - cm(t)T @n
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and it is said to belong to class &, if and only if A € J#, where

H = (Ao e [0,K],Yi= 12 m} (22)

To present the required subsidiary results in a simple form a
notation F:.7 x A™ - #™ is introduced

F(t,A) = CT(1,MC(B,A) = 1 (23)

where [ is the nth-order identity matrix.

Theorem 3: If matrix F(1,,A), (24), which is associated with
linear system (19), is negative definite for every A € #, for every
t, €7, and for t, » + o, then nonlinear system (16) is ab-
solutely stable on sectors [0,K;], (17), Vi = 1,2,---,m.

Proof: Let matrix A(#,x) be introduced and defined by

A(ty,x) = diag {a(t;,x) ay(t;,%) -+ - ap(ti,%)}
along with

¢i[10:(1,)]

Vi=12,---,m.
Ji(tlnx)

ai(tksx) =

D(t,,x) will denote a matrix defined by
D(t,x) = At x)(e,(t) co(t) - - - ()T
From (17) it follows that

D(t,,x) € D, V(t,x) €T o x R 24

Using matrix notation C(¢,,x) = A(t,) + B(t;)D(t;,x), system (16)
may be rewritten in the form

x(te ) = Ctx(t) 1x(@)).
Let F: T x A" > A" be
F(’kax) = CT(tk’X)C(tkyx) -1

and let V(1,,x) = |x|* be a candidate Lyapunov function for
system (16). The forward difference of function ¥ determined
along solutions x(#,; to, Xo) of system (16) is found to be

AV(t,x) = xTF(t,x)x,  x = x(f; to, Xo)-

From the condition of the theorem and result (24) it follows that
F(1,,x) is negative definite for all (#;,x) €7 x #". Therefore, the
supremum eigenvalue Ag of matrix F(z,,x)

'13 = Ssup j'M [F(thx)]
T xR

is negative, which implies

AV(tx) < — Al %% V(tx)€T o x R, VtoeT . (25
According to [15, theorem 1] the proof is completed with the
previous result.

It has been shown that a generalized Aizerman conjecture is
true for a class of the nth-order multinonlinear discrete systems
(16) that fulfill conditions of Theorem 3. For these systems
function ¥ = |x|*> may be accepted as a Lyapunov function. It
is also significant to note that the systems are exponentially
absolutely stable on all sectors [0,K;] with the degree of stability
equal to In(1 — 4,)~Y2, which results from (25) and (12) of
[16].

In [17), [18] the corresponding results are obtained with
respect to open sectors for a class of time-invariant Lur’e type
systems with one nonlinearity. As a conclusion of [18] it is
noted that the results there can be generalized to multinonlinear
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time-invariant systems (26)
X(tgy 1) = Ax(ry) + By[o(t).0,(t), - -.0,(1)],

oty = o (x(t),  Vi= 12 (26)

- m

which can be also derived for compact sectors [0,K;] as a
direct consequence of Theorem 3 as follows. Matrices 4 and B
as well as all vectors ¢; are constant in (26).

Corollary : If matrix F(A), which is associated to the linear
version of system (26)

F(A) = CT(A)C(A) — I,  C(A) = A + BD(A)

is negative definite VA € ¥, then system (26) is exponentially
absolutely stable on sectors [0,K;], Vi = 1,2,---,m.

V1. APPLICATION AND EXAMPLES

It is known that for contractive both time-invariant [15] and
nonstationary [19] discrete systems Lyapunov functions may be
selected as positive definite quadratic forms

Vilx,) = xiTHixi’

where H; = H,T, Vi = 1,2,---,5, is a real constant positive
definite n; x n; matrix. The same choice of Lyapunov functions
is adequate if subsystems are of Lur’e type and Popov [20] like
criteria [16], [21]-[26] are used to prove their (exponential [16],
[26]) absolute stability, which can be verified either by using
analytical tests of [27]-[29] or by applying general algebraic
criteria for positive realness relative to the unit circle that
have been recently proved by Siljak [30]. A class of sub-
systems of discrete large-scale systems under consideration, for
which Lyapunov functions can be chosen as quadratic forms
(27), has been broadened by proving Theorem 3 for nonstationary
multinonlinear Lur’e type subsystems.

Interconnections of composite system (S) are supposed to
satisfy the following inequalities for some real numbers {;; = 0
and ¢;; = 0 provided that a Lyapunov function Vi(#,x;) of
subsystem (S;) is a quadratic form (27):

Vi= 12, 27

0 o) (o) = ¥ Coa2 (D d, 2 )
i=1

WO () = 8 3 &8, DeA 2 )
j=11=1

¢illx;]) = dua(lxil), V(tx)eT x 9,

Vi=12,---,5. (28)

If elements «;;, of (4) are determined by

A = —0udy + 2860 + Sijis Vi,j,l=12,---,5 (29)

then elements a;; of matrix 4 should be computed according to
(6) and uniform asymptotic stability of the equilibrium of
composite system (S) may be tested by verifying negative
definiteness of the matrix (Theorem 1).

If system (S) is with variable structure and constituted of
subsystems (S,;) then interactions /; are assumed to fulfill the
following conditions for some real numbers {;; = 0Oand {;; > 0
provided that the stability properties of subsystems (S;) are
proved by using quadratic forms (27) as their Lyapunov func-
tions

95 (tox Y H i [ X1 (8) 012X (1), - eisxs(t)]

= i eijCij¢i1/2("xi")¢jl/2("xj"),

Jj=1

Y(tx)€T x @D, Vi=12,---,5 (30)
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and
b [t x (8 i2x2(1), - -,
eisXs(t) JHihi [tei1 X1 (8),e02%5(1), - - - eix (1) ]
Y eseaind D8 2 xl,

11=1

<

J
Vit,x)eT x @, Vi=12,---,5. (31)

Elements a; (E) of matrix A(E) are to be computed by using

S
a,(E) = Z [—20u0; + 20;(e;il;i + e6i) + enerf(Cuy + Eij)
I=1
(32)
so that elements a;;(E;) of matrix A(E;) are determined by (14),
which enables uniform asymptotic connective stability of system
(S) to be tested by applying Theorem 2.
Example 1: Let system (S) be composed of two subsystems
(S,,S5) described by
91(tex1) = A1(1)x1(8) + bi(B) 4, [01(t)], a1 (1) = Clr(tk)xl(tk)
A (t) — Bl Cxp 2tk - tkz) Bz Sil] tk
T \Brexp @h — 43 Bysing
by(t,) = (ﬁ exp [—2(2t, - tkz)])
Bexp [-2Q24 — 12)]
yexp [-3(87 — 219) )

et = (Cz exp [—2(t2 — 2t)]sin ¢,

#1(ty,01) = K, sat g,

hy(ty,x) = Y1 sin 2(xq; + xlz))
1) ( sl = fxslD)

P, = R*? (33)
and
2 2
gz(tk,xz) - (xz1 X322 )
2x31%22
72l (1 — ez 1)
hy(t,x) =
() (72 sat (xq11 + X;2)
D, = {x3: Ix,]| < 0.89} = % (34)

Real numbers B, By, B, {;, {;, and K, > 0 are supposed to
satisfy

2
Y, [max {|8; + KiBCl, |8 — Ky BL}P exp(26,,) < 0.5. (35)
i=1

Applying Theorem 3 and (35) to subsystem (S,),
xy(ty 1) = Ai(t)x (1) + by(1) ;1 [o4(10)],
o) = ¢, T(t)x (1) (Sy)

we conclude that it is exponentially absolutely stable on sector
[0,K,] and that a function ¥; = |x,|?> may be taken as its
Lyapunov function. From Theorem 3 it also follows that
$1(lx1 1) = @13()x,]) is given by

$:(lx: ) = 112”"71 I (36)

where

A% = { max AnlI — CT(’k,“)C(tk,a)]},
€T
a€[0,K:]

C(t,2) = Ay(8) + ab (t)c T (2).
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Hahn [12, p. 207] showed that 2, = {x,: [x,|| < 1} is the
domain of attraction of subsystem (S;)

(S2)
and that V,(x,) = |x,|?> may be taken as its Lyapunov function
with ¢,(|x,1) = @23(]x2[)

$a([x2l) = 22121 = [x2[). 37

It is to be noted that ¢, ¢ A", but @,(v) > 0, Yve(0,1), and
$,(0) = 0.

In this example numbers «; ;; (4) are found to be

Xy(tyi1) = ga(tiX2)

ap = =1+ 4y A7, + 4y 24,2
Az = Aypq = VA A + 277472
%22 = 712472

)

U1z = Uzz1 = 272(2 + 7))

X2y = -1 + 4}’2 + }’22
where
Ay = max Ay[CT(4,0)C(8.0)]
tkeT
xe[0,K¢]
so that
a;, = =201 - 47111—1'12 - ""}’123-1"2 — 4y,)

ay; = ay; = 29147, + 49,722,774 8y, + 4p)°
2(1 - 71211—2 - 4y, — 722)-

Applying Theorem 1 we conclude that the equilibrium x = 0 of
system (.S) described by (33) to (35) is uniformly asymptotically
stable if

as,

1 > max {(41’111_112 + ‘1')’12}~1_2 + 4)’2),(71211_2 + 4y, + }’22)}
and
201 — 712272 = 4y, — 9,00 — 4y, A7, — 49,20, = 4yy)
> (1A Ay 4 2724, + Ay, + 29,02
A lower evaluation &, of the domain of uniform attraction of
system (S) is given by
2, = {x: |x| < 0.89} = R4,
For example, if y;4,~! = y, = 0.05 then the equilibrium x = 0
of system (S) is uniformly asymptotically stable for any 1, € (0,1).
Example 2: Let system (S) with variable structure be composed

of three subsystems (S,,S,,53), interconnections of which are
described by interconnection matrices E

€11 €12 €13

E:

€1 €33 €33

0 e3, e;3

The fundamental interconnection matrix E, is obtained as

111
E,={1 1 1).
01 1

Subsystem (S;) is described by
X1ty 1) = Ai(@dx,(8) + by(t) Py [o1(2)]

+ hy[ter1x(B).e12X2(0)e13x3(8)]  (38)
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with
o1(t) = ¢ T(t)x,(ty)

and A,(ty),b,(ty),$,(61),2, are given by (33). Interaction A, is
defined as

= (Cl sat (eg1xyy + mxal)) . (39)

{1 sat(eg X1y + e12%2)

Function ¢; = A,%||x;]?> was already obtained for subsystem
(S;) (Example 1). Subsystems (S,;), Vi = 1,2, are described by

Xty ) = Axi(t) + bigi[oi()]
+ hyiltei xi(B).eixa(t)eisxa(t)],  Vi= 23 (40)
where 6; = ¢;7x; and
_ (Cz sat (e2%31 + ezsxax))
{y sat (e22x51 + €21X14)

= (C3 sat (e33x31 + e32x21)) (41)

{3 sat(e33xzy + €32%32)

with ¢,, {3 > 0. Nonlinearities ¢,(a;), Vi =
satisfy sector conditions

2,3, are assumed to

0<%k vio
G;

23 42)

pairs (A;,b;) and (4;,¢;7) are supposed to be completely control-
lable and completely observable, respectively, matrix A; is re-
quired to be stable, that is, that all its eigenvalues 4;; satisfy
|4;;] < 1, Vi = 2,3. Furthermore, subsystems (S;)

Xty 1) = Axi(t) + bidi[o(t0)], Vi=23 )
are selected to satisfy Popov-like frequency criterion
K;7! + Rey(z) > 0, Vz: |zl =1, Vi=23 (43)

where z is a complex number, and
2:(2) = ¢"(4; — zI))" b,

I, is the identity matrix of order ;.

Following references [16], [23], [31] it is proved that condi-
tion (43) is necessary and sufficient for the existence of real
numbers ¢; > 0 and y,, a real constant vector g; of order n;, and
real constant, positive definite #; x n; matrices H; = H;” and

Q; = 0,T such that
ATHA, — Hy = —&0; — 9:9:"
24 Hb; + ¢; = =219

K~ — bTHp; = v (44)

Then, a quadratic form V(x;) = x,TH,x, is one of the Lyapunov
functions of subsystem (S;) [16], [23], [31] whose forward
difference along motions of (S;) is given by

AV, = —xT(ATH A, — H; + 9:9.")x
= [nigilod) + x9:)? —
where
Q, = [0, — ¢i(0)K;" ]¢i0) = 0, Vo,
so that it can be estimated either by

T,
AVi < —&iX; Q,xi
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or by
AV; < = di3(lxi]). 45)
Comparison function ¢; is selected as
$(lx:l) = ¢is(lx:]) = liZHXz!IZ, Vi=23 (46)

where
/liz = &hAmi(Q))

and 4,,(Q;) > 0 is the minimum eigenvalue of matrix Q;,
Vi =23.

Determining elements a;;(E;) of matrix A(E;), which are
denoted simply by a;;, according to (32) we find

apy = 2[=1 + 24,7245 [ Cyllar + 2042 + 20,7)]

ayy = a3 = A7 T GGl + 4P+ Gl Gl + P

aj3 = azp = 47 A7 HG([Clly + D)

ayy = 2[=1 + A,72(C,2 + 45,0 Collpe + 2057 + 2059)]

ay3 = a3; = 2" A7 G Gl + &+ GlICalu + 2057

a3z = 2[—1 + 43732 + 6P + 205 + 2039)] 47N
where
IC: I = max [ICy(f,01)l,

2 ¢T0.K,1
Ci(totry) = A1 (1) + ayby(1)eq (1)

ICillye = yomax IC(a)ll, Ci= A; + abicr, Vi=23.

Applying Theorem 2 we conclude that the equilibrium x = 0
of large-scale system (S) with subsystems (38), (40) is uniformly
absolutely connectively stable if elements a,; = a;;(E;) (47) of
matrix A(E;) satisfy

a;, ay, ayy 4y A3
a;; < 0, a a > 0, ayy; 4z, a3l < 0.
2 T2 a3y Qaz; as3

VII. CONCLUSION

Stability properties of discrete large-scale systems have been
studied. It has been shown how both uniform asymptotic and
uniform asymptotic connective stability of large-scale systems
can be tested by using algebraic conditions that have been
derived without assuming a special form of Lyapunov functions
of subsystems. Results are valid for dynamic nonstationary non-
linear discrete large-scale systems. The stability properties of a
system are ensured by the negative definiteness of a real constant
symmetric matrix. The dimension of the matrix is equal to the
number of the subsystems, which is the most important ad-
vantage of the use of the vector Lyapunov function concept and
the decomposition principle. This advantage consists in reduction
of the matrix order.

The obtained results are applied to a class of the systems,
which has been broadened by proving a generalized Aizerman
conjecture as a subsidiary result. Furthermore, the results enable
to estimate the domain of uniform attraction and can be also
used to study different types of practical stability. The main
results of the paper broaden application of Popov-like frequency
criteria to a wider class of the systems including such large-scale
systems with subsystems whose Lyapunov functions are of the
Lur’e type and which satisfy the criteria. When Lyapunov func-
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tions of the subsystems are of type “‘quadratic form plus integral
of nonlinearity”” then the application of the results is a matter
of simple but long algebraic manipulations based on those of
references [22], [23], [25].
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Comments on “On Arranging Elements of a Hierarchy in
Graphic Form”

MARCELLO G. REGGIANI anD
FRANCO E. MARCHETTI

1) In the above paper! Warfield states:

a) “In reviewing the literature related to hierarchies, it is
rather surprising that it has not been possible to find a work
that deals explicitly with methods for forming hierarchies . . . .
[The methods] are not prominently displayed either in the
theoretical works that discuss hierarchies or in papers that
involve applications of hierarchical concepts.”

b) “It seems appropriate to describe methods for arranging a
hierarchy in graphic form.”

2) As far as statement a) is concerned, it seems to us that the
mathematical theory of partially ordered sets [1], [2] often
deals with problems concerning hierarchies quite explicitly. In
any case, this theory has been extensively employed to derive
useful criteria for forming hierarchies. We have recently proposed
an approach on the adequacy of models, based on hierarchical
concepts [3], [4], and are at present working along the same
line. We have also suggested applying these concepts to auto-
mated medical diagnoses [5] and are at present working, with
similar techniques, on the problem of computer-aided design.

3) We agree with the statement b). We do, however, wish to
recall that the problem of arranging hierarchies in graphic form
has been extensively studied [1] (Hasse diagrams). We have
recently proposed a modified diagram to better suit special
display requirements [5].

4) In conclusion, we do not agree completely with statements
a) and b). Nevertheless, the algorithms proposed by Warfield to
graphically display ordered sets are certainly useful in practical
applications.
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Author’s Reply*>3

My interpretation of the correspondence of Reggiani and
Marchetti is that it deals with the difference between analysis
and synthesis. The theory of partially ordered sets and lattices is
clearly relevant to the construction of hierarchies and multilevel
graphs that involve feedback. I believe that this theory had not,
until very recently, been translated into practical procedures
whereby such structures can be systematically synthesized.

Many people are interested in hierarchies and multilevel
systems who are in careers rather remote from the theory of

2 Manuscript received June 6, 1973.
3 J. N. Warfield is with Battelle Columbus Laboratories, Columbus, Ohio
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