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Correspondence-

Nonlinear Programming Model of Crew Assignments
for Household Refuse Collection

Abstract-To determine the manpower requirements for household
refuse collection in New York City, a nonlinear programming model
has been developed for matching work shifts to curbside refuse demands
so as to minimize weekly missed collections subject to union regulations
and manpower and.truck constraints.

INTRODUCTION
The intent of this paper is to present a nonlinear programming model

developed as part of a study of manpower allocation procedures
performed by the authors for the Environmental Protection Administra-
tion of New York City. This model is used for matching work shifts to
curbside refuse demand so as to minimize weekly missed collections
subject to union regulations and manpower and truck constraints. In
addition it provides insights into the basic interactions and tradeoffs
that exist between missed collections, crew allocations, truck avail-
ability, wage costs, and personnel requirements for other tasks. While
analysis of this model is not explored fully here, typical results are
presented to illustrate its usefulness.

MODEL
In most sanitation districts the amount of refuse which is available

at curbside for collection varies according to the day of the week.
Since Sunday is not usually a pickup day, a peak load is generated on
Mondays and, depending on how the work crews are deployed, some
portion of the refuse may remain uncollected at the end of the day.
These "missed collections" frustrate efforts to maintain a clean city.

There are two work shifts each day (i = 1,2) and the seven days
of the week are indexed by the integerj starting with j = 1 for Monday.

Data available to use is the average productivity Pij (tons collected/
crew) on the ith day, jth day, and the average amount of refuse fj
(tons) available at curbside of the jth day. A truck crew consists of
three men: a driver and two loaders.

Let nij be the number of crews assigned to refuse collection and let n
denote the vector whose 14 integer valued components are the nij.
Although it is possible to give meaning to fractional crew allocations,
we generally want to think of the number of crews as integers.

It is clear that the components of n are nonnegative and that if M
is the maximum number of trucks available on any shift, then the
nij cannot exceed M. Also no more personnel can be allocated on day
j than a preassigned amount Nj which depends on what other tasks
must be taken care of in the sanitation district (such as street cleaning
or bulk collection).
Denote by mj the missed collections in tons on day j. We assume

as given the amount mo which is leftover from the previous week.
The amount missed on any day is the sum of the tonnage generated
that day plus the backlog from the previous day minus the amount
qj, which is the amount actually collected. Since qj is given by

2

qj = E Pijnij
i= I

(1)

then the amount of missed collection is

mj = max (fj + mj-I -qj,O) - (fj + mj_--q j)

where A(x) is the ramp function defined by

A(x)= Jx ifoxh>r0~0, otherwise.

(2)

(3)

Thus the missed collections must satisfy a nonlinear difference equation.
Our aim is to minimize the nonlinear objective function

Manuscript received October 30, 1970; revised January 6, 1971. This work was
supported in part by the National Science Foundation under Grant GI-5.

f(n) = E mf2 + 5C(n)
2 j=1
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where C(n) = Xilj c,jnij is the weekly cost in dollars. The quantities
cij are wages computed according to union rules governing Saturday
and Sunday work and night shift differential pay. The parameter 3
measures the relative significance of dollar cost C(n) versus the social
cost of weekly missed collections.

Certain other constraints also need to be satisfied before an alloca-
tion n can be considered as a candidate for optimality: no crew can
work more than six days a week (union regulation) nor less than five
and, finally, crews are to be assigned to the day shift (i = 1) before
any are put on the night shift (i = 2). In effect this last constraint
says: if jlnfj < M, then set n2j equal to zero and replace nlj by the
sum; if fnij > M, then set nij to be M and replace n2j by the sum
minus M. This constraint can be written as

n2j(nlj- M) = 0 (5)

since it forces n2j to be zero unless nij equals M. Regarding the five-
and six-day workweek constraints, we reason as follows.

Let rj = Nj -Xi nij be the number of crews on recreation on the
jth day.

For simplicity we assume that Nj _ N, and thus

rj= N nj. (6)

Since each of the N crews gets a day off each week but no more than
two, then 2N > XJ1= r, 2 N. This translates into

TABLE I

TYPICAL DATA

j Values

1 2 3 4 5 6 7

clj
($/crew) 120 120 120 12 0 120 135 240

C2j
($/crew) 126 126 126 126 126 141.75 252

_lj
(tons/crew) 9.35 9.35 9.35 9.35 9.35 9.35 4.93

P2j
(tons/crew) 8.93 8.93 8.93 8.93 8.93 8.93 4.29

f( 1

(tons) 194.7 200.6 142 .7 131.2 158.1 1 62 .8 4.46

Value of mo was taken to be 0.634 tons.

SN<.En j 6N.

The problem now can be summarized by asking for the resource

allocation vector n which will minimize (4) subject to the 44 linear
and nonlinear constraints given by (5) and (7) together with the
constraints

2
O.< nij -<.M, niji1 N.

Note that the choice of quadratic terms in (4) is dictated by a

desire to penalize large missed collections more severely than small
violations. A variant of this model in which the objective function is
linear in the mj has been formulated by Ignall et al. [I]. They are

careful enough to circumvent the positivity constraint inherent in (2),
and thus their formulation is in terms of a linear program. In this
regard we should also mention some similar work of Heller [2] in
which quadratic programming models were developed for the de-
ployment of police forces.
When = 0, one is concerned only with minimizing missed col-

lections. There is a risk now that since dollar cost no longer acts to
restrict excessive allocations, the resource n may be overallocated.
In this case it is useful to redefine mj by

nj = .fj + mj- 1 - qj (8)

where mj- I is defined by (2) and indicates that the expression in

(8) is no longer restricted to be nonnegative. Using this notation, one

can write mj = )(ij). The objective function in (2) is now replaced by

f(n)2 E TJ2 + 3C(n) (9)

and it is clear that (9) allows one to penalize for over as well as under
allocations of n. In fact if more crews are used than needed, then i-,
is negative, and thus (9) cannot be at a minimum.
A delicate question arises here regarding the capacity of the col-

lection system to absorb the requirements which are put on it. We
begin a week knowing the previous week's missed collection mo and
end it with an amount m,; M7 now plays the role of mo for the next
week, and so on. If the system is not to fall behind the demand and if
the refuse "inventory" is not to increase from week to week, then one

must ask for conditions on the "stability" of the system. By this we

mean that for any week one has m, <imo. Under this condition the
system damps down to a steady state. Indeed, the m, of subsequent
weeks form a monotonely decreasing sequence so that ultimately one

reaches a value at which mo iM-,. It can be shown that a sufficient
though not necessary condition for stability is the following.
The collection system is stable in the sense that m, < mO, for

any mo and for any given allocation vector n, whenever the following
conditions hold:

7 7

E qj= fj, forI= 1,***,7.
i=l j=l

(10)

One final remark concerning the model. If there are several adjacent
sanitation districts which share or borrow personnel and trucks from
one another, then one can consider the broader question of how to
allocate the resource vector n whose components are now nijk, where
k denotes the district being considered. In this case one would want to
minimize the sum of the missed collections over all the districts
simultaneously. The details of how to modify the previous model to
accommodate this generalization are fairly straightforward and are left
to the reader.

NUMERICAL RESULTS
We carried out numerical computations using figures for phj, cij,

and fj which are typical of some districts in New York City. The data
is shown in Table I. The algorithm used for minimization is a modifica-
tion of the Fletcher-Powell variable metric gradient scheme. Con-
straints were handled by augmenting the objective function by penalty
terms. A description of the algorithm is given by Kelley et al. [3].
The method is basically a descent procedure, and it requires that the
gradient of the objective function be known explicitly. Expressions
for the partial derivatives are detailed in the following:

af 7 mj
=

nzj
m + (cCklanki .= l Onkl

(1 1)

since amjlankl = 0, for j < l. The partials amjlanki are obtained
recursively from

amO
= O

ankl

amj
- 9( j

ama 1

ank,1 anlkl

(I 2a)

Pkl,6j] A( l)

= -u(j -l)Pkl HI ,(mn), forj = 1,-.-,7
i=l

(12b)

(7)
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TABLE II

Em]i4 Effi. Cost
J 3

M = 19 747 56.7 tons $13 874

M = 15 747 56.7 tons $13,933

6 = 0, N = 21 crews

TABLE III

lEs2 nEm. Cost
3 3

M = 19 4 494 212 tons $13 529
M = 15 4,494 212 tons $13,674

6 = 0, N 19 crews

TABLE IV

Eri Enii. Cost
_ J

6 = 0 747 56.7 tons $13,874

6 = 1 14,015 68.6 tons $13,212
M = 19 trucks, N = 21 crews

200

E .,
0]

sum of missed
collections in
tons

150

100

1 18 19 20 21 22 23 24 25 26

Fig. 1. Sum of missed collections versus N, for a = 0, M = 19.

TABLE V

Efi Enl Cost

0 4 494 212 tons $13,529
8 = 1 17,678 222 tons $12,781

M = 19 trucks, N = 19 crews

where ,u(x) is the step function defined by

{O(), if x < 0
(x) = l, if x 0

J, if l= j
:0, otherwise.

In case one decides to use (8) in place of (2),
are replaced by

a 7 al7iJ
_= EmXf -- +6Ckiankl j= I ankl

with

am- = 0
ankl

m 6am]I

afl~1[ ~~k Pk(1,jJ U(i( - 1)ankl ank l Pkl

-Pkl,

=~ ~~~~~~~=i-

then (11) and (12)

The computer program generated results over a variety of parameter
values. Some typical results are shown in Tables II-V and in Fig. l.
One can draw some general conclusions from these results. First of
all, the problem of missed collection is insensitive to the number of
trucks available (as long as N S 2M), although the lack of trucks
does force more crews to be run during the night shift at a slight
increase in overall cost. Also, as N becomes smaller it costs increasingly
more in order to achieve even modest reductions in the missed col-
lections. Indeed, the smaller values ofN cause a backlog of uncollected
refuse from previous days to develop. This inventory of uncollected
refuse grows exponentially as N decreases. What this suggests is that
in order to match workload, the emphasis should be put on increasing
the availability of manpower rather than increasing the number of
trucks.
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