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Homodyne Detection of Phase-
Modulated Light*

A technique for detecting a phase-mod-
ulated light beam without the use of an
optical discriminator has been devised and
demonstrated in this laboratory. Homodyne
amplification has also been observed and
conforms to the theoretical expectation.
The demodulation of PM occurs when the
carrier and local oscillator beams are in
qtiadrature at the detector.',2

The optical homodyne system used to
verify the demodulation is depicted in Fig.
1. The laser beam radiated by source, S, is
divided by beamsplitter, B, into two beams.
One beam is phase-modulated by a moving
mirror driven at an angLular frequency, w,,,
by a piezoelectric crystal, and attenuiated
at A. The second beam is unmodified and
plays the role of the local oscillator when
the beams are recombined on the photo-
sensitive suLrface of a square-law detector.
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Fig. I-Experimental arrangement for detection of
phase-modulated light by optical homodyne
method.
S =laser liglht source
B =beam splitter

M1 =velocity-modulated mirror (signal beam)
M2 =stationary mirror (local oscillator beam)
D =detector
A =attenuator.

The PM demodulation process can be
understood with the aid of Fig. 2. In this
phasor diagram, the time dependence of
amplitude- and frequency-modulated fields
is represented, for small modulation depths,
by the projection of rotating vectors. The
carrier vector rotates at a frequency, u, and
the sideband vectors rotate at frequencies,
±&io, with respect to the carrier. In the
case of PM, the resultant of the sideband
vectors is always in quadrature with the

* Received September 24, 1962; revised manu-
script received, September 26, 1962. The work for this
note was accomplished under an optical communica-
tions development program partially supported by
the Communications Branchi of ASD (AF33(657)-
8060) and by the Advanced Communications Tech-
niques Branch of RADC (AF30(602)-2591).

I This homodyne PM demodulation principle was
first applied at RF frequencies by M. G. Crosby,
'Communication by phase modulation," PROC. IRE,
vol. 27, pp. 126-136; February, 1939.

2 Recently, another method for detecting phase
modulation of light has been proposed: phase modula-
tion of a light beam can be converted into space
modulation by an optical dispersing element; space
modulation can then generate a transverse electron
beam-wave at a photocathode. See S. E. Harris and
A. E. Siegman, "A proposed FM phototube for de-
modulating microwave-frequency-modulated light
signals,' IRE TRANS. ON ELECTRON DEvicEs, vol.
ED-9, pp. 322-329; July, 1962.
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Fig. 2-Phasor diagram showing conversion of PM
signal into AM resultant by vector addition with
local oscillator.

rotating carrier vector; in the case of AM,
the sideband resultant is in phase with the
carrier, (41=0). The polarizations of all the
components are presumed the same, as are
the field distributions across the beam.

In a homodyne system the relative phase
of the carrier and local oscillator beams at
the detector can be varied so that their re-
sultant vector has any desired phase angle
with respect to the sideband resultant.
When the total resultant and the sideband
resultant are in phase, a purely AM wave
impinges on the detector. Thus, with proper
adjuistment of relative optical phase, PM
sidebands of the carrier become AM side-
bands of the local oscillator beam. Detec-
tion of the latter modulation is conventional.

An analytical description of the vector
diagram, valid for small m, is given by the
following equation for the total field at the
detector:

R = Re ELei(wt4) + Eceiwt

+ mEc Fei(tmt+) + ei(t+mt+t)J (1)

+2L

The first term on the right gives the mag-
nitude and phase of the local oscillator field;
the second term describes the signal carrier;
the last two terms represent sidebands
generated by sinusoidal modulation at a

frequency, wi, with modulation index m.
The phase angle of the sidebands with re-

spect to the carrier is s1.

In a square-law detector the photocur-
rent is proportional to the mean square of
the field,

i oc g2 ->>T >>
(A)m

(2)

The response time r of the detector includes
many optical cycles, but is small compared
to the period of the modulation. For the
practical case in which the local oscillator
field is much larger than the carrier, the
leading terms in the photocurrent reduce to

-EL2
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The homodyne-amplified signial current is
now amplitude modulated and its magnitude
is multiplied by the constant factor, cos
(f-+), which may be made identically
zero or, for maximum amplification, equal
to unity. When the carrier is phase modu-
lated, I= ±7r/2. Thuis the local oscillator
phase angle must be adjuisted to 0= ±ir/2
in order to demodulate a phase-modulated
wave. The same technique can be used to
demodulate a mixture of AM and PM
(4V arbitrary). Such a mixture may be
generated when the signal passes through a

dispersive medium.
The dependence of the homodyne ampli-

fication on beam intensity was observed,
using calibrated attenuators. By measuring
intensity ratios it was verified that the
homodyne crossterm in the photocurrent
varied as i c\V/PLPc, where P is the beam
power.

One limitation of this technique is that,
for a large index of modulation, the resulting
amplitude modulation is a sinusoidal rather
than a linear representation of the phase
modulation. However, we are using this
same deviation from linearity to generate a

suitable error signal for locking two lasers
at any desired phase difference, an essential
requirement for any optical homodyne com-
munication link.

The authors would like to thank R. T.
Daly for many helpful discussions.
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S. JACOBS
R. TARG

G. GOULD
TRG Inc.

Syosset, N. Y.

Mode Suppression and Single
Frequency Operation in
Gaseous Optical Masers*

This communication reports results' of
mode suppression experiments with gaseous

optical masers. We have observed the sup-
pression of unwanted longitudinal modes in
an inherently multimode He-Ne maser
oscillator. Our experiments were carried out
on each of the two transitions of nieon:
2s2-2p4 at 11,523 A,2 and 3s2-2p4 at 6328 A.3

* Received September 17, 1962; revised manu-
script received September 21, 1962.

1 The first results were announced by C. K. N.
Patel and H. Kogelnik at the meeting of the American
Physical Society, Seattle, Wash.; August 27-29, 1962.
(Post deadline paper.)

2 A. Javan, W. R. Bennett, Jr., and D. R. Her-
riott, 'Population inversion and continuous optical
maser oscillation in a gas discharge containing a He-
Ne mixture," Phys. Rev. Lett., vol. 6, pp. 106-110;
February, 1961.

3 A. D. White and J. D. Rigden, "Continuous gas
maser operation in the visible," PROC. IRE (Cor-
respondence), vol. 50, p. 1697; July, 1962.
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Normally the resonators used in conjunc-
tion with these masers have consisted of
Fabry-Perot cavities formed by a pair of
either plane-parallel or concave mirrors.'-6
For a practical mirror separation of 1 meter,
one has a frequency separation of 150 Mc
between adjacent longitudinal modes. The
Doppler-broadened linewidth of the 11,523
A transition is about 800 Mc.7 Thus, under
practical operating conditions, the maser

will oscillate simultaneously at several opti-
cal frequencies. However, for most scientific
and technological applications, one desires a

single frequency output. This is most simply
obtained by using maser cavities of the
shortest possible mirror separation, thus
sacrificing gain and output power.

Kleinman and Kisliuk8 have described
theoretically the behavior of a four-reflector
plane-parallel mirror arrangement which dis-
criminates against unwanted longitudinal
modes of a Fabry-Perot resonator.9 We de-
scribe here an arrangement consisting of
three concave mirrors, for suppressing the
unwanted modes. Both arrangements are

based on interference effects and do not re-

quire the reduction in the length of the
amplifying medium. As shown in Fig. 1, our

scheme consists in adding to the "primary"
maser cavity (formed by mirrors A and B)
a "secondary" cavity (formed by mirrors B
and C). The radii of curvature of all the re-

flecting surfaces are equal, and mirrors A
and C are spaced to be confocal. Now all
mirror surfaces fit surfaces of constant
phase of a confocal mode,1 regardless of the
spacing between A and B. The field dis-
tribution between the three mirrors is the
same as that of a longitudinally asymmetric
mode'1 of the confocal resonator formed by
mirrors A and C. Mirror B may be replaced
by a flat mirror or by a mirror of any arbi-
trary curvature, as long as the primary
cavity AB is stable.9 In addition to offering
ease of adjustment our schemes allow one to
optimize the transmittance of mirror A for
maximum power output.

Due to the interference effects the effec-
tive reflection coefficient looking into the
secondary cavity varies periodically with
frequency,' the period being determined by
the spacinig BC. The positions of the max-

ima and minima of the reflectivity depend
critilally on this spaciing. As the reflection

4A. G. Fox and T. Li, "Resonant modes in a
maser interferometer," Bell Sys. Tech. J., vol. 40, pp.

453-488; March, 1961.
5 G. D. Boyd and J. P. Gordon, "Confocal multi-

mode resonator for millimeter through optical wave-
length masers," Bell Sys. Tech. J., vol. 40, pp. 489-
508, March, 1961.

6 W. W. Rigrod, H. Kogelnik, D. J. Brangaccio, and
D. R. Herriott, "Gaseous optical maser with external
concave mirrors," J. A ppl. Phys., vol. 33, pp. 743-744;
February, 1962).

7W. R. Bennett, Jr., "Hole burning effects in a
He-Ne optical maser," Phys. Rev., vol. 126, pp. 580-
593; April, 1962.

8 D. A. Kleinman and P. P. Kisliuk, "Discrimina-
tion against unwanted orders in the Fabry-Perot
resonator," Bell Sys. Tech. J., vol. 41, pp. 453-462;
March, 1962.

9 A scheme using three plane mirrors has been
considered recently by T. R. Koehler and J. P. Golds-
borough, "Th,ree-reflector optical cavity for mode dis-
crimination," Bull. Am. Phys. Soc., vol. 7, p. 446;
August, 1962.

10 G. D. Boyd and H. Kogelnik, "Genieralized con-
focal resonator theory," Bell Sys. Tech. J., vol. 41,
pp. 1347-1369; July, 1962.

11 M. Born and E. Wolf, "Principles of Optics,"

Pergamon Press, New York, N. V., p. 326; 1959.

coefficient of the secondary cavity is in gen-

eral complex valued, the resonance fre-
quencies of the primary cavity are per-

turbed, but if the reflection coefficient of C
is smaller than that of B, this effect is small.
IThe gain of the He-Ne maser me(liun4 is
relatively low (about 10 per cent per miieter).
Hence, reduciiig the reflection coefficienit at
a particular frequency by a relatively snmall
amount is sufficient to prevenit oscillation
at that frequency.

We tised gas discharge tubes with Brew-
ster angle windows and external concave

mirrors.6 We employed the arrangement
shown in Fig. 1 with three mirrors hav-
ing a radius of curvature of 2 meters.
The reflectivity of A and B was abotst 99
per cent. Mirror B had an antireflection
coating on the second surface to prevent
additional interference. The reflectivity of
C was typically between 80 and 90 per cenit.
These values, however, do not represent
optimum valties which have yet to be deter-
mined.
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Fig. 1.

The maser output was taken through
mirror A and was detected with a suitable
photomultiplier. The beat frequencies2'7 be-
tween the various longitudinal modes oscil-
lating were observed on a spectrum analyzer.
AIn iris of about 3- to 5-mm diameter was

inserted within the primary cavity to pre-

vent oscillation on all but the fundamenital
transverse mode.

The 20-cm separation between mirrors
B and C was controlled within a fraction of
a wavelength, using either a differential
thread system or a magnetostrictive de-
vice.7'12 For this spacing the frequency dif-
ference between consectitive minima of the
reflection coefficient of the secondary cavity
is 750 Mc. Mode suppression results ob-
taiined were:

1) With mirror C blocked the output
power of the oscillating maser was

measured, anid the amplitudes of the
beat frequencies at 80, 160, 240, 320,
etc, Mc were noted. The presence of
the beats indicates a multifrequency
Otitptl t.

2) With mirror C unblocked the ampli-
ttides ot all the measurable beats were

reduced, due to interference effects,
by at least a factor of 10, and the
higher beats beyond 320 Mc could no

longer be detected. The output power

increased bv about 50 per cent.

12 M. Pascalaui, E. Weissman, and E. Tataru,

"Fabry-Perot interferometer with magnetostrictive
analyzing," Acad. Rep. Pop. Romine, Inst. Fiz. Studii
Cercetari Fiz., vol. 12, pp. 843-852; April, 1961.

We have now obtained essenitially a

single-frequency outpuit. The maser is os-

cillating in a siingle mode close to the center
of the Doppler-broadened gain ctirve. Tohe
other mnodes falling w ithini the gaiin (cnrve

no longer oscillate because of increased loss
at these frequenicies. Ihe increase of power

outpuit is mainilx the resuilt of in reased re-

flectivity of the secondary cavity (It the
oscillating frequLencv

H. KOGELNIK
C. K. N. PATEL

B3ell Telephone Labs., Inlc.
Murray Hill, N. J.

Simultaneous Gas Maser Action
in the Visible and Infrared*

A nearly confocal helium-neon maser

with external mirrors' has been made to
oscillate simultaneously at 6328A and at four
wavelengths in the infrared, 11,526A,
11,617A, 11,770A and 11,988A. The visible
oscillation has been reported by White and
Rigden2 and three of the infrared lines have
been reported by Javan, Bennett and Her-
riott.3 The fourth line at 11,770A (2s2-2p2)
has been seen by McFarlane, et al.4

The maser tube was 1 meter long, 6 mm
in diameter and was excited bv a dc dis-
charge. The voltage drop across the dis-
charge was approximately 1700 \v and cur-

rents between 10 and 100 ma were used.
A 10:1 mixture5 of He-Ne filled the maser

tube at a total pressure of 0.7 nuin of Hlg.
The mirrors were 90 ci iii radiuis and were

spaced approximately 150 cm apart. The
dielectric coatings on the doubly peaked or

"hybrid" mirrors were designed to give
maxima of reflection, both at 11,500A and
at 6330A. Specifically, eleveii layers were

laid down first for peak reflection in the in-
frared; then, after a transitioni layer, a nine-
layer system was deposited for peak re-

flection at 6330A. The power measurements
were mnade utsinig a calibrated Eppley
thermopile and a high-speed Perkiin-Elmer
thermopile attached to a spectrometer. Rela-
tive power measuireml-eints of the infrared
lines were made with the spectromiieter and
the absolute powers in the x isible aln the
total of the foutr infrare(d lines were meas-

* Received September 26, 1962.
W. W. Rigrod, H. Kogelnik, D. Brangaccio, anli(

D. R. Herriott, "Gaseotus optical maser with external
concave mirrors," J. A ppl. Phys., vol. 33, pp. 743- 744:
February, 1962.

2 A. D. White and J. D. Rigdieni, "Continuotus ga-
maser operation in the visible," PROC. IRE (Corre-
spondence), vol. 50, p. 1697; July, 1962.

3A. Javan, W. R. Bennett, Jr., and D. R. Herriott,
"Population inversion and continiuotus maser oscilla-
tion in a gas discharge containing a He-Ne mixture,"
Phys. Rev. Lett., vol. 6, p. 106; February, 1961.

4 R. A. McFarlane, C. K. N. Patel, W. R. Benniett,
Jr., and W. L. Faust, "New Helium-Neon Optical
Maser Transitions," PROC. IRE (Correspondence),
vol. 50, pp. 2111-2112; October, 1962.

a The optimum mixture for maser action in the
visible is found to be a 5: mixture of He Ne at a

total pressure of 0.6 mm of Hg. This confirms a
measurement of C. K. N. Patel (private communica-
tion).
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ured with the Eppley thermopile and selec-
tive filters.

A diagram of the energy levels in-
volved in the five maser transitions is
shown in Fig. 1. Stable maser action was
observed at 6328A (3s2-*2p4), 11,526A
(2s2-2p4); 11,617A (2s3--2p5); 11,770A
(2s2-*2p2) and at 11,988A (2s3-2p2). The
power output for the visible and strongest
infrared lines as a function of tube current
using the hybrid mirrors is shown in Fig. 2.
The absolute power output with infrared
mirrors had a maximum value of approxi-
mately 4 mw total in the same four lines.
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It can be seen from Fig. 1 that the
6328A and 11,526A maser lines have the
same terminal level. It is to be expected that
simultaneous oscillation at these two wave-
lengths will decrease the power output of
both of them from the values obtained when
the maser oscillates at only one of the wave-
lengths. This is confirmed for the 11,526A
line by the results shown in Fig. 2. For
currents up to 20 ma only the infrared line is
oscillating. At higher currents the maser
oscillates at 6328A and apparently decreases
the gain at 11,526A by increasing the popu-

lation of their common lower level. At cur-
rents greater than 50 ma the visible output
gradually decreases and finally vanishes
while the infrared line maintains a relatively
constant output up to 100 ma. It is interest-
ing to note that the sum of the (absolute)
power curves for these two transitions forms
a smooth curve of the same general shape as
the curve for the infrared line alone when
infrared mirrors are used. It remains to be
seen whether this is merely fortuitous or
whether the 6328A output actually equals
the drop in power observed in the 11,526A
line.

The 11,770A and 11,988A lines also
terminate on a common level (2P2) and both
peak at an intensity of about 0.1 mw. How-
ever, it was not possible to get one of them
to oscillate selectively over the full current
range and power coupling could not be ob-
served. The 11,617A line had a peak in-
tensity of 0.15 mw.

The simultaneous maser oscillations ob-
tained using hybrid mirrors were stable and
showed no relaxation oscillations slower
than 107 cps, which was the bandwidth of
the detector used to observe the output.

J. D. RIGDEN
A. D. WHITE

Bell Telephone Labs., Inc.
Murray Hill, N. J.

Ruby Laser Operation in the
Near IR*

In the course of experiments with a
pulsed reflector laser of the type described
by Hellwarth and McClugl'2 we have
observed a stimulated emission at ap-
proximately 7670 A accompanying the usual
6943 A emission. For the particular laser
used, the energy at 7670 A is about one fifth
that at 6943 A. The collimination of the
beam appears to be about six milliradians
at both wavelengths. The wavelength 7670
A does not coincide with the wavelength of
any lines which have been reported3 in the
fluorescent spectrum of ruby.

The experimental arrangement uses a
IX3 inch ruby, polished on all surfaces,
which had a 90°C axis with respect to the
cylinder axis. The Fabry-Perot interfer-
ometer was formed by external dielectric
flats with 99.8 per cent reflectivity and 50
per cent reflectivity, respectively. The reflec-
tivity varied only slightly over the wave-
length region of interest. The optical switch-
ing was provided by a nitrobenzene-filled Kerr

* Received July 25, 1962. This work was supported
in part by the U. S. Army Signal Corps under Contract
No. DA36-039-SC88936 for ARPA Project Defender.

I R. W. Hellwarth, "Control of Fuorescent Pulsa-
tions," in 'Advances in Quantum Electronics,' Co-
lumbia University Press, New York, N. V., p. 334;
1961.

2 F. J. McClung and R. W. Hellwarth, 'Giant
optical pulsations from ruby," J. Appl. Phys., vol. 33,
pp. 828-829; March, 1962.

3 P. Pringsheim, "Fuorescence and Phosphores-
cence," Interscience Publishers Inc., New York, N. Y.,
pp. 637-646; 1949.

cell and a Wollaston prism. The lamp energy
was supplied from a transmission line and
the resulting light pulse had a nearly squiare
shape in time with a duration of about 350
,usec. The Kerr cell was adjusted to open
400 ,usec after the initiation of the light
pulse. The 6943 A radiation was isolated by
using an interference filter of 50 A half
width. The 7670 A radiation was separated
by means of Wratten 88A low-pass filter.
Metallic film neutral density filters were
used for attenuation where needed. A 925
phototube with an S-1 cathode was used as
a detector for most of the measurements,
although a type 6217 photomultiplier with
an S-10 cathode was used in some of the
initial measurements. This latter tube was
discarded because the sensitivity of the S-10
cathode is a strong function of wavelength.
Using the same filters, the absolute energy
at each wavelength was measured with a
calorimeter of the type described by Li and
Sims.4 These measurements were made at a
driving energy of 575 joules into the flash-
tube and showed an outpuit of about 200
millijoules at 6943 A and 30 to 40 millijouiles
at 7670 A.

The wavelength was obtained using a
modified Bechman DU spectrophotometer
as a monochromator. This limits the wave-
length accuracy to about ± 15 A.

When the Kerr cell is disabled, the laser
operates in the "classical" fashion. In this
mode of operation we have not observed any
7670 A radiation although our equipment
is such that a fraction of a millijoule should
be detectable.

Our observations of the pulse shape indi-
cate that the width of the pulse at both
wavelengths is 16-20 nsec (the resolving
time of our equipment). In the case of the
6943 A emission two or three such pulses
with spacings of 20 nsec are common. Suc-
cessive pulses have rapidly decreasing am-
plitudes. At 7670 A the secondary puilses are
much smaller; in fact more than a minute
second pulse has never been observed.

E. J. WOODBURY
W. K. NG

Hughes Aircraft Co.
Culver City, Calif.

4 T. Li and S. D. Sims, "A calorimeter for energy
measurements of optical masers," A ppl. Optics, vol.
1, pp. 325-328; May, 1962.

The Granularity of Scattered Optical
Maser Light*

When the continuous gas maser was
first operated at 6328 Al and the beam pro-
jected onto the laboratory wall, it was obvi-
ous to all present that there was something
very unusual about the scattered maser

* Received September 13, 1962.
l A. D. White and J. D. Rigden, "Continuous gas

maser operation in the visible," PROC. IRE (Cor
respondence), vol. 50, p. 1697; July, 1962.

*1 or_ -4011-
0 20 30 .0 50 60 711) so 90 100
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light. The bright area of red light showed a

remarkable granular or peppery nature not
present in ordinary light. The granularity
also appeared to scintillate since the granular
pattern moved when there was relative mo-

tion between the surface and the observer.
Although the phenomenon is present in

the scattered light from other masers, it had
not been observed earlier for rather obvious
reasons. The granularity is not intrinsic to
the maser since it does not appear in di-
rect images of the beam, but rather in the
scattered light; it is not in the eye since it
occurs in all image-forming devices. When
the surface is moved rapidly or randomly,
the granularity disappears. For example, it
is not seen in the scattered light from a ro-

tating wheel or from colloidal suspensions
such as milk. A slowly rotating wheel or

frozen milk show the granularity.
One of the most obvious features of the

granularity is that its apparent size or

coarseness is a function of the angular aper-
ture or f number of the optical system, the
size increasing with decreasing apertures.
The series of photographs shown in Fig. I
was taken with successively smaller aper-
tures. The variations in coarseness are most
dramatically observed by interposing a vari-
able iris in front of the eye.

we made surfaces by densely packing parti-
cles of known size from 0.1-,u alumina
powder to coarse carborundum grit. By
grading the packing density of small parti-
cles on a glass slide which was illuminated
by the maser beam, we could see the diffrac-
tion pattern, associated with the limiting
aperture, in the scattered light from indi-
vidual particles. Occasionally, individual
particles would be close enough so that the
diffraction patterns could partially overlap,
forming a dark intersection line which dis-
torted the shape of the central bright disk.
As the particle density increased further,
the characteristic granularity appeared.

Fig. 2-Schematic of image-forming system showing
the band-pass properties of a lens aperture.

Fig. I-Photographs of a scattering surface taken
with increasing f number.

In order to understand the precise nature
of the interference phenomenon responsible
for the granularity, we performed a number
of experiments with a limiting iris in an

optical system so that the detail of the gran-
ularity could be viewed under high magnifi-
cation. The character of the granularity is a
function of the shape of the limiting aper-
ture. For circular apertures, the granularity
consists of a random juxtaposition of irregu-
larly shaped bright areas on a darker back-
ground; while for narrow slits, the granu-

larity consists of roughly parallel lines run-

ning perpendicular to the slit. The granu-
larity is not a function of intensity.

The general appearance of the granular-
ity is essentially independent of the char-
acter of the scattering surface. For example,

Thus, an intuitive explanation of the
granularity could be given as follows. The
granularity arises from the interference of
completely coherent diffraction patterns.
The size and shape of the diffraction patterns,
are determined by the aperture of the view-
ing system. The centers of the diffraction
patterns are positioned at randomly located
points which scatter strongly in the direction
of the observer. The motion of the granu-
larity and the 'washout' when the scatter-
ing surface is moved is therefore easily ex-

plained.
The motion of the granularity when

the observer moves can be understood by
noting that the plane of focus of the observer
seldom corresponds to the scattering sur-
face. The motion is a result of parallax. The
relative direction of motion reverses as the
plane of focus is moved from behind to in
front of the scattering plane.

An analytical description of the granu-
larity can be given and the equivalent physi-
cal description will be sketched briefly. As a

result of this analysis, we became convinced
that the granularity could be observed with
nonmaser light when the illuminating beam
was to some extent diffraction limited. We
have since observed the granularity in un-

filtered sunlight and in the light of a high-
pressure mercury arc.

Consider Fig. 2 which shows a parallel
beam of light of wavelength X incident on a
one-dimensional scattering surface at an
angle 0. The observer views the scattered
light at some angle a usually different from
0. The scattering surface produces a wave-
front, associated with the scattered light,
with randomly varying amplitude and
phase. If we consider a particular Fourier
component of the wavefront with periodicity
L, which is equivalent to the light scattered
from a sinusoidal grating, then the scattered
light associated with this component con-
sists of a zero-order parallel beam moving at
the angle 0 and two first-order parallel
beams making angles O=X/Lcos 0 with
respect to the zero-order beam. These beams
are focused in the focal plane of the lens, a
distance f beyond the lens.

The aperture of the optical system of
width D is assumed to be in the focal plane
of the lens. If a-D/2f<0+0 <a +D/2f, the
first order beam will be passed by the optical
system. The image will only contain spatial
beats between those particular Fourier com-
ponents of the scattering surface with peri-
odicity 2sr(a-0-D/2f) cos 9/X<2sr/L<(a
-o+D/2f) cos O/X. Thus, the optical sys-
tem acts as a band-pass filter. A noise
input arises from the random Fourier
components of the scattering surface. It is
well known that the detected output of a
band-limiting filter fed by noise appears to
contain beats at a frequency approximating
the band pass. Thus, the variations or beats
in the image appear to have approximately
a periodic spacing fX/D. This variation is
the observed granularity. The extension to
two dimensions is obvious.

From this description it is clear that a
range of wavelengths in the incident beam
will not destroy the granularity. On the
other hand, a range of incident angles could
easily wash out the granularity because of
the averaging produced by the superposition
of the associated, incoherent, randomly posi-
tioned, beat patterns. Thus, the significant
feature of the maser light in producing this
phenomenon is not the spectral purity, but
rather the fact that the angular spread of
the beam is diffraction limited.

J. D. RIGDEN
E. 1. GORDON

Bell Telephone Labs., Inc.
Murray Hill, N. J.

WWV and WWVH Standard Fre-
quency and Time Transmissions*

The frequencies of the National Bureau
of Standards radio stations WWV and
WWVH are kept in agreement with respect
to each other and have been maintained as
constant as possible since December 1, 1957,

* Received September 21, 1962.
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with respect to an improved United States
Frequency Standard (USFS).' The correc-
tions reported here were arrived at by means
of improved measurement methods based
on transmissions from the NBS stations
WWVB (60 kc) and WWVL (20 kc). The
values given in the table are 5-day running
averages of the daily 24-hour values for the
period beginning at 1800 UT of each day
listed.

The time signals of WWV and WWVH
are also kept in agreement with each other.
Since these signals are locked to the fre-
quency of the transmissions, a continuous
departure form UT2 may occur. Corrections
are determined and published by the U. S.
Naval Observatory. The time signals are
maintained in close agreement with UT2 by
properly offsetting the broadcast frequency
from the UJSFS at the beginning of each year
when necessary. This new system was com-
menced on January 1, 1960.

Detection and Amplification of the
Microwave Signal in Laser Light
by a Parametric Diode*

McMurtry and Siegman' have reported
the detection and amplification of micro-
wave signals in laser light by a conventional
traveling-wave tube with an oxide-coated
cathode. Since this utilizes the square-law

region, by using narrow energy band gap
materials.

We have tested a semiconductor point-
contact diode to check the possibility of de-
tection of the microwave signal in laser light,
and obtained an interesting result. The
diode is a Nippon Electric's type GSB-1,
silver-bonded germanium, glass-sealed, par-
ametric diode. The diode is placed in a par-
ametric amplifier as shown in Fig. 1, and

WWV FREQUENCY
WITH RESPECT TO U. S. FREQUENcY STANDARD Fig. I-Schematic diagram of parametric amplifier.

Parts in 1015*

2
3
4
5

6
7
8
9
10
11
12
13
14
i5

16
17
18
19
20
21
22
23
24
25
26
2728
29
30
31

-130.1
-130.1
-130.1
-130.1
-130.2
-130.2
-130.2
-130.2
-130.2
-130.1
-130.0
-129.9
-129.8
-129.7
-129.7
-129.6
-129.5
-130.3t
-130.2
-130.1
-130.1
-130.0
-130.0
-130.0
-129.9
-129.8
-129.7
-129.7
-129.7
-129.6
-129.7

Monthly mean: -129.9

* A minus sign indicates that the broadcast fre-
quency was below nominal. The uncertainty asso-
ciated with these values is + 5 XI0-11.

t WWV frequency adjusted as follows:
August 18, -1.0XI0-'° Adjustment, 1900 UT.

Subsequent changes were as follows:
Frequency Offset, with Reference to the USFS
January 1, 1960, -150 parts in 101°
January 1, 1962, -130 parts in 101°

Time Adjustments, with Reference to
the Time Scale UT2

December 16, 1959, retardation, 20 milliseconds
January 1, 1961, retardation, s milliseconds
August 1, 1961, advancement, 50 milliseconds.

Adjustments were made at 0000 UT on

the foregoing dates: an advancement means
that the signals were adjusted to occur at an
earlier time than before.

NATIONAL BUREAU OF STANDARDS
Boulder, Colo.

I See 'National standards of time and frequency
in the United States, PRoc. IRE (Correspondence),
vol. 48, pp. 105-106; January, 1960.

Fig. 3-Output of laser detection. Upper trace is the
Fig. 2-Output of laser detection. Upper trace is the receiver output at 3957 Mc, in the same scale as

receiver output at 3957 Mc. No parametric pump- in Fig. 2, when the pumping power (7914 Mc) is
ing power is supplied. Lower trace is the monitor- supplied, and the amplifier gain is 15 db. Lower
ing phototube output. The time scale is 100 trace is the diode current, 40 MA/div. The time
usec/div. scale is 100 psec/div.

4tz;1-'-

O1 2

0I
3940 50 60 70 80

FREQUENCY IN MC

Fig. 4-Output spectrum of the third beat
component of the ruby laser light.

characteristic of the 'external photoelectric
effect' of the photocathode, we may also
expect a similar result from the 'internal
photoelectric effect." With the latter effect,
the frequency range of the light for detec-
tion may be easily extended to near-infrared

* Received August 27, 1962.
' B. J. McMurtry and A. E. Siegman, 'Photomix-

ing experiments with a ruby optical maser and a
traveling-wave microwave phototube," Appl. Optics,
vol. 1, pp. 51-53; January, 1962.

illuminated by ruby laser light through a
hole on the cavity-wall. The ruby laser,
Raytheon's model LH-1, is pumped at the
level of 288 joules. The ruby crystal is 0.05
per cent chromium ion doped, and the rod
dimensions are 2.5 inches as long and 0.25
inches in diameter. The laser light 'is re-
flected by a half-mirror (96 per cent reflect-
ance) and thrown through the hole to the
diode without collimation or focusing. Be-
hind the mirror, a phototube is placed as a
light monitor.

1962 2369
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The output of the parametric amplifier is
fed to a coniventional 4-kMc receiver
through an isolator (there is no need of cir-
culator). The third beat componenit of the
multimode laser output is detected. This
frequency is calctulated to be 4026 Mc, but
the observed value is 3957 Mc. tUpper traces
of Figs. 2 and 3 show the receiver video ouLt-
puts, withouLt aind with the parametric
pLumiping power, respectively. The vertical
scales are idenitical for both.

WVhen no paramletric pumping power is
applied, only short anid sparse impulses are
observed as shown in Fig. 2. When the
pumping power is supplied, and the gain as
an ordinary, amplifier is approximately
15 db, they are amplified as in Fig. 3. Lower
traces of Figs. 2 and 3, are the output of the
monitoring photottube and the backward
diode current, respectively. Fig. 4 shows the
output spectrumll. The equivalenit input
power of beat component is approximately
-70 dBm at the maximiium. The gaini of the
parametric amplifier changes during the
laser light illuminiation. The change depends
oni the plunger position (Fig. 1). When the
plunger is moved toward the diode from a
neutral poinit, the gain increases during the
llumination, and when it is moved away
from the diode, the gain decreases. From
this we may conclude that some increase of
junction capacitance is taking place during
the illunminationi.

S. SAITO
K. KUROKAWA

Y. Fujii
T. KIMURA

Y. UTNO
The Institute of Industrial Science

University of Tokyo
Tokyo, Japan
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Substitute V, E, E and HI, respectively,
for a, b, e, and d in the vector identity below,2

(d X b) X (Xd) = (aX b)(

so that

1 OH2 1H - ((A1I\
201!Z- t XS + aH*yE)H. (2)

where the Poynting vector S stands for
EXH.

A similar expression for H is derived from
the set of V, H, T and H. In doing so the
terms JXS appearing on both sides of (1)
are automatically cancelled for the current-
present cases of Maxwell's equations.

Now substitute V, H, 7l and H, respec-
tively, for d, b, e and J in the formula below,

(X b) ( Xd) = ad bd- (3)d-d b.dL

The result is simplified as

(H2 -eou-3)p = Es aSD (4)

where J, the convection current density in-
side the electron beam is represented by pfi,
and ui is a two dimensional electron velocity
vector.

Electron dynamics in crossed fields en-
tails Lorentz' force equation,

dii
in-=-e[E + a X Rol, (5)

dt

where the self-magnetic field of electrons are
neglected and Bo in an externally applied dc
magnetic flux along the x axis. Bo is used to
maintain a proper electron beanm profile.
Replace IZ in (5) by E arising from (2), such
that

mo OH2 dui -H _- IH.\_
e -XS+ BE 17

2 At dt a at\(3/

Nvovember

However, (D/at - S) appears in t4t. ThUs a
theoretical model of a linear 11l-type tulbe
has incorporated fotur Maxwell's equations
and Lorentz' force eqtuationi at this stage.
Field theories of wx ave-electron i;ntera.ctionis
are based oni ph sical facts expressed bN-
these equationis. lThe ontooime of thie aibove
premultiplication oft 1)/1t is

(7)

where a shorthand notation C designates

Z = p- H2 H ±D
f, At at

X[_H2 di E

2e at dt A/

+
j

-(i X Ho)]2 At

Slow wave structures employed by miiost
of linear M-type tubes guide EM waves and
electron beams along the z axis, therefore the
Poynting vector inside the electron beami has
no x component. In terms of a two-by-two
matrix, (7) is rewritten as

D._ + sup_H
dit d9t dt

OH,
s2p --

At

OH11 I
VPAt

075 ORt of
__v__- + tlp __
Ot Ot At

=<e)(C)) (8)

Two special cases which do not provide the
inverse matrix of (8) are

(V X ). =0 and (V X H) - = 0.at/ at

2 a0 _j 6) Except for these rare cases, (8) is reforimiu-
lated as

Poynting Vector in Linear
M-Type Tubes*

As an extension of the previous work,'
this note presents applications of a few
vector idenitities for a Poynting power flow
inside a thick electron beam in the inter-
action regioni of a linear M-type tube.

The linear M-type tube under considera-
tion has a geometry independent of x, and
electrons and EM waves travel aloing the
z axis as shown in the previous note.' Al-
though RF signials cani assume any time
dependence besides harmonic variations, all
field quantities must be single-valued, ex-
cluding crossovers of electron paths. This
note does not resort to Riemann geometry.
The use of volume charge density, p and
the z component of Poynting vector, S, ex-
cludes singular types of sheet beams and
pencil beams.

* Received February 14, 1962; revised manuscript
received, April 19, 1962.

1 1. Sugai, 'Vectors for waves and electrons,"
PROC. IRE (Correspondence), vol. 49, pp. 628-629;
March, 1961.

fdDaH ++ H

(SY 11At at at

SI
ut-p dtl

Next, premultiply both sides of (6) by
ad/at as a vector product. The purpose of
this cross product is to create

a8D 5)aH-.5

fromii

at x(at xs

2 J. A. Stratton, -Electromagnetic Theory,' Mc-
Graw-Hill Book Co., Inc., New York, N. Y., p. 604;
1941.

ADH H (~Ci) (9)

at At at

where
,o75( H\ FaDaH(

at At J_at at/0/ 0/1L\ (3/ (3/

As the Poynting vector, S has ino x compo-
nent, E, H, u and p which satisfied (9) also
must satisfy

xr,(TXH) =0 (10)

where x-O is a uinit vector aloing the x axis.

49if aD W
P, fi -3) + s = C,

at (I at
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The ratio of two components of 3, S11/S,
is an interesting parameter to consider, as it
describes physical mechanism of power flow
inside the beam. The ratio is

SYv at at
SjzJ d

l
+ [i

Within the frameworks of assumptions,
derivations have been exact up to this
point. Because (11) is too complicated for
analytical solutions, a useful approximation
based on physical facts is invoked. The di-
mension of C in mks units is (force) - (current
density/time)2. This indicates that C is
closely related to force and current density.
If electron beams make small ripples, Cy<<CG
can be assumed reasonably, so that (11) is
reduced to

OH,,

SY d1-1 at

S" IIXHa.d_1 dH,
(vX H).- - i

at at

(12)

The sign of S,,/SZ indicates that as S, is
positive, S, is directed to the sole if SI/SZ is
negative, while S,, is directed to anode if
S2/SZ is positive. Because J, is a nonzero
quantity, SI/S, depends on time and space
variations of the magnetic field. It is de-
sired to make S,/S, as small as possible to
have a high efficiency tube. To realize this,
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where F is any vector function of position
and time, while W is any scalar function of
position and time. If F is represented by

where u-o, vo and wo are unit vectors, (1) gives

-*-) Cy -J. aC.
JH, /(aD.H 1

at at at

Metric Coefficients for Vector
Wave Equations*

This communication considers certain
peculiarities connected with the metric co-
efficients 1, m, n of orthogonal curvilinear
coordinate systems u, v, w in which the
vector wave equation is to be solved.

02

r2 2t2
2 a
r2 a04

0

2

1
V2 - -

r2

( 11) d~~~t2

~~~C21

C31

C12 C13

032
C22-/AE d- C23

at2

C32 C33

V =0, (4)

where the C's are shorthand notations for
various scalar differential operators as shown
in the Appendix. An outstanding charac-
teristic of the Cartesian coordinate system
is that it gives Cll=C22=C33=V2, and all
other C's are zero. In circular cylinder
and spherical coordinates the vector wave
equation becomes2

a
~~0

2

0
i¢,

-He 0 F4 I = 0,
at2

02
F

at2

and

1) increase variations of H7 with respect to
position,

2) increase variation of H, with respect to
time,

3) decrease variation of H,, with respect to
time.

2 02
V2r2 a6t2

2 a

r2 90

2 a

r2 sin 0 ao

2 la 2
sin0

r2 sin 00 r2sin 04

1 02 2 cos0 a
V ~- pe F0 = 0.

r2 sin 0 Ot2 r2sin2 04) |

2cos0 0 1 a2 F4

s
- v22 r2s

-en-

r2sin2o dg) r2Sin20 a1@2

On the other hand, an exact equation to
make Sy,=0 is

C2 at

C, O,aD aH13

at at at

A straightforward solution of (13) is not
recommended as C, and C, contain expres-
sions of p and components of E, H and a.

In conclusion, this communication has
shown that simple vectorial operations of
field quantities provide a clear physical in-
sight into complicated two-dimensional EM
wave-electron beam interactions of a linear
M-type tube. These simple derivations
should be analyzed before field analyses of
M-type tubes are programmed for digital or

analog computers.
The writer gratefully acknowledges kind

and constructive suggestions made by an

internal reviewer of this journal.
IWAO SUGAI

ITT Federal Labs.
Nutley, N. J.

A few books' 2 published in the past dis-
tiniguish div grad ( = V2) from grad
div-curl curl (=*). The recent book
by Mooni and Spenicer3 places conisiderable
emphasis on this difference, Usinig a different
operator symbol,*, in place of the famiiiliar
Laplaciani operator, V2. Mooni and Spencer
express vector and scalar wave equations
respectively by

_ a2F
O12

and

a2W
V2W JACE~=d0,aqt2 (2)

* Received March 23, 1962.
l J. A. Stratton, 'Electromagnetic Theory," Mc-

Graw-Hill Book Co., Inc., New York, N. Y., pp. 49-
50; 1941.

2 p. M. Morse and H. Feshbach, "Methods of
Theoretical Physics," McGraw-Hill Book Co., Inc.,
New York, N. Y., vol. 1, p. 116; 1953.

3 P. Moon and D. E. Spencer, 'Field Theory for
Engineers," D. Van Nostrand Co., Inc., Princeton,
N. J., pp. 81-84; 1960.

(1)

It is theoretically possible to determine
the nine elements of any 3 X 3 G-matrix, con-
sisting of scalar differential operators, such
that [G]X [C]X [G]t gives a diagonalized
matrix of scalar differential operators; [G]t
is the transposition of [G]. However, the
actual steps to determine the G-matrix ap-

pear extremely difficult. Instead, a simpler
aspect of the C-matrix is pursued in this
note.

If U and V are both zero, (4) becomes

C13W = 0,

C23W = 0,

and

C33- Ae (2 W =O. (7)

The question raised here is: "What types of
coordinate systems satisfy (7)?" Having
gone through the indicated differentiations
of (7), one finds the answer to be that (1) be-

F = fioU + voV + f0W, (3)

(5)

(6)
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comes (2) if the metric coefficients are suich
that-,

0n1 Ou1 Ont On
O='- - = =0. (8)

Actuallv (8) was initially obtained to satisfy-
the first two equations of (7). However, (8)
happens to miiake C33, equal to the Laplacian
operator.

The scalar wave equationi is separable in
eleven orthogonal curvilinear coordinate sys-
tems, and simple checks o01 these systems
rev-eal that only five of theml mleet (8). Thev

are Cartesiani, circular cylinder, elliptic
cylinider, parabolic cylinder, and bipolar co-
ordiniates. All five systems have n=1. No
matter which two vector components are
selected to be zero, (6) niever gives a scalar
waxe equationi in the spherical coordinate
systemli. In contrast, if F' anld FO are selected
to be zero, (5) provides a scalar wave equa-
tion1 of F, in a cylindrical coordiniate system.
Spherical anid coniical coordinate sx stemils
have l=1, hence ol/0w=0, but these two
systems do niot satisfy the remaining equa-
tion's of (8). The scalar llelmiholtz wave
equiation is separable in six coordinate sys-
temis,' which are the first fouir of the five
menitionied above pluts spherical and coniical
coordiniate systems. The transverse vector
Helmholtz wave equiationi is also separable in
these six coordinate systemiis.

It should be emphasized that (8) has
been derived for a general scalar funiictioni,
W(u, zv, w, t). If W is a specialized funictioni
of positionl, i.e., if it is symmetric with respect

to aniy coordinate, a weaker set of requiire-
menits for the metric coefficients restilts even
if LT= V=O anid (7) is met.

Finally, anlother application of (8) is in
order for anv F having nionizero tU, V, and IF.
Eq. (4) shows tha,t eacah vector component
of (1) entails U', V andc IJ/. A previous note5
pro-ved I3onconllntitabilitv between imiediLum
parameters and vector differential operators
in Maxwell's equaltion1s if ,i and e are func-
tionls of positioi. 'I[he operators vxolved
here are scalar differential operators. TIhere-
fore, operators and paramiieters commul11Lte and(i
elimiinations of LI' and V fromli (1 resuilt in

If the special requiiremenlts (8) are permiiitted,
(9) reduices to

C21 (C33 - -LE2) )C12C21 (C-C - E

((22 -8 )W = 0 (10)

which is a factorized form for W(u, vt, w, t).
At most, a folrth-order linlear partial dif-
ferenitial equationi is to be solved, while it
had previously beeni thought that a six-order
partial differential equation must be solved
for similar cases.4 Evidently, analyses of the
peculiarities of the metric coefficienits cani
save some labor in solving general vector
wave equations in the above-mentionied five
curvilinear orthogonal coordinate systems.

APPENDIX
TABLE OF C'S, SCALAR

DIFFERENTIAL OPERATORS
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IWAO SUGAI
ITT Federal Laboratories

Nutley, N. J.
I. Sugai, "Operators for wave equations in gen-

eral linear media,' IRE TRANS. ON ANTENNAS AND
4 Morse and Feslhbach, op. cit., vol. 2, pp. 1760- PROPAGATION (Communications), vol. AP-9, pp. 501-

1767. 502; September, 1961.

Second-Order Constancy of the
One-Way Velocity of Light*

I[he possibilitv of al seco0l(1-order v.aria-
tion ill the one-xxwa velocitv\ of light has re-
('(el1ltiv been tliSCSSe(l.d .\A \aritilon in the
onel-\Vx\'a eloityi of light: to( ,Itv order dis-
agrees wxith the spec iail theorx ol relatixvitx
and the'oretically permits (letectoioi of atn
ethet 11(1 meastiremient of ahsolute inlotionl.
Su( h a xvariationt cmotltra(li('ts Iv\es' proof'
thiat in the (ointractiott theory (aissLumIption
of N ew toniiani space-timiie aiid e\isten('e of an
ether) the one-wa-x velocity of light- is, in
agreei'etitt wxith relativitv, consltat to all
orders for a terrestrial nolrotitinig meastire-
ment. For a teri-estrial rotating experinlleilt,
it has beeni showxl that the predictedl one-
way velocity of light ini the contractionl
theors is also constani-t and in agreemieti
with relativity to the first order.:" Ihis is
extenidedl here to the seconid order.

Clocks are situiated oil atatrtltable at R
anid A, as shoxit in Fig. 1. For high sensitiv-
ity, a Missbatuer radiator ani(d absorber m-nay

A A

' / _. ;-x

Fig. I Arrangement for the one-way, measurement
of the velocity of light.

be tlsed as the clocks. If the table is moving
with velocity v with respect to ani observer
outside the table, the table appears elliptical,
as shown by the dashed ctLirve, with the
minor axis contracted by the factor (1-I 2)1.2
in the direction of v, where , is v/t. and c is
the velocity of light in the medium between
R and A. The clock at A appears to be at A'.
If we assume ani observer at rest ini ani
ether, v becomes the velocity of the tturn-
table through the ether. Durinig the time T
that is required for radiation to travel onie-
way (from R to A'), as measured by the
observer, the turntable moves a distance vT
in the ether. Since

T =rlc (1)
and

r = (S12 + V2T2 + 2s'vT cos 01)12 (2)

* Received April 5, 1962.
I P. M. Rapier, 'A proposed test for the existence

of a Lorentz-invariant aether," PRoc. IRE, vol. 50,
pp. 229-230; February, 1962.

2 H. E. Ives, "The measurement of the velocity of
light by signals sent in one direction,' J. Oct. Soc. Am.,
vol. 38, pp. 879-884; October, 1948.

3 M. Ruderfer, 'First-order terrestrial ether drift
experiment using the Mossbauer radiation," Phys.
Rev. Lett., vol. 5, pp. 191-192, September 1, 1960;
see also "Erratum," vol. 7, p. 361, November 1, 1961.

4 M. Ruderfer and P. M. Rapier, -A proposed test
of the constancy of the velocity of light' (Correspond-
eMce) PROC. IRE, vol. 50, pp. 1700-1703; July, 1962.
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where r, s' and 0' are as shown in Fig. 1, then
the one-way light travel-time is

s'[,B cos 0' + (1-,2 sin2 0')1/2]
C(1 - 2) (3)

The effect of aberration has been auto-
matically included in this expression by the
method of derivation.

The turntable is assumed to rotate
slowly with a uniform angular velocity
w =dO/dt, i.e., »>>ws, such that error intro-
duced by the rotation of A' during time T is
negligible. The light travel-time T varies
periodically with the rotation. This produces
a variation in the phase of the radiation
arriving at A' which appears as a frequency
change. The frequency shift due to phase
variation is

(Af)ph= - fRdT/dt (4)
where fi is the frequency at R as measured
by the observer. Differentiating (3) and sub-
stituting in (4) gives the relative frequency
shift due to the phase variation

(Af) co's'# sin 0' 13 cos 0' 11 +- _
fR ph C(l - f2) (I(- 2 sin2 t)1l/2

Fds' 3cos 0' + (1 - 132 Sin2of)1121
dt L c(O ,12) J (5)

If the distance s between R and A is so
when the table is at rest in the ether (w =v
=0), then s may be expressed as kso when
the table is uniformly rotated but not trans-
lated, where 1 >k >0 and k is a function of w
only. Radial symmetry is preserved. When
the table is translated but not rotated, the
elliptical shape is required by the contrac-
tion theory. The table distortion, in the con-
traction theory, due to combined rotation
and translation has been discussed' but
never completely solved. For v>>cos, which
is assumed here, the use of an elliptical
shape does not lead to sensible error. Conse-
quently, from the geometry

- s(1- 12 coS2 0)112 (6)

so that
ds' s&o02 sin 0 cos0
dt (1 _12 coS2 0) 1/2 *(7

Also with the aid of the geometry

cos 0 = (1 - 12)1/2(1 ,2cos2 0)"12cos0 (8)
sin 0' =(1 ..2 COS2 )-1/2 sin0 (9)
and
d'= /dt = (1 - 12)1/2(l - 12COS20)-'w. (10)

In the contractioin theory, the frequency of
the clock at R is

fR = fo(1 - 12)1/2 (11)

where fo is the frequency of the clock at R
when at rest in the ether. Substituting (6)-
(11) in (5) we get the frequency shift due to
phase variation

(Af/fo)ph = (S,wsc)1 sin 0. (12)
This is the result originally obtained as a
first-order approximation for a rigid table,3

5 H. E. Ives, 'Theory of the double Fizeau toothed
wheel,' J. Opt. Soc. Am., vol. 29, pp. 472-478; No-
vember, 1939.

but is derived here exactly for a slowly rotat-
ing table. Effects of translation in the ether
on aberration and table dimensions have
canceled.

The variation of clock frequency at A'
with motion remains to be considered.6 In
the contraction theory, the frequency of the
clock at A' is

fA = fo[1 - (VA'/C)2]1/2 (13)

where VA' iS the absolute velocity of A'. This
is

VA = |V+ U [(V + UX)2 +U52]12 (14)

where u is the velocity of A' with respect to
the center of the ellipse. From the geometry
of the ellipse

u,= dx/dt =- COs(l - 12)112 sin e (15)
and

y = dy/dt = ws cos 0. (16)
The relative frequency differenice between
clocks at R and A' is then

{Af\ fA fe

fo J l fo
[1 -32+ 2(os/c)3(1_-12)1/2sin0

- (cs/c)2(1 - 132 sin2 0) 1/2- (1 - /32)1/2 (17)
Dropping terms of higher order than Wo12 and
C3, we get

(Af/f oc, = (ws/c)13 sin 0 - (ws/c)2. (18)

The second term, sometimes referred to as
the transverse Doppler shift, has previously
been predicted by the contraction7 and rela-
tivity theories. The first term cancels the
effect in (12) due to variation in phase shift.
The experiment should therefore give a null
result regarding the detection of an ether to at
least the second order in v. Because no sec-
ond-order periodic effect is observable, a
shift in clock positions or placement of the
observer on the turntable or on a moving
platform cannot give an observable second-
order effect. The existence of the higher-
order terms is not necessarily significant
since the effects of accelerated motion due
to rotation are ignored in obtaining (12).

The arrangement in Fig. 1 has been used
at Harwell8 to detect the second term of
(18). The original objection3 to this arrange-
ment for the measurement of (12) may be
obviated by continuously recording the fre-
quency shift to correlate it with the orienta-
tion of the turntable in space.9 Without such
recording, the measurement available is the
change in frequency shift as the earth's
orientation in space varies. Sensitivity is
then low because of the low angular velocity
of the earth. Continuous recording preserves
the full sensitivity obtained with the higher

6 The omission in the original reports of the effect
of clock motion3'4 was first called to the author's atten-
tion by F. J. Belinfante in a letter dated October 15,
1960, wherein he calculated the clock correction by use
of the time transformation formula from Lorentz's
pre-relativistic dynamical contraction theory.

7 H. E. Ives, 'The Doppler effect considered in
relation to the Michelson-Morley experiment," J. Opt.
Soc. Am., vol. 27, pp. 389-392; November, 1937.

8 H. J. Hay, J. P. Schiffer, T. E. Cranshaw, and
P. A. Egelstaff, "Measurement of the red shift in an
accelerated system using the Mossbauer effect in
Fe57," Phys. Rev. Lett, vol. 4, pp. 165-166; February
15, 1960.

9 J. P. Schiffer, meeting with author; December
23, 1960.

table rotation. The maximum frequency
shift variation obtained in the Harwell ex-
periment thus provides an upper limit to an
ether drift. For a reported frequency shift
from an ether drift <10 per cent of the
change observed (Af/fo < 10-13), s = 5 cm and
w = 2 r500 radian/sec, then for sin 0= 1, the
maximum possible ether drift is less than
100 mi/sec.10

This value is too low to contain an actual
ether drift due to translation of the earth
through an ether. The experiment supports
the previous conclusion that the existence
of an ether is not detectable by macroscopic
means.11 However, because the surface
velocity of the earth at Harwell is also about
100 m /sec, the observed frequency-shift vari-
ation may be due, in part, to rotational
effects, gravitational effects on the one-way
velocity of light, or other causes. It is con-
sequently of interest to extend the theory
to include acceleration effects due to rota-
tion.

MARTIN RUDERFER
Dimensions, Inc.

Brooklyn 4, N. Y.

1' T. E. Cranshaw, private communication; July
8, 1960.

11 M. Ruderfer, 'Re-evaluation of the existence of
an ether,' PROC. IRE, vol. 50, pp). 325-326; March,
1962.

Bergeron's Graphic Method*
We read with great interest the article by

Nagumo and Shimura.' The method they
describe is quite familiar to us and is known
as the 'Bergeron Graphic Method." We felt
some regret at seeing the name of Bergeron
unmentioned and must conclude that his
work, though dating back to 1931, is hardly
known abroad, if at all.

His first book "Methodes Graphiques"
was published in 1931. The method outlined
therein is currently taught in the chief
French engineering schools, viz., at the Ecole
Centrale by Bergeron himself, at the In-
stitute Polytechnique (since 1942) in
Grenoble by Esclangon and at the Ecole
Superieure d'Electricit6, by M. Cahen. An-
other book by Bergeron2 sets forth this
method and gives many typical examples as
applied to the engineering arts.

The method was reapplied systematically
in the chapter dealing with nonlinear ele-
ments associated with transmission lines.
This chapter is part of the course on trans-
mission lines as taught at the Compagnie des
Machines Bull. You will find below an ex-
cerpt from the above-mentioned course,
which endeavours to set forth the method
concisely.

* Received January 16, 1962; revised manuscript
received, February 15, 1962.

1 J. Nagumo and M. Shimura, "Self-oscillation in a
transmission line with a tunnel diode," PROC. IRE,
vol. 49, pp. 1281-1291; August, 1961.

2 L. Bergeron, 'Du Coup de Belier en Hydraulique
au Coup de Foudre en Plectricit6,n Messrs. Duinod,
Paris. France; 1950.
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Broadly speaking the method is applica-
ble to aniy problemii amienable to propagation
equations of the "x ibratinig reed' type suich

t921 1 ,32J
--= (1)

OX2 It2 012

wheref is a function of the spatial coordinate
x and the time t, u being the velocity of
propagation. As is well knowni, such an
equation governs propagation of acoustic
waves in solids, propagation of electric waves
along power tran-smissioni lines (disturb-
ances duLe to lightninig surges oni a line, to a
short circuit, or the like), propagation of
electronmagnietic tranisverse waves in wave-
guides and trainsmiiission lines, propagationi
of shock waves in penstocks of hydraulic
plants anid mainy other phenomena.

The solutioni of the equiationi takes the
form

J(x, 1) = g(x - ut) + h(x +± u) (2)
and comprises two termiis corresponding to
two waves propagating in opposite directions
at the velocities u and ( -u).

Assume a lossless transmiiissioni linle and
i(x, t), v(x, t) the current and voltage at a
point of the line alonig the abcissa x and at
time t. Since

!(x, 1) = g(x - u,t) + h(x + utf), (3)
1

i(x, 1) = -- [g(x - t) - I(x + ut)], (4)

RC being the was-e resistance of the lossless
line.

Let us now consider an observer Oi,
mllovinig at the velocity +u, founld at the
poinlt x=xo at the inistant t=0. (See Fig. 1.)

°a() to04(0) 04(t)
I~~~~~~~~~~~~~~I Ii stanit t at the point (xo+,ut), his present

positioIn, Is

AV], [ (XO + ill), t] - (.0 0)
= Il1(x + 2uf) -(xo). (tO)

The variationi of the currenit b)eing

A= i[(x + lff), t] - i(x', 0)

R [h(xo + 2?nt) - I(xo)I (11)
it being observed that

- RcAij (12)

Hence, for the observer, moving at the
velocity ( +u), the voltage and currenit vari-
ations appear as beinig in the ratio (- RC).

This has a graphic initerpretatioii, as fol-
lows: plot in the plaine (z', i) the voltage and
currenit of the line alonig two mutually per-
pendicular axes. At the instanit t =0, the
observer had observed vo and io, the conidi-
tioIn of the line being denoted by the point P.

At any instant t, the voltage v andl the
current i he observes are such that the varia-
tions Av and Ai satisfy the equLation

V= -RAi.

The point showing the conditioni of the
line observed by O1 genierates as a straight
line Di, the slope of which is -RC (see Fig.
2). Let us now conisider a second observer
02 moving at the velocity (-u) and at the
point x=xo at the time t=0.

i *, ,;
0 A..

Therefore, the poiiit correspond(linig to the
observations of 02 generates a strkaight line,
the slope of wxhich is ( +R,.), and p;issing
throuigh P. (See Fig. 2.)

(ONC LUSION

Bergeron's graphic method is highly
suitable for analN zing linear, butt even more
so, nlonlinear circuits based on tranismiiissioni
lines becatuse it allows working with actual
characteristics.

When the circuiit includes reactiNe ele-
nments, the uise of the method is more critical
as the loci becomie more intricate, buLt there
are no restrictionis in principles to the tuse of
the method.

Bergeroin's book contains numnerous ex-
amples of this latter type.

P. CHAPOUILLE.
J. I. V'ABlR

C)oopagnie des Ilach ines Buill.
Paris, France

Author's Comments3
We thank Messrs. Chaupouille anid

Vabre very much for their kindniess in in-
forminlg us of the existence of such ani ex-
cellent book. Indeed, Bergeron's graphical
method as described is quite comprehensive
anid involves the method of constructioi
used in our paper.

Although, we cannot find in his book anv
treatmenit of "self-excited periodic oscilla-
tionS, on which ouLr maini interest is
focLused, we would have imiade referenice to
his book if we hadi known of it.

J. N'AUMO
M. SHIMURA

D)ept. of Applied Physics,
Faculty of Engiiieerinig,

University of TIokyo,
TokN o, Japan

3 Received September 17, 1962.

Fig. 2.

\\hen t=0 the xoltage andl CLurrent are

v(xo, 0) = g(xo) + kI(xo), (13)

At that instant, he observes the voltage
and the currenit

vo = v(x, 0) = g(xo) + h(xo), (5)

io = i(x, 0) = [g(xo) - /I(xo)]. (6)
Rc

At any inistant t, he will be at the ab-
scissa point x=(xo+zft) and observes the
voltage

v[(xo +--1f), tj

= g[(xo +-lt) - lft] + h[(xo + 1ft) + fft] (7)
= g(xo) + h(xo + 22ft), (8)

anid the current

iL(Xo + 1), tJ = [g(xo) - h(xo + 2uf)tJ (9)

The x-oltage variation observ-ed betweeii
the iinstant t= 0 at the point x0 and the in-

i(xo, 0) =-[g(xo) - Ii(o)].* (14)
Rc

At the instant t, the voltage aind current
observed are

z'[ o tf), t] = g(xo- 2utf) + fi(xo), (15)

i[(xo - utt), t] = [g(xo - 21tf) - lz(xo) ]. (16)R,.
From the inistanlt 0 to the iiistaiit t, the

voltage and cuLrrenit x-ariations observed are

AV2 = g(.x^5 - 21ft) - g(xo), (17)

Ai2 = [g(xo - 21tf) - g(xo)]. (18)

linked by

Ai'2 = R,Ai2

Experiments on a Partially
Shielded Ruby Laser Rod*

Past experimenits on a pulsed ruby laser
which have been reported in the literature
were conduicted w-ith the full length of the
rod, except for the portion in the clampinig
chuck, exposed to pumping radiation. As-
suminig that the population in the meta-
stable level is proportional to the input
energy, the conidition for laser action at coni-

stant temperatuire in these cases mnay be
written [11, [2]

Eri = K(In + I1), (1)

where ET = input energy at threshold,
I = length of rod, K = a constanit, R = reflec-

(19)
* Received AuLgtust 30, 1962.
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Fig. 1-Drawing of the laser head used for the shielding experiments.
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Fig. 2-Threshold energy vs length of rod exposed. The parameters E,, E2, and E3 represent the threshold energy
when the full length of the rod is pumped. The dotted lines represent the calculated pumping energy assum-
ing no loss and the solid lines were determined from experimental data as shown.

tivity of the cavity ends, and 3l=scattering
loss in the laser rod.

In this experiment, the ruby rod was held
from one end and positioned in the center of
the FT-524 laser head as shown in Fig. 1.
The laser head was equipped for cooling to
77°K and a thermocouple was securely at-
tached to the ruby rod to measure the tem-
perature. A close fitting cylindrical light
shield of thin-walled stainless steel tubing
was slipped over the end of the rod from the
end opposite the suspension chuck and posi-
tioned along the rod with a micrometer
screw. The ruby rod employed was of 0.05
per cent Cr3+ concentration, I inch diam-
eter, 2 inch length and 90° orientation with
i per cent transmitting end coatings.

In order to determine the effect of pump-
ing light entering around the end of the light
shield, a simple experiment was performed.
An aluminum-foil shield of one-half the
length of the rod was slipped over the end of
the rod, the shield was cut in half, then into
four sections giving the same total length
and the threshold measured in each case.

The case with eight ends differed from the
case with two ends by only 3 per cent.

With a length d of the rod shielded from
pumping radiation, the threshold equation
becomes

ETO -d) =K(ln /R + l +-yd), (2)

where "y is the effective absorption coefficient
in the shielded part of the rod.

Observations of the threshold energy as a
function of the length of the rod exposed to
pumping radiation are shown in Fig. 2 for
three different values of temperature. If the
shielded portion of the rod caused no ab-
sorption loss, one would expect the thresh-
old to increase with the length of rod
shielded as i/1-dEos, where Eo is the thresh-
old energy when the full rod is exposed.
When the shielded portion of the rod intro-
duces gain, the measured threshold curve
should lie below a curve 1/l-d and when the
shielded portion of the rod introduces loss,
the measured curve should lie above the
1/i-d curve. All three of these cases are
shown in Fig. 2.

Measurements at 300°K indicate that
the shielded portion of the rod introduces
loss in the cavity. This corresponds to the
condition Bp <(l/,r) where B =Einstein co-

efficient for induced transitions, p-power
per unit frequency interval and r = fluo-
rescence lifetime. Data taken at 200°K indi-
cate that no loss is introduced by the
shielded portion of the rod and corresponds
to the situation where the absorption coeffi-
cient is saturated. Measurements at 100°K
indicate that the shielded part of the rod
introduces gain. This result is completely
incompatible with fluorescent energy trans-
fer by absorption and at the present time
the transfer mechanism is not understood.
These results do show, however, that the
pumping efficiency for a pulsed ruby laser
can be increased up to 20 per cent at tem-
peratures below 200'K by increasing the
pumping energy per unit length and reduc-
ing the length pumped.

The writer wishes to thank Dr. D. Chen
and J. F. Ready for informative discussions
and D. L. Hardwick for assistance in design-
ing the laser head and taking the data.

R. L. AAGARD
Honeywell Res. Ctr.

Hopkins, Minn.

REFERENCES
11 A. L. Schawlow, 'Infrared and optical masers,"

Solid State J., vol. 2, pp. 21-29; June, 1961.
121 R. L. Aagard, 'Measurements of the outptut from

a pulsed ruby laser with central hole in one of the
end mirrors," J. Appl. Phys., vol. 33, pp. 2842-
2844; September, 1962.

131 A. L. Schawlow, 'Fine structure and properties of
chromium fluorescence in aluminum and mag-
nesium," in "Advances in Quantum Electronics,'
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Redistribution of Stimulated Emis-
sion Energy in Ytterbium Activated
Glass Etalons*

The purpose of this communication is to
describe the time dependence of stimulated
emission from ytterbium activated glass
optical resonators and how this emission
has been influenced by the surface condi-
tions of the etalons. Stimulated emission
from ytterbium activated silicate glass and
some of its characteristics have been re-

ported previously.' In the present work, the
glass etalons were of the Fabry-Perot type
and were 4 mm in diameter and 27 mm
lonig; the ends of the rods were coated with
evaporated silver metal, one end to about
two per cent transmission, the other end to
opacity. The lithium-magnesium-alumino-
silicate glass contained one cationic mole
per cent of ytterbium; this ion exhibits
stimulated emission in a narrow band of
wavelengths centered around 1.015OA. In
the apparatus used in this work, essentially
all of the radiation emanating from the

* Received September 11, 1962.
1 H. W. Etzel, H. W. Gandy, and R. J. Ginther,

"Stimulated emission of infrared radiation from ytter-
bium activated silicate glass," Applied Optics, vol. 1,
pp. 534-536; July, 1962.
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transmitting end of the etalon is collected
and measured, so that the oscilloscopic
traces shown represent the time dependence
of the spatially integrated resonator output;
a spatial analysis of the etalon emission with
this experimental arrangement is not feasi-
ble.

The emission from a low concentration
ytterbium activated glass etalon is shown
in Fig. l(a); comparison of the two traces
shows that no stimulated emission has taken
place and that the etalon signal trace con-

sists of stray flashtube radiation and the
long-lived ytterbium spontaneous emission.
The lifetime for this emission has been de-
termined to be 1.5 msec. The radiation out-
put of a higher conicenitrationi (one mole per
cent) Yb activated glass etalon with a highly
polished cylindrical surface is shown in Fig.
1(b). The most noteworthy feature of the
signal trace here is the rather large hump
which appears approximiately 800 Asec after
the peak in the excitation trace; the spon-
taneous emission lifetime for Yb in this glass
is also 1.5 msec. The qLialitative character
of the signal trace from this etalon did not
change even when excited by a fifty per cent
larger flashtuibe pulse. However, when this
etalon is excited either at mulch lower excita-
tion energies with the reflecting films intact,
or at the highest excitation energies possible
in our equipmiienit ('5000 joules) buit with a

small part of the total reflecting film re-

moved, then the oscilloscopic trace which
occurs is of the type shown in Fig. 1(a).

The OUtplut trace of the same etalon
when excited in the same way with the same

flashtube input energy (as for Fig. l(b)) but
with the cylindrical surface now rotighened
is shown in Fig. l(c). In addition to a hump
which again occLurs with the same 800-Asec
delay as before, there now appear spikes
superimposed on this hump; the threshold
for spiking in this etalon occurs at an excita-
tion level about ten per cent lower than that
used in obtaining the trace in Fig. 1(c).2
However, the roughened-sLurface etalon ex-

hibits heavier spiking action which occtirs

earlier in the excitation pulse as higher
excitation energies are used. The roughenied-
surface etalon also exhibits a trace similar
to Fig. 1(a) under the same auxiliary experi-
mental conditions mentioned above for the
polished-surface etalon. It is important to
note here that the optical quality of the
glass in this etalon is only fair as indicated
by its rather high threshold for laser action;
for example, another etalon of this glass
composition whose optical quality was

visually judged to be better than the one

reported above had a threshold for spiking
some 22 times lower. The effects described
above have also been observed in etaloins
fabricated from silicate glass samples which
have been melted either in oxidizing or re-

ducing atmospheres and at several activator
conicentrationis; hence it is believed that the
changes in the pattern of the emission traces
do not depend critically upon the details of
glass preparation when the active medium
of the etalon is optically inhomogeneous.

The observation that the delaved optical

Although the detector gain was approximately
the same for recording the bottom traces in Fig. I(b)
and (c), only the shape of these curves is being con-
sidered in this cominunication.

(a)

(b)

(c)

Fig. I-Stimulated emission from ytterbium activated
silicate glass at 78° k. Detector band pass 1.0-
1.41X; excitation source, GE FT-524 Xenon Flash-
tube, 450 pf capacitance; 200 psec per division.
Top trace in each picture: time variation of ex-
citation intensity. (a) Emission from 0.1 per cent
Yb glass etalon. No stimulated emission observed.
Electrical input energy to lamp, 4400 joules.
(b) Emission from 1.0 per cent Yb glass etalon;
highly polished cylindrical surface. Electrical input
energy to lamp, 3400 joules. (c) Emission from the
1.0 per cent glass etalon shown in (b) except the
cylindrical sides have been roughened. Individual
pit size in the cylindrical surface varied from 20 to
40p in size. Electrical input energy to lamp,
3400 joules.

outputs shown in Fig. 1(b) and (c) can be
eliminated by partially removing the totally
reflecting film suggests that these traces are
not merely due to single-pass amplification
of spontaneous emission. Furthermore, it
would seem that those cavity modes which
involve specular reflection at the highly-
polished cylindrical surface of the etalon
dominate in the trace in Fig. 1(b); hence in
this etalon, it appears that such nonaxial
("humping") modes compete favorably for
the distribution of stimulated emission
possibly because thev mav have lower
thresholds. When the specular reflecting
character of the cylindrical surface of the
etalon is destroyed, and the etalon is excited
to the same level using the same noiifocused
excitation scheme, the spiking associated
with axial modes receives a larger share of
the luminescent energy stored in the etalon.
It should be noted that in the oscilloscopic
trace, some of the hump still remains indi-
cating that some of the low-threshold off-
axis modes are still active; these nonaxial
modes are likely to be those whose angles
of incidence at the cylindrical surface are
large and those in which the diminished pro-

jected surface roughness allows something
approaching specular reflection to take
place. However, even these off-axis modes
apparently are attenuated by the surface
condition as suggested by the observation
that at higher excitation energies the axial
modes grow much more rapidly than do the
nonaxial modes. It would then seem that
roughening the cylindrical surface of the
etalon has the net effect of redistributing the
stimulated emission energy from the non-

axial class of modes to the axial class of
modes.

The conclusion reached here can be
qualitatively understood within the frame-
work of the multimode cavity theory given
by Wagner and Birnbaum.3 Because of the
poor optical quality of etalons used in this
work, the assumption of noncoupled modes
made in this theory preclude its detailed
correlation with present work. Nevertheless,
the results given here agree with these writ-
ers' contention that stimulated emission
energy in a multimode cavity is shifted from
high loss rate modes into high Q modes as

the excitation energy is increased.
The nature of the oscilloscopic traces

shown here in Fig. 1(b) and (c) have been
of significant use in the interpretation of
oscilloscopic traces obtained from doubly
activated (Yb and Nd) glass etalons, par-
ticularly the Yb component of the stimu-
lated emission.4

The author is grateful to R. J. Ginther
who prepared the experimental glasses and
to R. J. Collins for several conversations
relating to surface reflection modes. He is
also grateful to C. C. Klick for helpful sug-

gestions concerning the manuscript.
HAROLD W. GANDY

U.S. Naval Research Lab.
Washington, D.C.

W. G. Wagner and G. Birnbaum. "Theory of
quantum oscillators in a multimode cavity," J. Appl.
Phys., vol. 32, pp. 1185-1194; July, 1961.

4 H. W. Gandy and R. J. Ginther, 'Simultaneous
laser action of neodymium and ytterbium ions in
silicate glass," PROC. IRE, vol. 50, pp. 2114-2115;
October, 1962.

CdSe Photoconductive Field Effect
Transistor*

Photoconductive field effect transistors
have been successfully fabricated out of
cadmium selenide, a group I I-VI compound.
These transistors have a mutual transcon-
ductance of 8 Amhos and a pinch-off voltage
of 40 v at 100-,ua drain current. The input
impedance of these devices is 100 megohms.
The transistors were fabricated from single
crystal plates grown at this laboratory. The
fabrication techniques were very similar to
those employed in the construction of the
cadmium sulfide field effect transistor.'

* Received August 22, 1962.
R. R. Bockemuehl, 'Cadmium sulfide field-

effect phototransistor,. PROC. IRE, vol. 48, pp. 875-
882; May, 1960.
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Indium was used for the source and drain
contacts while copper is used for the gate.

The spectral characteristics were in-
vestigated and revealed a sharp dip in the
pinch-off current at 7100 A which is shorter
than the photocurrent excitation peak. This
is thought to be an effect limited to the de-
pletion region only. Infrared quenching
illumination (X = 8000-14000 A) influences
the active characteristics of the transistor
much more than it does the bulk photocon-
ductance which indicates a dependence of
hole drift mobility on infrared illumination
similar to that exhibited by cadmium sul-
fide.2

These transistors are similar to those
made from cadmium sulfide except for their
photopeak which occurs at 7300 A and a

temperature effect that reduces photocur-
rent as the temperature increases. The
photocurrent change amounts to 3.6 per

cent/°F in a region from -40 to +40'F.
Beyond these limits it is much more stable.
The copper impurities are sensitizing cen-

ters in cadmium selenide and lie about 0.6
ev above the valence band. At room tem-
perature these centers have an almost equal
probability of acting as recombination
centers or as hole traps. This results in a
strong dependence of carrier life time on

both temperature and carrier density.3
JAMES W. BERGSTROM

Electronics and Instrumentation Dept.
General Motors Tech. Ctr.

Warren, Mich.

2 R. R. Bockemuehl, J. E. Kauppila, and D. S.
Eddy, 'Analysis of photojunctions formed by diffusing
copper into insulating cadmium sulfide crystals,"
J. Appl. Phys., vol. 32, pp. 1324-1330; July, 1961.

3 A. Rose, 'Performance of photoconductors,"
PROC. IRE, vol. 43, pp. 1850-1869; December, 1955.

Iterative Procedures*
Consider the solution of a set of n linear

algebraic equations in n unknowns

Ax -b = 0 (1)

where A is a nonsingular square matrix of
order n with (known) real elements aij; b
and x are column vectors whose elements, b1
and xj, represent the known and the un-
known quantities.

We set

Ax-b = e (2)

and form

x = Ke = K[Ax-b] (3)

where K is a scalar multiplier as yet unde-
termined. Now, if the dynamical system de-
fined by (3) is stable, its stationary point,
x= 0, implies a solution of (1). The elements
of x are continuous functions of time, the
elements of b are constants; taking the one-
sided Laplace transform with x(0) =0, we

* Received June 7, 1962; revised manuscript re-
ceived June 28, 1962.

find the solution to (3) in the transform do-
main

(4)

A-lb

s

+ E2 lim (s - s)[A- -I] -*- (4a)
i=l sv+j K s

We make the association
S.

Ki= , j=1, ,n; (5)

if all of the eigenvalues, Xj, of the matrix A
have real parts of the same algebraic sign,
we may choose K to be of opposite sign and
assure system stability. If the matrix A is to
be arbitrary, we replace (3) by

x = KATe = KAT[Ax-b].

Ina(z)

Fig. 1-Correspondence between Xj(A) and Zj.

(6)

The matrix ATA is the matrix associated
with a positive definite quadratic form; all
of its eigenvalues are real and obey

XJATA] > 0. (7)
The association of (5) implies stability of
(6) for an arbitrary choice of A if K is chosen
to be a negative scalar; increasing the mag-

nitude of K merely speeds up the system.
The system of (6) instruments the method
of steepest descent of the quadratic surface
defined by

E(x) = eTe. (8)

If the elements of x are discrete number
sequences of argument m, the discrete equiv-
alents of (2) and (3) are

Ax(m) - b = e(m) (9)
x(m + 1) - x(m)

= Ke(m) = K[Ax(m) - b]. (10)

Using the one-sided Z transform with x(0)
=0, we find

AZ l-I bk(Z)= [A- K I] 1 z_l (11)
K I1- Z-1

The association equivalent to (5) is

Zi = I + K)s, j = 1, 2, - * -*, n. (12)

In general the eigenvalues of the matrix A
may be real or complex. In Fig. 1 they are
indicated as lying within the circle of radius
KXAx where X,.. is the maximum eigen-
value of the matrix A. The poles, Zj, asso-
ciated with the elements of the number se-
quence, x(m), must lie within the unit circle
in the Z plane if the dynamical system of
( 11) is to be stable. Given an arbitrary choice
of A, little may be said regarding the stabil-
ity of the system described by (10).

If we use the discrete equivalent of (6),
we have

x(m + 1) - x(m) = KAT[Ax(m) - b] (13)

which transforms into

X(Z)

= [ATA-(Z )I])z- l * (14)

The association of (12) still applies; because
of the positive definiteness of the matrix

Fig. 2-Correspondence between Xj(ATA) and Z2.

ATA, we require that the scalar multiplier
be a negative real constant. The pole loca-
tions in the Z plane corresponding to
Xmin [ATA] and Xmax[ATA] are represented
byZa andZb in Fig. 2.

If we set K= -g and position the poles
corresponding to the slowest converging
modes equidistant from the origin, we have

2
,a=

XmA + Xmin

If we define

MIATAI X,=~X.ATA j

Xmin[ATA]

(15)

(16)

we find that the distances of ZA and Zb from
the origin of the Z plane are

IZ.1 = lZbl =

JA

A + 1
(17)

The rate of convergence is implicit in (17).
The quantity , is referred to as the condi-
tioning number of a matrix. A well-condi-
tioned matrix has A 1. Since ,A[ATAI
= [.A]2, we see that premultiplication by the
matrix AT assures us stability for an ar-

bitrary choice of the A matrix but is not nec-

essarily the most expedient, with respect to
rate of convergence, method of iteration.

J. A. KNUDSON
Philco Corporation

Western Development Labs.
Palo Alto, Calif.
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Comment on "Double-Pumped X-
Band Parametric Amplifier with
Extremely Large Gain-Bandwidth
Product"*

I have noted with interest the descrip-
tion by Spacek, in the above article,' of an

X-banid parametric amplifier which has had
its gain-bandwidth product greatly inicreased
through the use of two puLmp oscillators.
Surely the resulting amplifier is a superre-

generative amplifier operated with a novel
technique for excitationi aiid quienching of
oscillations, rather thani a nex concept in
parametric amiiplifiers.

To justify myiv v-iew, it is liecessary to
consider the operationi of a superregenera-
tive parametric amplifier. lIn this amplifier,
oscillations are periodically buiilt tip and
qLuenched by periodic variationi of onie or

more of the param1ieters governing oscilla-

tioIn; iiamely, puml1p level or freqUenicy, di-
ode bias, oUtpUt loadinig. he tise of a pUm11p
voltage on the dliode, composed of the sumn
of two CW voltages separated in frequency
by f will resuilt ini periodic quienching and
build tip of oscillationis at a quienich fre-
quiency- f. Of course, this operationi xill re-

quire that the parameters of the paramnetric
amnplifier have been suitably adjulsted for
oscillation wheni the txro CXV puLmp x-oltages
are ini phase, anid no oscillationi wheni the two
are inl phase oppositioii.

At least three papers have beei xvritteni
disctussing v-ariotis properties of the para-
metric amplifier Lused as a superregenerative
receiver2-4 with onie in particular3 pointing
out the increase in both gaini and bandwidth
in this mode, as compared with the coniveni-

tional regenerative mode.
RICHARD F. CLARK

Radio anid Elec. Enigrg. Div.,
Nat'l Res. Council
Ottawa, Canada

* Received June 29, 1962.
G. C. Spacek, PRoc. IRE (Correspondence), vol.

50, pp. 1534-1535; June, 1962.
2 B. B. Bossard, "Superregenerative reactance

amplifier,' PROC. IRE Correspondence), vol. 47, pp.
1269-1271; July, 1959.

3 J. J. Younger, A. G. Little, H. Heffner, and G.
Wade,, Parametric amplifiers as superregenerative
detectors," PROC. IRE (Correspondence), vol. 47,
pp. 1271-1272; July, 1959.

4 B. B. Bossard, E. Frost, W. Fishbein, "X-band
super-regenerative parametric amplifier, PROC. IRE.
(Correspondence), vol. 48, pp. 1329-1330: July, 1960.

Author's Comment5

I have expected a comment similar to
Mr. Clark's. However, his conclusion, al-
though quick and very positive, is not cor-

rect. Surely a double-pumped parametric
amplifier is not a superregenerative am-

plifier, but the equivalent of a large ntuniberof
staggered tuned parametric amplifiers,
where each hypothetical amplifier amlplifies
over a different frequency band such that
the adjacent center frequencies of the in-
dividual bands are separated by the pump
frequencies difference 4f, as will be shown
in the theoretical paper mentioned in my
note.,

The explanatioii that the doUble-pumped
parametric amplifier is actually a stuperre-
generative amplitfer is the imiost obvions
conclusion to be reached bx an average eni-
ginieer familiar with the state-of-the-art in
parametric amiiiplifiers anid xx ith the ref-
erenices gixeni by Clark. Sinice I am an ax-
erage enginieer anid famliliar w7ith the abox-e
referenices, I too hav-e first thonight that somiie
superregenerationi is responisible for the ob-
serveld tremnenidous inecrease of gaini and
banxdwidth, which was nmuich larger thanl
theoretically expected. For this reasoni, the
double-pumltiped parametric amllplifier Wlas
inivestigated as thoroughly as possible es-
specially froml this poinit of view. The re-
sLilts of this inivestigationi showed that:

1) No discrete frequency spectrum (with
the exceptioni of ptump freqUencies) exists
on the outpuLt of the amiiplifier in the absence
of a coherenit inipult signial. A stuperregeniera-
tive amplifier is essenitially anl ON\-OFF
oscillator, the oscillationis of xxhich are
started sooner or later, depeniding oni the in-
ptut signial amplitude. Since the oscillatioiis
cani be triggered also by thermal noise, the
output of a superregenerative aimplifier
should coIItaini discrete frequency comIl-
ponents spaced ill our case by the puimp
frequency separationi (which would be the
effective qLuenich frequenicy) from each other
even in the absenice of a coherenit inpuLt
signlal. However, no stuch spectrtm xwas
found, using onie of the most sensitive
spectrum analvzers available.

2) The suLperregenerative iiode should
manifest itself by suibstantial increase of the
varactor dc cuLrrent. No such increase was
founid.

3) The measured nioise figure of the
dotuble-puimped paraametric amplifier is
either better or equal to the noise figure of
the same parametric amplifier coniveni-
tionlally driven by one pump. It appears to
me that stuperregenerationi should sub-
stantially inicrease the noise figLure, because
of the high basic output power level, gen-
erated by the intermittent oscillationis. The
noise figuLre inicrease would be eveni more
pronounced in the experimental set-up I
have used, at which a low-power traveling-
wave tube was uised as the second-stage
amplifier; if the doLuble-pLumped parametric
amplifier were superregenierative am plifier,
its oscillations power wouild saturate the
TWT, thuis increasing the oxver-all nioise
figure of the paramp-TWT receiver. See,
for example, the paper by Bossard, et al.,3
for the noise figuLre of a sLuperregenerative
parametric amplifier.

4) No critical adjustmeint of the phases
of the two putlmp voltages are niecessary as
Clark perhaps assnlmes.

5) The gain-frequLenicy characteristic of
a double-punmped parametric amplifier is
quite differenit from the gain-frequency
characteristic of a suiperregenierative para-
metric amplifier. This was established by
modifyinig onie of the earlier low-frequency
models of the DPPA inlto a superregenera-
tive parametric amplifier. This amplifier
used first two ptunmps at 18.6 Mc anid 18.3
Mc, respectively. The 18.6 Mc pump was
then replaced by a quenching oscillator at
300 kc, thus changing the amplifier into a
superregenerative amplifier. The bandwidth
was much smaller, howexer, in this latter

case as compared with the (doulble pulmlps
drive.

6) rhe shape of the miieasuired gaini-fre-
quelncy response of the DPPA correlates
x-erv well with the theoretically comiputed
Curves. The comiipuited curxves are based on)

a theory (not published as yet), which uses

frequency folding rather thani superregenera-

tioll as the basic idea of multiple pultllpillg.
This correlationi miiakes me believe that I
understand ( orre( tly the aniplifi( ation
mechainismn of the DPPA.

To (onclude, it 'appears to miie that it
shouild be possible to runii a DPPA in the
superregeneratix e imiode. A iuLltiple fre-
quency spectrUmln as actUally observed oni

the otutpuit of an amiiplifier eveni in the ab-
sence of a coherenit inlpUt signial. Hoxvever,

this spectruim appears sUddenly onily if the
pumup drive is inicreasedl oxer certain level.
This is a situLationi similar to the oscillationi
lexel of a conventional sinigle-putmlp para-

metric amiplifier ith the tlifterenice that
DPI3A oscillates niot at onie sigiial ainid onie

idler frequency only, buit typically at 6
signal and idler frequenicies simiti ltaneoUsly,
depenldinig oni the Q's of the tanks and the
pUmllp separation -i/. he reason is that
pure real inipuit impedance is presenit at
multiplicity of signal frequencies, in con-

trast xwith single-pumiip parametric amii-

plifier, where pure resistive inipuit impedance
is preseiit for one signal frequenicy only (ex-
chLidinig banid-filter paramiips). loxvever, nio

gaini imeasuremnenits were ever made with the
X-banid DPPA at or jlust before the oscilla-
tion level, because the pump drive was niot
sufficient to approach this conditioni in the
double-puLmped case.

GEORGE C. SPACEK
P.O. Box 3671

Sainta Barbara, Calif.

Further Comment on "Double-
Pumped X-Band Parametric
Amplifier with Extremely Large
Gain-Bandwidth Product"6

A receint letter' to the I RE reported
rather startlinlg improvemenits in gaini banid-

width product of parametric amplifiers bv
the uise of a seconid pump. The purpose of
this communicationi is to report on1 several
important measLireinenits made at All that
were nieglected byt the atithor in the above
refereniced letter. MeasuLremenits made at
AlL on1 a double pumped paramietric anipli-
fier inidicate that 1) the sensitivity (not the
broad-band nioise factor) is degraded, 2) the
amplifier generates a multitude of spurious
outputs, and 3) the increase in gain-band-
width is not real, but is only an apparent one

dependent on method of measuremieint.
The parametric amplifier that was enm-

ploved in our experiments used a MA 4254
varactor having a zero bias capacitanice of
0.8 pf and operated at a signal frequency of
1800 Me. The amplifier (with single pump-

2378 November

6 Received July 16, 1962.-5 Received July 17, 1962.
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3) Spurious outputs are present (of low
amplitude) when no input signal is present.
These outputs are separated in frequency
by the difference between the pump fre-
quencies. Consequently, the CW sensitiv-
ity is determined partly by the proximity
to one of the spurious outputs.

The double-pumping scheme has been
shown to be of questionable value as a means
for obtaining a low-noise broad-band para-
metric amplifier.

T. N. DEFILIPPIS
D. NEUF

P. LOMBARDO
Airborne Instruments Lab.

Deer Park, N. Y.

SINGLE-PUMPED CASE
GAIN - 15 DB

DOURLE-PUMPED CASE
GAIN So O8
PUMP FREOUENCIES = 10.150 AND 10.160 GC

(13 OUTPUT RESPONSE WITH A DOU8LE-TUNED 10-MC PRESELECTOR ON THE OUTPUT TO THE DETECTOR

( RESPONSE OF THE PRESELECTOR ALONE

Fig I Gain as a function of frequency.

TABLE I

* MDS (minimum discernible signal) was measured with a 2.0 Mc post receiver bandwidth

ing) yielded a gain of 15 db with a 3 db
bandwidth of 50 Mc. The measured over-all
noise factor was about 2.2 db (with a second-
stage noise factor of 11 db). Fig. IA shows
the measured performance of the amplifier
with single pumping and double pumping
(with a 10-Mc spacing between pumps).
This measurement was made by use of a

swept signal generator and a broad-band de-
tector feeding a HP 130B scope. It was ini-
tially thought that the pump frequencies
were leaking into the output detector pro-

ducing unwanted responses, consequently, a

low-pass filter having a cutoff frequency of
4000 Mc was added to the output (before the
detector) and there was no significant
change in the response.

A double-tuned 10-Mc wide band-pass
filter was then inserted before the detector
and the results are shown in Fig. lB. The
filter led to a decrease in apparent gain of the
double-pumped parametric amplifier (shown
in the middle curve), but it did not narrow

the pass band as should obviously have oc-

curred. The filter characteristic is also shown
in Fig. 1B. The horizontal sweep corresponds
to a frequency of 1.55 Gc at the low end and
1.9 Gc at the high end.

A noise factor measurement of the
double-pumped parametric amplifier was
made utilizing a helix noise generator, a

double-tuned 10-Mc wide preselector and a
mixer followed by a 30-Mc preamplifier and
post amplifier combination. It was found
that careful adjustment of the local oscil-
lator had to be made to avoid regions of
high spurious output. Discrete points of
high noise spikes were found to exist ap-

proximately every 10 Mc (the double-pump
spacing) as the local oscillator and preselec-

tor were varied. Table I lists the measured
results obtained with a single-pumped and
double-pumped parametric amplifier. Al-
though the broad-band noise factor was rela-
tively good, the CW sensitivity (MDS) was

severely degraded.
We have not had the opportunity yet of

making any theoretical investigations of the
double-pumped case; therefore, we can base
our conclusions only on the experimental
evidence that we have obtained.

We believe the reasons for the discrepan-
cies are:

1) The beating of the two pump oscil-
lators results in a forced on-off modulation
of the gain (if we assume equal pump volt-
ages applied to the varactor) at a rate equal
to the difference frequency (or beat rate)
at the double-pump spacing. When the
pump frequencies are in phase, we get rein-
forcement of the voltage and an attendant
high gain condition, and when the pump

frequencies are out of phase we get cancel-
lation of the pump voltage and a correspond-
ing low gain condition. This modulation will
take place at the difference frequency (the
difference between the two pump frequen-
cies).

2) Spurious outputs are generated when
a fixed input frequency is applied to the var-

actor. These outputs will be present over the
entire bandwidth of the input circuit and
will be separated in freqtuency by the dif-
ference in pump frequencies. This conclu-
sion would explain why a narrow-band filter
inserted in the output does not narrow the
over-all pass band. The presence of spurious
outputs also explains the discrepancy be-
tween the broad-band noise factor and the
CW sensitivity.

Author's Comment7
I am surprised that Messrs. DeFilippis,

Neuf, and Lombardo, whom I respect for
their work in parametric amplifier field,
care to make far reaching conclusions about
a device the amplification mechanism of
which they admittedly do not understand.

I do not doubt the correctness of their
measurements; it is a matter of fact that this
is exactly what they had to expect if they
understood the double-pumped parametric
amplifier (DPPA). However, their general
conclusions about the MDS and what they
call "apparent bandwidth' are incorrect.

It is true that the MDS or radar noise
figure (not radiometric noise figure) of a

DPPA is worse than the MDS of the same
amplifier driven by only one pump. How-
ever, this is true if, and only if, the band-
width of the second stage amplifier (i.e., the
bandwidth of the 30-Mc IF amplifier used
by DeFilippis, et al.) is narrower than the
bandwidth of the DPPA.

The reason for this is that a DPPA not
only amplifies a given CW input signal, but
also converts it in 2 or more frequencies
spaced by Aw, the pump frequencies differ-
ence, on either side of the original signal fre-
quency. (All these frequencies are within
the signal bandwidth of the amplifier.)
There are therefore 3 different gains of a
DPPA:

1) Straight amplifier gain, that is,
(power out at the signal frequency)
/(max. available power in at the
signal frequency).

This gain is the dominant one.

2) Converter gain, that is,
(power out at a frequency different
by Aw from the original signal fre-
quency)/(max. available power in
at the signal frequency).

The converter gain is about 6 db be-
low the straight amplifier gain.

3) Total gain, that is,
(total power out at all frequencies
within the signal tank bandwidth)/
(max. available power in at the sig-
nal frequency).

The 3 gains are shown in Fig. 2 and Fig.
3, which are computed responses of a DPPA
with two different values of the pump spac-

ing factor 'n" (defined in Fig. 2). The sig-

7 Received September 4, 1962.
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Fig. 2-Computer plot of gain vs frequiency response
of the double-pumped parametric amplifier. Pump
spacing factor n =0.45.
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Fig. 3-Computer plot of gaiin vs frequency response
of the double-pumped parametric amplifier. Pump
spacing factor n =0.5.

nal tank bandwidth is assumed to be 3 times
the pump frequencies spacing Aw. The for-
midable equations used to compute the gain
curves can not be shown here because of lack
of space. I have to refer to the publication of
the complete theory of the DPPA, men-
tioned in my original correspondence.2

If a DPPA is connected in front of a sec-

ond stage amplifier, the bandwidth of which
is narrower than the ptimp frequency spac-
inig Aw, then a coherent signal at a fre-
quenicy say 1 in Fig. 2 will be amplified such
that the majority of the output power will
be at the original signial frequency (gain
co, to wii), but some portion of the output
power will be lost, because the second-stage
amplifier is too narrow to utilize gains wi to
(X1 ±Aco). Therefore the coherent signal
gaini will be, for example in Fig. 2, equal
to 45.

However, a noise signal entering the am-
plifier will be straight amplified and con-

verter amplified, because input noise power
contained in a bandwidth equal to the IF-
amplifier bandwidth and centered at 1 will
be amplified 45 times (in Fig. 2), but in addi-
tion to it two input noise bands of the same

bandwidth as the IF amplifier and centered
at frequencies (cow-Aw) and (W1++Aco) will
be amnplified abotit 15 times and coniverted
to a noise band centered at the original sig-
nal frequency. Therefore, if no excess noise
is generated by the DPPA, the output SNR
for coherent signals will be by a factor of
75/45 worse thani the iniptit SNR in this
specific case.

This output SNR degradation will be
even more severe if the pump spacing factor
"n" is mutch snialler than in the above cases

or if the gain of the amplifier is increased. This
is so because with larger pump drive addi-
tional sidebands will be generated (that is
co, ± 2Aw, wi ± 3'o', etc.), thus folding more

and more output noise power into the origi-
nal signal band; this explains the MDS deg-
radation with larger gain, as observed by

DeFilippis, et al. Obviously, the MDS deg-
radation will be muich smaller, if anv, if the
antenna temperature of the receiver is low
and the pump spacing factor is at least 0.5.

The MDS degradation can be eliminiated
completely, regardless of the antenniia tein-
perature, amiiplifil- gain anid pump spacing
if the seconid stage amplifier has the same
banidwidth as the D)PPA. In this case the
total gaini for coherent anid noise signals is
effective, resulting in equal radar and radio-
metric noise figtures. Because the excess noise
temlperattire of a DPPA is always smaller
thani the excess nioise temperature of a
SPPA with equal bandwidth (for proof see
the theoretical paper'), the MDS of a
DPPA will acttually be smaller.

It should be pointed out that such a com-
parison can niot be made by simply adding a
pulmp to an existinig SPPA. Such a compari-
soIn is incorrect iiot only because the band-
width of the douible-pumped amplifier is al-
ways bigger thaii the bandwidth of the same
amplifier driven by only one pump (in spite
of a niarrow banid-pass filter coinnected to the
output of the par. amplifier), btLit also because
the Optim11Umll design parameters of the
DPPA, such as input iiiipedance, f. to f,
ratio and effective filling ratio are not equial
to the design parameters of an SPPA.

Because for CWX' signials the total ouitput
power of a DPPA is distributed amonig many
freqtiencies separated by Aw, the amplifier
can niot be Llsed for applications at which
the carrier is miioduLlated with frequencies
higher than 2Aw. However, in a practical
case the pumnlp frequency differenice Acw
shouild be in the order of perhaps 500 Mc
such that this applicationi limitationi of the
DPPA is not very seriotus.

I believe that it should be obvious why
DeFilippis, et al., measured less gaini but
essentially the samiie bandwidth even after a
10-Mc wide bandfilter was iiiserted between
the par. amplifier anid detector. They simplI
meastired either the converter gaini or the
straight amplifier gain, dependinig oni the in-
stantaneotus frequency, but not the total
gain as they did before the insertioni of the
bandfilter. Since all the gains hav-e essen-
tiallv the samiie banidwidth, no bandw-idth
reductioni cotild have been observed.

The high "nioise" spikes observed by
DeFilippis, et at., are actually gaini peaks
and they occtir only if the pump spacinig fac-
tor is large and the amplifier is pumped
hard. This canl be observed by comparing
Fig. 2 and Fig. 3. In Fig. 3 two gain spikes
are visible, while no spikes exist in Fig. 2.
The gaini spikes can be made uip to 100 times
larger than those in Fig. 3 byr merely in-
creasing the coefficienits C:i and C4 (i.e.,
pump drive). That the "nioise' spikes are
actually gain spikes was determinied experi-
mentally by measturinig the radiometric
noise figture in the region of the spikes. Tlhe
over-all receiver nioise figure was minimiumtn
at these frequiencies, proving that the nioise
spikes are highlk amplified inptut, not excess
noise of the DPPA.

In contrast to the "nioise" spikes the
spurious outputs of low amplitude observed
by my critics in the absence of CW input
signal are separated exactly by the pump
spacing Aco. They are the harmonics of the
Aco frequency (in the All, case they were

the 180th, 181st, etc. harmonics). They, can
be eliminiated by terminatinig the Aw fre-
qUency reactixely, which is importanit also
for other reasons.

I amn puzzled by the statement of ma
critics that the inicrease in gain-banidwidth
is only apparent. I believe that their state-
miient is based oni the erroneous assliInptioni
that the DPPA is somethinig like an SPPA,
the gain of which is "chopped" at the Aw fre-
quencyx. 1in this case a wide banidwidth ilkLi-
sion could be generated in that a narrow
input band would he "folded out't in a wide
outptit baIlnd. T'his is niot the caise, however.
The D)PPA is electrically equiixalenit to a
nutmlber of staggered tunled parametric am-
plifiers, where each of the hypothetical am-
plifiers has the samne idler frequency but dif-
ferenit pLump frequency, thus providing gain
for a numllber of adjacent signal bands.

It was showni that the ConclCLsioils of
Messrs. DeFilippis, Neuf, and Lombardo,
based onl a sUperficial investigation anid the
lack(of understanding of the DPPA, are in-
correct.

Douible pumpinlg is the onilv broad-band-
ing concept knowni to nme which resuLlts in a
very substaintial bandwidth increase of
parametric anmplifiers without alny degrada-
tioIn of broad-band nioise figtire and, when
properly used, wNithout any degradation of
radar nioise figuLre as well. WNith the excep-
tion of broad-band freqUencv miultiplex sys-
tems it is vastly suLperior to any other par.
amplifier conifigturation niot only for radio-
metric applications, for which it xas orig-
inallv conceived. bhut also for systemiis ap-
plicatioiis in which a. wide instantaneouLs
bandwidth and iimaximnumn sensitivity for
C\\ signials is requlired. Its VAlue is in i1iV
opin)ioIn niot irore qliestioniable thani the
valtie of a sinigle-pumiiiped broadband par.
amplifier, the bandwidth of which depenids
onl the availability of highly selected varac-
tors or even pairs of such varactors.

G-US()RGGE C. SPACEK
P'.O. Box 3671

Santa Barbara, Calif.

Optical Mixing in Phototubes*
The photo emission phenoniienon as a

tool for optical mixing was first investigated
by Forrester, et al.1 Siegman and McMurtry2
have demoinstrated the use of a traveling-
wave ttibe with a photocathode as a tool
for observing the optical miixinig of various
axial modes of a ruby laser and have sug-
gested the use of such TWT's as detectors
of microwave mnodulated laser beams. In
addition, several other schemes of light

* Received September 12, 1962.
1 A. T. Forrester, R. A. Gudmundsen, and P. 0.

Johnson, "Photo-electric mixing of incoherent light,.
Phys. Rev., vol. 99, pp. 1691-1700; September 15.
1955.

2 A. E. Siegman and B. J. McMurtry, "Photo-
mixing experiments with a ruby optical maser and a
traveling-wave microwave phototube,' Appl. Optics.
vol. 1, pp. 51-53; January, 1952.

2380 November



Correspondence

demodulation using semiconductor diodes3.4
and photomultipliers1 have been proposed
and demonstrated. The purpose of this
communication is to describe photomixing
experiments in which a speciallv constructed
microwave tube has been replaced by a low-
cost device utilizing a commercially avail-
able phototube as an efficient light demodu-
lator operating at microwave frequencies.

The phototube used in our experiments
was a miniature RCA 1P42, inserted in a
holder designed to match the phototube
output to either a 50-ohm coaxial line or a

waveguide. Figs. 1 and 2 show the design
of the coaxial and waveguide holders. The
block diagram of the experimental setup is
shown in Fig. 3. The microwave output
from the phototube was fed into a low-level
S-band TWT and then, after amplification,
to a crystal detector.

UG-29 CO-AX CONNECTOR LIP42 PHOTO-TUBE
Fig. I-Structure of coaxial phototube holder.

SLICING SHORTT IP42 PHOTO TUBE

D.C.BIAS

Fig. 2-Structure of waveguide phototube holder.

LASER

CIRCUIT |BN AS

Fig. 3-Block diagram of the experimental setup.

An elliptical cavity laser with a 21 inch
ruby rod was used as a light source in otir ex-

periments. For this ruby length, the axial
modes are separated by approximately 1.3
kMc, so that the difference frequencies of
modes separated by 2 and 3 intervals can

be observed in the S-band setup: The two
sets of difference frequencies at 2.6 and 3.9
kMc have been experimentally identified

H. Inaba and A. E. Siegman, 'Microwave photo-
mixing of optical maser outputs with a PIN-junction
photo-diode,' PROC. IRE (Correspondence), vol. 50,
pp. 1823-1824; August, 1962.

4 L. U. Kibler, "A high-speed point contact photo-
diode,' PRoc. IRE (Correspondence), vol. 50, pp.
1834-1835; August, 1962.

6 0. L. Gaddy and D. F. Holshouser, "Photomulti-
plier detection of microwave modulated light.' PROC.
IRE (Correspondence), vol. 50, p. 1525; June, 1962.

with help of a band-pass filter inserted be-
tween the amplifier and the crystal. A set of
typical results from the phototube in the
coaxial holder is given in Fig. 4. Similar re-
sults were obtained using the waveguide
holder. The output amplitudes obtained
with the phototube detector are of the same
order of magnitude as those we measured
previously in performing the same experi-
ment with a specially constructed photo-
TWT (Sylvania SY4302) used as a detector.

Fig. 4-Microwave components as detected and dis-
played on oscilloscope. In order to confirm the
presence of both difference frequencies, the output
of the TWT amplifier has been divided by use of
high-pass and low-pass filters into the 3.9 kMc
component (upper trace) and the 2.6 kMc com-
ponent (lower trace). Amplitude scale is 20 mv/div
upper trace and 200 mv/div lower trace. Time
scale is 50 psec/div.

The phototube detector, like the PIN
diode detector,3 is inherently limited in high-
frequency response by the transit time in-
volved. For the RCA lP42, the transit time
is calculated to be approximately 3X-10-i
sec. By reducing the cathode-anode separa-
tion and increasing the bias voltage, one can
expect to improve the high-frequency re-
sponse. The sensitivity could also be im-
proved by using a photocathode surface with
better response characteristics in the laser
frequency region. The RCA 1P42 cathode
has the S-9 surface which has a verv weak
response to the laser frequency. An S-1 sur-
face should give much greater sensitivity.
Using a nonminiiaturized phototube with
the S-1 response (RCA 925) and a very

crude microwave circuitry, we have been
able to obtain restilts similar to the ones

shown in Fig. 4. The larger cathode-anode
separation and the poor RF match in the
RCA 925 tube are partially compensated
for by higher bias voltage and more favor-
able photosurface response characteristics.

We conclude that an ordinary phototube
may be tised as an efficient low-cost optical
mixer and light demodtilator. With tubes
ctirrently available in the market, the beat
frequencies up to S band can be detected
with this type of device. By properly design-
ing the tube for this particular application,
it should be possible to fabricate phototubes
capable of detecting much higher beat fre-
quencies.

P. A. LINDSAY
S. F. PAIK

K. D. GILBERT
S. A. ROONEY
Research Div.
Raytheon Co.

Burlington, Mass.

Light Triggered Oil Waves*
In a recent program at the General

Electric Electronics Laboratory, Syracuse,
N. Y., a two dimensional light amplifier
has been constructed from successive uni-
form layers of a conductor, a photoconduc-
tor and an insulating oil. When such a
sandwich is uniformly charged with an ion
charging technique, it acts as a sensitized
photographic plate. Both the photoconduc-
tor and oil are insulators in the dark and the
applied voltage is distributed in accordance
with their respective dielectric constants
and thickness. Exposure of the photocon-
ductor, to an image, shorts its portion of the
series capacitance arrangement. Whenever
exposed areas are in close proximity, strong
local fields are created which cause the oil to
flow in response to the applied forces.

After these oil waves have developed,
the exposed picture can be projected for
viewing by the reflective Schlieren optics.
The fact that the oil waves, once created,
are not destroyed by the viewing light is a
result of the fact that the entire area is
flooded with light often much more intense
than the exposing light. This uniform illu-
mination does not create any local forces that
will alter the wave system. Of course,
surface-tension forces eventually remove
the wave image.

All of the work so far has used amor-
phous selenium as the photoconductor. The
selenium has a black to reddish color but
can be obtained with a mirror-like surface
which will reflect from 35-50 per cent of the
incident light. The transparent oil, when
applied to its surface, does not materially
affect this property. This mirror property
is partictilarly important to the image
projection process.

Oil thickness and the wave development
time are important process parameters in
addition to those relating to photographic
exposure and sensitivity. To evaluate the
effect of these parameters, an experimental
equipment was constructed which is shown
symbolically in Fig. 1. The oil is applied
to the selenium covered aluminum elec-
trode by a wiper and then charged by an ion
charging grid. The exposing and viewing
operations, shown separately for conven-
ience, were conibined to avoid the necessity
of mechanical indexing. Xenon flash lamps
and time delay circuits were used to de-
termine the process developmenit time. Be-
cause of the instantaneous nature of the
flashed viewing lamp, this light was used
to obtain photographic recordings of the
oil filni deformation.

While an accurate measurement of the
oil wave amplitude has not been made, an

estimate of the amplitude delay-time
characteristic has been obtained. It has
been found that when the oil thickness was
about 5 per cent of the spatial wavelength,
a maximum response was achieved. This
spatial wavelength is controlled by a photo-
graphic ruling which is imaged by the ex-

posure lens. Therefore, both thickness and
spatial wavelength are important process

parameters. While the best pictures have

* Received September 17, 1962.
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been obtained for spatial wavelengths be-
tween 120 and 60 microns, 8 to 16 lines/mm,
some pictures have been obtained for fre-
quencies as high as 35 lines/mm. A con-
siderable range in the development time
has been encountered. Good pictures are
obtainable for as short a time as 1 msec,
or as long as a minute depending on both the
oil viscosity and film thickness.

Because the active surface, the selenium
oil iiterface, is below the oil air surface, the
penetration of the voltage variation of this
active surface through the oil to the de-
formable oil air surface is related to the
ratio of oil thickness to spatial wavelength.
Such a problem is not encountered when a
charge variation is applied to the oil-air
surface. Because of difficulties in controlling

t1.... X .
Fig. I-Schematic of the light triggered

oil film techniqtie.

Performance of a Regenerative
Limiter in FM Receivers*

It has recently been suggested by Bagh-
dady'2 that, bv applying strong regenerative
feedback around the limiter, a substantial
reduction of the threshold carrier-to-noise
ratio of FM receivers can be obtained. How-
ever, it can be shown that the output SNR
of such a limiter does not significantly ex-
ceed that of an ordinary limiter under con-
ditions representative of conventional re-
ceiver design practice. The promise for a real
suppression of the FM noise threshold by a
regenerative limiter thus appears open to
debate.

Fig. I-Regenerative limiter-block diagram.

From consideration of Fig. 1, the follow-
ing equation can be written

ships yl and Sfib/Sefso so established,
the first can be used to simplify (1) and the
second to show the ultimate effect of strong
regenerative feedback on the limiter SNR's.
Thus (1) yields

lim v2So/No
1
=.Y )

(Sfi,/S13)-. Sif/Nifj RN RN

It is apparent from (2) that the correlation
coefficient of feedback and IF noise is a
leading determinant of regenerative limiter
performance, and that the meaning of re-
sults obtained by completely neglecting RN
is somewhat unclear. Actually, substitution
of the foregoing values for RN into (2) shows
that the application of arbitrarily strong re-
generative feedback around the limiter does
not greatly alter well-known SNR relation-
ships, and hence that little if any suppression
of the FM receiver noise threshold can be
predicted. Baghdady concurs6 in this ob-
servation of the importance of RN; the result
is obvious upon reflection that we have actu-
ally treated the application of memoryless
feedback around the limiter, which cannot
affect the zero-axis crossings of the sum of
IF signal and noise, and therefore can
scarcely alter FM receiver performance.

-VSolNo = - RNVSmfb/Sif + V,/(R2N +*Y - l)(Sfb/Sif) + y(1 + 2RSVSrb/Sf)
-VSif/Nf

Fig. 2-Oil film surface deformation in response
to an RTMA test chart input.

the oil films, a practical device would prob-
ably use a 60-micron wavelength requiring,
therefore, an area roughly 1-, by 12 inches
for a standard TV picture. It should also
be noted that the 1-msec development
time and 16-msec viewing time necessary for
TV projection are readily obtainable.
Proper exposure of the selenium with light
from a cathode-ray tube has been described
in numerous articles and has been success-

fully employed to produce in-air oil film
deformation. Both grey scale and resolution
capability are indicated in Fig. 2 which is a

photograph of the oil film surface deforma-
tion in response to an RTMA test chart
input.

R. B. GETHMANN
Electronics Lab.

General Electric Co.
Electronics Park
Syracuse, N. Y.

where the S and N represent signal and
noise power, respectively, the R's are feed-
back-IF correlation coefficients, and 'y is de-
fined by (So/No)=.y(Si/Ns). This relation is
also given by Baghdady,5'2 with the signal
correlation Rs = 1. Neglecting loop phase
shift, the noise correlation for respectively
strong- and vanishing-signal conditions is
RN=JN/2; RN=12i/;1. We need here only
note that axiomatically Rs< 1.

The quantity y has been calculated by
Davenport3 and independently by Blach-
man4 for Gaussian noise at the limiter input.
Here, however, most of the limiter input
noise is fed back from the output, and be-
cause the limiter drastically alters the noise
statistics the same values for y cannot be
expected to hold. In fact for strong regen-

erative feedback, i.e., Sfb/Sif>>l, practi-
cally all of both the signal and noise present
at the limiter input are linearly amplified
replicas of the corresponding outputs. There-
fore a value of *y close to unity must charac-
terize a strongly regenerative limiter, quite
independently of Sif/Nif.

With the compatibility of the relation-

* Received November 3, 1961; revised manuscript
received July 23, 1962.

' E. J. Baghdady, 'Lectures on Communication
System Theory," McGraw-Hill Book Co.. Inc., New
York, N. Y., pp. 540-546; 1961.

2 E. J. Baghdady, 'A technique for lowering the
noise threshold of conventional frequency, phase and
envelope demodulators, IRE TRANS. ON COMMSUNI
CATIONS SYSTEMS, Vol. CS-9, pp. 194-206; September.
1961.

' W. B. Davenport, Jr., "Signal-to-noise ratios in
band-pass limiters," J. Appi. Phys., vol. 24, pp. 720-
727; June, 1953.

; N. M. Blachman, "The output signal-to-noise
ratio of a power-law device,' J. Appi. Phys.. vol. 24.
pp. 783-785; June, 1953.

The kernel of the problem then is to
establish quantitatively the permissibility
of feedback memory, i.e., phase shift, and
determine its effect on the correlation co-

efficient RN. From the limiter-input signal
voltage phasor diagram of Fig. 2, it is evi-

E.
l b

Eif

Fig. 2-Limiter-input phasor diagram.

dent that the closed loop feedback-IF phase
shift is the angle 0. Further, since Efb= GEo
(where G is a real number), then for distor-
tionless FM transmission, 0 must be a linear
function of signal frequency deviation. This
can be satisfied if the open loop phase shift
4fb (due to frequency-selective coupling net-
works) is a linear function of frequency de-
viation, and 0 is permitted to be no greater
than about J radian over the entire range of
signal-frequency deviation. However, the
IF noise bandwidth and the range of signal-
frequency deviation normally are quite com-
parable; the signal-linearity condition on 0
then allows relating the simple concept of
closed loop group delay T= do/dw to the
effect of permissible feedback memory on the
noise correlation coefficient RN( T).

I Baghdady, op. cit., p. 202.
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Specifically, we are concerned with the
behavior of the envelope of this quantity
RN(T), since the higher "frequency" varia-
tions of both Rs(T) and RN(T) are related
to the IF carrier in the same way. Using the
results of Bussgang,6 which show that the
cross correlation between the input and out-
put of the limiter is proportional to the auto-
correlation function,of the input, it follows
that RN( T) = 2'_rRif( T), where Ri( T) re-
fers to the autocorrelation coefficient of the
IF noise. Assuming |0 = 2 at the edges of a
rectangular IF pass band B cps wide, then
T= 1/2rB, and introducing R,f( T) = (sin
rB T)/IrB T, we find that RN(l1/2 7rB) = 0.85;
not much less than RN(O) = Vr= 0.885, as
concerns the vanishing-signal performance
indicated by (2). Thus, even with the maxi-
mum permissible feedback memory, about
0.4 db is the maximum extent to which a re-
generative limiter can be expected to im-
prove FM receiver performance: "maxi-
mum" in that we have neglected the fact
Rs(T) <Rs(O) for a modulated carrier.

It is the conclusion of this note that a
regenerative limiter is not capable of sig-
nificantly improving the random-noise
threshold performance of an FM receiver,
under customary design constraints and
practices. An exception to this can be
visualized only in the uncommon situation
where the IF noise bandwidth greatly ex-
ceeds the total range of signal-frequency
deviation to be accommodated.

J. J. DOWNING
Commun. Res., Lockheed Missiles

and Space Co.,
Palo Alto, Calif.

6 J. J. Bussgang, "Cross-correlation functions of
amplitude-distorted Gaussian signals," Mass. Inst.
Tech., Cambridge, Mass., RL,E TR no. 216, pp. 4-13;
March, 1952.

Author's Comment7
Downing has drawn a very sweeping con-

clusion from an argument of very restricted
validity. Missing in this argument is a more
accurate reference to what I have actually
"suggested," and a greater awareness of the
significance of certain results and the condi-
tions under which they hold.

What I have shownl2 (and which has
also been amply demonstrated experi-
mentally) is that "a substantial reduction of
the threshold carrier-to-noise ratio of FM
receivers can be obtained" with an oscillating
limiter whose oscillation is sufficiently strong
to bring about the minimum acceptable de-
gree of noise quieting when only the noise
and no signal is present. The key assertion
in my argumentl'2 is that if the level of the
oscillation compared to the level of the
ambient random-fluctuation noise is suffi-
cient to quiet the noise, then a signal that is

7 Received September 11, 1962.

capable of suppressing the oscillation in the
absence of the input noise over some range of
instantaneous frequency values should also
be able to overpower the oscillation in the
presence of the noise and appear dominant
over the noise in the output. Since the sig-
nal amplitude that is necessary to over-
power the oscillation depends directly upon
the prodtict of oscillation amplitude at the
input of the limiter and the open-loop (non-
zero) delay, the value of this product must
be adjusted to the minimum possible that
will ensure the desired degree of quieting
and will allow signal "lock" over the desired
range. This will reduce to a minimum the
threshold that the signal must exceed in
order to overpower the oscillation, and this
threshold will fall below the threshold of a
conventional demodulator.

In Downing's discussion, (1) holds sub-
ject to the conditions that a feedback steady
state exists in which only the signal and the
noise are present and the oscillation (if it
existed before the introduction of the signal)
has been suppressed by the signal or the
noise. Only the condition in which the intro-
dtiction of the signal suppresses the oscilla-
tion is of interest, because it can be shown
that no improvement can result if the noise
in the absence of signal prevents a coherent
oscillation from being established (or opera-
tionally, if no significant noise squelch or
quieting can be observed when the regenera-
tive feedback is introduced). Completely
oblivious of all the conditions that must be
satisfied, Downing manipulates (1) toward
a limiting value at which it would hold only
if a locking range of zero width is acceptable
and hence only a signal of zero bandwidth
(i.e., a pure unmodulated carrier) can be
passed through the closed-loop system. If
(Sfb/Sif)-* °, then either the signal fre-
quency must coincide with the frequency of
zero feedback phaseshift in order to be
passed by the system without violent distor-
tion or Ofb(w))O must hold over the entire
range of signal frequency excursions. In the
former case the degree of improvement de-
pends upon the degree of coherence of the
oscillating limiter output in the presence of
the pure noise input; in the latter case I have
shown2 that a degradation of SNR results
for low values of (S/N)if and an improve-
ment by a factor of 2 occurs for high values
of (S/N)if.

Downing's (2) is, therefore, of no value as
a basis for evaluating the effect of regenera-
tive feedback upon SNR under arbitrary
conditions. It applies only under conditions
of "memoryless feedback" as long as the
amount of feedback far exceeds the IF
noise.

Downing's evaluation of the correlation
coefficient between noise fed back and IF
noise is not valid under the conditions postu-
lated. It ignores completely, and thus as-
sumes away, the very basis for the S/N
improvement necessary for threshold reduc-
tion. Under the conditions postulated by
Downing, the fundamentals of feedback the-

ory demand that the system oscillate
strongly at the frequency of in-phase feed-
back. With a strong oscillation present, the
noise bandwidth as observed at the limiter
output will be narrower than the noise band-
width in the absence of feedback by a factor
of 3(>>»), say. This noise bandwidth reduc-
tion factor within the loop is a measure of
the degree of "coherence" of the self-sus-
tained oscillation in the presence of the in-
put noise. The higher the value of fl, the
"cleaner" the oscillation as seen at the
limiter output will be. These effects can be
demonstrated oni an oscilloscope screen in
the laboratory. Reduction of the bandwidth
of the noise fed back by a factor of , reduces
the correlation coefficient between IF. noise
and noise fed back by a factor of \/,.

Additional insight into oscillating limiter
operation can be gained from the treatment
of the dynamics of a signal-squelched oscil-
lating limiter to be presented by this writer."

ELIE J. BAGHDADY
ADCOM, Inc.

Cambridge, Mass.

8 E. J. Baghdady, 'Dynamics of a signal-squelched
oscillating limiter with app ication to noise threshold
reduction," submitted for the Correspondence Section
of PRoc. IRE.

Correction to "A Technique for
Equalizing Parabolic Group Delay"*

In the above correspondence' the author
would like to make the following correc-
tions:

Eq. (1) should read
n X -Xbi

0 =F- tan-' X-___
b-i Xbr

Line five should read "Xb, and Xbi are real
and imaginary ..."

Eq. (13) should read
I n Br

d =--_Fd rAf r-1 + (Ar + Brx)2

Eq. (14) should read
1 n Br Do

d rAf ,; 1 + Ar2 7rAf

R. M. KURZROK
RCA Surface Commun. Sys. Lab.

New York, N. Y.

* Received August 8, 1962.1 R. M. Kurzrok, PROC. IRE (Correspondence),
vol. 50, p. 1840; August, 1962.P W --
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